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Preface

In this thesis, we study a theory of mappings that take values in a partially ordered

vector space. The studies of these areas are important in non-linear and linear analysis.

Particularly, we study mainly two topics. One is non-additive measures that take value

in a partially ordered vector space and the another is Hahn-Banach's theorem with

respect to functions that take value in a partially ordered vector space. For the former,

we consider the measurable space and the non-additive measures that take values in a

partially ordered vector space. We consider the Egoroff's theorem and Lusin's theorem

which are established for real-valued measurable functions on the measurable space. In

general, one of important purpose of study in non-additive measure theory is to find

the sufficient conditions, if possible, to find the necessary and sufficient conditions to

ensure the establishment of the theorems in measurable spaces with non-additivity.

For the most important theorems are Egoroff's theorem and Lusin's theorem for

non-additive measures. In general, both theorems need additivity for their proof for

additive measures. For the Egoroff's theorem, in [32], T. Murofushi, K. Uchino and

S. Asahina find the necessary and sufficient condition called Egoroff condition, which

assures that the Egoroff theorem remains valid Jor real-valued non-additive measures;

see also J. Li, M. Yasuda and et al. [22, 23, 28, 29]. For information on real-valued

non-additive measures introduced i~ [7, 36, 40]. In the real-valued measure case, the

convergence structure with respect to the order -and the topology coincide. However,

in.the vector-valued case, the convergence structure .with. respect to them are different..
. -

In L16, 17], J. Kawabe studies Egoroff's theorem for Ries~ space-valued non~additive
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measure using the convergence structu;re with respect to a partially order. In [16], he

introduces and imposes a smoothness condition called the asymptotic Egoroff property

on Riesz space and he shows that the Egoroff theorem remains valid if the measure is

continuous from above and below.

In [17], he also shows that the Egoroff theorem remains valid for any Riesz space

valued non-additive measure in the three cases. The first case is that the measure

is strongly order totally continuous, the second case is that the measure is strongly

order continuous together with some property by assuming that the Riesz space has

the Egoroff property, the third case is that the measure is uniformly autocontinuous

from above, continuous from below and strong order continuous by assuming that the

Riesz space is Dedekind a-complete and has the weak a-distributivity.
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Chapter 1

Introduction

In this thesis, in Chapter 2, we mention that the Egoroff condition is the necessary

and sufficient condition of the establishment of Egoroff's theorem for any ordered vector

space-valued non-additive measure. We also show that Egoroff's theorem remains valid

for vector-valued non-additive measure in a partially ordered vector space if the measure

is multiple continuous from above and continuous from below.

On the other hand, when we consider the convergence structure, the topological

structure is are useful. In Chapter 3, we consider an ordered vector space endowed

with a locally full topology, which is called an ordered topological vector space [5]

in this thesis, and we show that the Egoroff theorem remains valid for any ordered

topological for vector-valued non-additive'measure in a partially ordered vector space

in the following four cases. The first case is that the measure is strongly order totally

continuous; the' second case is that the measure is strongly order continuous together

with property (8) when the ordered topological vector space has a certain property; the

third case is that the measure is continuous from above and below when the topology is

locally convex; and 'the last case is that the measure is uniformly autocont'inuous, from

above, continuous frombelow and strongorder continuous when the topology is locally

conve~.We give examples our methods· are applicable.

In Chapter' 4, we treat regu~arity for measure that takes value in partially or9-ered.

1



2 CHAPTER 1. INTRODUCTION

vector spaces. Lusin's theorem is one of the most fundamental theorems in classical

measure theory and does not hold in non-additive measure theory without additional

conditions. In [44], Wu and Ha generalize Lusin's theorem from a classical measure

space to a finite autocontinuous fuzzy measure space. Jiang and Suzuki [13] extend

the result of [44] to a o--finite fuzzy measure space. In [37], Song and Li investigate

the regularity of null-additive fuzzy measures on a metric space and prove that Lusin's

theorem remains valid for the real-valued fuzzy measures on a metric space under the

null-additivity condition. In [27], Li and Yasuda prove that Lusin's theorem remains

valid for the real-valued fuzzy Borel measures on a metric space under the weakly

null-additivity condition. Recently, in [25], Li and Mesiar show several sets of sufficient

conditions for Lusin's theorem on monotone measure spaces. For the regularity of fuzzy

measures, see also Pap [36], Jiang et al. [14], and Wu and Wu [44]. For real-valued

non-additive measures, see [7,36,40]. In [18], by means of an order structure, Kawabe

proves that Lusin's theorem remains valid for any Riesz space-valued fuzzy measures on

a metric space. He introduces and imposes smoothness conditions called the asymptotic

Egoroff property and multiple Egoroff property on Riesz spaces. Moreover, he shows

that Lusin's theorem remains valid for any Riesz space-valued fuzzy Borel measures on

a metric space under the weakly null-additivity condition.

In this paper, as a same way in Chapter 3, we consider an ordered vector space

endowed with a locally full topology, which is denoted by ·E. We show that Lusin's

theorem remains valid for E-valued non-additive measures. Firstly, we prove Lusin

type theorem for weakly null-additive Borel measures that are continuous from above

together with a property suggested by Sun [38] on a metric space when E is a·Hausdorff

-space, satisfies the first axiom of countability and has· suitable property. Secondly, we

prove another Lusin type theorem for weakly null-additive fuzzy Borel measures on. a

metric 'space when E is a Hausd~rff locally convex space and satisfies the first axiom

of countability. Our results are applicable to several ordered topologicalvector spaces.

In Chapter 5, we give a -new proof of tp.e Hahn-Banach theorem for the mapping



3

that takes value in a partially ordered vector space.

The Hahn-Banach theorem is one of the most fundamental theorems in the func

tional analysis theory and the separation theorem is one of the most fundamental

theorems in the optimization theory.

It is known that the Hahn-Banach theorem establishes in the case where the range

space is a Dedekind complete Riesz space; see [5, 35, 46] and the separation theorem

establishes in the Cartesian product space of a vector space and a Dedekind complete

ordered vector space; see [8, 9, 33, 34].

The Hahn-Banach theorem is proved often using the Zorn lemma. For the proof

of the Hahn-Banach theorem, there exist several approaches. For instance, Hirano,

Komiya, and Takahashi [11] showed the Hahn-Banach theorem by using the Markov

Kakutani fixed point theorem [15] in the case where the range space is the real number

system.

In Section 2, using the Bourbaki-Kneser fixed point theorem, we give a new proof

of the Hahn-Banach theorem and the Mazur-Orlicz theorem in the case where the

range space is a Dedekind complete partially ordered vector space (Theorem 5.3 and

Theorem 5.4). In Section 4, we give a new proof of the separation theorem in the

Cartesian product of a vector space and a Dedekind complete partially ordered vector

space (Theorem 5.5); see [8, 9, 33, 34]. Recently, T.C.Lim[31] proved that for the

Bourbaki-Kneser fixed point theorem, minimality is hold; see [31]. Therefore the

Hahn-Banach theorem is proved.

Moreover, using a fixed point theorem in a' partially ordered set, we give' a proof

of the ~ahn-Banach theorem for mapping that takes value in a Dedekind complete

partially ordered vector space. (Theorem 5.3)

Moreover, we show -the Mazur-Orlicz theorem in a Dedekind complete- partially

ordered vector space (Theorem 5.4) and Separation Theorem in a Dedekind complete

partially ordered vector space {Theorem 5.5).



Chapter 2

Egoroff's theorelll in a partially

ordered vector space

2.1 Preliminaries

In this chapter, we treated Egoroff's theorem for non-additive measure that take

values in a partially ordered vector space.

Throughout this paper, let R be the set of real numbers and N the set of natural

numbers. Denote by e the set of all mappings from N into N. Let E be an ordered

vector space and (X, F) a measurable space.

Definition 2.1 A set function M : F -+ E is called a non-additive measure if it satisfies

the following two conditions.

(1) M(0) = O.

(2) tL(A) :::;. tL(B) whe-never A, B E F and A c B.

Definition 2.2 Let tL : F -+ E be a non-additive measure.

(1) A double sequenc;e {Am,n} C F- is called a M-:-regulator -if it satisfies thf, following

two conditions.

4



2.2. EGOROFF'S THEOREM 5

(D1) Am, n ::) Am, n' whenever n :::; n'.

(D2) tL(U~=l n~=l Am,n) = O.

(2) tL satisfies the Egoroff condition if infoE8 tL(U~=l Am, O(m)) = 0 for any tL-regulator

Remark 2.1 A non-additive measure tL satisfies the Egoroff condition if (and only if),

for any double sequence {Am,n} C F satisfying (D2) and the following (D1'), it holds

that infoE8 tL(U~=lAm,O(m)) = o.
( ') "D1 Am,n::) Am' n' .whenever m ~ m and n :::; n .,

Definition 2.3 A double sequence {um,n} C E is called a regulator if it is order

bounded and um,n .t. 0 as n ~ 0 for any mEN, that is, um,n ~ Um,n+l for any

m, n E Nand infnENum,n = 0 for any mEN.

2.2 Egoroff's theorem

Definition 2.4 Let tL : F ~ E be a non-additive measure. Let {fn} be a sequence of

F -measurable real valued functions on X and f also such a function.

(1) {fn} is said to be convergent tL-a.e. to f if there exists an A E F with tL(A) = 0

such that {fn} converges to f on X-A.

(2) {fn} is said to be tL-almost uniformly convergent to f if there exists an upward

directed set r and a decreasing net {B,; l' E r} c F with tL(B,) 4- 0 such that {In}

converges to f uniformly on each· set X - B,.

(3) We say that the Egoroff theorem holds for tL if ffn} converges tL-almostuniformly

to f whenever it converges tL-a. e. to·· the same limit.

The following theorem holds for any ordered vector space-valued non-additive mea~

sure.
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Theorem 2.1 Let j.j : F ....-+ E be a non-additive measure. Then the following two

conditions are equivalent.

(1) j.j satisfies the Egoroff condition.

(2) The Egoroff theorem holds for j.j.

Proof. (i)....-+ (ii): Let {in} be a sequence of F-measurable, real-valued functions on

X and f also such a function. Assume that {fn} converges j.j-almost everywhere to f.

For each m, n E N, put

Am,n :=Q{x E X IIMx) - f(x)1 2 ~} . (2.1)

It is readily seen that the double sequence {Am,n} is a j.j-regulator in F, and hence it

holds that

For each () E 8, put Eo := U~=lAm,O(m). Note that 8 is ordered and directed upwards

by pointwise partial ordering. It follows from (2.1) that the net {Eo}OEG satisfies

j.j(Eo) 4- °and it is a routine to prove that {fn} converges to i uniformly on each set

X \ Eo. Thus the Egoroff theorem holds for j.j.

(ii) ....-+ (i): Let {Am,n} be a j.j-regulator in F. By Remark 2.1, we may assume

without loss· of generality that Am,n :=> Am' n' if m :2: m' and n ~ n' .,

For each ri E N, put in := SUPkEN(k)XAk,n. Here XE denotes the characteristic

function· of a set E. Then·we have

1 00 1
Am,n = {x E X I fn(x):2: -} = U{x E X I ii(X):2:-}

m. . m
~=n

for all m; n E N, so that it follows from the ~-regularityof {Am~n} that

ThIS implies that {in} converges j.j-almost everywhe:(e to°and hence,. by assumption, in

converges j.j-almost uniformly to 0, that is, there is.a :decre~sing net {Ea}aEr C Fwith
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J..L( EoJ .J.. 0 such that fn converges to 0 uniformly on each set X \ EO'.. For each a E r, one

can find BO'. E e such that U:=I Am,Oa(m) C EO'.. This implies infoE8 J..L (U:=I Am,O(m)) =

oand hence J..L has the Egoroff condition. 0

2.3 Main result

Definition 2.5 Let J..L : F ~ E be a non-additive measure.

(1) J..L is said to be continuous from above if J..L(An) .J.. J..L(A) whenever {An} C F and

A E F satisfy An .J.. A as n ~ 00.

(2) J..L is said to be continuous from below if J..L(An) t J..L(A) whenever {An} C F and

A E F satisfy An t A as n ~ 00.

Definition 2.6 A regulator {um,n} is said to be summative if for any m, n E N, it

holds that Um+l,n + Um+l,n ~ um,n'

Definition 2.7 Let J..L : F ~ E be a non-additive measure. J..L is said to be multiple

continuous from above if for any J..L-regulator {Am, n} there exists a summative regulator

{Um,i} such that for any i E N there exists a Bi E e such that for any mEN and

(nl' n2, ... , nm) E N m, J..L(U~IAj,nj U Am+l,n U A) - J..L(Uj=IAj,nj U A) ~ Um+2,i for

any n ~. Bi(m + 1) whenever A E F satisfies U~IAj,nj U Am+l,n U A .J.. U~iAj,nj U A

as n ~ 00.

Example 2.1 We exhibit an example of non-additive mesure which are multiple con

tinuous from above. We assume that an ordered vector space E satisfies the following

condition (A).

·(A) For any regulator {um,n} there exists a positive sequence {Am} cR·

.with ~m+1 + Am+1 ~- Am and a. single sequence {Vi}C E :with Vi .J.. 0 as -
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i -+ 00 such that for any m, i E N there exists an n(m, i) E N such that

um, n(m, i) :s; AmVi·

Let (X, F) be a measure space and fJ, : F -+ E a non-additive measure. Assume that

fJ, is subadditive, that is, fJ,(A U B) :s; fJ,(A) + fJ,(B) for any A, B E F, and continuous

from above. Let {Am,n} be a fJ,-regulator. Since fJ,(U~=1 n~=1 Am, n) = 0 and fJ, is

continuous from above, there exists a regulator {um,n} Buch that fJ,(Am,n) :s; Um+l,n for

any m, n E N. By assumption (A), there exists a positive sequence {Am} C R and a

single sequence {Vi} C E with the property that {AmVi} is a summative regulator and

for any m,i EN there exists an n(m, i)E N with um,n(m,i) :s; AmVi. Fixi E Nand

put Bi(m) = n(m+ 1, i) for all mEN. Fix mEN and (nl' ... , nm) E Nm. Since fJ, is

subadditive, for any A E F and any n ~ Bi(m+1) we have fJ,(UJ:=IAj,nj UAm+l,nUA)

fJ,(UJ:=1 A j,nj U A) :s; fJ,(Am+l,n) :s; Am+2Vi. Thus fJ, is multiple continuous from above.

Remark 2.2 Condition (A) is satisfied when E has the strong Egoroff property, that

is, for any double sequence {um,n} C E with um,n .t 0 as n -+ 00 there exists a single

sequence {Vi} C R with Vi .t 0 as i -+ 00 such that for any m, i E N there exists an

n(m, i) E N such that Um,n(m,i) :s; Vi. In fact, let {um,n} be a regulator and take a

positive sequence {Am} C R with Am+1 + Am+1 :s; Am. Since um,n .t 0 as n -+ 00,

{A~lum,n} is a double sequence in E with A~lum,n .t 0 as n -+ 00. Since E has the

strong Egoroff property, there exists a single sequence {Vi} C Ewith Vi .t 0 such that for

any m, i E N there exists an n(m, i) E N such that X;;l?Um,n(m, i) :s; Vi. Then condition

(A) is satisfied.

Theorem 2.2. If fJ,. is multiple continuous from above and continuous from below, then

fJ, satisfies the Egoroff condition.

Proof. Let {Am,n} be a p-regulator and put D = U~=l n~1 Am,n. Then for anym E

Nand (nl' ... , nm) E Nm it holds that AI,nUD.t D, AI,nl UA2,nUD lAI,nl UD, ... ,

and Ufr=IAj,nj U Am+l,n U D.t UJ:=IAj,nj U D as n -+ 00. Since fJ, is multiple continuous .

" from above; there exists a:summative regulat"or {um,~} such that for any iE oN there.
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exists a Bi E e such that for any mEN and (nl, n2, ... , nm) E Nm, we have p(A1,n U

D) :::; U2,i for any n ~ Bi(l), p(A1,nl UA2,n UD) :::; p(A1,nl UD) +U3,i for any n ~ Bi(2),

... , and p(Ufr=lAj,nj UAm+1,nUD):::; p(Uj=lAj,nj UD)+Um+2,i for any n ~ Bi(m+1).

In particular, taking nj = Bi(j) (j = 1, ... , m), then, since {Um,i} is summative,

we have p(A1,oi(1) U D) :::; U2,i, p(A1,oi(1) U A 2,Oi(2) U D) :::; p(A1,oi(1) U D) + U3,i :::;

U2,i+U3,i :::; U2,i+U2,i :::; U1,i,···, and p(Ufr=lAj,oi(j)UD) :::; P(U}:11Aj,Oi(j)UD)+um+1,i :::;

U2 "+.. ·+U "+U +1 " < ....< U2 "+U2 "< U1 ". Therefore I I. (U7!?:..l A "0,( ")) < U1 ". Next,'/, m,'/, m,'/, - - ,'/, ,'/, - ,'/, t"" J- J, 2 J - ,'/,

by the monotonicity and the continuity of p from below, we have p(U~lAj,oi(j)) :::; U1,i.

Since U1,i 4- 0 as i ---+ 00, we have infoE8 p(U~lAj,o(j))= O. Then p satisfies the Egoroff

condition. D

By Theorem 2.2, the Egoroff theorem remains valid for any ordered vector space

valued non-additive measure if the measure is multiple continuous from above and

continuous from below. This result contains the case which is not treated in [16, 17].



Chapter 3

Egoroff's theorem in a partially

ordered topological vector space

3.1 Preliminaries

In this chapter, we treated the Egoroff's theorem for non-additive measure that

take values in a partially ordered topological vector space.

First, we introduce some basic definitions for non-additive measure that take values

in a partially ordered vector space which will be used in this chapter.

A topology on a vector space E is called a vector topology if the mappings (x, y) M

x+y and (a, x) M ax, where x, y E E and a E R, are continuous. Let E be an ordered

vector space. A subset F of an ordered vector space E is said to be full if Xl, X2 E F

and Xl :::; X2 implies [Xl, X2]C F. We consider a vector topology on E and let Bo be a

neighborhood of 0 E E. The vector topology on E is called a locally full topology, if

there exists a basis of Bo consisting of full sefs. An ordered vector space endowed with

'. this topology is called an ordered topological vector. space. Let {un} be a sequence in

E and U E E. We. write Un --+·u if Un converges to u with respect to the vector topology

on E, that is, for any U E Eo there exists an no E if.such that Un - U .E;U for any

n ~ rio.

-10
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In what follows, let E be an ordered topological vector space and (X, F) a measur

able space.

Definition 3.1 A set function J..L : F -+ E is called a non-additive measure if it satisfies

the following two conditions.

(1) J..L(0) = 0.

(2) If A, B E F and A c B, then J..L(A) ~ J..L(B).

Definition 3.2 Let J..L : F -+ E be a non-additive measure.

(1) J..L is said to be strongly order totally continuous if inf'YEr J..L(A'Y) = 0, where r is an

upword directed set, for any {AI'} C F and A E F satisfying A'Y.j, A and J..L(A) = 0.

(2) J..L is said to be continuous from above if for any {An} C F and A E F satisfying

An .j, A it holds that J..L(An) - J..L(A) -+ 0.

(3) J..L is said to be continuous from below if for any {An} C F and A E F satisfying

An t A it holds that J..L(A) - J..L(An) -+ 0.

(4) J..L is said to be strongly order continuous if it is continuous from above at measurable

sets of measure 0, that is, for any {An} C F and A E F satisfying An.j, A and J..L(A) = °
it holds that J..L(An) -+ 0.

(5) J..L is said to have property (8) if for any sequence {An} C F with J..L(An) -+ 0, there

exists a subsequence {Ank } such that J..L(n~l U~i Ank ) = 0.

(6) J..L is said to be uniformly autocontinuous from above if for anyU E Bo and any

sequence- {Bn} _cF with J..L(Bn) -+ 0, there exists an no E N such thatJ..L(A U Bn) 

J..L(A) E U for any A E F and any n ~ no.

(7) J..L is said to be uniformly autocontinuous from below if for any U E -Bo and any
. .

sequence {Bn} C F with J..L(Bn} -+ 0, there -exists an no E N such that J..L(A) - J..L(A -_

-Bn) E U for any A E F and anyn ~ no.
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3.2 Egoroff's theorem

Definition 3.3 Let J-L : F ---+ E be a non-additive measure.

(1) A double sequence {Am, n} C F is called a J-L-regulator if it satisfies the following

two conditions.

(D1) Am, n => Am, n' whenever n :::; n'.

(D2) J-L(U~=l n~=l Am,n) = O.

(2) J-L satisfies the Egoroff condition if for any J-L.,-regulator {Am,n} and any U E Bo there

exists a eE e such that J-L(U~=lA m,8(m) E U.

Remark 3.1 A non-additive measure J-L satisfies the Egoroff condition if (and only if),

for any double sequence {Am,n} C F satisfying (D2) and the following (D1'), it holds

that for any U E Bo there exists a eE e such that J-L(U~=lAm,8(m) E U.

(D1') Am,n => Am',n' whenever m ~ m' and n :::; n'.

Definition 3.4 Let J-L : F ---+ E be a non-additive measure. Let {fn} be a sequence of

F -measurable real valued functions on X and I also such a function.

(1) {in} is said to be convergent J-L-a.e. to I if there exists an A E Fwith J-L(A) = 0

such that {In} converges to I on X-A.

(2) {In} is said to be J-L-almost uniformly convergent to f if there exists an upward

directed set r and a decreasing net {B'Y; r E r} c F such that for any U E Bo there

exists arE r such that J-L(B,),) E U and {In} converges to f uniformly on each set

X ~ B'Y.

(3) We say that the Egoroff theorem holds for J-L if {In} converges J-L~almost uniformly

to I whenever it converges J-L-a. e. to the same limit..

Theorem 3.1 Let J-L : F ---+ E bea non-additive measure. Then the following two

conditions' are equivalent.

(1) J-L satisfies the Egoroff condition.

(2) The Egoroff theorem holds for·J-L.:
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Proof. (1)---+(2): Let {fn} be a sequence of F-measurable real valued functions on

X and f also such a function. Assume that {In} converges J-L-a.e. to f. For each

m, n E N, put Am,n = U~n{x E X; IIj(x) - I(x)1 ~ ~}. It is easy to see that {Am,n}

is a J-L-regulator. By assumption, for any U E Bo, there exists a e E e such that

J-L(U~=lAm,O(m)) E U. Note that e is upward directed by pointwise partial ordering.

Put Bo = U~=lAm,O(m), then J-L(Bo) E U. And it is a routine work to prove that fn ---+ I

uniformly on each set X - Bo.

(2)---+(1): Let {Am,n} be a J-L-regulator. By Remark 1, we are able to assume that

Am,n ::) Am',n' whenever m ~ m' and n:::; n'. For each n E N, put In = SUPiEN ((i)XAi,n)

where XB denotes the characteristic function of B. Then we have Am,n = {x E

X; In(x) ~ ~} = U~n{x E X; Ij(x) ~ ~} for all m, n E N. By (D2), we have

J-L(U~=l n~=l U~n{x E X; Ij(x) ~ ~}) = O. This implies that {In} converges J-L-a.e.

to O. By assumption, {fn} converges J-L-almost uniformly to O. Since E is an ordered

topological vector space, for anyU E Bo, there exists a U1 E Bo such that U1 c U

and U1 is full. Then there exists a decreasing net {B')'; "Y E f} c F and there exists a

I E f such that J-L(B,),) E U1 and {In} converges to 0 uniformly on each set X - B')"

Then we can find a e E e such that n~=l(X - Am,O(m)) ::) X - B')" Thus we have

J-L(U~=lAm,O(m)) :::; J-L(B')'). Since U1 is full, we have J-L(U~=lAm,O(m)) E U1 cU. 0

3.3 The case where J-l is strongly order totally con-

tinuous

Theorem 3.2- If J-L is strongly order totally continuous, then J-L satisfies the Egoroff

condition.

Proof. It is clear from the definition. D·
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3.4 The case where J-L is strongly order continuous

and property (S)

Definition 3.5 The double sequence {rm,n} in Eis called a topological regulator if it

satisfies the following two conditions.

(1) rm,n ~ rm,n+l for any m, n E N.

(2) For any mEN, it holds that rm,n -+ O.

Definition 3.6 E has property (EP) if for any topological regulator {rm,n} in E there

exists a sequence {Pk} in E satisfying the following two conditions.

(1) Pk -+ O.

(2) For any kEN and any mEN there exists an no(m, k) E N such that rm,n :::; Pk

for any n ~ no(m, k).

Theorem 3.3 Assume that E has property (EP). If J.L has property (8) and is strongly

ordercontinuous, then J.L satisfies the Egoroff condition.

Proof. Let {Am,n} be a J.L-regulator. By Remark 1, we are able to assume that

Am,n :::) Am',n' whenever m ~ m' and n :::; n'. Then for any mEN, Am,n -!- n~=lAm,n

and J.L(n~=lAm,n) = 0 hold. By the strongly order continuity of J.L, {J.L(Am,n)} is a

topological regulator in E. For any U E Bo, there exists a U1 E Bo such that U1 C U and

U1 is fulL Since E has property (EP), there exists a sequence {Pm} with Pm -+ 0 with the

property that for any mEN, there exists an no(m) E N such that J.L(Am,no(m)) :::; Pm.

Then there exists an mo E N such th(1t for any m .~ mo,we have Pm E U1 , so

thatJ.L(Am,no(m)) E U1 C U since U1 is full. Since J.L has property (S), there exists

a strictly increasing sequence {mi} C N such that J.L(nJ=l U~j Ami,no(mi))-= O. By
" "

the strongly order conti:r:mity of J.L, for any U E· Bo, there exists a jo E N such that

Ji(U~j~Ami-,no(mi))E U. D~fine e E 8 such that e(m) = nO(~jo) jf 1 :::;"m :::; mjo .and

e(m) = nO(i.ni) if.mi-l < m ~ mi for some i > jo. Since {Am,,,;,} is increasing for"
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condition. D

3.5 The case where J.L is continuous from above and

below

In what follows, we assume that the topology of E is locally convex. Then E is

said to be an ordered locally convex space.

Theorem 3.4 If f.-L is continuous from above and below, then f.-L satisfies the Egoroff

condition.

Proof. For any W E Bo, there exist U, V E Bo such that U + V c Wand U is

full. For any kEN, there exists a Vk E Bo such that 2k Vk c U. Let {Am,n} be a f.-L

regulator and put D = U~=l n~=l Am,n. Then for any mEN and (nl' ... , nm) E Nm,

A1,n U D .J- D,A1,nl U A2,n U D .J- A1,nl U D, ... , and Ufr=lAj,nj UAm+1,n U D .J

Ufr=lAj,nj U D hold as n ---+ 00. Since f.-L is continuous from above, for Vi, there exists

an nl E N such that f.-L(A1,n U D) - f.-L(D) E Vi for any n ~ nl. Since f.-L(D) = 0,

we have f.-L(A1,nl U D) E Vi, For this nl, A1,nl U A2,n U D .J- A1,nl U D as n ---+ 00.

For \12, there exists an n2 E N such that f.-L(A1,nl U A2,n U D) - f.-L(A1,nl U D)E \12

for any n ~ n2' We have f.-L(A1,nI U A2,n2 U D) E f.-L(A1,nl U D) + \12 c Vi + \12.

Since the topology is locally convex, repeating the argument, for any mEN, we have

f.-L(Uj=lAi,nj U D) EL/;::l Vj c U. Since U is full, we havef.-L(Uj=lAj,nj) E U. Let

BEe satisfy BU) = nj (j = 1, 2, ...). We have Ufr=lAj,o(j) t U~lAj,o(j) as m ---+ 00.

Since f.-L is continuous from below and {Am,n} is a f.-L-regulator, for V E Bo, there exists

an mo E N such that.f.-L(U~lAj,o(j))~ f.-L(Ufr=lAj,o(j)) E V for any m ~ mo. Thus ·we
. .

have f.-L(UJ=lAj,o(j)) E f.-L(Uh=lAj,o(j)) + v. c U + V c W.· Then f.-L satisfies the Egoroff

condition. . D
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3.6 The case where J-L is uniformly autocontinuous

from above, strongly order continuous from above

and continuous below

Theorem 3.5 If J-L is uniformly autocontinuous from above, strongly order continuous

from above and continuous from below, then J-l satisfies the Egoroff condition.

Proof. For any W E Bo, there exist U, V E Bo such that U + V c W. For any

kEN, there exists a Vk E Bo such that 2k Vk c U. Let {Am,n} be a J-l-regulator. By

the strongly order continuity of J-l, for any mEN, we have J-l(Am,n) ---+ O. For Vi,

there exists an nl E N suchthat J-L(A1,nl) E Vi, For 112, there exists an n; E N such

that J-L(A2 n') E 112. Since J-l is uniformly autocontinuous from above, there exists an
, 2 .

n~ E N such that for any A E F, J-l(A U A2 1/) - J-L(A) E 112. Put n2 = max(n;, n~),,n2

then J-l(A1,nl U A2,n2) E Vi + 112. Since the topology is locally convex, repeating the

argument, we have J-l(U~lAj,nj) E L~l Vj C U for any mEN. Let a E e satisfy

a(j) = nj (j = 1,2, ...). We have U~lAj,e(j) t .u~lAj,e(j) as m ---+ 00. Since J-l

is continuous from below and {Am,n} is a J-l-regulator, for V E Bo, there exists an

mo E N such that J-l(U~lAj,e(j)) E J-l(U~lAj,e(j)) + V for any m ~ mo. Thus we have

J-l(U~lAj,e(j)) E U + V c W. Then J-l satisfies the Egoroff condition. D

3.7 Examples of ordered topological spaces

In this section we give some examples of ordered topological vector spaces to which

our methods are applicable.

. (i) Let T be a Hausdorff space and C(T) the space of all real continuous functions

defined on T.Then C{T) is an ordered vector space endowed with a pointwise order.

The topology of compact convergence on C(T) i~ a locally full topology, see [5, page

159]. Therefore V-!e can apply to J-l in case of :the Section 4, 6· and 7.
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(ii) Let T be a locally compact space and Co(T) the space of all continuous real functions

with compact support defined on T. Then Co(T) is an ordered locally convex space

endowed with the pointwise order and endowed with the inductive limit topology, see

[5, pages 75 and 159]. Therefore we can apply to J.-l in case of the Section 4, 6 and 7.

(iii) Let coo(Rn) be the space of all real functions having continuous derivatives of any

order. coo(Rn) is an ordered locally. convex space but not a Riesz space, see [5, page

159]. Therefore we can apply to J.-l in case of the Section 4, 6 and 7.

(iv) Let Lp ([O, I]) be a set of real valued Lebesgue measurable functions f defined

on [0, 1] such that f01If(x)IPdJ.-l < 00(0 < p < (0). Lp ([O, I]) is a Riesz space with

the pointwise order. Moreover Lp([O, 1]) is a locally solid space, see [1, e.g. 8.6]. If

the topology of Riesz space is locally solid, then it is locally full, see [5, Chapter 7,

Proposition 1]. Therefore Lp([O, 1]) is an ordered topological vector space. However its

topology is not usually locally convex. In addition, Lp ([O, I]) satisfies the a-Lebesgue

property, that is, the sequence {un} converge to°with respect to the topology whenever

{Un} converge to °with respect to the order, see [1, e.g. 8.6]. And Lp([O, 1]) has the

Egoroff property, see [30, Section 71]. Therefore Lp([O, 1]) has property (EP). Thus in

this case we can apply to J.-l in case of the Section 4 and 5.



Chapter 4

Lusin's theorem for non-additive

measure

4.1 Preliminaries

In this Chapter we use a notation and definition in Chapter. 3. Let R be the set of

real numbers and N the set of natural numbers. Denote by e the set of all mappings

from N into N. Let X be a non-empty set and F a (j-field of X and E a ordered

topological vector space, that is, an ordered vector space endowed with full topology;

see [5]. We also assume that E is a Hausdorff space with the first axiom 6f countability.

Definition 4.1 (1) J-l is called weakly null-additive ifJL(AUB) = nwhenever A, B E F

and J-l(A) = J-l(B) =:: 0; see [40].

18
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4.2 The case where J-L is continuous from above and

has property (S)

In the following lemma, we characterize the weakly null-additivity for the non

additive measure which is strong order continuous and has property (S) in the case

where the range space is an ordered topological vector space. It is also a counterpart of

[27, Lemma 1J for measures whose range space is an ordered topological vector space.

The strongly order continuity plays an important role in discussing the convergence of

measurable function sequence and of integral sequence. For instance, it is a necessary

and sufficient condition for a generalized Lebesgue theorem. For more details, see [24J.

Lemma 4.1 Let J.l : F ---+ E be a non-additive measure which is strongly order contin

uous and has property (S). We assume that E has property (EP). Then the following

two conditions are equivalent:

(i) J.l is weakly null-additive.

(ii) For any U E Bo and double sequence {Am,n} c F satisfying that Am,n 4- Dm as n ---+

00 and J.l(Dm) = 0 for each mEN, there exists a e E e such that J.l (U~=lAm,O(m») E U.

Proof. (i)---+ (ii): Let {Am,n} be a double sequence such that Am,n 4- Dm as n ---+ 00

and J.l(Dm) = 0 for each mEN. Put Bm,n = U~lAj,n and Fm = U~lDj, then {Bm,n}

is increasing for each n E Nand Bm,n 4- Fm as n ---+ 00. Since J.l is weakly null-additive,

J.l(Fm) = O. Since J.l is strongly order continuous, {J.l(Bm,n)} is a topological regulator

in E. For any U E Bo there exists a U1 E Bo such that U1 c U and U1 is full. Since E

has property (EP), there exists a sequence {Pm} with Pm ---+ 0 such that for any mEN,

there exists an no(m) E N such that J.l(Bm,no(m») :::; Pm' Then there exists an mo eN

such that for any m ~ mo, we have Pm E U1 ; so thatJ.l(Bm,no(m») E U1 C U since U1
. .

is fulL Sirice J.l has property (S), there exists a ~trictly increasing sequence {mi} ·C N

such that M(nj=:I U~j Bmi,no(mi») = O. Since J.l is strongly order continuous, there exist~

it jo E N such that J.l(U~joBmi,no(m~»)E U1 . Define e E e such that e(m) == no(mjo)
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if 1 :::; m :::; mjo and B(m) = nO(mi) if mi-l < m :::; mi for some i > jo. Since

{Bm,n} is increasing for each n E N, we have U~joBmi,no(mi) = U~=IBm,(J(m)' Since

U~=IAm,(J(m) C U~=IBm,(J(m), we have tt(U~=IAm,(J(m)) :::;tt(U~joBmi,no(mi))' Since U1

is full, (ii) holds.

(ii)---+(i): Let F, G E F and tt(F) = tt(G) = O. Define a double sequence {Am,n} C

F such that A 1,n = F, A2,n = G and Am,n = 0 (m ~ 3) for any n E N. Let D 1 = F,

D2 = G and Dm = 0 (m ~ 3). By assumption, for any U E 8 0 there exists aBE e
such that tt(U~=IAm,(J(m))E U. Since U~=IAm,(J(m) = F U G, we have tt(F U G) E U.

Then we have tt(F U G) = O. 0

4.2.1 Regularity of measure

Let X be a Hausdorff space. Denote by 8(X) the a-field of all Borel subsets of X,

that is, the a-field generated by the open subsets of X. A non-additive measure defined

on 8(X) is called a non-additive Borel measure on X.

Definition 4.2 ([44]) Let tt : 8(X) ---+ E be a non-additive Borel measure on X. tt is

called regular if for anyU E 8 0 and A E 8(X), there exist a closed set Fu and an open

set Gu such that Fu C A c Gu and tt(Gu " Fu ) E U.

Theorem 4.1 Let X be a metric space and 8(X) a a-field of all Borel subsets of X.

Let tt : 8(X) ---+ E be a non-additive Borel measure on X which is weakly null additive,

continuous from above and has property (S). We assume that E has property (EP).

Then tt is regular.

. Proof. Let tt : 8(X) ---+ E be a non-additive Borel measure. Denote by £ the family

of Borel subsets A of X with the property that for any U E 8 0 , there exist a closed set

Fu and an open set Gu such that

Fu.C A c Gu and tt(Gu " Fu } E U.
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We first show that £. is a a-field. It is obvious that £. is closed for complementation

and contains f/J and X. We show that £. is closed for countable unions. Let {Am} be a

sequence of £. and put A = U~=lAm on X. Since E is Hausdorff and satisfies the first

axiom of countability, there exists {Vn } C 130 such that n~=lVn = {O} and Vn is full.

Then for each mEN, there exist double sequences {Fm,n} of closed sets and {Gm,n}

of open sets such that

We may assume that, for each mEN, {Fm,n} is increasing and {Gm,n} is decreasing

without loss of generality. For eachm E N, put D m = n~l(Gm,n "Fm,n)' Since

Gm,n " Fm,n J. D m as n ---+ 00

and Vn is full, we have J-L(Dm ) E Vn . Moreover, since n~=lVn = {O}, we have J-L(Dm ) = O.

For any U E 130 , take V, W E 130 such that V + W c U and V is full. By Lemma 4.1,

there exists a f) E 8 such that

Since

00 00 00

we have

UGm,()(m) " U Fm,()(m) C U (Gm,()(m) " Fm,()(m)) ,
m=l m=l m=l

Since V is full, we have

Since

00 -N . 00 00

UGm,()(m) ~ U-Fm,()(m) J. UGm,()(m) " U Fm",()(m).
m=l " m=l m=l m=l
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as N --+ 00, by the continuity from above and monotonicity of JL, for W E Bo, there

exists an No E N such that

Then we have

(

00 No )

tL ~1 Gm ,9(m)." ~1 Fm ,9(m) E tL (Ql Gm ,9(m) "Ql Fm ,9(m)) + W

C V+WcU.

Denote Fu = U~~lFm,{}(m) and Gu = U~=lGm,O(m) , then Fu is closed, Gu is open and

we have

Fu cAe Gu and JL(Gu " Fu) E U.

Therefore A E E. Thus E is a a-field.

Next we verify that E contains all closed subsets of X. Let F be closed in X.

Since X is a metric space, one can find a sequence {Gn } of open subsets of X such

that Gn {. F, and hence JL(Gn " F)--+ 0 by the continuity from above. Thus, we have

FEE. Consequently, E is a a-field which contains all closed subsets of X, so that it

also contains all Borel subsets of X. Therefore JL is regular. o

Example 4.1 Let X = [0,1] be a metric space with the metric d(x, y) = Ix - YI, B(X)

a Borel measure of X and m the Lebesgue measure on B(X). Define

{

. a· m(A)
JL(A) =
. 1··

if m(A) < 1,

if m(A) = 1,

where 0 < a .< 1 ~ Then JL is a non-additive measure. It is easy to see that JL is

continuous from above. In.jact, let {An}. C B(X) a·sequence with An \.c A where

A E B(X). We consider the following cases:

(i)m(A) = 1,
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(ii) meA) < 1.

In cases (i), since meAn) = 1, meAn) = 1 = meA) for all n. In cases (ii), we have

meAn) < 1 for some n E N because the case that meAn) = 1 for all n is impossible.

Hence J-l(An) = a· meAn) -+ a· meA) = J-l(A). Thus J-l is continuous from above. Since

m is the Lebesgue measure, weakly null additivity and property (S) of J-l hold. However,

J-l is not continuous from below. In fact, if we take An = [0,1 - ~J U {I}, n E N, then

An / X. Nevertheless, we have J-l(An) = a· meAn) = a· (1 - ~) / a < 1 = J-l(X).

4.2.2 Egoroff's theorem

In this section, we show a version of Egoroff's theorem for a measure which is

continuous from above and has property (8) defined on a metric space in the case

where the range space is an ordered topological vector space. Egoroff's theorem for the

real valued non-additive measure case, see [26], the real valued fuzzy measure case, see

[27], and the Riesz space-valued fuzzy measure case, see [16]. For a measure which is

strongly order continuous and has property (8), we have obtained the following result;

see [42]:

Theorem 4.2 Let J-l : F -+ E be a non-additive measure which is strongly order

continuous and has property (8). We assume that E has property (EP). Let {fn} be

a sequence of F -measurable real valued functions on X and f also such a function. If

{In} converges J-l-:a.e. to I, then fIn} converges J-l-almost uniformly to f.

Theorem 4.3 Let J-l : B(X) -+ E be a non-additive Borel measure which is strongly

order continuous and has property (8). We assume that E has property (EP). Let{In}

be a sequence of Borel measurable real valued functions ori X and f also such a function.

If {in} converges J-l-a. e. to I, then there exists an increasing sequence·{A~} C 13(X)

such that J-l(X " U~=lAm) = O· and {In} converges to I uniformly on Am for each

mEN.
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Proof. Since {fn} converges J-L-a.e. to f, by Theorem 4.2, there exists a decreasing

net {B,), I ry E r} such that J-L(B,),) ---+ 0 and {fn} converges to f uniformly on each set

X "B')'" Since E is Hausdorff and satisfies the first axiom of countability, there exists

{Vm} c Eo such that n~=lVm = {O} and Vm is full. Then there exists a {rym} such that

J-L(B')'m) E Vm· Put Am = X " n~l B,),i for each mEN. The proof is complete. D

Theorem 4.4 Let X be a metric space and J-L : E(X) ---+ E a non-additive Borel

measure which is weakly null additive, continuous from above and has property (S).

We assume that E has property (EP). Let {fn} be a sequence of Borel measurable

real valued functions on X and f also such a function. If {fn} converges J-L-a.e. to f,

then for any U E Eo, there exists a closed set Fu such that J-L(X " Fu) E U and {fn}

converges to f uniformly on each Fu ·

Proof. Since {fn} converges J-L-a.e. to f, by Theorem 4.3, there exists an increasing

sequence {Am} C E(X) such that {fn} converges to f uniformly on Am for each

m = 1, 2, ... and J-L(X " U~=lAm) = O. Since E is Hausdorff and satisfies the first

axiom of countability, there exists {Vn} C Eo such that n~=lVn = {O} and Vn is full. By

Theorem 4.1, J-L is regular. Then for each mEN, there exists an increasing sequence

{Fm,n} of closed sets such that Fm,n C Am and J-L(Am " Fm,n) E Vn for any n E N.

Without loss of generality, we can assume that for each mEN, {Am "Fm,n} is

decreasing as n ---+ 00. Then we have
00

Am \ Frn,n ..!-n (Am \ Fm,n) as n ---+ 00.

n=l

Put Xm,n = (X" U~~lAm) U (Am" Fm,n) and Dm = n~lXm,n. Then for each

mEN, Xm,n ..!- Dm as n ---+ 00. Since Vn is full and

/l (0 (A". "Fm,n)) :0:: /l (Am" Fm:n),

we have
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Since n~=lVn = {O}, we have

25

By the weakly null-additivity of I-l, we have I-l(Dm ) = 0 for any mEN. For any U E 8 0 ,

take ~ W E 8 0 with V + W c U and V is full. By Lemma 4.1, there exists a e E e

such that I-l (U~=lXm,e(m)) E V. Since X "" U~=lFm,e(m) C U~=lXm,e(m) and V is full,

we have

On the other hand, since X "" U~=lFm,e(m) t X "" U~=lFm,e(m) as N -+ 00 and I-l is

continuous from above, there exists an No E N such that

Then we have

4.2.3 Lusin's theorem

In this section,we shall further generalize well-known Lusin's theorem in classical

measure theory to non-additive measure spaces in the case where the range space is an

ordered topological vector space by us~ng the results obtained in Sections 2-3. For the

real valued fuzzy meas:ure case, ~ee [27, Theorem 4], and the Rieszspace-valued fuzzy.

measure case, see [18, Theorem 3].

Theorem 4.5 Let X be a metric space and I-l : 8(X). -t E a non-additive Borel

measure on X which fs weakly null-additzve, continuous from· above and has. property
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(S). We assume that E has property (EP). Ij f is a Borel measurable real valued

junction on X, then jor any U E Bo, there exists a closed set Fu such that JL (X " Fu ) E

U and j is continuous on each Fu .

Proof. We prove the theorem stepwise in the following two situations.

(a) Suppose that j isa simple function, that is, f(x) = L::n=I amXAm (x) (x EX),

where am E R (m = 1,2, ... , s), XAm(X) is the characteristic function of the Borel set

Am and X = L::n=I Am (a disjoint finite union). Since E is Hausdorff and satisfies the

first axiom of countability, there exists {Vn} C Bo such that n~=1Vn = {O} and Vn is full.

By Theorem 4.1, JL is regular. Then for each mEN, there exists a sequence {Fm, n}

of closed sets such that Fm,n C Am and JL (Am" Fm,n) E Vn for any n E N. We may

assume that {Fm,n} is increasing in n for each m, without any loss of generality. Put

Bm,n = Am "Fm,n if m = 1, ... , sand Bm,n = 0 if m > s, and put Dm = n~=IBm,n.

Since n~=1Vn = {O}, we have JL(Dm ) = O. For any U E Bo, there exists a UI E Bo such

that UI C U and UI is full. By Lemma 4.1, there exists a eE e such that

Put Fu = U:n=IFm,O(m) , then f is continuous on the closed subset Fu of X and we have

Since UI is full, we have JL (X" Fu ) E UI C U.

(b) Let f be a Borel measurable real-valued function. Then there exists a sequence

{cPm} of simple functions such that cPm-+ f as m -+ 00 on X. Since E is Hausdorff and

satisfies the first axiom of countability, there exists {Vn } C Bo such that n~=1Vn = {O}·

and Vn is fun. By the result obtained -in (a), for each simple function cPm and every

n EN, there· exists a closed set X m;n C X such that cPm is continuous on X m,n arid

{L (X "Xm,n) E Vn. . Without loss of generality, we Can assume that the· sequence

{X~,n} of closed sets is· increasing with respect to n for each .m. (otherwise, we can
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take U~IX m,i instead of X m,n and noting that <Pm is a simple function, it remains

continuous on Ui=1X m ,i)' Since

00

X"" Xm,n.} n(X"" Xm,n) as n ---+ 00
n=1

and Vn is full, we have

Jl ([1 (X " Xm,n)) E K·

Since n~1Vn = {O}, we have J-l (n~=1 (X "" Xm,n)) = O. By using Lemma 4.1, for any

Vn, there exists a sequence {Tn} C 8 such that

that is, J-l (X "" n~=IXm,Tn(m)) E Vn. Since the double sequence {X ""Xm,n} is decreas

ing in n E N for each mEN, without any loss of generality, we may assume that for

fixed mEN, TI(m) < T2(m) < '" < Tn(m) < .... Put Hn = n~=IXm,Tn(m), then we

have a sequence {Hn } of closed sets satisfying HI cH2 C . ". Since

00

X "" H n .} X "" UHn as n ---+ 00
n=1

and Vn is full, we have

Since n~=1Vn = {O}, we have J-l(X "" U~=IHn) ~ O. Noting that <Pm is continuous on

Xm,n and Hn C Xm,Tn(m), <Pm is continuous on Hn for every mEN.

On the other hand, since <Pm ~ f as m ---+ 00 on X, by Theorem 4.4, there exists

a sequence {Kn} ofclosed sets such that J-l (X"" Kn) E Vn and {<Pm} converges to f
uniformly on Kn for every n E N. We may assume that {Kn } if? increasing in ri; for

each m, without any loss ofgenerality. Since X "" Kn .} X "" U~=I Kn as n ---+ 00 and Vn

is full, we have J-l (X "" U~==IKn) E Vn. Since n~iVi = {O}, we have J-l(X",,'U~IKn) = 0
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and {<Pm} converges to f uniformly on K n for every n E N. Considering the sequence

{(X" Hn ) U (X " K n )}, then we have

(X "Hn) U (X" Kn) -I- ( X" QHn) U ( X" QKn) as n -+ 00.

Since ft is weakly null-additive, we have

Moreover, since ft is continuous from above, for any U E Bo, there exists no such that

Put Fu = Hno n X no , then Fu is a closed set and ft (X" Fu) E U. We show that f

is continuous on Fu . In fact, Fu C Hno and <Pm is continuous on Hno ' therefore <Pm is

continuous on Fu for each mEN. Noting that {<Pm} converges to f uniformly on Fu ,

then f is continuous on Fu. o

4.3 The case where J1; is a continuous from above

and below

In what follows, we assume that the topology on E is locally convex. Then E

is called an ordered locally convex space; see [5]. The following lemma is an ordered

locally convex space...;valued counterpart of [27, Lemma 1] and [18, Lemma 1].
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Proof. (i)-+(ii): For any U E Bo, there exist V, W E Bo such that V + W C U and

V is convex and full. For any kEN, there exists a 11k E Bo such that 2k1;kc V. Let

{Am,n} be a double sequence such that Am,n +D m as n -+ 00 and f-L(Dm) = 0 for each

mEN. Put D = U~=lD m. Then we have f-L(D) = 0 by the weakly null-additivity and

the continuity from below of f-L. For any mEN and (nl' ... , nm) E Nm, AI, n U D +D,

AI,nl U A2,n U D +AI,nl U D, ... , and U~IAj,nj U Am+l,n U D +U~IAj,nj U D hold

as n -+ 00. Since J-l is continuous from above, there exists an nl E N such that

J-l(AI,n U D) - f-L(D) E Vi for any n ~ nl. Since J-l(D) = 0, J-l(AI,nl U D) E Vi. For this

nI, AI,nl U A2,n U D +AI,nl U D as n -+ 00. For 112, there exists an n2 ~ nl such that

J-l(AI,nl UA2,n UD) - J-l(AI,nl UD) E 112 for any n ~ n2. We have /L(AI,nl UA2,n2 UD) E

J-l(AI,nl U D) + 112 c Vi + 112. Since V is convex, repeating the argument, for any

mEN, we have J-l(U~IAj,nj U D) E ~r;:l Vj C ~r;:l 2-j V c V. Since V is full,

we have J-l(U~IAj,nj) E V. Let e E e satisfy e(j) = nj (j = 1, 2, ...). We have

U~lA j ,e(j) t U~lA j ,e(j) as m -+ 00. Since J-l is continuous from below, for W E Bo,

there exists an mo EN such that J-l(U~IAj,e(j))-f-L(U~IAj,e(j))E W for any m ~ mo.

Then we have J-l(U~IAj,e(j)) E J-l(U~lAj,e(j)) + W c V + W c U.

(ii)-+(i): The proof is similar to that of Lemma 4.1. Thus J-l is weakly null-additive.

o

4.3.1 Regularity of measure

Theorem 4.6 Let X be a metric space and B(X) a (Y:..field of all Borel subsets of X.

Let J-l :B(X) -+ E be a fuzzy Borel measure on X. Then J-l is regular.

Proof. By Lemma 4.2, theproof is similar to that of Theorem 4.1. o
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4.3.2 Egoroff's theorem

In this subsection we show a version of the Egoroff's theorem for ordered locally

convex space-valued fuzzy measures defined on a metric space. For a fuzzy measure,

we have obtained the following result; see [42]:

Theorem 4.7 Let j1 : F -+ E be a fuzzy measure. Let {fn} be a sequence of F

measurable real valued functions on X and I also such a function. If {In} converges

j1-a. e. to I, then {In} converges j1-almost uniformly to I.

Theorem 4.8 Let j1 : B(X) -+ E be a fuzzy Borel measure. Let {fn} be a sequence

of Borel measurable real valued functions on X and I also such a function. If {In}

converges j1-a.e. to!, then there exists an increasing sequence {Am} C B(X) such that

j1(X " U~=lAm) = 0 and {In} convergesto I uniformly on Am for each mEN.

Proof. By Theorem 4.7, the proof is similar to that of Theorem 4.3. o

Theorem 4.9 Let X be a metric space and j1 : B(X) -+ E a weakly null additive fuzzy

Borel measure. Let {In} be a sequence of Borel measurable real valued functions on X

and I also such a function. If {In} converges j1-a. e. to I, then for any U E Bo, there

exists a closed set Fu such that j1(X " Fu ) E U and {In} converges to I uniformly on

each Fu .

Proof. By Theorem 4.8, the proof is similar to that of Theorem 4.4.

4.3.3 Lusin's theorem

o

1;0. this subsection, we give Lusin's theorem to ordered locally convex space-valued

fuzzy measure spaces. For· the real valued case, see [27, Theorem 4], and the Riesz

space-valued case, ~ee [18, Theorem 3].



4.4. APPLICATIONS 31

Theorem 4.10 Let X be a metric space and p, : 8(X) ---+ E a weakly null-additive

juzzy Borel measure on X. Let j be a Borel measurable real valued junction on X.

For any U E 8 0 , then there exists a closed set Fu such that p, (X " Fu ) E U and j is

continuous on each Fu .

Proof. By Theorem 4.6, Lemma 4.2 and Theorem 4.9, the proof is similar to that of

Theorem 4.5~ D

4.4 Applications

In this section, we mention that our results are applicable to the following ordered

topological vector spaces.

(i) Let T be a Hausdorff space and C(T) the space of all real continuous functions

defined on T endowed with a pointwise order. Then C(T) is an ordered vector space.

The topology of compact convergence on C(T) is a locally full topology; see [5, page

159]. Moreover assume that T is a locally compact space, countable at infinity. Then

its topology is defined by the -sequence of semi-norms. Thus it is metrizable. For

any metrizable topological vector space, there exists a countable neighborhoods of the

origin in it; see [5, page 40]. Thus the first axiom of countability holds. Clearly C(T)

is Hausdorff: Therefore our results in Section 4 are applicable to C(T).

(ii) Let coo(Rn) be the space of all real functions having continuous derivatives of any

order. Coo (Rn) is an ordered locally convex space but not a Riesz space; see [5, page

159]. Similar to (i), the first axiom ofcQuntability holds. Clearly coo(Rn) is Hausdorff.

Therefore our results in Section 4 are applicable to Coo (Rn).

(iii) Let Lp([O, 1]) be the space of real valued Lebesgue measurable functions f d~fined

o~[O,l] such that Jo1If(x)IPdp,-< oo(O<p < (0) ehdo~edwith the pointwise order.

Then_Lp([O,l]) is a Riesz space. -Moreover-Lp([O,l]) is a locally solid space~ see [1,

exampl~ 8.6]._ If the topology on ~ Riesz space is locally solid, then it is locally full, -
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see [5, Chapter 7, Proposition 1]. Therefore Lp([O, 1]) is an ordered topological vector

space. However, its topology is not locally convex if °< p < 1. Lp ([O, l]) satisfies

the a-Lebesgue property, that is, the sequence {un} converges to °with respect to the

topology whenever it converges to °with respect to the order; see [1, example 8.6].

Moreover Lp([O, 1]) has the Egoroff property; see [30, Section 71]. Therefore Lp([O, 1])

has property (EP). Since its topology is defined by a unique quasi-norm, it is metrizable.

Thus the first axiom of countability holds. Clearly Lp([O, 1]) is Hausdorff. Then our

results in Section 3 are applicable to Lp([O, 1]).



Chapter 5

The Hahn-Banach theorem and

separation theorem

5.1 Preliminaries

In this chapter, we treated Hahn-Banach's theorem for the mapping that take values

in a partially ordered topological vector space.

First, we introduce some basic definitions for partially ordered vector space in this

chapter.

Let R be the set of real numbers, N the set ofnatural numbers, I an indexed set,

(E, ~) a partially ordered set and F a subset of E. The set F is called a chain if any

two elements are comparable, that is, x ~ y or y ~ x fo"r any Xi Y E F. An element

x E E is called a-lower bound 'of F if x ~ Y for any y E F. An element, x E E'is

called the minimum of F ifx is a lower bound of F and x E F. If there exists a lower

bound of F, then F is said to be bounded from below. An element x E E is called an·

upperbound of F if y ~ x for any y E F. An element x E.E is called the maximum of

F if x is ·an tipper bound and x E F. If there exists an upper bound of F, then F is

_said to be bounded from above. If the. set of-all lower 1Jounds of F has the maximum,
. .

then the maximum is called an infimuirL of F and denoted by inf F. If the set of all

33 .
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upper bounds of F has the minimum, then the minimum is called a supremum of F and

denoted by sup F. A partially ordered set E is said to be complete if every nonempty

chain of E has an infimum; E is said to be chain complete if every nonempty chain of

E which is bounded from below has an infimum; E is said to be Dedekind complete if

every nonempty subset of E which is bounded from below has an infimum. A mapping

f from E to E is called decreasing if f (x) ~ x for every x E E. For the further

information of a partially ordered set; see [2, 5, 6, 30, 35].

In a complete partially ordered set, the following theorem is obtained; see [4, 20, 21].

Theorem 5.1 (Bourbaki-Kneser) Let E be a complete partially ordered set. Let f

be a decreasing mapping from E to E. Then f has a fixed point.

Recently, T. C. Lim [31, Corollary 1] proved a following

Theorem 5.2 Let E be a complete partially ordered set. Let f be a decreasing mapping

from E to E. Then f has a minimal fixed point.

T. C. Lim [31] proved common fixed point theorem for the family of decreasing

commutative mapping, which is a generalization of Theorem 5;2.

A partially ordered setE is called a partially ordered vector space if E is a vector

space and x + z ~ y + z and ax ~ ay hold whenever x, y, z E E, x ~ y, and a is a

nonnegative real number. If a partially ordered vector space E is a lattice, that is, any

two elements have a supremum and an infimum, then E is called a Riesz space.

Let X be a vectot space and E a partially ordered vector space. A mapping f from

X to E is said to be concave if

f(tx + (1 - t)y) 2 tf(x) + (1 - t)f(y)

for- any x, yE X and tE [0,1]. A mapping f from X to E is called sublinear if the

following conditions are satisfied.

_(81) For any x,y E X, p(x + y) ~ p(x) +p(Y).

(82) For any x E X- and a ;:; °in R, p(ax) ~ap(x). -
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5.2 The Hahn-Banach Theorem

35

Lemma5.! Let p be a sublinear mapping from a vector space X to a Dedekind com

plete partially ordered vector space E, K a nonempty convex subset ofX and q a concave

mapping from K to E such that q :::; p on K. For any x EX, let

f(x) = inf{p(x + ty) - tq(y) It E [0,00) and Y E K}.

Then f is sublinear such that f :::; p. Moreover if g is a linear mapping from X to E,
<

then g :::; f is equivalent to g :::; p on X and q :::; g on K.

Proof. For any x EX,

{p(x + ty) - tq(y) It E [0, 00) and Y E K}

is bounded from below. Indeed, since

p(x + ty) - tq(y) '2 p(ty) - p(-x) - tq(y) '2 -p(-x),

it is established. Since E is Dedekind complete, f is well-defined and we have f (x) '2

-pC-x). By definition of f, we have f(x) :::; p(x) and f(ax) =af(x) for any a '2 o.
Thus (S2) is established. Let Xl, X2 E X. For any yl, Y2 E K and s, t > 0, we have

P(Xl + SYl) - Sq(Yl) + P(X2 + tY2) - tq(Y2)

'2 P(Xl + X2 + (s + t)w)- (s + t)q(w)

'2 f(Xl + X2),

where w = s~t(SYl + tY2) E K. For P(Xl + SYl) - Sq(Yl), take infimum with respect to

S > 0 and Yl EK, we have

and fo~ P(X2 + tY2) - tq(Y2), also take infimllm with respect to {-> 0 and Y2 E K, we

-have.
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Thus (Sl) is established. Suppose that 9 is a linear mapping from X to E. If 9 ~ f,

then we have 9 ~ p. Moreover for any y E K, since

-g(y) = g( -y) ~ f( -y) ~ p(-y + y) - q(y) = -q(y),

we have 9 ~ q on K. To prove the converse, suppose that 9 ~ P on X and q ~ 9 on K.

For any x EX, Y E K and t > 0, we have

g(x) = g(x + ty) - tg(y) ~ p(x + ty) - tq(y).

This implies that 9 ~ f. o

The above lemma is proved in case where the range space is a Dedekind complete Riesz

space, see [35, Lemma 1.5.1].

By Theorem 5.2 and Lemma 5.1, we can give a following lemma.

Lemma 5.2 Let f be a sublinear mapping from a vector space X to a Dedekindcom

plete partially ordered vector space E. Then there exists a linear mapping g from X to

E such that 9 ~ f·

Proof. Let EX be the set of mappings of X into E. Define f ~ 9 for f, g E EX

by f(x) ~ g(x) for all x E X. Then (EX,~) is a partially ordered vector space. Put

f*(x) = - f( -x) for any x E X. Let

Y ={h E EX I h is sublinear, f* ~ h ~f}.

Then Y is an ordered set. Since E is Dedekind complete, EX is also so. Consider an

arbitrary chain Z c Y. Since EX is Dedekind complete and Z is bounded from below,

there exists a 9 = inf Z in EX. Then 9 is sublinear. Since Y is bounded from below,

it holds that 9 E Y. Thus·.Y is complete. Let K ~ {y}. Then h is also a concave

mapping from K -to E: We define a deGreasing operator S by

Sh(x) = inf{h(x +ty)"--: th(y) It E [0, (0), Y.E K}
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for any hEY. By Lemma 5.1, Sh is sublinear and S is a mapping from Y to Y.

Theorem 5.2 implies that there exists a minimal fixed point g of S. It follows from

the minimality of g that for any x, z E X, we have g(x) + g(z) ::; g(x + z); see [10,

Proposition 1]. Since g is sublinear, we also have g(x+z) ::; g(x)+g(z) for any x, z E X.

Then we obtain that for any x, z E X, g(x + z) = g(x) + g(z). Let x E X and a > O.

Since 0 = g(ax - ax) = ag(x) + g( -ax), we have g( -ax) = -ag(x). Then for any

real number a, we have g(ax) =ag(x).

Since

0= g(O) = g(-ax + ax) = g(-ax) + ag(x)

for any a > 0 and x E X, we have g(-ax) = -ag(x). Thus g(ax) = ag(x) for any

a E R and x EX. Thus g is linear. 0

By Lemma 5.2 and Lemma 5.1, we can prove the Hahn-Banach theorem and the

Mazur-Orlicz theorem in case where the range space is a Dedekind complete partially

ordered vector space.

Theorem 5.3 Let p be a sublinear mapping from a vector space X to a Dedekind

complete ordered vector space E, Y a vector subspace of X and q a linear mapping

from Y to E such thdt q ::; p on Y. Then q can be extended to a linear mapping g

defined on -the whole space X to E such that g ::; p.

Proof. By Lemma 5.1, there exists a sublinear mapping f such that f ::; p. By

Lemma 5.2, there exists a linear mapping g such that g ::; f. Then putting K = Y in

Lemma 5.1, we have g ::; p on X and q ::; g on Y. Since q is linear, for any y E Y, we

have

g(-y) ::; f( -y) ::;p(-y + y) -,- q(y) = -q(y) = q( -y).

Then we have g ::; q on Y. Thus q = iJ on Y. Therefore, the assertion holds. _ 0 .
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We obtain the Mazur-Orlicz theorem in a Dedekind complete partially ordered

vector space.

Theorem 5.4 Let P be a sublinear mapping from a vector space X to a Dedekind

complete partially ordered vector space E. Let {Xj I j E I} be a family of elements

of X and {Yj Ij E I} a family of elements of E. Then the following (1) and (2) are

equivalent.

(1) There exists a linear mapping f from X to E such that f(x) :::; p(x) for any x E X

and Yj :::; f(xj) for any j E I.

(2)For any n E N, aI, a2, . .. ,an 2:: 0 and j1, j2, ... , jn E I, we have

t aiYj, ~ P(taiXj,) ,

Proof. The assertion from (1) to (2) is clear. For any x E X, by (2), we have

-pC-x) ~ p (X +t aiXj;) - t aiYj"

Put

{

" ( n ). n n._E N.,ai 2:: 0 and ji E I }.
Po(x) = inf p x +~ aixji" - ~ aiYji

'/,=1 '/,=1 Z - 1, ... , n

Since E is Dedekind complete, Po is well-defined and Po is sublinear. Thus by Lemma 5.2,

there exists a linear mapping f from X to E such that f (x) :::; Po (x) for any x EX.

Since Po( -Xj) :::; -Yj, we have

Since Po(x} :::; p(x), we have f (x) :::; p(x). Thus the assertion holds.

5.3 The separation theorem

o

. Let X be a vector space, E a Dedekindeomplete partially ordered vector space.and
. .

. .

. X x E the Cartesian product: of X a~d E. Let A be a nonempty subset of X and LeA)
. .
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denotes the affine manifold spanned by A. We denotes the algebraical relative interior

of A, that is,

Int(A) = {x E X For any x' E L(A) there exists € > 0 such that }.

x + A(X' - x) E A for any A E [0, c)

If L(A) = X, then we write I(A) instead of Int(A). Let f be a linear mapping from

X to E, 9 a linear mapping from E to E and Uo a point in E. Then

H = {(x, y) E X x Elf (x) + g(y) = uo}

is empty or an affine manifold in X x E. Let A, B be nonempty subsets of X x E. A

nonempty subset A c X x E is said to be cone (with the vertex in Xo E X x E) if

A > °implies A(A - xo) c (A - xo). It is said that an affine manifold H separates A

and B if

where we set

H_ = {(x, y) E X x E I f(x) + g(y) suo}

and

H+ = {(x, y) E X x E I f(x) + g(y) 2 uo}.

The operator Px defined by Px(x, y) = x for any (x, y) E X x E is called the projection

of X x E onto X. Then Px is a linear mapping from X x E taX. We·define

Px(A) = {x E X I there exists y E Esuch that (x, y) E A}.

Then we have

Px(A + B) = Px(A) + Px(A)

for A # .• 0 and B # 0. The subset

C(A) = {AZ E X x EI A2 O,.z E A}
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is called the cone spanned by A. If A is convex, then C(A) is convex. By Lemma 5.2,

we obtain the separation theorem in the Cartesian product of a vector space and a

Dedekind complete partially ordered vector space.

Theorem 5.5 Let A and B be subsets of X x E such that C(A - B) is convex, and

Px(A - B) satisfies the following (i) and (ii) :

(i) 0 E I(Px(A - B)),

(ii) if (x, YI) E A and (x, Y2) E B, then YI ~ Y2 holds.

Then there exists a linear mapping f from X to E and a Yo E E such that the affine

manifold

H = {(x, y) E X x Elf(x) - Y = Yo}

separates A and B.

Proof. By assumption (i) and the definition of I(Px(A - B)), for any x E X there

exists € > 0 and for any A E [0, c), there exists Y E E such that (AX, y) E A-B. Then

there exist Xl, X2 E X and YI, Y2 E E such that

Define

Ex = {y EEl (x, y) E C(A - B)}, for any x E X.

Since A-I(YI - Y2) E Ex for any A E (0, c), we have Ex i=- 0. Let Y E Eo and Y i=- 0,

then there exists A > 0, (Xl, YI) E A and (X2' Y2)E B such that

and Xl = X2' By assumption (ii), we have Y = A(YI ~ Y2) ~ O. We define E+ =

-{y EEl Y ~ O}. Then we have Y E E+. Since -C(A ---: B) is a convex cone, we have - -
- -

-Ex-+:Ex' C -Ex+x' for any x, x' E X. We prove-that- for-every x_ E X the -subset Ex _
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possesses a lower bound in E. Since Ex is nonempty, for any x E X, there exists y' E E

with -y' EE-x . Then we have

for any y E Ex. This implies y' :::; y for any y E Ex. Since E is Dedkind complete,

operator p(x) = inf{y lyE Ex} is well defined. Then p(x) is sublinear. By Lemma 5.2,

there exists a linear mapping f from X to E such that f (x) :::; p(x) for all x EX. Then

for any (XI, YI) E A, (X2' Y2) E B, take x = Xl - X2, we have

Therefore,

Since E is Dedekind complete, there exists a Yo E E such that

for any (XI, YI) E A, (X2, Y2) E B. Thus the affine manifold H separates A and B. 0



Chapter 6

Conclusion

In the thesis, the first half part, we consider Egoroff's Theorem and Lusin's Theorem

for non-additive measure taking value in ordered vector spaces and ordered topological

vector spaces. For the real-valued non-additive measures, there are several applications

using these theorems, for the vector-valued non-additive measures, we are waiting to

see how they will develop.

In the latter half part, we inspired the study of [9], we concern with the Hahn

Banach theorem and other theorems which are equivalent its theorem. Particularly,

in [9], several results in optimization theory are discussing. The author will consider

contributions to a further research in this area.
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