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Abstract

In Banach algebra theory, it is well-known that the algebraic structure of a
commutative Banach algebra is closely related with the topological structure of the
maximal ideal space of the algebra. Let C'(X) be the Banach algebra of all complex-
valued continuous functions on a compact Hausdorff space X. In Chapter1, we
investigate solvability of the algebraic equations over C'(X) via topological structure
of the maximal ideal space X. In Section 1, we consider the following property that

C(X) may have:

(%) For every f € C(X) there exist p, ¢ € N such that ¢/p ¢ N and the equation

2P — f? =0 has a solution in C'(X).

The condition (%) means that for every f € C'(X) there exist g € C(X) and p,q € N
such that ¢/p ¢ N and ¢g? = f9. Our purpose is to characterize the algebraic
structure (x) of C'(X) in terms of topological structure of the maximal ideal space
X. We shall give such characterizations for the case that X is locally connected or
first countable. We also give some non-trivial relations between (%) and algebraic
closedness (and square-root closedness). In Section 2, we study n-th root closedness
for C(X).

In Chapter 2, we investigate sufficient conditions for a mapping between com-
mutative Banach algebras to be an algebra isomorphism. Molnér [31] characterized
algebra isomorphisms between Banach algebras of the type C'(X) by a spectrum-
preserving property. The property is that the spectrum of the product of the images
of any two elements is equal to the spectrum of the product of those two elements.
Molnar also gave a similar characterization of algebra *-isomorphisms between Ba-
nach *-algebras of the type C'(X). The studies in this chapter are inspired by this
result of Molndr. Let Cy(X) be the Banach *-algebra of all complex-valued con-

tinuous functions on a locally compact Hausdorff space X which vanish at infinity.
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In Section 1, we study peripheral spectrum version of Molnar Theorem and give
a characterization of algebra *-isomorphisms between algebras of the type Cp(X).
It is an extension of the result of Molnar and characterization for Banach algebras
without unit. In Molnér’s proof of the results mentioned above, it is crucial that
the mappings preserve the order of the functions. The ideas of our proof is dif-
ferent of that of Molnar. In Section 2, we give a norm-preserving property as a
sufficient condition for mappings between algebras of the type C'(X) to be algebra

*_isomorphisms. The characterization is also an extension of the result of Molnar.

Acknowledgement. The author is very grateful to Professor Osamu Hatori for

his thoughtful comments and useful suggestions on this work.



CHAPTER 1

On algebraic equations in algebras of continuous functions

1. On a characterization of compact Hausdorff space X for which

certain algebraic equations are solvable in C'(X)

1.1. Introduction. Let X be a compact Hausdorftf space. We will denote by
C(X) the commutative Banach algebra of all complex-valued continuous functions
on X with respect to the supremum norm || - ||. Let P(z,2) be a monic polynomial
over C'(X) with respect to z, that is, for a positive integer n and fo, f1,- - fa_1 €

C(X),
P(x>z) = 2" + fn—l(x)zn_l +ee 4+ fl(x)z + fO(x)

for x € X. When X is a singleton, say {zo}, we may regard C'({zo}) as the complex
number field C. It is well-known as the fundamental theorem of algebra that every
monic polynomial equation with complex coefficients has a solution in C. So, the
complex number field C is algebraically closed. We say that C'(X) is algebraically
closed if and only if P(x,z) = 0 has a solution in C'(X) for every monic polynomial
P(z,z) over C(X). That is, C(X) is algebraically closed if and only if for every
monic polynomial P(z, z) over C'(X) ther exists g € C'(X) such that P(z, g(x)) =0
for every # € X. A natural question arises as whether C'(X) is algebraically closed.

Let X be a locally connected compact connected metric space. In 1959, Fort,
Jr.([10, Result 2]) essentially proved that if C'(X) is square-root closed, then X
never contains simple closed arc. Note that C'(X) is said to be square-root closed if
and only if for every f € C(X) there exists ¢ € C(X) such that g*> = f. In other

words, C(X) is square-root closed if and only if the quadratic equation 2% — f =0

1



1. CERTAIN ALGEBRAIC EQUATIONS ARE SOLVABLE IN C(X) 2
has a solution in C'(X) for every f € C'(X). By the definition, C'(X) is square-root
closed whenever C'(X) is algebraically closed. From a result of Fort, Jr., we see that
C(S") is not square-root closed. Here S* denotes the unit circle.

Deckard and Pearcy ([7, 8]) proved that C(X) is algebraically closed if X is a
Stonian space, that is, a compact Hausdorff space such that the closure of every
open set is open, or a totally disconnected compact Hausdorff space, or a linearly
ordered and order complete topological space. To prove these, the fundamental tool
is that for every xg € X the solutions of P(z,z) = 0 vary continuously with respect
to x in some open neghbourhood of zy (see [7, Lemma 2.2]). Deckard and Pearcy
([8, Theorem 2]) also proved that C'([0, 1]) is algebraically closed. Recall that C'(S')
is not algebraically closed. So, it is interesting to give a characterization of X in
order that C'(X) is algebraically closed. Deckard and Pearcy also mentioned that if
X is the closure of the graph of the function y =sinl/z, 0 < x < 27, then C(X) is
not algebraically closed.

In 1966, Cirka ([4]) considered this problem form the other viewpoint. Let A be
a uniform algebra on a locally connected compact Hausdorff space X. Cirka proved
that if for every f € A there exists ¢ € A such that ¢> = f, then A = C(X).
In 1967, Countryman, Jr. ([5]) gave a necessary and sufficient condition for a first
countable compact Hausdorff space X in order that C'(X) is algebraically closed.
For the precise statement, see Theorem B of this section. Roughly speaking, C'(X)
is algebraically closed if and only if X never contains the unit circle S nor the graph
of the function y = sinl/x, 0 < & < 2w. Moreover, this result states that C(X) is
algebraically closed if C'(X) is square-root closed. For locally connected X, Hatori
and Miura ([13, Theorem 2.2]) gave a characterization of C'(X) to be square-root

closed in terms of the covering dimension dim X and the first Cech cohomology



1. CERTAIN ALGEBRAIC EQUATIONS ARE SOLVABLE IN C(X) 3
group H! (X;Z) of X with the integer coefficients. More explicitly, when X is lo-
cally connected the algebra C'(X) is square-root closed if and only if dim X <1 and
HY(X;7Z) = 0. Miura and Niijima ([29, Theorem 3.3]) proved that if X is locally
connected, then square-root closedness implies algebraic closedness. Note, by defi-
nition, that the converse is valid for every compact Hausdorff space. So, algebraic
closedness is equivalent to weaker property of square-root closedness whenever X
is first countable or locally connected. Recently, Feinstein and Oliver ([9, Theo-
rem 9]) characterized algebraic closedness of C'(X) in terms of the extendability of
endomorphisms to Cole or Arens-Hoffman extensions (cf. [6]).

Miura ([28]) introduced a weaker property of “approximate” square-root closed-
ness. To be more explicit, the algebra C'(X) is approximately square-root closed if
and only if for every f € C(X) with ||f]] < 1 there exist g,h € C(X) such that
f =ghand ||g —h| < e, where € > 0 is a given constant. Moreover, he proved that
approximate square-root closedness was equivalent to square-root closedness when X
is locally connected. Kawamura and Miura (|23, Theorem 1.3]) studied approximate
n-th root closedness of C'(X) and proved that this property of C'(X) is equivalent
to the n-divisibility of H'(X;Z) when dim X < 1. Chigogidze, Karasev, Kawamura
and Valov ([3]) investigated (commutative) C*-algebras with approximate n-th root
property.

Corin and Karahanjan ([12]) studied k-th root version of Cirka Theorem. In
1979, Karahanjan ([22]) generalized a result of Cirka ([4]) in the following way. Let
A be a uniform algebra on a locally connected compact Hausdorff space X. If, for
every f € A, there exist ¢ € A and p,q € N, the set of all natural numbers, such
that ¢/p € Nand ¢* = f9, then A = C'(X). Here, we note that if we replace ¢/p ¢ N

with ¢/p € N in the above, then the condition in obviously true for all A.
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In this section, we are concerned with the following property that C'(X) may

have:

(%) For every f € C(X) there exist g € C(X) and p,q € N such that ¢/p ¢ N

and ¢gP = f1.

If C(X) is square-root closed, then C(X) has this property. In fact, for every
f € C(X) there exists g € C(X) such that g> = f, that is, p and ¢ are independent
of a particular choice of f € C'(X). Since C(S!) is not square-root closed, a natural
question arises. Does the condition (x) holds for C'(S)? We give a negative answer
(Lemma 1.4) to this quetion. Moreover, when X is locally connected we give a
necessary and sufficient condition for X in order that C'(X) have the property (x).
As a corollary, we also prove that if X is locally connected, or first countable, then
the condition (x) holds for C'(X) if and only if C'(X) is algebraically closed; In this

case, (x) for C'(X) is equivalent to the square-root closedness of C'(X).

1.2. Results. Before stating our results, we need some terminologies and sym-
bols.

We say that a topological space T is hereditarily unicoherent if M NN is connected
for every pair of closed and connected subsets M and N of T'. For example, the unit
circle S! is not hereditarily unicoherent.

We say that a topological space T is almost locally connected if T' contains no
mutually disjoint connected closed subsets C,, (n € N), which are open in the closure
of UpenCy, in T, with the following property: There exist x,,y, € C, such that
{Zn}nen and {y,}nen converge to distinct points. For example, the closure of the
graph of the function y = sinl/z, 0 < = < 27 is not almost locally connected.

Let Y be a normal space and n a non-negative integer. The covering dimension
dimY of Y is less than or equal to n if for every finite open covering 2 of Y there

exists a refinement B of 2 such that each y € Y belongs to at most (n+ 1) elements
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of B. It is well-known that dimY < n if and only if for every closed subset F
of Y and every S™-valued continuous function f on F', there exists an S™-valued
continuous function f on Y such that f | = f, where S™ is the n-sphere (cf. [32]).
Let X be a compact Hausdorff space. Then H' (X;Z) denotes the first Cech
cohomology group of X with integer coefficients. Let C'(X)™! be the multiplicative
group of all invertible elements of C'(X) and expC(X) = {e/ : f € C(X)}. Tt is
well-known that H'(X;Z) is isomorphic to the quotient group C'(X)™'/exp C(X),
by a theorem of Arens and Royden [11]. In particular, H*(X;Z) is trivial if and
only if C(X)™! = exp C(X).
Now we are ready to state our main result. The main result of this section is as

follows:

THEOREM 1.1. Let X be a locally connected compact Hausdorff space. Then the

following conditions are equivalent.

(a) For every f € C(X) there exist g € C(X) and p,q € N such that q/p ¢ N
and gP = f19.

(b) X is hereditarily unicoherent.

(¢) dim X <1 and H'(X;Z) is trivial.

(d) {g?:g € C(X)} is uniformly dense in C(X) for every p € N.

)

(e) For each f € C(X) and p € N there ezists g € C(X) such that g* = f.

COROLLARY 1.2. Let X be a locally connected compact Hausdorff space. Then

the following conditions are equivalent.

(a) For every f € C(X) there exist g € C(X) and p,q € N such that q/p ¢ N
and gP = f19.

(b) {¢?: g € C(X)} is uniformly dense in C(X) for every p € N.

(c) For each f € C(X) and p € N there ezists g € C(X) such that g* = f.

(d) C(X) is algebraically closed.
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(e) C(X) is square-root closed.
(f) X is hereditarily unicoherent.

(2) dim X <1 and H'(X;7Z) is trivial.

COROLLARY 1.3. Let X be a first countable compact Hausdorff space. Then each

of the following conditions implies the other.

(a) For each f € C(X) there exist g € C(X) and p,q € N such that q¢/p ¢ N

and gP = f1.
(b) C(X) is algebraically closed.
c) C(X) is square-root closed.

)
()
(d) X is hereditarily unicoherent and almost locally connected.

(e) X is almost locally connected, dim X < 1 and H'(X;7Z) is trivial.

1.3. Lemmata. We require some lemmata before proving Theorem 1.1. To

prove Lemma 1.4 and 1.5, we use ideas by Countryman, Jr. [5, Lemma 2.1, Lemma

2.3).

LEMMA 1.4. Let X be a compact Hausdorff space. If the condition (a) of Theorem

1.1 holds, then X 1is hereditarily unicoherent.

PROOF. Assume that the condition (a) holds. We will show that X is heredi-
tarily unicoherent. Suppose not. Then, by definition, there exist non-empty closed
connected subsets M and N of X such that M N N is disconnected. So, there are
non-empty closed subsets A and B such that M "N = AUB and AN B = 0.
Let f be a continuous mapping from X into the closed unit interval [0, 1] such that
f(z) =0o0n A and f(z) =1 on B. Put

W) = exp(imf(x)) (x € M)
exp(—inf(x)) (re N\M).

Then we see that A is continuous on M U N. Let h € C'(X) be a mapping so that

hlyun = h. By the condition (a), there exist positive integers p, ¢ and an element §
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in C'(X) such that p does not divide ¢ and he = gP. Put ¢ = sp + r, where s and r
are integers with 1 <r < p—1 (note ¢/p ¢ N). Since h does not vanish on M U N,
the function g = §|pun/h® is a well-defined continuous mapping from M U N into

C. Since h? = §®, for each z € M U N we obtain

v (@D B
7@ = (2] = o =) = @),

and so " = g” on M U N. Since

9"(x) = h'(x) = exp(imrf(z))
for x € M, we get

o) = wla)exp (74
for every x € M, where w(z) is one of the p-th roots of 1. The above equation and
the continuity of f and g imply that w(z) is a continuous mapping from M into the
set of all p-th roots of 1. Since M is connected, w must be constant. So there is a

p-th root wy of 1 such that

1) o(&) = wooxp (z‘wf(x))

D

for each x in M. In a way similar to the above, we see that there exists a p-th root

o of 1 such that

@) 1) = roesp (L)

D

for each z in N.

Pick g € A arbitrarily. Since 2o € A C M NN, the equations (1) and (2) imply

o P (W) — g(z9) = 7o exp (_W) |

Recall that f =0 on A and f =1 on B, and so f(zg) = 0. We thus obtain wy = 7.

that

For y € B, it follows from (1), (2) and wy = 7o that

LT LT
woexp | — | = g(y) =woexp | — | ,
p p
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because B C M N N. Thus we have r/p € N, which contradicts 1 <r < p —1. We

conclude that X is hereditarily unicoherent. 0

LEMMA 1.5. Let X be a compact Hausdorff space. If the condition (a) of Theorem

1.1 holds, then X is almost locally connected.

PROOF. Assume that (a) holds and suppose that X is not almost locally con-
nected. By definition, X contains mutually disjoint connected closed subsets C,
(n € N), which are open in U,enCh, the closure of UnenC, in X, with the follow-
ing property: to each n € N there correspond z,,y, € C, such that {z,},en and
{Yn}nen converge to distinct points, say zp and yg. Put F' = U,enC,,. Since X is
a compact Hausdorff space, there exist open neighborhoods A and B of zy and
respectively such that AN B = (). Let f be a continuous mapping from X into the
interval [—1,1] such that f(z) = 1 on A and f(z) = —1 on B. We consider the
following mapping A from F' into C:

flz)+ % (1— f*(z)) (x € Cy; n is even)

h(z) = flz) — % (1—f*(2)) (x € Cp; n is odd)
f() (v € F\F).
We see that h € C (F). Let h € C(X) be a mapping with h|z = h. Since the
condition (a) of Theorem 1.1 is assumed to hold, there exist a continuous mapping
g € C(X) and p,q € N with ¢/p ¢ N such that he = g” on X. Put ¢ = sp+r, where
s and r are integers with 1 <7 <p—1 (note ¢/p ¢ N). Now we define a mapping

g from F into C as follows:

g(x) _
ox) =@ @€ F h(x) # 0)
! (z € F, h(z) = 0).

Recall that h|z = h. Since h? = §* on X, for each x € F with h(x) # 0 we obtain

7o) = (B) = g = o) = ),
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and so h"(x) = gP(x) whenever x € F', h(z) # 0. It follows that g € C'(F') such that
h" = gP on F.

Pick n € N arbitrarily. By the definition of A, there is a continuous mapping 6,,
on C, such that h(x) = |h(z)|exp(ib,(x)) for every x € C,, and that 6,,(C,,) C [0, 7]

if n is even and 6,,(C,) C [~, 0] if n is odd. Since h" = g? on F, for each z € C,,

9" (x) = [h(x)]" exp(irbn(z)),

and so there is a p-th root wy(x) of 1 such that

9(2) = wn (@) AP exp (%) |

Since h, g and 6,, are continuous, w,(z) is a continuous mapping from C,, into the set
of all p-th roots of 1. Furthermore, since C,, is connected, w,(z) must be constant,

say Wy. S0,

3) 9(2) = wal ()P oxp (97@) (€ C).

Since {2y }neny and {y, }nen converge to g € A and yy € B, respectively, we may
assume that {x,},en C A and {y,neny C B. Recall that f =1 on A and f = —1
on B. So, we get h(x,) = 1 and h(y,) = —1 for every n € N. Since 5,,(C5,) C [0, 7]
and 02,—1(Cop—1) C [—m,0] for every n € N, it follows from the equation h(z) =
|h(z)| exp(ib,(x)) that 0,(z,) = 0, O2,(y2n) = 7 and Ooy,—1(Yy2n—1) = —7 for every
n € N. It follows from (3) that g(z,) = w, converges to g(z¢). On the other hand,
since ¢(y,) converges to g(yo), we see from (3) that both g(y2n) = way, exp (irm/p)

and ¢g(Yan—1) = wan—1 exp (—irm/p) converge to g(yo). That is,

(o) exp (7”) — g(40) = g(mo) exp (‘p”) |

Since |g(z0)| = |h(z0)|"/? = |f(x0)|"/? = 1, we see that exp (irm/p) = exp (—irn/p).

In other words, r/p € N, which contradicts 1 < r < p — 1. We thus conclude that

X is almost locally connected. 0
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The following results, Lemma 1.6 and 1.7 are deduced from [29, Theorem 3.3];
Moreover, Lemma 1.7 is well-known (cf. [25, Chap.VIII §57 Section III, Theorem

3, p.438]). Here we give a proof for the sake of completeness.

LEMMA 1.6. Let X be a locally connected compact Hausdorff space. If X is

hereditarily unicoherent, then dim X < 1.

Proor. Let 2 = {O}}_; be a finite open covering of X. We show that there is
an open refinement B for A such that every x € X is in at most two elements of 8.
Since X is assumed to be locally connected, it follows from [29, Lemma 3.2] that
X is an A-space, that is, the class of all open sets whose boundaries are finite sets
forms an open base. Without loss of generality we may assume that each Oy has at
most finitely many boundary points. Put B = |J;_, (O_k \ Ok), where * denotes the

closure in X. We define a mutually disjoint open family {V}}7_, as follows:

k-1
Vi=0,\B and Vk:Ok\<BUUO_j> for k=2,3,...,n.

j=1

Since { Oy, }}_; is an open covering of X, we see that U}_; Vi, = X \ B.

Since B consists of at most finitely many points, to each x € B there corresponds
an open neighborhood U, of x with the following property: U, C Oy for some k and
U, N U, = 0 whenever z,y € B, x # y. Put B = {V,}7_, U{U, : © € B}. We
see that 9B is an open covering of X. Recall that both {V};}}_, and {U, : z € B}
are mutually disjoint. This implies that if z € X, then at most two elements of B

contain x. So, we get dim X < 1. O

LEMMA 1.7. Let X be a locally connected compact Hausdorff space. If X is

hereditarily unicoherent, then HY(X,Z) is trivial.

PROOF. Assume that X is hereditarily unicoherent. By a theorem of Arens

and Royden, it is enough to show that the equality C'(X)™' = expC(X) holds.
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Since exp C(X) C C(X)™!, it suffices to prove that C'(X)™' C expC(X). To do
this, pick f € C(X)™! arbitrarily. Since X is locally connected, each connected
component of X is open. It follows that X has at most finitely many connected
components. Without loss of generality, we may assume that X is connected. Recall
that f € C(X)™!, and so f vanishes nowhere. Since X is locally connected, for
each x in X there exists a connected open neighborhood V, of  and a continuous
mapping g, from the closure V, of V, into C such that f = e% on V,. Since X is
compact, there are finite number of points z1, s, ..., z,1 such that UZZ% Ve, = X
For simplicity, we denote g, = ¢, and V, =V,, for k =1,2,...,n 4+ 1. Note that
{V’f}:j is a class of non-empty connected closed sets with UZZin = X. Since X
is connected, V; intersects at least one of V5, V5, ..., V,,1; we may assume that Vi
meets Vo. Then e9 = f = e% on Vin Vg, and so we have €279 = 1 on V|, N V.
Since X is hereditarily unicoherent, Vi N Vs is connected. Hence by the continuity

of g1 — go, the equation €992 = 1 implies the existence of an integer k; such that
g1 —go =2kt on V1N V.

We define a mapping g; from Vi U V5 into C as follows:

N B 91(55) (a: S 71)
g(x) = {gz(x) + 2k (z e Va\V1).

It is easy to see that g is continuous on V4 UV, and
f=e" on ViUV

In the same way, V; UV, intersects at least one of Vi, V4, . .., V,,i1. We may assume
that Vi U V5 meets V3. The equation €9 = f = €9 holds on (71 U Vg) N Vs, and so
e9179 =1 on (71 U 72) N V. Since X is hereditarily unicoherent, (71 U Vg) N Vs is

connected. Hence by the continuity of g1 — g3, there exists an integer ko such that

g1 — g3 = 2komi  on (Vlqu) NVs.
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We define a mapping g from (71 U 72) U V3 into C as follows: If z is in V5 U Va, let
g2(x) = g1(x), and let ga(x) = g3(x) + 2komi otherwise. It is easy to see that g is

continuous on V5 UV, U V3 and
f:egv2 on ViUVLUV;.

Continuing this process, we have a continuous mapping g, on UZZin such that

n+1
f=e€e9" on U Vi
k=1
Since Upt1V4 = X, we have that f € expC(X). Since f € C(X)~! was arbitrary,

we conclude that C'(X)™ C expC(X) and the proof is complete. O

LEMMA 1.8. Let X be a compact Hausdorff space. If dim X < 1 and H'(X;Z)

is trivial, then {g* : g € C(X)} is uniformly dense in C(X) for every p € N.

PRrOOF. Pick p € N and f € C(X) arbitrarily. We show that for every ¢ > 0
there exists g € C(X) such that [|f — ¢?|| < e. Without loss of generality we may

assume that || f|| < 1. Choose k € N so that 27/e? < k. Then put

Be={oe X102 1.

Since dim X < 1, there exists u € C'(X)™! with |u] = 1 on X such that u = f/|f]
on Eg. Then a(r) = max{|f(z)|,1/k}u(z) is in C(X)™ with 4| = f on Ej. Since
H'(X;7) is trivial, by a theorem of Arens and Royden there exists v € exp C'(X)

such that @ = vP. We define two mappings g and h as follows :

o) = LI e x)
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Then we see that g,h € C(X), ||g|| < 1 and f = ¢gP~'h. Since f (= @) = v? on E,

we see that ¢ = v = h on Ej. Therefore

lg —hll = sup{lg(z) — h(z)| : z € X\ E;}
1 1/p
< QSup{ |f(a:)|:x€X\Ek}§2(E) < e.
Since f = g’ 'h and ||g|| < 1, it follows that
1f ="l =" h =gl < llg" I 1h —gll <.
This completes the proof. 0

The case where p = 2 in Lemma 1.9 was essentially proved in [1, Corollary 5.9].

Here, we generalize the result to the case where p > 2.

LEMMA 1.9. Let X be a locally connected compact Hausdorff space and p € N
with p > 2. If { fu}nen C C(X) converges uniformly to f € C(X), then there is a

Cauchy subsequence of { fu}nen.

PROOF. For each k € N, set

<MM:{x€X:U@H>%}

Note that the closure E(k) of E(k) in X is a compact subset of E(2k). Since
X is locally connected, each connected component of E(2k) is open. So, there
are finitely many connected components C'(k,1), C(k,2),...,C(k, N) such that

C(k,j) N E(k) # 0 for each j, 1 < j < Nj and that

(4) mmcdcmﬁcm%y

j=1
Pick z; € C(k,j) N E(k) for each £ € N and j, 1 < j < N,. By a diagonal
argument, we obtain a subsequence of {f,, },en converging at each point zy, ;, which

we denote by the same letter { f,, }nen. We show that { f,}nen is a Cauchy sequence
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in C(X). Put w; = exp(2lmi/p) for | =0,1,2,...,p— 1. Fix k € N arbitrarily. We

define (k) as follows:

) ) = min{ =~ (L) (L —1y)
=min{ — — [ — — |wy — .
SWEEE e T\ o\ ™
Since lim,,_. || fu? — f|| = 0 and since {f,} converges at each point zj ;, we have,

for a sufficiently large n(k) € N,

(6) 1fn? = [l < e(k),
(7) 1fn? = [l < e(k),
(8) |fa(Try) = fm(Trg)] < g(k)l/p

for n,m > n(k) and j = 1,2,...,Ny. Fix n,m > n(k) and x € E(2k) arbitrarily.

Since
p—1

Fof (@) = f? () = [[(fa(@) = @i fm()),
1=0
it follows from (6) that there exists [ with 0 <[ < p — 1 such that the inequality

(9) | fu(2) = wifom ()| < (k)P
holds. To prove the uniqueness of such [, suppose that there exists another I, [ # I’

such that the equation (9) is valid for " in place of I. We get

jwi = we| [fm(2)] < Jwnfm(@) = ful@)] + [falr) = wr fn(@)]

1
< 26(R)VP < —|w; —1
(k)7 < o 1,
and so

1
(10 fer = wrl | f(@)] < 5ler = 11

On the other hand, since x € E(2k), the inequality (7) implies that
)P 2 11@)] ~ @) — fu?(@)] > - — ) = (=) .
- 2k — \ 2k
It follows that

1
et =l (@) 2 s = 1 ()] 2 ol — 1],
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which contradicts (10). Hence the uniqueness is proved.
Since # € FE(2k) was arbitrary, we have proved that to each z € F(2k) there

corresponds a unique [ such that (9) holds. This implies that if we define
Gi(k) = {x € E(2k) : |falr) — wifm(x)] < (k)'7}

for{ =0,1,...,p— 1, then {Gl(kz)}f;ol is a mutually disjoint family with E(2k) =
Uf:_olGl(k:). Since G (k) is open for [ =0,1,2,...,p — 1, each connected component
of E(2k) is contained in a unique G;(k). By the inequality (8), we get z; € Go(k)
for j =1,2,..., N,. Hence C(k,j) C Go(k) for j = 1,2,..., Ni. By the definition
of Gi(k), it follows from (4) that

(11) [fu(@) = fu(@)] < e(k)'/?

for every x € E(k). If v € X \ E(k), then we see from (7) that

ful@)? < |f ()] + (k) < %+ i < %

Thus, we have that

1/p
(12) [fal@) = fnl@)] < 1ful@)] + [ fm(2)] < 2 (%)

for every x € X \ E(k). It follows from (5), (11) and (12) that

2 1/p
=l <2(3)

Since k € N and n,m > n(k) are arbitrary, {f,}nen is a Cauchy sequence in C'(X).

O

Although Lemma 1.10 and 1.11 are well-known (cf. [25, Chap.VIII §57 Sec-
tion I, Theorem 8, p.435] and [25, Chap.VIII §46 Section XI, Theorem 2, p.165],

respectively), for the sake of completeness we give a proof.

LEMMA 1.10. Let X be a compact Hausdorff space. Then the following conditions

are equivalent.

(a) HY(X;Z) is trivial.
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(b) For each connected component Xy of X, H'(Xx;Z) is trivial.

For a compact Hausdorff space X, it is well-known that

(#) Every connected component X, of X is the intersection of all clopen sets

G, of X such that X, C G,..
We can prove the following as an application of (f).

(1) If O is open with X, C O for some connected component X, of X, then

there is clopen G such that X, Cc G C O.

In fact, if G, D X, is clopen with N,e;G, = X, then {X \ G, },er becomes an
open covering of the closed subset X \ O, and so X \ O C U~ ,(X \ G,,) for some

M1, f2, - - . ftn € 1. Then the clopen N, G, satisfies X C NG, C O.

PrRoOOF OF LEMMA 1.10. First we show that (a) implies (b). Suppose that (a)
is true. Let X, be an arbitrary connected component of X. It is enough to show that
C(X))™! = expC(X)) by a theorem of Arens-Royden. Since exp C'(X,) C C(X,)™!,
we show that C(X,)™! C expC(X),). Pick f € C(X,)™! arbitrary. By the Tietze
extension theorem, there exists a continuous extension f of f to all of X. Continuity
of f implies that f does not vanish on a certain open set O that contains X).
Therefore, combining with the condition (f), we obtain a clopen set G which satisfies
that X, € G € O. Now we define a mapping § from X into C as follows: Let
F(z) = f(x) if r € G, and F(z) = 1 otherwise. Then we see that § € C(X)~* with
F = f on X,. Because H'(X;Z) is assumed to be trivial, there exists g € C(X)
such that § = expg. It follows that f = exp(g|x,). Thus we see that f € C(X))™".
Since f was arbitrary, we conclude that C'(X,)™! C exp C'(X)).

Next we show that (b) implies (a). Suppose that (b) is true. It is enough to show
that C'(X)~' C expC(X). Pick f € C(X)~" arbitrarily. Since (b) is true, to every

connected component X of X, the equation C'(X,)™! = exp C(X}) holds. Thus to
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each A, there corresponds g, € C(X)) such that ]F|XA = exp gy holds. Let g, be a
continuous extension of g to the whole space X. If we put hy = f/ exp gy on X,
then hy, = 1 on X,. Continuity of Ry implies that there exists an open neighborhood
O, D X, such that iLA(OA) C {z € C: |z—1] < 1/2}. Therefore, combining with
(1), we obtain a clopen set G which satisfies X, C G\ C O,. Since ;L,\(G,\) c{z e
C: |z —1| < 1/2}, a continuous logarithm log from {z € C: |z — 1] < 1/2} into C

is well-defined. So, we get
f=hyexpjs =exp(ga +loghy) on G,.

Since {G)}, is an open covering of the compact space X, this covering has a finite
open subcovering {Gy, }?_;. The corresponding mappings to Gy are denoted by
e, P (k=1,---,n). Since every member of this covering is clopen, without loss of
generality, we may assume that G, NGy, = (0 (k1 # ko). Now we define a mapping
g from X into C as follows. If x € X, then there exists a unique k such that = € G;
Let §(z) = gr(z) 4 log hx(z). Then we see that § € C'(X) and f = exp . Thus we

conclude that C(X)™! C exp C(X) and this completes the proof. O

LEMMA 1.11. Let X be a compact Hausdorff space. Then the following conditions
are equivalent.
(a) dim X < 1.

(b) For each connected component X, of X, dim X, < 1.

PROOF. A proof of (a) = (b) is elementary and omitted (cf. [32]).

Conversely, suppose that (b) is true. Let F be a closed subset of X and f an S'-
valued continuous mapping on F'. We show that there exists an S'-valued continuous
mapping f on X such that f|p = f. Let X, be a connected component of X. Since
dim X, < 1, there exists an S'-valued continuous extension gy of f|rnx, to X\. We

define a mapping hy from F'U X, into C as follows: Let hy(z) = gi(x) if x € X,
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and hy(z) = f(z) if # € F\ X). Then we see that hy is an S'-valued continuous
mapping on F U X, satisfying hy = f on F. Let hy be a continuous extension of hy

to all of X. By definition,

ﬁ,\’ = |h)| = 1 on F. Continuity of fL,\ implies that there
exists an open neighborhood O, of X, such that iLA never vanishes on Oy. Therefore,
combined with (), there exists a clopen set G such that X, C G\ C O,. Thus
hy never vanishes on G,. Since {G)\} is an open covering of the compact space X,
{G)} has a finite subcovering {G,, }}_; for X. Since every G, is clopen, without
loss of generality, we may assume that G, NGy, =0 (ki # k). Now we define
a mapping f on X as follows. If 2 € X, then there exists a unique k such that
z € Gy,. Weput f(z) = fL,\k(x)/’fL,\k(x)’ Since hy, = f on F for every k, we
see that f is an S'-valued continuous mapping on X such that f | = f and this

completes the proof. O

1.4. Proof of Results.

PrROOF OF THEOREM 1.1. (a) = (b) By Lemma 1.4. (b) = (c) By Lemma 1.6
and 1.7. (¢) = (d) By Lemma 1.8. (e¢) = (a) By definition.

(d) = (e) Suppose that {¢g” : ¢ € C(X)} is uniformly dense in C(X) for every
p € N. Pick f € C(X) and p € N arbitrarily. By hypothesis, there exists a sequence
{gn? }nen such that g,” converges to f as n — oco. By Lemma 1.9, there is a Cauchy
subsequence {gn, }jen of {gn}nen. Since C(X) is complete, there exists g € C(X)
such that g, converges to g as j — oo. It follows that f = g” and the proof is

complete. 0

REMARK. Let us consider the following two conditions.

(d') {¢g?: g € C(X)} is uniformly dense in C'(X) for some p € N with p > 2.
(¢/) There exists p € N, p > 2 with the following property: For each f € C'(X)

there is g € C'(X) such that ¢g* = f.
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Then the implications (e) of Theorem 1.1 = (¢’) = (d’) are obviously true. If,

in addition, X is locally connected, then (d’) with Lemma 1.8 implies that every
element in C'(X) is the p-th power of another. So, we get (d') = (¢’). Consequently,
both (d’) and (¢) are also equivalent to all of the conditions from (a) to (e) of
Theorem 1.1 whenever X is locally connected. Note that Kawamura and Miura [23,
Theorem 1.3 proved that if X is a compact Hausdorff space with dim X < 1, then

the condition (d’) above is equivalent to that H'(X;Z) is p-divisible.

It is well-known [29, Theorem 3.3] that if X is locally connected, then C'(X)
is algebraically closed if and only if C'(X) is square root closed as is stated in the

following theorem.

THEOREM A ([29]). Let X be a locally connected compact Hausdorff space.

Then the following conditions are equivalent.

1) C(X) is algebraically closed.

2) C(X) is square-root closed.

3

)
)
) dim X < 1 and H'(X;Z) is trivial.
4) X s hereditarily unicoherent.

(
(
(
(

ProOOF OF COROLLARY 1.2. This is just an application of Theorem 1.1 and

Theorem A. O

If X is first countable, then we see that the condition (a) of Theorem 1.1 holds if
and only if C'(X) is algebraically closed. To prove this, we need the following result,

which was essentially proved by Countryman, Jr. [5] (see also [29]).

THEOREM B ([5, 29]). Let X be a first countable compact Hausdorff space.

Then the following conditions are equivalent.

(1) C(X) is algebraically closed.
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(2) C(X) is square-root closed.
(3) X is almost locally connected and hereditarily unicoherent.
(4) X is almost locally connected and for every connected component X, of X,

X is locally connected, dim Xy < 1 and H* (X\;Z) is trivial.

PROOF OF COROLLARY 1.3. (b) & (c¢) < (d): By Theorem B, each of the
conditions (b), (c¢) and (d) implies the other.

(a) = (d): It follows from Lemma 1.4 and 1.5 that (a) implies (d).

(c) = (a): It is obvious that (c) implies (a).

Finally, we show that (e) is equivalent to the condition (4) of Theorem B. It
follows from Lemma 1.10 and 1.11 that (4) of Theorem B implies (e). Conversely,
we prove that (e) implies (4) of Theorem B. By [5, Proof of Lemma 2.5, we see that
each connected component X, of X is locally connected. It follows from Lemma

1.10 and 1.11 that (e) implies (4) of Theorem B, and the proof is complete. O

2. Remarks on n-th root closedness for commutative C'*-algebras

2.1. Introduction. Let n € N with n > 2. We say that C'(X) is n-th root
closed if for every f € C'(X) there exists g € C'(X) such that g" = f. Clearly, C(X)
is n-th root closed for every n € N whenever C'(X) is algebraically closed. In this
section, we will make up some results obtained in the preceding section with respect

to n-th root closedness.

2.2. Results.

THEOREM 1.12. Let X be a first countable compact Hausdorff space. Then the

following conditions are equivalent:

(1) C(X) is n-th root closed for some n € N with n > 2
(2) C(X) is n-th root closed for every n € N with n > 2
(3) C(X) is algebraically closed.
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COROLLARY 1.13. Let X be a first countable compact Hausdorff space. Then the

following conditions are equivalent:

C(X) is n-th root closed for some n € N with n > 2
C(X) is n-th root closed for every n € N with n > 2
C(X) is algebraically closed

C(X)

X)) s square-root closed

and g = f9
(6) X is almost locally connected and hereditarily unicoherent

(7) X is almost locally connected, dim X < 1 and H'(X;Z) = 0.

PROOF OF THEOREM 1.12. By definition, the implications (3) = (2) = (1) are
true. So, it is enough to show that (1) = (3) holds. By definition, the implication
(1) = (a) of Corollary 1.3 is true. Since X is first countable, Corollary 1.3 shows
that (a) is equivalent to the condition that C'(X) is algebraically closed. So we have

that (1) implies (3), and this completes the proof. O

PrOOF OF COROLLARY 1.13. This immediately follows from Theorem 1.12 and

Corollary 1.3. O

EXAMPLE 1.14. Let X be the closure of U,en({1/n} x [0,1/n]) in R?. Then it
is easy to see that X is hereditarily unicoherent and almost locally connected. Thus
Corollary 1.3 shows that C'(X) is algebraically closed. In particular, C'(X) is n-th

root closed for every n € N.

EXAMPLE 1.15. Let X be the closure of U,en({1/n} x [0,1]) in R% Then it is
easy to verify that X is not almost locally connected. So, by Corollary 1.13, C'(X)

is not n-th root closed for any n > 2.
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EXAMPLE 1.16. Let S! be the unit circle. Then S* is not hereditarily unicoher-

ent. So, by Corollary 1.13, C'(S') is not n-th root closed for any n > 2.

REMARK. By Theorem 1.12 and Corollary 1.13, if X is first countable, then
n-th root closedness is equivalent to square-root closedness and to algebraic closed-
ness. The same holds for locally connected X (see Corollary 1.2 and Remark in the

preceding section).

REMARK. Let us consider the following two conditions:

(a) The set {f": f € C(X)} is uniformly dense in C(X) for every n € N
(b) The set {f": f € C(X)} is uniformly dense in C(X) for some n € N with

n > 2.

The implications (2) in Theorem 1.12 = (a) = (b) is obviously true for any compact
Hausdorff space X. In the preceding section, it was shown that if X is locally
connected, then the implication (b) = (2) holds. For first countable X, however,
the situation is different. For example, let X be the closure of U,en({1/n} x [0, 1])
in R2. Then, from [13], we sce that dim X = 1 and H*(X;Z) = 0. So, by Lemma
1.8, the set {f™ : f € C(X)} is uniformly dense in C'(X) for every n > 2. But, as

in Example 1.15, C'(X) is not n-th root closed for any n > 2.

REMARK. From Theorem 1.12, we see that n-th root closedness for some n > 2
implies m-th root closedness for all m € N whenever X is first countable. The
implication is true for locally connected X (see Corollary 1.2 and Remark in the
preceding section). So, a natural question arises: is this implication true for all com-
pact Hausdorff spaces? Countryman, Jr. [5, Remarks (2)] noted that there exists a
compact Hausdorff space X, which is not first countable nor locally connected, with
the following property: there exists f € C(X) such that f has a continuous 2"-th

root in C'(X) for every n € N but that no continuous fifth root. Here, continuous
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k-th root of f means a continuous function in C'(X) whose k-th power equals f.
Recently, Kawamura and Miura [24] gave a negative answer to the question above.
More explicitly, they showed that for each pair of relatively prime positive integers
m and n, there exists a compact Hausdorff space X such that C(X) is n-th root

closed but not m-th root closed.



CHAPTER 2

On isomorphisms between algebras of continuous functions

1. Surjections on the algebras of continuous functions

which preserve peripheral spectrum

1.1. Introduction. For a locally compact Hausdorff space X, we denote by
Co(X) the Banach algebra of all complex-valued continuous functions on X which
vanish at infinity with supremum norm || - ||. Let T" be a surjection from Cp(X)
onto Cy(Y) and we do not assume that T is linear and multiplicative. Molnér [31]
proved that for a first countable compact Hausdorff space X, if T is a surjection

from Cy(X) onto itself which satisfies the ‘range multiplicativity’ condition :

(TfTg) (X) = (f9)(X) (f g€ Co(X)),

where ~ denotes complex conjugate, then there exist a homeomorphism ¢ from X
onto itself and a continuous function 7 from X into the unit circle S' such that
Tf(x) =71(x)f(¢(x)) (z € X, fe Co(X)). In particular, if T(1) = 1, then T is
an algebra *-isomorphism. Hatori-Miura-Takagi [14] have generalized this result for
the case of compact Hausdorff spaces which need not be first countable.

In this section, we will replace the ‘range multiplicativity’ condition for 7" in
above result by a ‘peripheral range multiplicativity’ condition which is inspired by
a result of Luttman and Tonev [27]. And we give an extension of above result for

the case of arbitrary locally compact Hausdorff spaces.
24
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1.2. Results. Let X be a locally compact Hausdorff space. Let f € Cy(X).

The peripheral range of f, denoted by Ran,(f), is defined as follows:

Rang(f) = {f (=) - [f(@)] = [[f]l, > € X}.

A net {ex}aea in Co(X) which satisfies }\in/rlee,\f — fll = 0 for every f € Co(X) is
€
called an approximate identity. Cp(X) always contains an approximate identity.

Our main result is the following.

THEOREM 2.1. Let X andY be locally compact Hausdorff spaces, which need not
be compact. If T is a surjection from Cy(X) onto Co(Y') which satisfies the following

condition :

(%) Ran (TfTg) = Ran(fg) (f,g € Co(X)),
then there exist a homeomorphism ¢ from'Y onto X and a continuous function T

from'Y into the unit circle S' such that

Tfly)=7W)fley) (yeY,felu(X)).

In particular, if T preserves an approximate identity, then T is an isometric algebra

*_isomorphism.

Let X be a locally compact Hausdorft space. For r > 0, we write D, = {z €
C : |z] < r}. For each x € X we denote by P, the set of all peak functions in
Co(X) peaking at z, that is, P, = {f € Co(X) : f(X) C Dy U {1}, f(z) =1} L
Let Px = UzexP,. In other words, Px is the set of all peak functions in Cp(X).
For each x € X, PP, = {f € Co(X) : f(x) = ||f]| = 1}. Let PPx = UyexPP,.
Clearly P, C PP,, so Px C PPx. For f € Px, the level set of f is defined by
Ly={reX: f(x)=1}.

TAn element in P, may have other points where it takes the value one; not merely at the point
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In the following four lemmata, X is assumed to be a locally compact Hausdorff

space.

LEMMA 2.2. Let f € Cyo(X) and xg € X. If X = f(xg) and X\ # 0, then there

exists u € Py, such that (1/\)fu € Py,.

PROOF. Suppose A # 0. Put Fy = {z € X : |f(z) — A\| > |\|/2} and

Fn:{xEX: L <|f(a:)—)\|<m} (n=1,2,...).

2n+1 — — 9on

Clearly, Fy, F, ..., F,,... are all closed subsets of X which do not contain z,. By
Urysohn’s lemma, for each n € {0,1,2,...} there exists u, € P,, such that u, =0

for all z € F,,. Now we put

n=1

The above series is majorized by the convergent series 2%, so u is well defined
and u € Cy(X). Moreover it is easy to see that u € P,,. We put g = (1/A) fu. To
verify g € P,,, pick x € X. If € Fy, since u(z) =0, g(x) = 0. If z € F,, for some

ne€{1,2,...}, then

1 g
X 1
< @ =+ (1- 5)
L (M .
< 310z ) (-3)
<1

If x € X\ U2, F),, then f(z) = A and so g(x) = u(z) € Dy U{1}. Thus we obtain
g9(X) € Dy U{1}. In particular, g(z¢) = u(z¢) = 1. Hence g € P,, and the proof is

complete. 0

LEMMA 2.3. For f,g € Co(X), f = g if and only if Ran,(fu) = Ran,(gu) for

every u € Px.
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PrROOF. The ‘only if’ part is trivial. To show the ‘if’ part, we assume that
f # g and will find a peak function u such that Ran,(fu) # Ran,(gu). There is an
element xy € X such that f(z¢) # g(xo). Without loss of generality, we can assume
that | f(zo)| < |g(xo)]-

If f(zo) # 0, then Lemma 2.2 gives a function u € P,, such that (1/\)fu € P,
where A = f(x). Then fu(X) C Dy UM, so Rang(fu) = {\}. However |A| <
19(z0)| = 1(9)(z0)| and (gu)(xo) = g(o) # A, 50 Rany(fu) # Rana(gu).

On the other hand, if f(xg) = 0, then g(xg) # 0. We put r = |g(x0)| and
F ={x e X :|f(x)] > r}. Since F is a closed subset of X with 2o ¢ F, by
Urysohn’s lemma, there exists u € P,, such that u(z) = 0 for x € F. It follows that

0 (x € F)

(F)(@)] = £(@)lu() {Z @) <r (xeX\P)

Hence for each z € X, |(fu)(x)] < r = |g(xo)| = |(gu)(x)|. This implies that

Rang(fu) # Ran,(gu). Thus the proof is complete. O

LEMMA 2.4. Let f,g € Px. Then Ly C L, if and only if 1 € (gu)(X) for each
u € Px with 1 € (fu)(X).

PROOF. Suppose Ly C L, and assume that u € Px satisfies 1 € (fu)(X).
f(x)u(z) =1 for some = € X. Since f,u € Px, f(x) = u(x) = 1. Hence x € L; C
L,. This implies g(z) = 1 and g(z)u(z) = 1. Thus 1 € (gu)(X) and the ‘only if’
part is proved.

Suppose Ly ¢ L,. Then we find an element g € Ly \ L,. Since L, is a closed
subset with xy & L, there is a peak function u € P, such that u vanishes on L, by

Urysohn’s lemma. Thus we have

Le (fu)(X) and 1 & (gu)(X),

because f(zo)u(zo) =1 and (gu)(X) C D;. The ‘if’ part is proved. O
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LEMMA 2.5. Let x,y € X and o, 3 € C. If PP, C BPP, , then x = y and
a=[.

ProoF. If v = y and o # 3, then it is clear that PP, ¢ S PP,. We assume that
x # y. Then by Urysohn’s lemma, for each a and (3, there is a function v € PP,

such that u(y) = 0. Thus v € aPP,\GPP,. Hence a PP, ¢ SPP,. O

1.3. A proof of Theorem 2.1.
CLAIM 1. T is injective.

PROOF. Suppose that T'f = Tg for f,g € Co(X). Then for each u € P, we

apply (%) to see that
Rang(fu) = Ran, (TfT—ﬂ) = Ran, (Tgﬂ = Rang(gu).
Therefore by Lemma 2.3 we obtain f = g. Hence T is injective. O

Since T is a bijection from Cy(X) onto Co(Y'), we can consider its inverse 7"

from Cy(Y') onto Cy(X). Clearly, T~! has the similar property as T :
Ran (T7'fT7g) = Ranx(fg) (f,g € Co(Y)).

CLAIM 2. Let |Tf|7 |Tg| e Py. If L|Tf| C L|Tg|, then L|f| C L|g|.

PROOF. For [Th| € Py, we apply (x) to see that Ran, (|h]?) = Ran, (|Th|?).
It follows from this that |f|,|g| € Px. Hence Liry, Lirg, Lis, Lig are all well
defined. Suppose Lirp C Ljrg and assume that u € Py with 1 € (| f|u)(X). There
is an element 2o € X such that |f(zo)|u(zo) = 1. Since |f|,u € Px, |f(xo)| =
u(zg) = 1. We put A = f(zo)u(xp). Then we see that |A| = 1 and A is contained
in Rang(fu), so in Ran, (TfTw). It follows that 1 € Ran. (|Tf||Ta]). Since
|Tu| € Py, 1 € Ran,(|Tg||Tu|) by Lemma 2.4. There is an element y, € Y such

that |T'g(yo)||T@(yo)| = 1. We put v = T'g(yo)Tu(yo). Then we see that |y| =1 and
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7 is contained in Ran, (T'gTu), so in Ran.(gu). Therefore 1 € Ranx(|g|u), since

u € Px. We apply Lemma 2.4 to conclude that Lj; C L. O

CLAIM 3. For eachy € Y, there exist x € X and A\, € S* such that T~ (aPP,) C

al, PP, holds for all o € S*.

PrROOF. Fix yo € Y. We put

L= (] Lg

acSt
feT—1(aPPyy)
First we observe that L is non-empty. To see this, it is enough to show that the
family {Ls : f € T"'(aPP,,),« € S'} has the finite intersection property, since
each L is compact. Pick ai,...,a, € S' and .. .,fgl(j) e T7Y(a;PP,,) for

j=1,...,n. Since T is surjective, there exists g € Cy(X) such that
Tg= [ T#.
1<j<n
1<k<m()
Since ‘Tf,g‘ € Py, |Tg| € Py,. And Lipy C L|ng|. Thus by Claim 2 we see that
Ly C L|fg|, namely L, C L|f11| n-. -ﬂL’fn i Since 1 € Ran,(|Tg|*) = Ran,(|g|?),

L), is non-empty and so is L|f11|ﬂ~ . ﬂL’ ’ Thus {Ljs : f € T *(aPPy,),a € S'}

fon
has the finite intersection property. Henc(e )L is non-empty.

Pick an element z( from L arbitrarily. Next we observe that af(x¢) is uniquely
determind for f € T~ (aPP,,) with o € S*. Let f € T"'(aPP,,),g € T~ (8PP,,)
with a, 3 € St. We show that @f(z¢) = Bg(xo). Let € > 0 be given. Since T'f and

T g are continuous, there exists an open neighborhood G. of 3y such that
TfG:) € {z€C:|z—a|<e},
Tg(G:) € {z€C:|z—p|<e}.
Y'\G. is a closed subset of Y which does not contain yy. By Urysohn’s lemma, there

exists H. € B,, such that H-'(1) C G.. Since T is surjective, there exists h. in

Co(X) such that Th. = H.. Th. € P,, C PP,,. Thus |h.(2)] = 1 and |h.|| = 1.
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Now we consider the function fh.. Since Tf € aPP,, with a € S, |f(xo)] = 1 and

If]l = 1. Thus || fA:]| = ’f(xo)he(xo)’ — 1. It follows from this that
f(zo)h:(zg) € Rang (fh_e) = Ran, (TfT—hE) = Ran,(TfH.)
C {z€C:|z—al <e},

since H-'(1) C G.. Thus ’f(xo)he(xo) - a’ < e. Hence

(1) af(xo)he(rg) — 1 as e —0.

We repeat the similar argument for gh., we obtain

(2) Bg(xo)he(wg) — 1 as € — 0.

It follows from (1) and (2) that af(zo) = Bg(ro). Now we put A, this unique
number @ f(zo), then it is easily seen that T—'(aPP,,) C a),, PP, for all a € S*.

Thus the proof is complete. 0

CLAIM 4. For eachy €Y, there corresponds a unique pair of v € X and v, € S!
such that T(aPP,) = avy, PP, for all a € S*.

PROOF. Fix yo € Y. By Claim 3, there exist zo € X and )., € S! such that
(3) T '(aPP,) C a\,,PP,, (a €S,

Since 7! has the similar property as T, we can apply Claim 3 to 7! and find an

element y; € Y and a complex number \,, € S* such that

(4) T(aPP,,) C a), PP, (a € SY).

It follows from (3) and (4) that

(5) aPP,, =T(T ' (aPP,,)) C T(aMyPPs,) C aleyAy, PPy,

for all @ € S'. Put a = 1, then (5) gives PPy, C AyyAy, PP,,. This relation implies

that yo = y1 and A\, A, = 1 by Lemma 2.5. Here we put 7z, = Ayy = Ay, , then it
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follows from (5) that

(6) T(aPP,,) = av,, PP,,  (a€Sh).
To show the uniqueness of zy and ~,,, suppose that

(7) T(aPP,,) = av,, PP,,  (a €S

for some pair of 71 € X and ~,, € S*. In (6) and (7), we put @ = 7,, and o = 7,

respectively, then we see that
Yoo PPyy = T H(PP,,) = ¥z, PP.,.

By Lemma 2.5, we see that zo = 1 and 7, = 74,

Claim 4 gives two maps ¢ : Y — X and 7:Y — S! which satisfy that

(1) T (aPPyy)) =ar(y)PP,  (yeY,acSh.
CLAIM 5. For every f € Co(X), Tf(y) =7(y)f(¢(y)) holds for ally € Y.

PROOF. Let f € Cy(X) and yo € Y. Put a = f(¢(yo)) and 5 = T'f(yo). We
show that 7(yo)ar = 3.

First we assume that a # 0 and 5 # 0. Since a # 0, by Lemma 2.2, there
exists u € Py(y,) such that (1/a)fu € Pyyy). Since u € Py, C PPy, it follows
from (#) that Tu € 7(yo)PP,,. Applying (*), we also have that Ran, (TfT—u) =

Ran.(fu) = {a}, since (1/a)fu € Py,,). Then we see that

(8) Br(yo) = Tf(yo)Tu(yo) € (TfTu) (Y) C Doy U {a}
On the other hand, since § # 0, by Lemma 2.2, there exists v € P, such that
(1/B8)(T'f)v € P,. By (f), there exists w € PPy, such that Tw = 7(yo)v. It

follows from this that

Ran,(fw) = Rany (Tfm) = Ran, <Tf7(g7)v) = {ﬁT(yO)} .

Combining (8), we see that



1. SURJECTIONS WHICH PRESERVE PERIPHERAL SPECTRUM 32

BT1(yo) € DjoyU{a} and o€ DU {ﬁm}.
Therefore o = ﬁm, that is, 7(yo)ov = 3.
Next we consider the case a = 0. Let € > 0 be given. Put F = {z € X : |f(z)| >
e}. Since F' is a closed subset of X which does not contain ¢(yo), by Urysohn’s
lemma, there exists u € Py, such that u vanishes on F'. By (#), Tu € 7(yo)PPy,.

So Tu(yo) = 7(yo). Then we see that

=0 (x € F)
<|fl@)] <e (reX\F)

Thus (f@)(X) C D.. Combining (x), we see that (T fTu) (Y) C D.. So

|(fu)(@)] = |f(@)][u(z)] {

Br(yo) = Tf(yo)Tu(yo) € (T fTu) (Y) C D..

Thus || = ’ﬁT(yo)’ < e. Since ¢ is arbitrary, we conclude that =0 = 7(yo)a.
Finally we consider the case § = 0. Let € > 0 be given. Put FF = {y € Y :
|Tf(y)| > e}. F is a closed subset of Y which does not contain ¥, so by Urysohn’s

lemma, there exists u € P, such that u vanishes on F'. Then, it is easy to see that

T (ul)| <«

for every y € Y. By (), there exists v € PPy, such that Tv = 7(yo)u. It follows

from this that
(TTO)() = (Tflo)u) (¥) € D..
Combining (*), we see that (fv)(X) C D.. So
a = f(o(yo)) = f(@(yo))v(d(yo)) € (fO)(X) C D-.

Hence |a| < €. Since ¢ is arbitrary, we see that o = 0 and conclude that 7(yo)a =
0=p0. O

Since 77! has the similar property as T, we can apply above argument to 7!
and obtain two maps ¢ : X — Y and n : X — S! such that

(h) T~ (aPPy)) = an(z)PP,  (z € X, a € S,
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and 7! is presented as follows :

(T7) (2) = n(@)f((@))  (f € ColY), v € X).

From (#) and (f), we see that for each y € Y

PPygy = T(T7 (PPyw)))
= T (n(¢(y)) PPyy)
= n(¢(y))7(y) PP,.

Applying Lemma 2.5, we see that ¥(¢(y)) = y for every y € Y. Thus ¢ o ¢ is the
identity mapping on Y. In a similar way, we see that ¢ o 1) is the identity mapping
on X. These facts imply that ¢ is a bijection from Y onto X and ¢! = 1.

Pick y € Yand let {ya}rea be a convergent net in Y with l\ig[{y,\ = y. Then for

every f € Co(X), we see that
lim | £](é(yx)) = Lim |7(yx) f(&(y))| = 1 | T f(yo)] = [T f(y)]
= [7(y) f(e()] = [ f1(¢(y)).

Thus ¢(yx) converges to ¢(y) with respect to the weak topology generated by all
|f|’s. Since this weak topology is equal to the given topology on X by complete
regularity of X, ¢ is continuous on Y. We can apply the similar argument to
1 = ¢~ and see that ¢! is also continuous. Hence ¢ is a homeomorphism from
Y onto X. Pick an element h € Cy(X) such that h(¢(y)) # 0. Without loss of
generarity, we assume that h(¢(yx)) # 0 for A € A. Then we see that limyea 7(yy) =
limyep Th(yx)R(d(yn)) ™" = Th(y)h(é(y)) ™t = 7(y). Thus 7 is continuous.

Suppose that T preserves an approximate identity {ex}rea of Co(X). For each
x € X, we can find a continuous function f, € Cyp(X) such that f,(z) = 1. Then we
see that [ex(2) — 1| = [ex(e) fx) — fo(@)] < llene — fo. Since lim lexfe — £l = 0
we obtain g\lé?([{ ex(x) = 1. Since {T'(e))} is an approximate identity, in a similar

way, we see that l\inr/{(Te,\)(x) = 1. Then we see that for each y € Y, 7(y) =
€
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}\in/r\w(y)e,\(aﬁ(y)) = }\iril(Te,\)(y) = 1. Thus 7(y) = 1 for every y € Y. It follows from
€ €

this that T'f = fo¢ for f € Cyo(X). Hence T is an isometric algebra *-isomorphism.

2. Norm-preserving surjections on algebras

of continuous functions

2.1. Introduction. There are many papers dealing with spectrum-preserving
mappings between Banach algebras. Molnar [31] initiated the study of multiplica-
tively spectrum-preserving mappings and essentially showed that a unit preserving
surjection T : C'(X) — C(X) for a first countable compact Hausdorff space X is an

algebra isomorphism if
o(TfTg)=o(fg)

holds for every pair of f and ¢ in C(X). Rao and Roy [35] dealt with uniform
algebras on compact Hausdorff spaces which are regarded as the maximal ideal
space and generalized the result of Molnar. Hatori, Miura and Takagi [14] extended
the result of Molnar by replacing the spectrum with the range and showed that a
unit preserving surjection 7' : A — B between two uniform algebras is an algebra

isomorphism if
Ran(T fTg) = Ran(fg)

holds for every pair of f and g in A, where Ran(h) denotes the range of h. Recall that
the peripheral range, Ran,(f), of f in a uniform algebra is defined by Ran.(f) =
{z € Ran(f) : |z| = ||f||}, where ||f]| is the supremum norm of f. Luttman and
Tonev [27] extended the result of Hatori, Miura and Takagi by replacing the ranges
with the peripheral ranges and showed that a unit preserving surjection 7': A — B

is an algebra isomorphism if 7" is Ran,-multiplicative, i.e.

Rang(TfTg) = Ran.(fg)  (f,g€ A).
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Lambert, Luttman and Tonev [26] considered multiplicatively norm-preserving map-
pings and showed that if a map 7' : A — B preserves the class of peak functions

and is norm-multiplicative, i.e.

ITfTgll =119l (f,g9 € A),

then there exists a homeomorphism ¢ : § A — ¢ B so that the equality |(T'f)(¢(z))| =
| f(z)] holds for every f € A and all z in the Choquet boundary 6 A of A.

Molndr [31] also gave a characterization on algebra *-isomorphisms: A unit
preserving surjection 7" : C(X) — C(X) for a first countable compact Hausdorff

space X is an algebra *-isomorphism if

o (T[Tg) =0o(f9)
holds for every pair of f and g in C'(X). Hatori, Miura and Takagi [15] generalized
this result for certain semisimple commutative Banach *-algebras. In the preced-
ing section, the result of Molnar was extended by considering the peripheral ranges
instead of the spectra and in particular, it was proved that a unit preserving sur-

jection T': C(X) — C(Y) for compact Hausdorff spaces X and Y (not necessarily

first countable) is an algebra *-isomorphism if
Ran (TfT_g) = Ran,(fg)

holds for every pair f and ¢ in C(X).
In this section we consider a further extension; multiplicatively norm-preserving
mappings. First of all one can modify an example of Lambert, Luttman and Tonev

[26, Example 1] and exhibit a mapping which is not linear while the equality

|ITfTg|| = Ilf3l
holds for every pair of f and ¢ in C'(X). In the following we mainly consider the

condition

ITfTg—1|=Ifg-1 (f.9€C(X))
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on a mapping T from C(X) onto C(Y). If T satisfies the hypothesis

o(TfTg)=0(fg)  (f.g9€CX)),

then T satisfies the above condition.

2.2. Results. Our main result is the following.

THEOREM 2.6. Let X,Y be two compact Hausdorff spaces. If a surjection T :
C(X) — C(Y) satisfies the conditions

(a) TA= X for A € {£1,£i} and

(b) [ 7fTg 1] = Ilfg — 1|l for all f,g € C(X),
then there exists a homeomorphism ¢ from'Y onto X such that T f = fo¢ for every

fin C(X); in particular, T is an isometric algebra *-isomorphism.

Let X be a compact Hausdorff space. We denote by o.(f) the peripheral

spectrum of an element f € C'(X):

ox(f) ={z€0a(f): [zl =r(f)},
where 7(f) denotes the spectral radius of f. Clearly, o.(f) = Ran.(f). We denote
by Py' the set of all peak functions in C'(X)™!, that is, Py’ = {u € C(X)™! :
o-(u) = {1}}. For each x € X, P;' = {u € Py' : u(x) = 1} % Clearly, Py' =
UsexP;'. For o € X, set PPt = O(X)'n{f € C(X) : |f(x)] =1 =|f]}

Clearly, PP;1 properly contains P, 1.

LEMMA 2.7. Let xg € X and let F be a closed subset of X with xo & F. Then

for each € > 0 there exists u € P,." such that lu(z)| < e for x € F.

PROOF. Let € > 0 be given. Since {xo} and F are disjoint closed subsets of X,

by Urysohn’s lemma there exists a continuous function v; : X — [0, 1] such that

2An element in P, ! may have other points where it takes the value one; not merely at the
point x.
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v1(xg) =1 and vy = 0 on F. Let vg = 271 (1 + v;). Then vy € Pz_ol and vo = 27! on

F. We see that u = v has the required properties for some sufficiently large n. O

On the following lemma, the same result for a not necessary invertible, peak

function is proved in [26] for arbitrary uniform algebra.

LEMMA 2.8. Let f € C(X) and z9 € X. If A = f(x¢) and X\ # 0, then there
evists u € Pyt such that o.((1/)) fu) = {1}.

PROOF. Suppose A # 0. Let Fy = {x € X :

f(x) = Al = 271[A} and

Fp={re X : 27" N[ < |f(x) = Al 27"}

forn = 1,2,---. Clearly, Fy, F},--- are closed subsets of X that do not contain
Zo; so by Urysohn’s lemma, there exist continuous functions vg, vy, -+ such that
0 <wv; <1, vj(rg) =1and v; = 0on F; for j =0,1,---. For each j we take a

positive integer n; so that u; = 27" (1 + v;)™ may have the property: If j =0,

uo(2)| < 7= (x € Fo)
171
and if 7 > 0,
L F

Now put w = ug Y oo, 2 "u,. This series is majorized by the convergent series
™ so u is well defined and u € . oreover, u is easily seen to be a
27" i 1l defined and C(X). M i il to b
function in P !.

Put g = (1/A) fu. To verify o,(g) = {1}, pick x € X. If x € Fp, then we see

o lun(@)] L
l9(2)| = |A||f< oluo(@)| D=5 |HfHHf,Z;2

n=1
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If x € F,, for some positive integer n, then

1 @), (o)
(o) = WIf(?E)IIUo(ﬂ?)I( (o) | 5l )

J#n

1 un(2)] |~ 1
W(If(x)—AHIM)( e §>

N 11 1
= (A - 1—— ) =
S (zn +|A|) (2n2ﬂ+1 * zn)

If v € X\ U F}, then f(z) = A and g(r) = u(z) € DU {1}, where D = {z €

IN

C : |z] < 1}. Thus ¢g(X) € DU {1}. In particular g(zg) = u(xo) = 1. Hence

0.(g) = {1}. This completes the proof. O
LEMMA 2.9. For xi,29 € X, 1 = x2 if and only if PP;l1 C PP;;.

PROOF. The ‘only if’ part is trivial. We will show the ‘if’ part. Assume that
&1 # 3. Then, by Lemma 2.7, there exists u € P! such that |u(x2)| < 1. Thus we

see that u € PP\ PP,}, that is, PP, ¢ PP, . O

2.3. A proof of Theorem 2.6. Throughout this section, 7" denotes a surjec-
tion which satisfies the hypotheses of Theorem 2.6:

(a) TA= Xfor A € {£1,+i} and

(b) [|TfTg—1|| = [fg —1|| for all f,g € C(X),

Cram 1. T(C(X)™H) =C(Y)™ L.

PROOF. Let f € C(X)~". Then we see that HTfT(F) . 1” = |Ifft=1] =0,

thus TfT(f~!) = 1. Hence Tf € C(Y)™!. Let f € C(Y)™'. Since T is surjective,
there is f and g in C(X) such that Tf = f and Tg = f'. Then we see that
1fg — 1] = HTfT_g— 1” = |Iff~* — 1| = 0. Thus we have that fg = 1, and
fec(x) O

CLAIM 2. T is injective.
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PROOF. Suppose T'f = Tg for f,g € C(X). We will show that f = g. Let

x € X. First we consider the case where f(z) # 0 and g(z) # 0. By Lemma
2.8, there exist us,u, € P, such that o(fur) = {f(z)} and ox(gu,) = {g(x)}.
Let u = usu,. Then w is an element in P! such that o(fu) = {f(z)} and

o-(gu) = {g(x)}. Then we see that

- f%u_l":”w@_l
= ror (2)

1
<
=S ()]

Therefore |f(z)] < |g(x)| holds. In a similar way, we see that |g(x)] < |f(x)].

So we have |f(x)| = |g(z)|. This fact implies that Hgﬁu” = 1. It follows that
-1 € o, <gf( ) since Hgf( - 1” = 2. Thus f(z) € ox(gu) = {g(z)}, and
f(z) = g(x).

Next we consider the case where f(z) = 0 or g(z) = 0. Without loss of generality
we may assume f(x) = 0. We will show that g(x) = 0. Suppose not. Let € be a
positive number with ¢ < |g(z)|. Let F' = {2’ € X : |f(2)] > €}. Since F is a
closed subset of X with z ¢ F, by Lemma 2.7 there exists uy € P, ' such that
lup(2")] < e(||f|+1)7" for all 2’ € F. We have that | fus| < e on X. Since g(z) # 0,
by Lemma 2.8 there exists u, € P, ! such that o.(gu,) = {g(x)}. Let u = uysu,.
Then u is an element of P; ! such that |fu| < € on X and o,(gu) = {g(x)}. Choose

a € C such that |a] =1 and (agu)(x) = —|g(z)]. Then we see that

g@)|+1 = fagu—1] = |[TgT(am) - 1]

= |rs7@@ - 1| = asu -1

< 1+4e
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Thus we have |g(z)| < e. This contradicts ¢ < |g(z)|. Hence g(z) = 0. This

completes the proof. O

By Claim 2, we can consider the inverse 7! from C(Y) onto C(X). Clearly
T~ has the same properties as 7T':
(@) T7'A=X (e {£1,+i}),

v) [T T g -1 = g -1 (e e C)).

Cramv 3. If f,g € C(X)™!, then the equation HTfT_gH = || f || holds; in partic-
ular, [T f|| = || f|| holds for every f € C(X)™!. Since |2zw| = |zw| for any z,w € C,
as a consequence of it T is norm-multiplicative on C(X)™', that is, |T fTg| = || f9||

for every pair f and g in C(X)7 .

PROOF. Let f,g € C(X)™*. We will show that || fg|| < ||7f Tg||. From Claim 1,
Tf,Tge C(Y)™ . Let K,, =T (nf)(Tf)™! forn=1,2,---. In the proof of Claim 1,

we have shown that (T'f)~' = T(f~1). It follows that K,, = T'(nf)T'(f~'). Then we

have that ||K,|| < n for each n, since ||, || —1 < |[Kn—1|| = HT(nf)T(f—l) - 1” —
|(nf)f~' —1|| = n — 1. For each n we have
nlfgl -1 < llnf)g—1=|T(nf)Tg— 1|
< ||T(f)Ty|| +1 < Kl ||Tf Tl + 1.
Since || K,|| < n for every n, it follows that
_ 1 S 1
Ifgll == <||TfTy| + -
n n
Letting n tend to oo, gives || f g|| < HTf T_gH Apllying a similar argument to 71,

yields HTfT—gH < ||f9l]. Hence HTfT—gH = || f 9| holds for every pair f and g in
C(X)h O

CraM 4. If f and g are elements in C(X)™! which satisfies that | Tf|]| =1 =

ITgll and |Tf|7(1) C [Tg|7' (1), then |fI7H(1) C [g[(1).
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PROOF. We assume that |Tf|7'(1) C |Tg|~'(1). We will show that |f|7*(1) C
lg|71(1). Suppose not. Then there exists € X such that z € [f|71(1) \ |g|~*(1).
By Claim 3 we have that || f|| = [|Tf|| =1 and ||g|| = || Tg]| = 1. |g|~*(1) is a closed
subset of X which does not contain z. By Lemma 2.7 there exists u € P, ! such that
lu(x’)] < 1 for 2’ € |g|~'(1). Then we have that |ug| < 1 on X, that is, ||ug|] < 1.

Then we have
(1) |TuTg| = |lugl = lugll < 1.

On the other hand, since |(uf)(z)| = 1 and ||f|| = 1 = [|ul|, we have | TuTf|| =
Huﬂ} = 1. Hence there exists y € Y such that |Tu(y)||Tf(y)| = 1. Since by
Claim 3 [|[Tu|| = |lu|]| = 1 = ||T'f]], we have |Tu(y)| = 1 = |Tf(y)|. This implies
}(TuT_g)(y)}: |Tu(y)||Tg(y)| = 1 because |Tf|7'(1) C |Tg|~*(1). Hence we have

that HTu T_gH = 1. This contradicts the inequality (1). O

We will construct a homeomorphism from Y onto X which satisfies the resulting
conditions of Theorem 2.6. Lambert, Luttman and Tonev [26] proved that if a
mapping 7' : A — B between two uniform algebras preserves the class of peak
functions and is norm-multiplicative, then there exists a homeomorphism ¢ : A —
dB so that the equality |(T'f)(¢(x))| = |f(x)| holds for every f € A and all x in the
Choquet boundary 0A of A. A similar argument was used in [27, 35]. The idea of
our construction of a homeomorphism has the same vein. First, we will show that
there exists a homeomorphism ¢ from Y onto X such that |T'f(y)| = |f(¢(y))| holds
for every f € C(X)™! and y € Y. Next, we will show that the indicated mapping

has the desired properties.

CLAIM 5. For each y € Y, there corresponds a unique element x € X such that

T (PP,') = PP,



2. NORM-PRESERVING SURJECTIONS 42
PRrOOF. Let y € Y. First, we will show that there exsits x € X such that

Tt (PP,") C PP,". Set

L= () I
fer—1(PP,t)

Let fi,---,fo €Tt (PP;l). Let f=Tf,---Tf, and f = T~f. Then we see that
feC(Y)™ and [f(y)| = 1. Since ||Tf;|| = 1 for every j, we have that ||f|| = 1. Thus
by Claim 3, we have that ||f|| = || Tf]| = ||f|| = 1. Thus |f|~*(1) is nonempty. Since
|7 f;]| = 1, we have that [T f|7*(1) C |T'f;]7*(1) for every j. By Claim 4 we see that
|fI71(1) < |f;]71(1) for every j, that is, the intersection of all |f;|~!(1) contains the
non-empty set | f|7'(1). Thus the class {|f|~'(1): f € T~' (PP,")} has the finite
intersection property. Since |g|7'(1) is compact for every g € T~! (PP;l), L, is
non-empty. Take an element, say z, from L,, then we see that T~ (PP;I) Cc PP
Secondly, we show that T (PP;I) = PP, ! Applying the above argument to
T, there exists ¢’ € Y such that T (PP;I) C PP;/1 because T~! has tha same
properties as T'. Since T is surjective, we have that PP;1 =T (T‘1 (PP;I)) -
T (PP.") C PP,'. By Lemma 2.9, we see that y = ¢ and hence T (PP, ') = PP,".
Finally, we show the uniqueness of x. Suppose that there is ' € X such that
T (PP,') = PP,'. Then the injectivity of T implies that PP, = T~ (PP,') =

PP;/I. Lemma 2.9 yields that x = z’. This completes the proof. 0

By Claim 5, we can consider a mapping ¢ of Y into X such that T <PP;(1y)) =

-1
PP foreveryy €Y.

CLAIM 6. ¢ is a homeomorphism fromY onto X such that |T f(y)| = |f(¢(y))]
holds for every f € C(X)™ andy €Y.

PROOF. First, we will show that |T'f(y)| = | f(é(y))| holds for every f € C(X)~!
and y €Y. Let f € C(X) ' and y € Y. Then f(¢(y)) # 0. By Lemma 2.8, there
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exists an u € P(;(;) such that o,(fu) = {f(é¢(y))}. Thus

(2) [full = 1£(¢())]-

Since P(;(;) C PP;(ly), by the definition of ¢, we see that |Tu(y)| = 1 = ||T'u||. Since

f,ue C(X)™and |Tu(y)| = 1, by Claim 3 we have that

[full = T f Tull = [T f()l[Tuly)| = T ()]

This fact and the equality (2) imply that

(3) ITfW)| < (o).

Since Tf € C(X) ™!, Tf(y) # 0. By Lemma 2.8 there exists v € Py_1 such that
o.((Tf)o) = {Tf(y)}. Let v = T'v. Then v is also in PP;l, thus |[v(o(y))| =1
from the definition of ¢. Since v € C(Y)™!, we have that v € C(X)™! by Claim 1.
Thus by Claim 3 we have that |T'f(y)| = ||(Tf)v]] = ||fv|l > |f(¢(y))|. This fact
and the inequality (3) imply that |Tf(y)| = | f(o(y))].

Secondly, we will show that ¢ is continuous. Let T; be the given topology on X
and let {y,} be a convergent net in Y with limy, = y. Then the first part shows
that lim | £(6(y))| = Tm|Tf(ya)| = [Tf(9)] = |F(6())] for every f € C(X).
Thus ¢(y,) converges to ¢(y) with respect to the weak topology T2 on X generated
by |[C(X)™' ={|f]: f € C(X)~'}. The identity mapping of (X, T;) onto (X, Ts)
is continuous, and (X, T3) is Hausdorff because |C'(X)™!| separates the points of X
since (X, Ty) is compact, the mapping is a homeomorphism. Hence ¢ is continuous.

Finally, we will show that ¢ is a homeomorphism from Y onto X. Since 77! has
the same properties as 7', there exists a continuous mapping ¢ from X into Y such
that 71 (PP

Y(z
y €Y and f € C(X)™! with f =Tf. Then we have that

)) = PP:' and |T'§(x)| = [f(¢(x))| for every f € C(Y)~'. Let

TfW)] = 1f(ew)l =T~ (6wl = li((e(y))]
= |Tr (o).
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Thus y = ¥(¢(y)), since |C(Y)7'| = |T(C(X)™')| separates the points of Y. In a
similar way, we have z = ¢(¢)(z)) for every x € X. Hence ¢ is bijection from Y onto

X with ¢! = 1. Since 7 is continuous, ¢ is a homeomorphism from Y onto X. [
CLAIM 7. TA = X holds for every A € S, where S' = {z € C: |z| = 1}.

PROOF. Let A € S'. We may assume that A & {£1,+i}. From the condition
(b), we have that |[|TA]* = 1]| = ||[TATA—1|| = [[A\ = 1|| =0, thus |TA| = 1, or

equivalently, (TA)(Y) C St. Since T'1 = 1, we have

(4) ITA= 1 = [|[TATT = 1] = [AT = 1]} = A =11,
Since T(—1) = —1, we have

(5) ITA+ 1] = Hmm_ 1” = [ACT) = 1] = A +1].

Since (TA)(Y) C S*, (4) and (5) imply that (TA)(Y) C {A\,A}. If ImA > 0, the
condition 7% = 7 gives
ITA =il = [|TATE = 1] = |37 = 1] =[x —l.

This implies that (T'A)(Y') = {A}, that is, TA = A\. If Im A < 0, in a similar way, we
have that ||TA+i|| = [+ i| because T'(—i) = —i. It follows that TA = A. Thus the

proof is complete. [

CLAIM 8. T <aP¢_(;)) = aP" holds for every a € S andy €Y.

PROOF. Let o € S!. First, we will show that T (aP)}l) = aP,'. Let f € P’

From Claim 7 we have

N
I

| -af ~ 1) = |T(an) T(=a) - 1

= |—aT(af) 1]
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Thus a € 0,(T(af)) since ||T'(af)|| = ||af]] = 1 by Claim 3. Let 8 € o,(T(af)).

Claim 7 gives

2 = |-BT(n) 1| = |TEB) Tar) - 1|
= |[=par -1|.
Thus 8 € ox(af) since [|af]| = 1. Since o-(af) = {a}, we have that 8 = «
and o,(T(af)) = {a}. Thus T (aPx') C aPy'. In a similar way, we have that
T7! (aPy') C aPy'. Hence T (aPy') = aPy .
Lety e Yand f € P,

1
oy
We show that T'(af)(y) = a. Since f € C(X)™!, by Claim 3 and 6 we see that

- From the above argument, we have that T(af) € aPy*.

T(ef) )l = laf(6y)] =1 = [laf] = [T(af)].

Thus we have T'(af)(y) = «. Since f € P(;l) is arbitrary, we have that T <OzP_1)) C

(y oy
aP;'. In a similar way, it holds for 77! that 7 <aP(;_11(m)) C aP;! for every
r € X. Let z = ¢(y). Then T™! (aPy_l) C aP(;(i), so we see that

aP;t =T (T (aB,")) C T (aPy)) € aB, .

Thus we have that T <aP¢_(;)) = aPy_l. 0

Cram 9. If f € C(X)7Y, then T'f(y) = f(¢(y)) holds for every y € Y.

PROOF. Let f € C(X)™' and y € Y. From Claim 6, we have |Tf(y)| =

F@W)]. Suppose TF(y) # F(6(y)). Since Tf(y) £ 0, there exists u € Pyl
such that o,((Tf)u) = {T f(y)} by Lemma 2.8. Since T is surjective, there exists

u € C(X) such that Tuw = u. Since u is also in Py_l, Claim 8 implies that u € P¢>(§/)

and o, (TST%) = o,(TFR) = {TF)} Let a = —|f(6()| " F(#F). Then
we have o (anT—u): {aTf(y)}. Our assumption T'f(y) # f(¢(y)) implies that
aTf(y) # —|Tf(y)|. Thus we see that —|T'f(y)| & (aTfTu) (Y). It follows that

(6) |aTfTu—1|| < |Tf(y)|+1.
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Since @Tu € @P, ", from Claim 8, there exists u’ € P¢>(§/) such that T'(au’) = aTu.

Then we see that
laTsTu-1| = |7fT@E)-1|| = [lasw - 1]
> Jaf (o) w6W) ~ 1| = | = f(6w)] - 1]
= | =T/ =1 =Tf(yl+1L
Thus ||aTfTu—1|| > |Tf(y)| + 1. This contradicts the inequality (6). Thus we

have that Tf(y) = f(6(y)). -

Cram 10. If f € C(X), then Tf(y) = f(¢(y)) holds for every y € Y. In

particular, T is an isometric algebra *-isomorphism from C(X) onto C(Y).

PRrROOF. First, we consider the case that f(¢(y)) # 0 and T'f(y) # 0. Using

Lemma 2.8, gives u; € P(;(;) such that o (fu1) = {f(d(y))}. Let a =—f(od(y))|f(d(y))|

Then we have or(afur) = {—|f(¢(y))[}. Also, there exists u, € P, ' such that
ox((Tf)us) = {Tf(y)}. Let us = Ty, Since uy € B, by Claim 8, up € Py,
Thus we have that us(¢(y)) = 1 = [Jual|. It follows that o, (afuius) = {—|f(¢(y))|}

Thus we have

(™) |7 T@a) - 1| = o = 1 = [F@)] + 1.

Since uy,us € C(X)™!, Claim 9 shows that T'(auruz) = (auiuz) o ¢ and ug o ¢ =
Tus = uy. So we see that
|rsr@mm) 1 = 1 (o) 0 0) 1]
< ol (7 f el s o ] + 1
= (Tl +1
= [Tfw)]+1.

Combining this inequality and the equality (7), gives that |f(¢(y))| < |Tf(y)|. In

a similar way, we see |[f(¢(z))] < |T7'(z)|, where f = Tf and z = ¢(y). Thus
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T = 1f(6W)] Since ox(a(Tfuz) = {aTF(y)} and wi(@(y)) = 1 = [l
we have that o, (Tfm) — 0. ((Tf)((aurus) © 6))) = on(a(Tfus(us o
®) = {aTf(y)}. Thus |TfT@am)| = la /)| = If(6(w)]. The equality
(7) gives that —|f(6(y)| € ox (T T(@mm) ). Hence —[f(6(y))] = aTf(y) be-

cause oy <T f T(m)) — {aTf(y)}. Since —|f(6(y))] = a f(¢(y)) holds from the
definition of a, the equality T'f(y) = f(¢(y)) holds.

Next, we consider the case where T'f(y) = 0 and suppose f(¢(y)) # 0. Let e
be a positive number with ¢ < [f(¢(y))|. Then there exists u; € P, such that

|(Tf)ur] < € on Y. Also, there exists uy € P(;(;) such that o.(fu2) = {f(o(y))}.

Choose a complex number a with |a| = 1 such that « f(p(y)) u2(o(y)) = —|f(P(y))].

Let u; = T~ 'uy, then since u; € P(;(;), we see that o (afuius) = {—|f(o(y))|}. It

follows that

® | @) -1 = logmus =1 = £+ 1

Applying Claim 9 to @uius and uq,

|rrT@mm) 1| = (T e ) o) 1|
= [T fur(uz 0 ¢) = 1]
< T Hwlflugodl| +1 < e+ 1.

This inequality and (8) show that |f(#(y))| < €, and this is a contradiction, so
f(o(y) =0=Tf(y).

Finally, the case f(¢(y)) = 0. Let f =T, f € C(Y) and y = ¢(z), x € X.
Then the hypothesis implies that 7-'f(z) = 0. Noticing that ¢ = ¢!, we can
conclude from the argument in the previous paragraph that f(v(z)) = 0 = T~ 'f(x).

This completes the proof. 0
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