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C h a p t e r 1

I n t r o d u c ti o n

I n [2] , B e u rli n g c h a r a ct e ri z e d th e i n v a ri a n t s u b s p a c e s ( ヱ m ⊂ 那) of th e H a r
d y s p a c e

H
2

( T) ( T 七h e u n it ci r cl e) , t h at i s , if 那 i s a n i n v a ri a n t s u
l) s p a c e o f 月

~

2

( T
L
) , t h e n m i s of

t h e f o r m 4 , H
2

( T) , w h e r e 4, i s a n i n n e r f u n c ti o n ･ W i e n e r p r o v e d 七h a t t h e d o u b ly i n v a ri a n t

s u b s p a c e s ( z 那 - m ) o f th e L e b e sg u e s p a c e L
2

( T) a r e o f th e f o r m /y E L
2

( T) , w h e r e ,x
･

E i s

th e c h a r a ct e ri s tic fu n cti o n o.f a B o r el s u b s e t E i n T , w hil e th e si m ply l n V a ri a n t s u b s p a c e s

( z m ⊆ m ) o f L
2

( T) a r e of 七h e f o r m 岬
2

( T) , w h e r e 4 ,i s a u n i m o d u l a r f u n c七i o n ･ T h e m o st

g e n e r al t e ch n iq u e i n di c a t ed w a s th e W old
- t y p e d e c o m p o si七i o n ･

w e l e t T
2
b e t h e t o r u s t h a t i s t h e c a rt e si a n p l

･

O d u c t of
L

2 u n it ci r cl e s T ･ T h e u s u al

L e b e s g u e s p a c e s o n T
2
a r e d e n o t e d b y L

2

( T
2

) ･ A cl o s e d s u b s p a c e m of L
2

( T
2

) is s aid

t o b e i n v a ri a n t if M
～

, m ⊂ m a n d M w m ⊂ 打て, w h e r e M ～
, a n d M w a r e t h e m u ltipli c a ti o n

o p e r a t o r s w ith t h e c o o r di n a t e f un cti o n s o n L
2

( T
2

) , t h a t i s , M J - = f a n d M w f - w f

(f e L
2

( T
2

)) . A s i s w ell h o w n
,
t h e f o r m of i n v a l

･

i a n t s u b s p a c e s o f L
2

( T
2

) o r e v e n

H
2

( T
2

) i s m u ch m o r e c o m pli c a t e d . I n g e n e r al , t h e i n
v a ri a n t s u b s p

_

a c e s o f L
2

( T
2

) a r e n o t

n e c e s s a rily o f t h e 壬b r m 岬
2

(Ⅷ
2

) w ith s o m e n ni m
･

o d u l a r f u n cti o n ¢･ B u t 七h e s t r u ct u r e

of B e u rli n g
- ty p e i n v a ri a n 七 s u b s p a c e s h a s b e e n s t u d i e d i n r e c e n t y e a r s a n d , i n p a rti c u l a r ,

s o m e n e c e s s a r y a n d s u 氏ci e n t c o n diti o n f o r i n v a ri a n t s u b s p a c e s t o b e B e u rli n g
-t y p e h a v e

2



b e e n gi v e n b y m a n y r e s e
a r c h e r s ( cf ･ [9 , 1 0 , 1 9 , 2 0 , 2 1 , 2 2 , 2 8 っ 3 2 , 3 31 フ et C ･) I

I n [2 8] , t h e i n v a ri a n七s u b s p a c e s m of
H 2( T

2

) o f t h e B e u rli n g
-ty p e w e r e c h a r a ct e ri z e d

a s t h e s u b s p a c e s o n w hi c h M ～

, a n d M w a r e d o u bl y c o m m u ti n g (t h a七i s , M El m c o mm u t e s

w it h M LIDJT) I

I n [4 2] , a n e x t e n si o n o f t h e W old
- t y p e d e c o m p o siti o n w a s gi v e n f o r t w o d o u bl y c o m m u t

-

i n g i s o m
et ri e s (thi s e x t e n si o n w a s f u rt h e r e x t e n d e d f o r a n a r bi

t r a r y c o m m u ti n g i s o m et ri e s

b y P o p o vi ci i n [4 ･1]) ･ I n [10] , t hi s cl e c o m p o siti o n w a s u s e d t o c h a r a ct e ri z e t h e f o r m o f

i n v a ri a n t s u b s p a c e s o f L
2

( T
2

) o n w hi ch 耽 a n d M
w
a r e d o u l)1 y c o m m u ti n g ･

A n i r r a ti o n al r o t a ti o n C
*

- alg el｡ r a A o i s a C
*

- al g e b r a g e n e r a t e d b y a p ai r o
f u n it a r y

el e m e n t s U a n d V w hi ch s a ti s fy t h e r el a ti o n U V
- e
2 7 m

'

O
v u

,
w h e r e 0 i s a n i r r a ti o n al

n u m b e r i n (0 , 1) . It h a s r e c ei v e d a l o t o f s p e ci al a tt e n ti o n i n l
･

e C e n t y e a r s( cf ･ [6 , 7 , 8 , 2 5 - 40] ,

et c .) . A u n it a r y s y s t e m u i s a s u b s et of th c u n it a r y o p e
r a t o r s a cti n g o n a s e p a

r a b l e I -Iil b e r t

s p a c e チt w hi ch c o n t ai n s t h e id e n ti
ty o p e r at o r I ･ A n o r m o n e el e m e n t ¢ ∈ T( is c all ed a

c o m pl e七e w a n d e ri n g v e
c t o r f o r u if 榊 - ( U * : U ∈ u ) is a n o rt h o n o r m al b a si s f o r u ･ T h e

s e t of a ll c o m pl et e w a n d e ri n g v e ct o r f o r u i s d e n o t e d b y W ( u) ･ I n [1 3] , H a n i n t r o d u c e d

a n o ti o n ｡f a n i r r a ti o n al r ot a ti o n u nit a r y s y st e m u u , v - ( U
m V n : m

,
n ∈ Z:) , w h e r e U

a n d V a r e d efi n e d a b o v e ru 1 e a n d cl ai m e d t h a t , u p t o u n it a r y e q u l V a l e n c e , th e r e e xi st s a

u ni q u e f ait hf u l r e p r e s e n t ati o n 7T O f A @ o n L
2

( T
2

) ･ o p e r at o r s L E a n d L w c o n st r u ct e d i n

t h e p r o o f a r e v e r y i n t e r e s ti n g , b e c a u s e u
- ( L T L誌: m , n ∈ A) is a n i r r a ti o n al r o t a ti o n

u n it a r y s y st e m a n cl h a s s o m
e p r o p e rti e s , t h a t i s , W ( u ) is a n o n

- e m p t y clo s e cl c o n n e ct e cI

s u b s et of L 2( T
2

) a n d th e cl o s u r e of 七h e li n e a r s p a n o f W (u ) is L
2

( T
2

) ･

M o ti v at e d b y t h e s e f a ct s , i n t hi s p a p e r , w e c o n sid e r a v o n N e u m a n n al g e
b r a i: g e n

-

e r at e d b y L z a n d L w an d st u d y i n v a ri a n t s u b s p a c e st r u ct u r e o f L
2

( T
2

) wi t h r e s p e ct 七o

i:
,
w h o s e m e a n i n g l S di H e r e n t f r o m

H
u s u al

H

i n v a ri a n t s u b s p a c e , th a t i s , o u r s e tti n g i s t h
e

f oll o w i n g . L e t 0 b e a n i r r a ti o n al n u m b e r i n (0 , 1) ･ A s i n 七h e p r o o f of [1 3 , T h e o r e m l] , w e

3



d e fi n e t h e u n it a r y o p e r a t o r s o n L
2

( T
2

) s ati s fy i n g :

L z( z
m

w
n

) - z
m + 1
w
n

a n d L w( z
m

w
n

) - e
~ 2 m

-

m C
z
m l

w
n ' 1

,

w h e r e ( I , w) ∈ T
2

･ M o r e o v e r w e al s o d e丘n e 七h e u n it a r y o p e r a t o r s 月ヱ a n d R - a s f oll o w s :

R ヱ( ～7
m

W
n

) - e

- 2 m
'

n 8
-
7
m ' 1

1

t u
n

a n d R w( z
m

w
n

) -
-7
m

W
n ' 1

,

w h e r e ( I , w ) ∈ T
2

. L et i: ( r e s p ･ m) d e n o t e t h e Y o n N e u m a n n al g e b r a g e n e r a t e d b y L -

,

a n d L w ( r e s p . R ヱ a n d R w ) ･ T h e n il a n d 沢 a r e Ⅱ1
-f a ct o r s

,
w hi c h a r e i m p o rt a n t cl a s s e s o f

v ｡ n N e u m a n n al g e b r a s . L et m b e a cl o s e d s u b s p a c e o f L
2

( T
2

) ･ T h e n w e s a y th a t m i s

l eft -i n v a ri a n t ( r e s p . rig ht
-i n v a ri a n t) if L ヱ 那 ⊂ 那 a n d L w m ⊂ m ( r e s p ･ R

E
m ⊂ 那 a n d

R
w
m ⊂ m ) . If m is b o th l e.ft -i n v a ri a n t a n d rig ht

-i n v a l
･

i a n t
,
th e n 肌 i s c all e d t w o - si d e d

i n v a ri a n 七.

I n ch a pt e r 2 , w e r e c a ll s
o m e n o ti o n s a b o u t t h e th e o ry of v o n N e um a n n alg el〕r a w h i c h

w ill b e u s e cl l at e r . W e als o r e c all t h e i n v a ri a n t s u b s p a c e s of L
2

-

s p a c e o n 1 " th T a n ct T
2

･

A b o u t th e i n v a ri a n t s u b s p a c e s of L
2

( T) , w e o nly r e c al l th e B e u rli n g t h e o r e m ･ O n t h e

o th e r h a n d
,
a b o u t t h e i n v a ri a n七 s u b s p a c e s 那 o f L

2

( T
2

) , at fi r s t w e r e c al l th e r e s u lt of

t h e d o u bly i n v a ri a n t c a s e ( _

7 那 - w 那 - m ) , a n d t h e n r e c all s o m e r e s u lt s o f t h e si m pl y

i n v a ri a n t c a s e ( z 那 ⊆ m , w m ⊆ 那) , w hi c h h a v e n o t b e e n c o m p l et e c h a r a ct e ri z a
ti o n

of t h e i n v a ri a n t s u b s p a c e s o f L
2

( T
2

) y et .
T h e s e r e s ult s of th e i n v a ri a n 七 s u b s p a c e s o f

L 2( T
2

) sh o u ld b e c o m p a r e d w ith th e r e s ult s i n §4 ･ 2 ･ W e al s o d e s c rib e 七h e P o p o v i ci
'

s

w ol d -t y p e d e c o m p o siti o n f o r c o m m u ti n g i s o m e t ri e s w hi ch w ill b e u s e d i n §4 ･ 4
･
N e e d e d

i n §3 . 2
,
w e p r e p a r e f o r th e n o ti o n o f u n i七a r y s y st e m s ･ A lt h o u gh u n i七a r y s y st e m s w e r e

且r s七i n t r o d u c e d a s a g e n e r ali z a ti o n o f w a v el e七 s y st e m s ) c o n v e r s ely w e i nt r o d u c e w a
v el et

s y st e m s a s a e x a m p l e of u nit a ry s y s七e m s ･

I n c h a pt e r 3 , w e st u d y i r r ati o n al r ot a ti o n C
*

- alg e b r a s A 8 ･
I n p a r ti c ul a r , w e p r o v e t h e

e x i s t e n c e o f a u n i q u e t 1
･

a C e O n A o a n d p r o v e t h a t A c i s si m pl e ･ W e al s o p r o v e t h e H a n
'

s

4



t h e . r e m t h a t a n i r r ati o n
al l

･

O t a ti o n C
*

- al g e b r a c a n b e r e p r e s e n t
at e d o n L

2

( T
2

) a n d t h a t

t h e r e i s a n i r r ati o n al r o t a ti o n u n
it a r y s y s t e m 乙/ w hi

ch h a s c o m pl et e w a n d e ri n g v e ct o r s )

w (u) is cl o s e d c o n n e ct ed s u b
s et of L

2

( T
2

) a n cl th e cl o s u r e of th e li n e a r sp a n o f u is

L 2( T
2

) ･

I n C h a pt e r 4 , w e h
a v e t h e i n v a ri a n t s ul〕s p a c e st r u ct u r e o f L

2

( T
2

) ･ A 七色l ･S t , W e gi v e a

ch a r a ct e ri z a ti o n o
･f B e u rli n g

-t y p e l eft
-i n v a ri a n t s u b s p a c e s o f L

2

( T
2

) , w hi ch i s a g
.

e n e r al -

i z ati ｡ n ｡ f t h e M a n d r e k a r
'

s r e s u lt ([28].)
i n a s e n s e ･ W e al s o gi v e a st r u ct u r e 七h e o r e m of a

n ｡ n
_ t ri vi al t w o -

sid e d i n v a ri a nt s u l) s p a c e of L
2

( T
2

) . F i n ally , l e t m b e a n o n
一七ri vi al 七w o -

sid ed i n v a ri a n t s u b s p a c e of IJ
2

(T
'

2

) . w e c o n sid e r th e P o p o vi ci
'

s W old -t y p e d e c o m p o siti o n

f o r c e rt ai n c o m m u ti n g i s o m et ri e s U
- (I J E ll l. i,)l9)l a n d V - ( R .,

R ･
w)1 肌 a n d p r o v e t h a t t h e

c o u pl e W
- (J [ , V) i s a w e a k b i

-

s hiftJ O I Al m ･

5



C h a p t e r 2

N o t a ti o n s a n d p r e li m i n a ri e s

2 . 1 v o n N e u m a n n a lg e b r a s

I n th is s e cti o n w e r e c all s o m e n o ti o n s al " u t t h e t h e o r y of v o
n N e u m a n n al g eb r a

w hi ch w ill b ｡ Oft e n u s e d l at e r . F o r a Y o n N c u m a ･ n n alg el〕r a A , P( A) d e n o t e s a s et of all

p r oj e cti o n s o f A ･ L et β( 叫 b e t h e s et of all 1〕o u n d e d li n e 乱Ⅰ
.

O p e r a t o r s O n a H ill〕e rt s p a c e

7i a n d I d e n o t e s a n id e n tity o p e r a t o r o n 7i ･ F o r a n el e m e n t A i n A , w e c al l it I " Siti v e ,

w e w rit e A ≧ 0 , i-f ( A LT
,
I) ≧ 0 f o r all T ∈ ?i ･ F o r a s u b s et S o f β(叫 っ w e u s e W

*

(S)

t ｡ d e n o t e t h e v ｡ n N e u m a n n alg e b r a g e n e r at e d b y S ,
u s e U (S) t o d e n ot e th e s e七 of all

u nit a r y o p e r a t o r s i n S ? a n cl u s e S + t o d e n
o t e th e s et of al 1 p o siti v e el e m e n t s i n S ･ T h e

｡ ｡ m m u t a n t . f S i s S
′
- ( T ∈ β( 叫 : T S

- S T - 0 ,
∀ s ∈ S) ･ Z - A n A

/

i s c a ll e d 七h e

c e n t e r 0
,

f A . If Z = C I
,
th e n A i s c all e cl a f a c t o r ･ F o r a s u b s et J u O f 7i , w e u s e [J u ] t o

d e n o t e t h e cl o s u r e o
,

f th e li n e a r s p a n of J u ･

D e fi n iti . n 2 . 1 . 1 L et A b e a v o n N e u m a n n alg e b r a . L et P a n d Q b e t w o p r oj e cti o n s i n

7 ,( A) . P a n d Q a r e s aid t o b e ; eq u i v ale n t ( r el a ti v e t o A) , a n d
w e w rit e P - Q , i.f 七h e r e

e x i s t s a n el e m e n t V ∈ A s u ｡ h t h a t V
*

V = P a n d V V
*
- Q

.

, p a rti ally eq u i v al e n t ( r el a ti v e

t o A ) , a n d w e w rit e P ゴ Q , if 七h e r e e xi st s a n el e m e n t A ∈7
'
( A) s u c h t h a t P

- R ≦ Q ･

D ｡ fi n iti . n 2 . 1 . 2 L et A b e a v o n N e u m a n n alg e b r a . A p r oj e cti o n P ∈
J

P ( A) is s aid

6



t o b e
.

,
ab eli a n if P A P i s a b eli a n

･

, P n it e if a n y p r oj e cti o n Q ∈ P( A) w it h
P ゴ Q a n d

p - a i m pli e s Q
- P ･ M o r e o v e r A i s s ai d t o b e

･

, P n ii e if l i s fi n i七e ; s e m i
-P n it e if f o r

al l n o n - z e r o el e m e n t P ∈ Z t h e r e e xi st s a n o n
- z e r o fi n it e p r oj e cti o n Q ∈ ア( A) s u c h t h a

t

Q ≦ P
I

,
iyp e II if A c o n t ai n s

n o n o n - z e r o a b eli a n p r oj e cti o n a n d i s s e mi
- fi n it e ; typ eII I if

A i s 七y p e II a n d
'R n it e ･

p r o p o siti o n 2 ･ 1 ･ 3 ([27 , P r o p o siti o n 6 ･3 ･ 1]) L et A b e a y o n N e u m a 柑1- a
lg e b r a ･ T h e n A

i s P n ii e if a Tl d o n ly if a T ry i s o m e
t ry i T- A i s u rl

Jit a r y ,

p r o o f . S u p p o s e t h a t A i s rl n i七e
･ P u t ti n g W

*
- P

,
si n c e P ∈ ア( A) a n d V

*

V = I
7
W e

h a v e P - I . Ib i s cl e a r t h at P < I ･ S i n c e I i s rl n it e , w e s e c P - I
,
t h a t i s , V V

"
- I ･

c o n v e r s ely s u p p o s e t h a t P ≦
I
,
P - I a n d P ∈

･

P( A ) I T h e n th e r e e xi st s a i
s o m e t r y V

s u ch t h a t W
*
- P

,
V
*

V - I ･ B u 七b y a s s u m p t
i o n w e h a v e V V

*
- I ･ T h u s w e s e e P - I

っ

th at i s
,
A i s

'

rl nit e ･

D e fi niti o n 2 .1 A L e t A b c a v o n N e u m a n n
alg e b r a o n a H ilb e rt s p

a c e 7 L A v e ct o l
･

x ∈ 7i is s aid t o b e
･

,
a c y cli c v e ci o

r f o r A if[ A LT] - 7i
･

,
a t r a c e v e ct o r f o r A ifくA B x , tT) -

( B A T , Lr) f o r all h a n d B i n A ･

T h e n e x t 七w o r e s u lt s a r e u s e d t o p r o v e
T h e o r e m 3 ･2 ･ 1 ･ T h e y a r e p r o v e d i n d et a il i n

〔2 4] , a n d s o w e o m it t h e p r o o
f ･

L e m m a 2 . 1 . 5 ([2 4･ , L e m m a 7 ･2 ･1 4]) L et A b e a y o n N e u m a
n n a19 eb r a ･ If x is a c y clic

t r a c e v e t ci o r f o r A , Th e n x i s a c y cli c t r a c e v et c
t o r f o r A

/

･

T h e o r e m 2 . 1 . 6 ([2 4 , T h e o r e m 7 ･2 ･1 5]) L e t A b e a W o n N e u m a l
l n alg e b r a

･ If A h a s a

c y cli c t r a c e v e ct o r a
:
,
t h e n A i s P n it e ･

7



D e 丘n iti o n 2 . 1 . 7 ([2 7 , D e fi n iti o n 6 ･ 5 ･ 1]) L e t A b e a v o n N e u m a n n alg e b r a ･ A t r a c e o n

A + i s a f u n cti o n 7
-

O n A + , t a ki n g n o n
- n e g a ti v e , p o s sib ly i n fi n it e , r e al v al u e s , p o s s e s si n g

th e f oll o w l n g p r o p e rti e s :

(1) T( A + B) - T( A) + T( B) , A , B ∈ A + ;

(2) T( α A) - α T( A) , A ∈ A + , α ≧ 0 ( wi t h 七h e c o n v e n ti o n t h a t O
･ + - - 0);

(3) T( A
*

A) - T( A A
*

) , A ∈ A + I

A t r a c e T O n A + i s s aid t o b e ; f aithf u l if A ∈ A + i s s u ch t h a t T( A) - 0 , t h e n A - 0
I

,

ヵn it e if T(I) < ∞ ; s e
･

m i - 和it e if f o l
.

all n o n - z e r o el e m e n t A ∈ A + , t h e r e e xi st s a n o n
-

z e r o

el e m e n t B ∈ A + a n d B ≦ A s u ch th a t T( B) < + ∞ ･ ; rl O r m al if f o r all b o u n d e d i n c r e a si n g

n et A 入 O f A + , w e h a v e

T( s 叩 人心) - 別 LP ,1 T( 礼) ･

T h e n e x t th e o r e m s i s n e ed e d i n §4 .1 .

T h e o r e m 2 . 1 . 8 ([4 4 , T h e o r e m 4 ･6 4]) A v o 円 N e u m a T m alg e b r a A i s かit e if a l-d m a y if

th e r e ,

L

'

s a f a m ily of jillit e rl O r m al t r a c e ･

T h e o r e m 2 . 1 . 9 ([4 4 , T h e o r e m 4 ･ 6 7] ,[2 7 , T h e o r e m 6 ･5 ･8]) j4 v o lュ N e u m a n n a lg eb r a A i s

s e m i -fi n it e if a n d o n ly if th e r e i s a f aithf u l s e m i
-fi n it e n o r m al t r a c e ･

M o r e al) o u t v o n N e u m a n n alg el) r a s , w e r ef e r t o 【4 , 2 4 , 2 7 , 4 ･3 フ 4 4] , et c -

8



2 . 2 I n v a ri a n t s u b s p a c e s o f L
2

( T) a n d L
2

( T
2

)

L et T b e t h e u n it ci r cl e i n a . T h e u s u al L e b e s g u e s p a c e s ) wi t h r e s p e ct t o th e H a
a r

M e a s u r e m . . n T
,
a r e d e n o t e cl b y L

2

( T) , a n d H
2

( T) is t h e s p a c e o f al 1 i i n L
2

( T) w h o s e

F o u ri e r c o efR ci e n t s

f
^

( m ) - (f , ～
7
m

) - I( I) 雷
門1

d m

Jヽ

s a ti sfy f( m ) - 0 f o r m < 0 ･

A cl o s e d s ul〕s p a c e m of L
2

( T) i s s aid 七o I) e i n v a ri a n t if

z∑m ⊂ ∑m .

I n [2] , B e u rli n g ch a r a ct e ･ri z e cl th e i n v a ri a n t s
u b s p a c e s o f t h e H a

rd y s p a c e ･ I n [1 7] , B e u rli n g

th e . r e m w a s e xt e n d e d t o o bt ai n th e i n v a ri a n t s u b s p a c e s of L
2

( T) I

T h e o r e m 2 . 2 . 1 ( B e u rli n g [1 7]) L ei m b e a l- i n v a ri a llt S u b sp
a c e of L

2

( T) I

(1) If z m - 那
,
t h e n

m - x E L
2

( T)

w h e r e
/1
,

E i s a c h a r a ct e ri sti c f u ll Cii o n of B o r el s et E ⊂ T ･

(2) If z 那 ≠ 那 , th e rュ

m - 4, H
2

( T)

w h e r e 4 , i s a u n i m od ul a r f u n c ti o m , th ai i s , 樹 - 1 a ･ e ･ o n T ･

I n p a rti c ul a r , if m b e a n i n v a ri a Tl i s u b sp a c e of H
2

( T) , th e n

m - ¢H
2

( T)

w h e r e ¢is a n i n n e r f u n cti o Tl , th aまis , a u n i m o d ul a r f u ,- cti o n i n H
∞

( T) ･
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w e l e t T
2
b e t h e t o ru s th a t i s t h e c a r t e si a n p r o d u ct o f 2 un it ci r cl e s in C ･ T h e u s u al

L e b e s g u e s p a c e s , wi t h l
l

e S P e Ct t O t h e H a a r M e a s u r e m o n
T
2

,
a l

･

e d e n o t e d b y L
2

( T
2

) , a n d

H
2

( T
2

) is t h e s p a c e of al l f i n L
2

( T
2

) w h o s e F o u ri e r c o efR ci e n t s

i( m , n) - (I , ～
7
m

W
n

) - I( I , W) 吉
m

i5
n

d m
,

^

s a ti sfy f( m , n) - O f o r m ･ < O o r n < 0 ･

A cl o s e d s u b s p a ,c e m of L
2

( T
2

) is s aid t o l〕e i n v a ri a n t if

M E m C ∑m a n cI M w 野て⊂ ∑m

w h e r e M I a n d M w a r e t h e m ultipli c a ti o n o p e r a t o r s w it h th e c
o o r di n a t e f u n cti o n s o n

L
2

( 防) , th at i s , f o r I ∈ L
2

(T
2

)

M
.j -

～
r f ( m d M ･

tJ
l

- w f ･

M o r e si m ply , w e al s o s a y m
i s i n v a ri a nt if

z∑m ⊂乞m a n d w 三m ⊂ m .

A s i s w ell kn o w n , t h e p r o bl e ･ m of i n v a ri a n t s u b s p a c e s
of L

2

( T
2

) o n th e 2
- di m e n si o n al

t ｡ r u s ｡ r e v e n i n t h e c o r r e s p o n di n g H
2

( T
2

) i s m o r e c o m p li c a t e d th a n t h a t of L
2

( T) I

If M z m - 那 a n d M
u
m - 那

,
m i s c al l e d d o u bly m v a ri a n t ･ Ⅰ七i s w ell kn o w n t h a t :

Le m m a 2 . 2 . 2 ([1 0 , L e m m a 3]) E v e ry d o u bly i TI V ( m : a n t s u b s p a c e of L
2

( T
2

) i5
･

Of i .]L e f o r m

x E L
2

( T
2

) , w h e r e x E i s a c h a r a ct e ri sti c f u n cti o n of B o r el s et E ⊂ T
2

･

w e s h all s a y m i s si m ply m v a ri a n i if M E m ≡ m a n d M w 邪 ⊆ 那 ･ T h e si m ply i n v a ri
-

a n t s u b s p a c e s of L
2

( T
2

) a r e n o 七f u lly kn o w n , t h ei r s t r u ct u r e b ei n g m u ch m o r e c o m p li c
a t e d ･

B u t th ey h a v e b e e n st u di ed i n v a ri o u s w a y s ( cf ･ [9 , 1 0 , 19 , 2 0 , 2 1 , 2 2 , 2 8 , 3 2 , 3 3] , e t c ･) I

I n 〔2 8] , t h e i n v a ri a n七 s u b s p a c e s 那 of H
2

( T
2

) of th e B e u rli n g f o r m w e r e c h a r a ct e ri z e d a s

l O



t h e s u b s p a c e s o n w h
i ch m u ltipli c a ti o n o p e r a t o r s M ～

, a n cI M w a r e d o u b ly c o m m u ti n g (t h a t

i s
,
M
zl m c o m m u t e s w it h M 紬) ･ W e n o t e t h a t if 那 is a n i n v a ri a n t s u b s p a c e , t h e n M EI m

c o m m u t e s w it h M wl m ･

T h e . r e m 2 . 2 . 3 ([2 8 , T h e o r e m 2]) A n i n v a ri a n t s u b sp a c e m ≠( 0)
of H

2

( T
2

) is of f o r m

q H
2

( T
2

) w ith q i m l e r f u TI Ct
J

L

'

0 71 if a n cl o llly if M .
- a n d M - a r e d o u bly c o m m u ti n g

o T- m ･

B y u si n g S l o ci li s ki
'

s W ol d -ty p e d e c o m p o siti o n ( cf ･ T h e o r e m 2 ･ 3 .2) , th e g e n e r al i z a ti o n

^

｡ f T h e ｡ r ｡ m 2 .2 .3 f oll o w s . H l ( r e s p . H 2) is t h e s p a c e of al l f ∈ L
2

( T
2

) s o t h a t f( m , n)
- 0

f . r m < 0 ( r e s p . n < 0) a n d L l ( r e s p ･ L 2) is t h e s p a c e of a ll f ∈ L
2

( T
2

) s o 七h at

^

I( m , n) - O f o r n ≠0 ( r e s p ･ m ≠0) I

T h e . r e m 2 . 2 . 4 ([1 0 , T h e o r e m 2]) L et 況 b e a n i n v a ri a n
t s u b s p a c e o f L

2
( T
2

) I T h e n M ･7

a n d M w a r e d o u b ly c o m m u ti n g o n m if a n d o n ly i
f

m -

q H
2

( T
'

2

) + JY E l q l H l + }Y E 2 q 2 H 2 + J
l
,

E L
2

( T
2

)

w h e r e q , q l , q 2 a r e u n i m
o d u l a r f u n cti o n s

" y E ∈ L
2

( T
2

) , x E l ∈ L 2 a n d /i
/

E ,
∈ L l ･

I n [3 2] , t h e i n v a ri a n t s u b s p a c e 那 of L
2

( T
2

) w i七h 那 e M - 那 - ( 0) w a s p ai d aセセe n ti o n

t o .

T h e . r e m 2 . 2 . 5 ([3 2 , T h e o r e m .5]) L ei m b e a T- i n v a ri a ,,i s u b s p a c e of L
2

( T
2

) a n d 那 e

M
w
那 - 6 w ≠(0) ･

(1) M z b
～

w
- 6

w
if a l- d o llly if

m -

x E l q H 2 0 /y E , L
2

( T
2

.

)

w h e r e q i s a u n i m o d
u l a r f u rL Cii o rl , /i

,

E
l
∈ L l , ,Y E l + x E 2 ≦1 a ･ e -

(2) M z 6 w ⊆ 6 w if m d o nly if

m - q H
2

( T
2

)

w h e r e q i s a u n i m o d ul a r f u rl Cti o n ･

1 1



R e m a r k 2 . 2 . 6 A s i s w riセセe n i n [10] , T h e o r e m 2 ･2 ･5 a n d T h e o r e m 2 ･ 2 ･3 a r e c o r o ll a ri e s

of T h e o r e m 2 . 2 .4 .
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2 . 3 D e c o m p o siti o n s

w old i n t r o d u c e cl , i n a p r o b a bili sti c l a n g u a g e , a r e m a r k a bl e d e c o m p o siti o n f o r s t a
-

ti o n a ry st o ch a sti c p r o c e s s e s (【4 5】) ･ T h e st u d y of i s o m et ri c o p e r a t o r s o n H ilb e rt s p a c e s i s

r e d u c e d t o th e st u d y o f u nit a r y o p e r a t o r s a n d u nil a t e r al s hift s ･

A ( u nil at e r al) s hift i s a n o p e r a t o r S o n a Hilb e rt s p a c e 7i u n it a rily e q u i v al e n t t o

m u ltipli c ati o n b y t h e i n d e p e n d e n t v a ri a bl e
-
r o n a c e rt ai n H a r d y s p a c e o n t h e t o ru s T A

M o r e p r e ci s ely , t h e r e e xi st s a H ilb e rt s p a c e W a n d a u nit a r y o p e r a t o r U : 7i → H
2

( T) o W

s u ch 七h at S - U
*

( 1 = ⑳I) U (th e s y m b ol
"

⑳
"

d e n ot e s th e I
-

Iilb e rti a n t e n s o r p r o d u ct) I T h e

f oll o w i n g Ch a r a c t e ri z a ti o n ill u st r at e s th e s hift
'

s g e o m et ri c al st ru ct u r e : a n i s o m
e t r y S o n

T[ i s a s hift if a n d o n ly if th e r e e xi s t s a s u b s p a c e W s u ch t h a t 7i
- ∑ o n ≧o S

n

W ･ W i s

u n iq u e ( W - k e r S
*

) a n cl i s s ai cl t o b e t h e d ef e ct o f S I

A n o p e r at o r V o n 7i i s s aid t o b e r e d u c e d b y a ( cl o s e d) s u b s p a c e 7i o ⊂ 7i if 7i o i s

i n v a ri a n t u n d e r b o t h V a n d V
*

,
th a t i s

,
V 7 i o ⊂ 7i o a n d V

*

7 i o ⊂ 7t o ･

T h e o r e m 2 . 3 . 1 ( W old [3 7] , C h a p t e r 1) F o r a n y i 5
･

O m et r y V o n ～ th e r e c o r r e s p o n d s a

u r u

'

q u e o rth o 9 0 n al d e c o
･

m p o siti o n of th e f o r m

′

托 - 7i lL O 7i s

s u ch th a t V i s r ed u c ed b y 7i u i o a u 71it a ry o p e r at o r a T-d b y 7 i s t o a s hiP ･ M o r e e x a ctly ,

7i u - n V
n

7 i

n ≧0

a n d

7i s - ∑㊦V
n

W

n >
_

0

w h e r e W = k e r V
*

.
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w e w a n t t o u n d e rli n e t h e i m p o rt a n c e of t hi s d e c o m p o
siti o n i n i n v a ri a n 七 s u b s p a c e 七h e o ry

･

I n [42] , a n e x t e n si o n of t h e W old
-t y p e d e c o m p o siti o n i s gi

v e n f o r t w o d o u bly c o m m u ti n g

i s ｡ m et ri e s . L e t V - ( V l , V2) b e a c o m m u ti n g i s o m et ri e s o n a H ilb e r t s p
a c e 7i a n d p =

(p l , P 2) b e a p ai r of i n t e g e r s ･ W e u s e th e n ot a ti o n V P f o r ; V I
P I V
2

P 2
if p l , P 2 >- 0

I

,
V:
lp IL v

2

P 2

if p l < 0 , p 2 >_ 0
･

,
V
2

･l p 21 v
I

P l
if p l ≧ 0 , p 2 < 0

I

,
V l
･I p ll
v 2
･Ip 21
if p 1 7 P 2 < O I

T h e . r e m 2 . 3 . 2 ([4 2 , T h e o r e m 3]) T o a T- y d o u bly c o m m u i
i n 9 i 5

･

O m et ri c p a i r V
- ( V l , V 2)

th e r e c o r r e sl n r- d s a u n iq u e o rth o9 0 ?- αl d e c o
･

m p o siti o m of t h e f o r m

7i = Tt u u O 7[ u s ⑳ 7t s u ㊦ Tt s s

s u ch th at 7i α 1 ｡ 2 r e d u c e s Vi t O a u llii a r y o p e r at o
r if αi - 1L a n d t o a u n il at e r al s 岬 if

α ,

L

･ - a
,
乞 - 1

,
2 ･ M o r e e;1: a Ctly ,

7i
u u

- n V l
m

7i n n V 2
n

7i

m ≧O n ≧0

7t u s - ∑ ¢V 2
n

( n V l
m

W 2)
n ≧O m ≧0

7 L s u - ∑ ①V l
m

( n V 2
n

W l)
m ≧O n ≧O

a n d

Tt s s - ∑ o v
占w

p ∈Z
2

+

w h e r e W l - k e r V
l

*

,
W 2 - k e r V

2

*

a l- d W - W l n W 2 ･

D e fi n iti o n 2 . 3 . 3 ([4 1]) L e t 7i b e a H ilb e rt s p a c e a n d V
- ( V l , V 2) b e a c o m m u ti n g p ai l

'

｡f i s o m et ri e s (i n s h o rt , a bi
-i s o m et r y) I W e s h al l s a y t h a t V i s

･

,
a bi - u n it a r y o n 7i if t h e

b ot h V l a n d V 2 a r e u n it a r y o p e r a t o r s o n 7i ; a u ,
u

'

t a ry
- s hift o n 7i if V l i s a u nit a r y a n d

v , i s a s hift o n 7 i ; a sh ip
-

u n it a r y o n 7i if V l i s a s hift a n d V 2 i s
a u n it a r y o n †上 ; a

w e a k bi - s hip if

vILn i ≧O k e r VI Vi ,
V 2ln

, ≧o
k e r V ; V ,

i a n d V I V 2 a r e S h if t s o n 7i 1

1 4



p o p o v i ci
o bt ai n e d s u ch a W old -ty p e d e c o m p o siti o n f o r a n a r bit a r y bi

-i s o m e t r y 7 t h e

bi - s hift p a rt ?イs s b e in g r e pl a c e d b y th e w e a k b トs h ift p a r七 T[ w s ･

T h e o r e m 2 . 3 . 4 ([4 1 , T h e o r e m 2 .8]) L et V - ( V l , V 2) b e a bi
-i s o m et r y o n 7i ･ T h e n th e r e

i s a u lliq u e o rt h o g o l- a
l d e c o ･

m p o siii o 円 Of t h e f o r m

T[ - 7i u u O 7 i u s ⑳ 7i s u O 7i w s

･

L

･

n i o , ed u ci r19 S u b s p a c c s f o r V s u c h th a = ′l71 u u i s a bi
- u n it a r y , V171 u 5 i s a u m ii a r y

-

shift ,

vl,1 s u i s a s h ,ift
- u l-iL･ a r y a T-♂ Vl71 w s

,i s a w e a k b
/

i - s hift ･ A ,l o r e e x a ctly ,

･

u u u - ∩( v I V 2)
n

7[
,

n >
_

0

J

u u s - ∑o v 2
n

( n v i
m

(n k e r V 2
*

V
l

i

))
n ≧o m ≧O i >

_

0

a ll d

Tt s u - ∑ o v l
m

( n
m > O n > 0

∩
(
:

. I

け
▲

k e ･r VI V2
]

)) I

R e m a r k 2 . 3 . 5 I n th e a b o v e th e o r e m , p u tti n g 7i u
L

u

- 7i u s 0 7i s u 0 7[ w s , t h e o rt h o g o n al

d e c o m p o siti o n

7i - 7i u u 母 7i u
i

u

c oi n s cid e s w it h t h e W old d e c o m p o sit o n a 七t a cb e d t o t h e i s o m e t
r y V I V 2 .
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2 . 4 U n it a r y s y st e m s

F o ll o wi n g D ai a n d L a
r s o n [5] , a u T"Tt a r y s y st e m u i s a s u b s e t o f 七h e u n it a r y o p e r a t o r s

a cti n g o n a s e p a
r a bl e H il b e rt s p a c e 7i w hi ch c o n t ai n s 七h e id e n tit y o p e r at o r I ･ A n o r m

O n e el e m e n t ¢ ∈ 7i is c all ed a w a n d e ri n g V e ct o r f o r u if 乙付
- i U * : U ∈ u) i s a n

｡ rt h o n o r m al s et; t h a t i s , ( U 4 , , V 4 ,) - 0 if U
,
V ∈ u a n d U ≠ V ･ If 乙付 i s a n o r h o n o r m al

b a si s f o r ナ[
,
t h e n 4 , i s c all e d a c o

l

m Pl e t e w a n d e r
)

i 7-g t7 e C t O r f o r a . T h e s e t o f al 1 c o m pl e t e

w a n d e ri n g v e c t o r f o r a i s d e n ot e d b y W ( u ) I

If U a n d V a r e u nit a r y o p e r at o r s i n B (叫 ,
w e w rit e u u

,
v

- ( U
m V n ‥ m

,
n ∈ 21) ･

u nit a r y s y st e m s o f thi s f o r m h a v e a n i m p o rt a n c e i n w a v el et
t h e o r y ( a b o u t w a v el et th e o ry ,

w e r ef e l l t O [1 , l l , 26 , 3 6 , 46] , e t c ･) . If U a n d V s a ti sfy t h e r el a ti o n U V
- e
2 r iO
v u w it h

o ∈(o , 1) a n i r r a ti o n al n u m b e r , th e n w e c all u u . v
a n i r r r a ti o n al r o t a 七i o n u nit a r y s y st e ･ m ･

If u i s a u n it a r y s y st e m a n d ¢∈ W ( u
l

) , th e l o c al c o m m ut a n i C 4,( u) a t ¢i s d e丘n e d b y

( v ∈ β(7i) :( V U
- U V)

J

¢ - 0 ,
∀ u ∈ u ) ･ A u s ef ul r e s ult i s th e o n e - t o - o n e c o r r e s p o n d e n c e

b et w e e n th e c o m pl et e w a n cl e ri n g v e ct o r s a n cl th e ･ u n it a r y o p e r a
t o r s i n C *( a):

p r . p o siti o n 2 . 4 . 1 ([5 , P r o p o siti o n l 1 3]) L ei u b e a u n it a ry s y st e m ･ S u p p o s e 4 , ∈ W ( u ) ･

T h e rュ

w ( u) - u ( c ゆ( u))
L

4 , - ( V 4 , : V ∈ U( C ゆ( u))) I

M o r e o v e r , ik e c o r r e s p o n d e n c e

U( C 4,( u)) ∋ V ト 1 V ¢∈ W ( u)

1 6
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T h e f o ll o w i n g r e s u lt i
s al s o i n t e r e sti n g ･

L e m m a 2 . 4 . 2 ([5 , L e m m a l ･1]) If u b e a u n it a r y s y st e m a n d
if x i s a c y cli c v e ci o r f o r

u
,
th e rL

(1) a
. i s 5

･

e P a r ati rl g f o r C x(u) I

(2) If u i s a s e m ig r o u p , th
e n C c( u) - u

′
･

p r o o f . (1)If A ∈ C T( u) a n d
if A a: - 0

,
七h e n f o r a n y U ∈ u w e h a v e A U x

- U A x - 0 ･ S o

A U LT - 0
,
h e n c e A - 0 ･

( 2) T h e in cl u si o n
"

⊃
つつ

i s t ri vi al ･ F o r
"

⊂
"

,
s u p p o s e A ∈

C
T( u
L
) ･ T h e n f o r e a ch U , V ∈ u

w e h a v e U V ∈ u , a n d s o

A U ( V x) - ( U l/) A IL
l

- U ( A V lr;) - U A( V a:) ･

s ｡ si n c e V ∈ u w a s a rb it r a r y a n d lu ll,]
- 7t , i七f o ll o w s th at A U

- U A ･

T hi s s e cti o n w ill b e c o n cl u d e d w it h a f e w e x am p
l e s o f a u n it a r y sy st e m ･

E x a m p l e 2 ･ 4 ･ 3 ([5]) L et T a n d D b e t h e
o p e r a t o r s o

n L
2

( 温) d e丘n e d b y

( T f)(i) - I(i
- 1) ( m d ( D f)(+)

- Jif(2i) , f E L
2

( A) , f ∈ R ･

T h e n th e y f ail t o c o m m u
t e
,
b u t f o r i ∈ L

2

( a) w e h a v e

( T D f)(ま) - T( J 5f(2i))
- J if( 2(i

- 1)) - J if(2 t
- 2) - ( D T

2

f)(i) -

s o T D = D T
2

. L et

u D
,
T
- ( D

m

T
n
: m

,
n ∈ Z) I

T h e n u D , T i s a u n it a r y
s y st e m ･

P a rti c ul a rly , u D 7 T i s c all e d a w a v c
l ei s y si e m ･ If ゆ ∈

w ( u D , T) , t h e n ¢i s c all e d a
w a v el e t .

17



E x a m pl e 2 ･ 4 ･ 4 ([5 , E x a m pl e l 19]) L e t ( e n) = - -

∞
b e a n o rt h o n o r m a l b a si s f o r l

2

( z;) , a n d

l e t S e n - e n + 1
b e th e bil a t e r al s hift o f m ultipli ci七y o n e ･ L et u - †S

n

: n ∈ 玄) b e t h e

g r o u p g e n
e r a t e d b y S ･ E a c h e n i s i n W ( u ) ･ B y P r o p o siti o n

2 ･ 4 ･1 a n d L e m m a 2 ･4 ･ 2 p a r t

( 2) ,

w ( u) - ( v e o : Ⅴ ∈ U(( S)
I

)) ･

H e r e i S)
/
c o i n cid e s wi th th e s et of L a u r e n t o p e r at o r s I L e t T b e th e u n it ci r cl e t If w e

r e p r e s e n t s o n L
2

( T) i n th e u s u al w a y b y i d e
n tifyi n g it w it h t h e

m u ltipli c a ti o n o p e r
a t o r

M
"
t h e n U(( S)

/

) i s id e n tiA e d w it h ( m u lti p
li c ati o n b y) t h e s e t of u n i m o d u l a r f u n c

ti o n s o n

T
,
a n d e o i s id e n tirl e CI w it h t h e c o n

s t a n t f u n cti o n l ･ T h e n P r o p o siti o n 2 A ･ l j u s t r e c o v e r s

th e w ell - h o w n f a ct t h a t th e s e t o f c o m p
l et e w a n d e ri n g v e

ct o r s f o r t h e s hift c o i n ci d e s

( u n d e r t hi s r e p r e s e n t a ti o n) wi
th th e s et o f u n i m o d ul a r f u n cti o n s o n T ･ I n thi s c a s e W ( u)

i s cl e a rly a cl o s e d , c o n n e c t e d s
u b s et o f th e u n it b all o f 7i i n th e n o r m t o p ol o g y

w it h d e n s e

li n e a r s p a n ･

1 8



C h a p t e r 3

I r r a ti o n a l r o t a ti o n u n it a r y s y s t e m
s

3 . 1 I r r a ti o n a l r o t a ti o n C
*
- a l g e b r a s

A C
.

- alg e b r a i s a B a n a ch
* -

alg el "
.

a A w it h t h e a cld iti o n al n o r m c o n diti o n

II A
*

AIl - ll All
2

f o r all A ∈ A ･

w e s ay 七h a七 a n el e m e n
七 A of a C

*
- a lg e b r a A i s s elf

- a dj oi n i if A - A
*

; 7 W r m al if A
* A -

A A
*

; u n it a
r y if A

･

A - A A
*
- I ･

, p o siti v e , w e
w rit e A ≧ 0 7 if A

- A
*

a n d t h e sp e ct ru m

g( A) - (入 ∈ a
･

･ 入I - A i s n o t i n v e rtibl e) i s c o n t a i n e d i n th e R o n
-

n e g ati v e r e al 1i n e [0 っ -
■
) ･

A p o siti v e li n e a r f u n cti o n al I o n a C
*

- al g e b r a i s a li n e a r f u n
cti o n al s u ch th a t i( A) ≧ 0

w h e n e v e r A ≧ 0 ･ A st at e i s a p o siti v e l
i n e a r f u n c ti o n al o f n o r m l ･ A r e p r e s e n t ati o n o f a

c
*

- alg e b r a A o n a H ilb e l
l

七 s p a c e 7i i s a
* - h o m o m o r p hi s m f r o m A i n

t o β( 叫 ･
M o r e a b o u t

c
*

-

alg e b r a , w e
r ef e r t o [3 , 4 , 6 , 23 , 27 , 3 1 , 3

9
･
4 3
, 叫 7

e t C ･
･

A n i r r a ti o n al r o t a ti o n a
.

- al g e b r a i s a C
*

- alg eb r a g e n e r a t ed b y
a p a ll

･

O f u n it a r y el e
-

m e n t s 乙J a n d V w hi c h s a ti sfy t h e r el ati o n

u v = e
2 打iβv u

w h e r e 0 E ( 0 , 1) i s a n i r r ati o n al n u m
b e r ･

1 9
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F o r a n y c o n st a n t s 人, p o n 七h e u n it ci r cl e (l入L - lpl - i) , t h e u n it a r y p ai r (人U ,√t v)

s a ti s丘e s (i) I T h u s t h e r e i s a n e n d o m o r p hi s m p ^ .～ of A 8 S u c h t h a七 p ,1 , p( U) - 入U a n d

p ^ ,～( V) -

p V ･ L e t cr -

pT
,T P 入. p

･ S i n c e c,( U) - U a n d q( V) - V
,
w e h a v e q - I ･ T h u s

p ,1 , p IS a n a u t O m O rp h i s m ･

F o r e a c h 丘Ⅹe d A i n A @ , t h e m a p f r o m lr
2
t o A G gi v e n by f A( A , p) -

p l , p( A) i s n o r m

c o n t in u o u s ･ T o v e rify th i s , n o ti c e th a t it i s t ru e f o r all li o n
-

C O m m u ti n g p oly n o mi al s i n

U
,
V
,
U * a n cI V * . T h e s e a r e cl e n s e a n d a u t o m o r p hi s m s a r e c o n t r a cti v e; s o th e r e s t f oll o w s

f r o m a si m pl e a p p r o x i m a ti o n a r g u m e n t .

D e fi n e t w o m a p s o f A c i n t o it s elf b y th e f o r m u l a

@ 1( A) -

◎2( A) -L
l

p l
,
e
2 汀i 亡(
■
A) di

p e 2 m
･

E
,
I( A) di .

a n d

T h e s e i n t e g
･

r al s m al ( e s e n s e a s Ri e m a n n s u m s b e c a u s e th e i n t e g r a n d i s a n o r m c o n ti n u o u s

f u n cti o n . S o m e o f th e ni c e p r o p e rti e s of t h e s e m a p s a r e c a pt u L
･

e Cl i n th e f oll o wi n g t h e o r e l n .

A n e .T P e Ct a ti o rl O f C
*

- al g el) r a o n t o a s u b al g e b r a i s a p o siti v e , u n it al id e m p o 七e n t m a p .

E x p e c t a ti o n s o c c u r f r e q u e n tly l n t h e st u d y o f o p e r a t o r al g e b 1
･

a S
,
a n d h a v e m a n y n i c e

p r o p e rti e s . T h e p oi n t o f thi s n e x t t h e o r e m i s t o s h o w t h a t ◎1 a n d ◎2 a r e e X p e Ct ati o n s ･

R e c all th a t a m a p ◎ i s c m li r a cti v e ifLI◎= ≦ 1 , id e m p ot e Tlt if ⑳
2
- ◎

,
a n d a p o siti v e m a p

i s f aithf ul if A ≧ 0 a n d ◎( A) - 0 i m pli e s th a t A - 0 ･

T h e o r e m 3 ･ 1 ･ 1 ([6 , T h e o r e m V I ･1 ･1]) ◎1 is p o siti v e c o n i r a cii v e i d e m l " t e n t a n d f ait hf ul,

a n d m a p s A c o Tli1 0 C
*

( U) ･ M o r e o v e r
,

@ 1(I( U) A g( U)) - f( U) @ 1( A)9( U)

f o r all I , g i n a( T) . F o r m y P n it e li n e a r c o m bi n ati o r - I( U
k
v
l
: k
,
I ∈ Z) ,

@ 1(∑ a k l U
k
v
l

) - ∑ a k O U
k

･

k
,
I k

2 0



I n a d d eiti o n
, f o r e v e r y A i ri A o ,

1
n

⊥

@ 1( A) -

n

l
i
m

m 訂T T ∑
u j A U

~ j

J =
- n

T h e c o r r e s p o n di n g r e s u lt s f o r ◎2 al s o h o ld . C o m bi n i n g 七h e m っ w e ol )t ai n :

C o r o ll a r y 3 ･ 1 ･ 2 ([6 , C o r oll a r y V I .1 .2]) T h e m a p T - ◎1 ◎2 - ◎2 ◎1 i s a f aiihf u l u n ii al

s c al a r J

U al u ed t r a c e o n A o .

W e h a v e e n o u g h s t ru c t u r e t o s h o w t h at T i s i n f a ct th e o nly t r a c e o n A o .

P r o p o siti o n 3 ･ 1 ･ 3 ([6 , P r o p o siti o n V I .1 ･3】) T i s th e u Tliq u e t r a c e O TI A c .

P r o o f ･ S u p p o s e t h a t pc i s a n o th e r t r a c e r o n A o ･ T h e n f o r a n y A i n A o , w e h a v e pc( A) -

FC( A U
~ j u j) - ,c( u j A U

-

i) . s o b y T h e o r e m 3 .1 .1
,

FC( A) - 1i m
n ヰ ∞ 2 n + 1

1i ロュ
n + & 2 n + 1

J曳 尺( 茄

I(( 1i m

1

I

1

.

i: a( A)
3 =

- T l

n

∑ a( U
j
A U l

'

･)
3 =

-

n

TZ .

了 ∑ u
j A U

- i
)

J =
-

n

r L

∑ u
j
A U

~ j
)

3 =
- n

､

n ヰ ･ L n 2 n + 1

- rt(a:) 1( A)) ･

Si mi l a rly , pc( A) - FC( ◎2( A)) I T h u s w e h a v e

FC( A) - f{(◎2( A)) - FC(◎1◎2( A)) - FC( T( A)) - 7
-

( A)

b e c a u s e pc( I) - I a n d T( A) is al w a y s a s c a l a r ･

N o w w e a r e p r e p a r e d t o p r o v e 七h e m ai n r e s u lt o f 七his s e cti o n , w hi c h i s t h e u n l q u e n e S S

of t h e C
*

- alg e b r a g e n e r a t e d b y u n it a ri e s s a ti sfyi n g H) I

2 1



T h e o r e m 3 . 1 . 4 ([6 , T h e o r e m V I ･1 .4]) A c i s si m pl e r T h u s if U
/

a rid V
'

a r e a n y u rlii a r y

el e m e 'li s s a ti sf yi T- 9 (千) , th e ri C
*

( U
′

,
V
/

) i s c a , w r u
'

c ally i s o rT W rPh i c i o A e ･

P r o o f . S u p p o s e 七h a t 3 i s a n o n
- z e r o id e al o f A 9 ･ T h e n t h e r e i s a p o siti v e , n o n

- z e r o

el e m e n t X i n 3 . S i n c e U j x u
- i b el o n g s t o 3 , th e li mi 七f o r m u l a f o r ◎1 Sh o w s th a t

n

⊥

◎1( X ) -

n

l
藍茄了了∑

u j A U
- i
∈ 3 ･

J =
-

n

Si m il a rly w e h a v e ◎2( X ) ∈ 3 ･ H e n c e 7
-

( X ) 1〕el o n g s t o 3
■

. B u 七 si n c e T i s a f ait h ful 七r a c e
,

T( X ) i s n o n - z e r o m u ltip l e o f t h e id e n tit y ･ T h e r ef o l
･

e 3
■

- A e ･

If U
'

a n d V
'

a r e a n y u n it a ry el e m e n t s s a ti sfyi n g (1) , t h e n t h e r e i s a c a n o n i c al h o m o
-

m o r p hi s m 4 , of A c o nt o C
*

( U
'

,
V
′

) s u ch th a t 4( U) - U
/

a n d ¢( V) - V
/

I Si n c e A 9 i s

si m pl e , t hi s h o m o m o r p hi s m m u st b e a n i s o m o r p hi s m ･
I

2 2

1



3 .2 R e p r e s e n t a ti o n o f i r r a ti o n a l r o t a ti o n u n it a r y s y s
-

t e m s

L et A 8 b e a n i r r a ti o n al r o t ati o n C
*

-

alg e b r a g e n e r at e d b y a p ai r o f u n it a r y el e
-

m e n t s U a n d V s a ti sfyi n g (†) . W e w ill c all 七h e s et u u
,
v

- ( U
m V

n

: m
,
n ∈ A) a n

i r r ati o n al r o t a ti o n u n it a ry s y st e m . If β is a C
*

- alg e b r a a n d A a n d B a r e t w o el e m e n t s i n

a s ati sfyi n g (1) , t h e n it i s k n o w n th a t th e r e i s a f ait h f ul * -i s o m o r p hi s m 7T f r o m A o i n t o a

s a tisfyi n g 7T( U) - A a n c1 7T( V) - B ( s e e [1 2] o r [4 0]) I

T w o r e p r e s e n t a ti o n s 7T l a n d 7T 2 0 f C
*

-

alg e b l
･

a A a r e c all ed u n it a rily eq u i v a l e n t if t h e r e

e xi st s a c o r r e s p o n di n g u n it a r y o p e r a t o r W s u c h t h at W 7T l( A) W
*

- 7T 2( A) fo r e v e r y A E A ･

A r e p 1
･

e S e n t a ti o n i s c al l e d f aith ,f ul if t h e m a p pi n g i s i nj e c七i v e . T h e n e x七t h e o r e m s h o w s

th at A 8 C a n b e r e p r e s e n t e d o n L
2

( T
E

A

) .

T h e o r e m 3 ･ 2 ･ 1 ([13 , T h e o r e m l]) L et A β b e a n i r r ati o n al r ot ati o n C
"

- alg e b r a w ith u n i
-

t a r y g e r ㍑ r a i o r s u , v f o r w h i ch u v - e
2 m

'

O
v u f o r s o m e i r r a ii o Tl al n u m b e r 0 ∈(0 , 1) . T h e n

,

u p t o u n
,

it a r y eq u
li v al e TI C e

,
th e r e e x i st s a u n iq u e f aithf ul r ep re s e n t ati o T一 打 Of A o o n L

2

( T
2

)

s u ch th at i r r a ti o n al r oまaii o T " 1 W
'

i a r y s y st e m u
- i U

m

V
n

: m
,
n ∈ 玄) , w h e r e U - 7T( u) - d

V - 7T( v) , h a s a c o m pl e t e w a n d e ri n g V e Ct O r ･ M o r e o v e r, W ( u) is a cl o s ed a n d c o T m e C
I

L ed

s u b s et of 7i a n d [ W ( u)] - L
2

( T
2

) ･

P r o o f . F o r e x i st e n c e of s u ch a r e p r e s e n t a ti o n 7T , l et u s c o n sid e r th e f oll o w i n g u n it a r y

s y st e m . L et ( z
m

w
n

: m
,
n ∈ Z) b e 七h e b a si s f o r L

2

( T
2

) I D eA n e u n it a r y o p e r a t o r s U , V o n

L
2

( T
2

) b y

u( z
m

w
n

) - z
m + 1
w
n

a n cI V ( z
m
w
n

) - 入
m

z
m

w
n + 1

,

w h e r e A = e
2 7Ti O

. T h e n U V = l V U f oll o w s f r o m

u v z
m

w
n

- u (A
- m

z
m

w
n + 1

) - A
-

m

z
m + 1
w
n + 1
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= 入人
-

( m + 1)
～
,
m + 1
w
n + 1

= 入V U z
m

w
n

.

T h u s u u , v i s a n i r r a ti o n al r o t a ti o n u n it a r y s y st e m
･ L et 7T b e t h e f aith f ul * -i s o m o rp hi s m

f r o m A e i n t o B ( L
2

( T
2

)) s u c h t h a t 7T( u) - U a n d 7T( v) - V , W e w ill s h o w t h at W ( a ) is a

cl o s e d a n d c o n n e ct e d s u b s et o f L
2

( T
2

) a n d [ W ( u)] - L
2

( T
2

) , w h e r e u - i U
m V n : m

,
n ∈

互) .

w e h a v e th a t u(1) - ( E
k
w
[
: k
,
l ∈ a) ･ S o 1 i s a c o m pl et e w a n d e ri n g v e ct o r f o r

u . M o r e o v e r
,
f o r a n y m , n ∈ 21 , w e h a v e u( ～7

m

W
n

) - ( A
- m l
z
m + k
w
b + I
: k
,
I ∈ A) , w hi ch

i s a n o rth o n o r m al b a si s f o r L
2

( T
2

) . T h u s i n f a ct z
m

w
n

∈ W ( a) f o r al 1 m , n ∈ Z ･ S o

[ w (u)] - L
2

( T
2

) , si n c e ( z
m
w
n
: m

,
陀 ∈ A) is a n o r th o n o r m al b a si s f o r L

2

( T
2

) .

L et A ∈ C ゆ( u) f o l
･

S O m e 4 , ∈ W ( u) I T h e r el a ti o n U V = 入V U i m pli e s t h at s p a n( a)

is a n alg eb r a . S o f o r e a c h S
,
T ∈ u , w e h a v e S T ∈ s p a n( a) I S o A S( T申) - (S T) A * -

s( A T)4 , - S A( T *) . S i n c e T ∈ u i s a rb it a r y a n cl[u *] - L
2

( T
2

) , it f o u o w s t h at A S - S A I

T h u s C ゆ( u) ⊂ u
/

. T h e i n cl u si o n
"

⊃
"

i s t ri vi al ･ T h u s C 中( a) - u
'

･ S o C¢(a) i s a Y o n

N e u m a n n al g e b r a ･ S i n c e 七h e u n it a r y g r o u p of a v o n N e u m a n n al g e b r a i s n
o r m c o n n e ct e d

っ

w (u) - u( u
'

)* i s n o r m
-

p a t h w i s e c o n n e ct e d ･

w e cl ai m t h a t t h e v o n N e u m a n n al g e b r a W
*

( u) g e n e r at e d b y U a n d V i s fi nit e a n d s o

i s it s ｡ ｡ m m u七a n t u
/
. L e t ¢ ∈ W ( u) b e a r bit a r y ･ Fi r s七 w e sh o w 七h a t( A B 4

,
,*) - ( B A ¢,¢)

f o r al1 A
,
B ∈ W

*

( u) ･ It i s e n o u gh t o v e ri
･

fy t h a t t hi s h old s f o r A
- ti m v n

,
B - U

L･
v
I

w it h m
,
n
,
k
)
l ∈ 2:

,
si n c e t h e li n e a r s p a n o f u i s a n al g e b r

a ･ I n f a ct
?
t hi s f oll o w s f r o m

( u
m

v
n

u
k
v
1
4 , ,4 ,) - e

- 2 n k m
'

0

( u
m ' h v

n ' E
榊 )

F
円
一

g

n
U

0

n
U

0

(
(
≠
ニ

訂
肌
u
一

-

円

l
れ
u
一

†

`
▼

l

･■b

+

+

乃

陀

た

た

+

+

m

m

.′
し

(
相打たれ2

Tj.=
こ

0

β
し
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k
v
l
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v
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T h u s 4 , i s a t r a c e v e ct o r of W
*

(u ) . N o t e th a t ゆis al s o a c y cli c v e ct o r f o r W
*

( u) ,

si n c e 乙付 i s a n o rt h o n o r m al b a si s f o r L
2

( T
2

) I T h u s
,
b y L e m m a 2 ･ 1 ･5

, ¢is a j oi n t c y c ,li e

t r a c e v e ct o r f o r W ( u) a n cl u
'
･ B y T h e o r e m 2 11 ･6

,
thi s i m pli e s t h a t b o t h w

*

( u) a n d a
/

a r e fi nit e v o n N e u m a n n alg e b r a s ･

F o r th e cl o s e d n e s s o f W (a) , s u p p o s e th a t (4 , n) i s a s e q u e n c e i n W ( u) c o n v e r gi n g i n

n o r m t o a v e ct o r 17 . Fi x 4, ∈ W ( u) . T h e n b y P r o p o siti o n 2 ･4 ･1
,
si n c e C ¢(a) - a

/

,
t h e r e

a r e u nit a r y o p e r a t o r s V n ∈ u
/

w ith * n - V n¢, ･ I n o r d e r t o s h o w t h at り ∈ W ( u) , a g ai n b y

p r o p o siti o n 2 . 4 . 1
,
it i s e n o u g h t o s h o w t h a t

17
- W * f o r s o m e u nit a r y o p e r a t o r W

'

i n u
'

･

L e七( U n L.) b e a s u b s e q u e n c e o f i V n) s u c h t h at U n k → U o i n t h e w e a k o p e r a t o r

t o p ol o g y -f o r s o m e o p e r at o r tJ o ∈ u
/

I T h e n U
n た4 , → n i n n o r m a n d U n L.4 , → U oゆ

i n 七h e w e ak t o p o l o g y o n L
2

( T
2

) . s o T7 - U o
L

¢･ N o w f o r a n y i ∈ L
2

( T
2

) , w e h a v e

l( U n
*

k
( U n k申

- U o4 7) ,I)I ≦1l U n たぜ7
- U o4 ,L川flI → 0 a n d ( U o4 , , U n kf) → ( U o4 , , U of) -

( U o
* U o* , I) I T h u s

(* , I) - ( U n
*

た
U n k4 , , i)

- ( U n
*

た
( U n た4 ,

- U o*) ,I) + ( U o* , U n たf)

+ ( U o
*

U o * , I) I

w hi ch i m pli e s th a t U o
*

U o* -
L

¢, ･

si n c e ¢i s c y cli c f o r s p a n ( u) , it f oll o w s th at 4 , s e p a r a t e s u
'

･ S o si n c e U o
*

U o ∈ u
l

a , n d

( u o
*

u . - I)4 , - 0 , w e g e t U .
*

U o - I ･ B u t u
/

i s fi n it e
,
s o U o i s a u n it a r y i n u

'

a s r e q u i r e d ･

L et 7T l a n d 7T 2 b e f ait hf u l r e p r e s e n t a ti o n s o n Hilb e rt s p a c e s
'

托1 a n d 7i 2 , r e s p e cti v ely ,

s u th t h a t u L,i . Vi h a s a c o m pl et e w a n d e ri n g v e ct
o r 4 ,i , W h e r e U i - 7Ti( u) , Vi - 7Ti( v) , i - 1

,
2 ･

s i n c e u
,
v a r e g e n e r a t o r s f o r A o , w e o n ly n e e d t o p r o v e t h at

th e r e i s a u n it a r y o p e r a t o r

w s a ti sfyi n g W U l Ⅳ
*
= U 2 a n d T W I W

*
- V 2 . F o r 七his p u r p o s e , w rit e 此 - u

l

r
L

V
i

n

¢i

f . r i = 1
,
2 a n d m

,
n ∈ 21 . T h e n (4 ,a

)
,
n
: m

,
n ∈ z) i s a n o rt h o n o r m al b a si s f o r 7i i ･ D e A n e

w : 7i l → 7[ 2 b y W 4 ,臥 - ¢Si
2

,

)
n f o r al 1 m , n ∈ 盗･ T h e n W i s a u nit a r y o p e r a t o r , a n d
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w e h a v e

a n d

w u 14 ,Li
l

,

)
n
- W U I U l

m

V
l

n

4 ,1 - U 2 U 2
m

V
2

n

* 2 - U 2 W 4 ,t!
,

)
n

w v l*£ミ
,

)
n

- W V I U l
m

V
l

n

申1 - e
- 2 m

l

m β
Ⅳ u
l

m

V
l

n ' 1
4 ,1

- e
- 2 m

'

m O
u
2

m

V
,

n ' 1
¢2 - V 2 U 2

m

V
2

n

ゆ2 - V 2 W 砿王
.

)
n

.

T h u s W U I W
*
- U 2 a n d W V I W

*

- V 2 , Si n c e th e s e r el ati o n s h old o n a n o rth o n o r m al

b a si s f o r 7i l . H e n c e 7r l a n d 7T2 a r e u n i七a rily e q u l V al e n t ･
l

26



C h a p t e r 4

I n v a ri a n t s u b s p a c e s o f L
2
( T
2
)

f o r c e r t a i n v o n N e u m a n n a lg e b r a s

4 . 1 ⅠⅠ止r o d u c ti o n

I n thi s s e c ti o n , w e i n t r o d u c e th e f o u r u nit a ry o p e r at o r s a n d c
o n s t r u ct t h e c e rt ai n

v ｡ n N e u m a n n al g e b r a s w hi ch a r e Ⅱ1
-f a ct o l ･ S , L et 0 b e a n i r r ati o n al n u m b e r i n (0 - 1) ･ W e

c o n sid e r t h e u n it a r y o p e r at o r s o n
L
2

( T
2

) s ati sfyi n g :

L
ヱ( g
m

㌦) - Z
m + 1
w
n

,

L
w( z

m

w
n

) - e
~ 2 m

'

m O
-7
m

W
n + 1

,

R ヱ( z
m

w
n

) - e

M 2 汀i n O
-

7
m + 1
w
n

a n d

R
w( ～r

m
w
n

) - g
m

w
n + 1

,

w h e r e ( I , w ) E T
2

. A s i n th e p r o of o f T h e o r e m 3 ･2 ･1
,
w e h a v e

L
z
L
w
- e
2 q i 8
L u L z a n d R w R z - e

2 m
'

8
R z R w ･
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If w e d ｡ 血 e J A l = A
･

l f o r al 1 A ∈ i: , t h e n J i s a c o nj u g a t e li n e a r i s o m et ry fr o m L
2

( T
2

)

o n t o L
2

( T
2

) . s i n c e L誌L ㌢( 1) - e
~ 2 m

'

m n O
z
m

w
n

,
w e h a v e

J( z
m
w
n

) - J( e
2 m

'

m n C
LニLT( 1)) - ( e

2 m
-

m n O
LニL T)

*

(1)

- e

- 2 打i m n O L ;
m

Lニ
n

(1) - a
- 2 m

'

m n O L
_
=
m

w
- n

- e

~ 2 m
-

m n O
z

~

m

w

-

n

T h u s w e s e e J L z J = R
E

琳

a n d J L w J - R
w

*

. L et i: ( r e s p ･ n) d e n o t e th e v o n N e u m a n n

al g e b r a g e n e r a t e d
b y L ., a n d L w ( r e s p ･ R

=
a n d IL

O) , th e n J i: J - 粥 a n d J 釈J - i:
. If w e

d e丘n e T( A) - < A l , 1 > f o r all A ∈ £, t h e n T
i s a u ni q u e f ait hf u l t r a ci al

st a t e o n i: ･ S o

w e h a v e

p r o p o siti o n 4 = . 1 . 1 £ a 陀d 釈 a r e IIl j a ct o r s ･ M o r e o v e r , i: - 肝 a n d 粥
- £
'

･

T h u s w e s h all c al l i: a n d 粥 七h e l eft v o n N e u m a n n alg eb r a a n d th e A
l

igh t v o n N e u m a n

alg eb r a , r e s p e c七i v ely ･ Ⅱ1
-f a ct o r i s a n i m p o l

･t a n七 cl a s s i n t h e t h e o r y of Y o n N e u m a n n

al g e b r a s . If 0 s h o u ld b e a n i n t e g e r , th e n i
: a n d 沢 a r e e q u al t o W

*

( M " M w) っ w hi ch i s

i s ｡ m et ri c t o L
∞

( T
2

) . T h u s it i s a m a x i m al a b eli a n v o n N e u m a n n alg el〕r a ( n a s a) . M a s a

i s al s o a n i m p o r t a n t cl a s s i n
th e th e o r y o f v o n N e u m a n n alg e b r a s ) b u t it i s th

e o p p o sit e

sid e of Ⅱr f a ct o r .
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4 . 2 B e u rli n g
- T y p e i n v a ri a n t s u b s p a c e o f L

2

( T
2

)

I n thi s s e cti o n
,
w e i n t r o d u c e th e n oti o n s of l eft -i n v a ri a n t a n d rig h t i n

v a ri a n t ･ O u r

g o al o
･f thi s s e cti o n i s t o ch a r a ct e ri z e th e B e u rli n g

-t y p e l eft
-i n v a ri a n t s u b s p a c e s of L

2

( T
2

) I

L e t i:
+ ( r e s p . 粥

十) d e n o t e th e g
-

w e a kly cl o s e d s u b alg e b r a
of i: ( r e s p ･ n ) g e n e r a t ed

b y 七h e p o siti v e p o w e r s of L E a n d L w (r e s p ･ R
ヱ
a n d l L ･) ･

D e fi n iti o n 4 . 2 . 1 L e i m b e a cl o s e d s ub sp a c e of L
2

( T
2

) . w e s h a ･ll s a･y ih at 邪 i s; l eF
-

･

i n v a ,i m L･
,
if i: . m ⊂ m ; l eP

- r ed u ci n g , if i: 珊 ⊂ m ; l e舟p u r e , if m c o n t aiT- S n ･ 0 蜂

r e d
l

tL Ci ,叩 S u b s p a c e; l eft
-f ull , if ik e s m all e st l eP

- r e d u ci n9 S u b sp a c e c o t,
･t ai ni n 9 邪 is all

of

f J
2

( T
2

) ･ T h e r
,

L

･

9h i
- h a n d v e r si o ll S Of th e s e c o l- C e Pi s a r e d eB n ed si mril a rly ･

R e m a r k 4 . 2 . 2 L et m b e a cl o s ed s u b sp a c e of L
2

( T
2

) ･ T h e n 那
･

i s l eP -i n pt, a ri m t if a nrd

o nly if L E W ⊂ m a n d L w m ⊂ m ,
lej h

l

ed u ･ ci n 9 q a n d o r71y if th e re e xi st s
a p r vj e cti o 17

p ∈ 粥 5 礼C h th a t 那 = P L
2

( T
2

) , l eP
-

p u r e if a ･ n d o n rly if n - ,
n ≧o
LT L

n

-

m - ( 0) , a '- d l e#
-

f u ll if a n d o rLly if U m , n ' o L T

s i m il a rly .

L I:i ,9)i
= L
2

( T
2

) ･
T h e ri9 hi

- h , a n d v e r si o n s of ibi s p r o p e rt y h ,old

L e m m a 4 . 2 . 3 L e t m o - ∑ o m , n≧o L ヱ
m
L
w

n

[q] f o r s o m ,e n o r m o n e el e m e n t q of L
-

2

( T
2

) I

T h e n th e r e e .Ti st s a u n it a ry o p e , a
t o r V ∈ 択 5 ⅦC h th a t m o

- I / H
2

(町) ･

p r o o f . S u p p o s e t h at m o
- ∑ e n , n ≧o L ヱ

m
L
w

n

[q] fo r s o m e n o r m
o n e el e m e n t q of L

2
(
l
T
2
) ･

T h e n w e n o t e th a t < L E
m

L
w

n

q , L _

h w

l

q >
- o f o r al 1 m 7

･

n , k ,i ∈ Z s u c h t h a t ( m , n) ≠

(k ,i) I N o w w e d efi n e a n o p e l
･

a t O r V b y

v( ∑ 田a m , n L E
-
L
w

n

l) - ∑ ｡ a - , n L =
m

L w
n

q ･

m
,
n >

_

0
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T h e n V i s a n i s o m e t r y a n d V L E - L
E V , V L w - L

w
V ･ H e n c e V i s i n 七h e c o m m u t a n t o f i: ～

T h a t is , V i s i n 汎 Si n c e 沢 is a 丘n it e v o n N e u r n a n n alg eb r a , V i s u ni七a r y ･ Si n c e q - V l
,

那o - ∑ o m , n ≧｡ L J?
m

L
w

n

[V l] - V H 2( T
2

) I T hi s c o m pl et e s 七h e p r o o f ･ )

W e n o t e th a t s u b s p a c e s o f th e f o r m V H
2

( T
2

) c a n b e r ep r e s e n t e cl :

v H
2

( T
2

) - ∑ o L ～

,

m

L
w

n

[ V l]
m
,
n ≧0

(4 ･1)

w h e r e V i s a p a rti al is o m et r y i n th e c o m m u t a n t 釈 o f i: ･ F r o m a b o v e l e m m a s w e n o w g et

th e f oll o w i n g B e u rli n g
-t y p e th e o r c m ･

L et 才
一

b e a cl o s e d s ul〕s p a c e of L
2

( T
2

) . w e s h all s a y t h at 首is a w a n d e ri r w s u b s
･

p a c e , if

L:,
7
'

L IJ:J首 a n d L T
/

L::u
J

5 a r e o rih o g o n al f o r a n y diff e r e n t ( m , n) a n d ( m
'

,
n
'

) i n 盗
2

.

T h e o r e m 4 . 2 . 4 L et ,
l

那 b s a l eft -i TI V a ri ( m t s u b s p a c e of L
2

( T
2

) a Tl d p u t V .- - L =I m , I
/
r

w
-

L wIDm , 首.,
- m 馴/

～
m a T-d 乱 - m O V w m ･ T h e n th e f oll o w i n g St a t e m e T7i s a r e eq ui

'

u al e n t :

( 1) T h e r e e a
l

i s
･

/;a a w m d e ri ,w s u b s p a c e 首 s u c h ih a t 那
- ∑ o m , n ≧o V -,

m

V
-

n

5 ,

(2) V E , V w a r e s 棚 o p e r at o r s o n m
- d V

w
V
E

*
- e
2 m

'

O
v z
*

v - ,

(3) V w i s a shift o p e r at o r o n m a n d 5 w
- ∑ 軌≧o V E

n

(5 z n 5 w) , o r V -
,
i s a shiP o p e r a t o r

o l- m a n d 首E - ∑ o m ≧o V w
m

(5 _
,
∩5 w) ∫

(4) 5 E n 5 w i s a w a n d e ri n g S u b s p a c e
a 7- d m - ∑ o - , n ≧o V -

,

m

V
-

n

(g z n 5 -) ,

(5) 那 i s of th e f o r
l

m V H
2

( T
2

) , w h e r e V i s a u n it a r y op e r at o r
i n 汎

I n L･hi s c a s e
,
di m (首z n e w) - 1

p r o of ･ (1) ⇒ (2) . L e t 5 b e a w a n d e ri n g s u b s p a c e s u ch t h a t 那
- ∑ o - 7 n ≧O Vl-

m

V w
n

首･

W e d e五n e

5 z
/
- ∑ o v w

m

首

m ≧0

a n d

5 w
/
- ∑ o v E

n

首･

n ≧0
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Si n c e

那 - ∑ o v z
n

首E
/
- ∑o v w

m

5 w
/

,

n ≧O m ≧O

V z a n d V w a†
e s hift o p e r a t o r s ･ It f oll o w s t h a t 5 ヱ - 育三

′

a n d 5 - - g w
I

･ N o w w e sll all s h o w

V
w
V
E

*

- e
2 " i O
v
z

*

v
w

･ If a l ∈ 那 ! th e n x - ∑m , o V;
m

LT m , W h e r e x m ∈首ヱ ･ T h e n w e h a v e

v
z

*

v
w
;r - ∑ v E

*

V
w
V
E

m

LT
m
- ∑ e

~ 2 m
'

m 8
v

～
,

*

vf
n

V w a
l

…

m ≧O m ≧0

- ∑ e
~ 2 m

'

m C
v =
m

- l
l ' w :r m + V ～,

*

V u a
l

o ･

m ≧1

0 n t h e o t h e r h a n cl
,
w e h a v e

v w v E
*

tT - ∑ v w v E
*

V
E

m

a
l

m
- ∑ v w v ～-

m
- I

Ll
l

m + V w V / :r o

m ≧O m ≧1

- e
2 wi O

∑ c
~ 加 i m O
鴨
m ~ 1
v
w
l,
m + 1 肌

*

Lt
l

o ･

m ≧1

si n c e V
～

} V
w
a
l

｡
- 0 a n d V w V E

*

LT ｡
- 0 , w e h a v e V w V E

*

- e
2 m

'

O
vl,
*

V
w

.

(2) ⇒ (3) . W e s h a ll p r o v e t h at 乱 - ∑ 軌 ≧o V ～,
n

( 5 z n 乱) I T h e s e c o n d a s s e rti o n c a n b e

o b t ai n e d i n t h e s a m e w a y . Fi r s七 w e n oti c e th at 5 w r e d u c e s lろ･ H e n c e fo r all n ≧ 0 ,

V E
n

(5 z n 5 w) ⊂ 5 w ･

E vi d e n tly 首E n 5 w i s a w a n d e ri n g s u b s p a c e f o r V z ･ T h e n w e h a v e

∑ 鈍
れ

低 ∩5 w) ⊂ 5 w ･

n ≧O

L et 首. - 5 w e V E 5 w . If w e p r o v e t h a七首o ⊂ 5 ヱ ∩5 w , th e n w e g et

g w - ∑EB V z
n

首o ⊂ ∑o v z
n

(5 z n 5 w) ⊂ 5 w ,
n ≧O n ≧O

w hi ch fi ni s h e s t hi s p a rt o f 七h e p r o of . S u p p o s e 七h a t L7; ∈ 5 o ･ T h e n x ⊥ V z 孔u a n d c o n s e -

q u e n tly V z
*

x ⊥ 5 w . O n th e o th e r h a n d x ∈ 5 w ･ S i n c e 5 w r e d u c e s V z , w e h a v e V E
*

x ∈ 5 w ･

T hi s i m pli e s t h at V l
*

LT - 0 a n d s o x ∈ 5 z I S i n c e x ∈ 5 w , o u r p r o o f i s c o m pl et e ･
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(3) ⇒ ( 4) . S u p p o s e 七h a t t h e fi r st c o n diti o n o f(3) is f u llLll e d ･ Si n c e V w i s a s hift , w e h a v e

那 - ∑m ≧｡ O V -
m

5 - ･ T h e n

m - ∑ o v w
m

(∑o v z
n

(5 z = 5 w)) - ∑ o v ･
,

m

V w
n

(5 E n g W) I

m ≧O n ≧O

I n t h e s e c o n d c a s e t h e p r o o f i s 七h e s a m e ･

(4) * (1) ･ (1) f o ll o w s (4) i m m e di at ely ･

(5) ⇒ (2) . It i s cl e a r 血･

o m (2 ･1) ･

(4) ⇒ (5) t S u p p o s e

m
,
n ≧0

m - ∑ 純
m

V
w

n

(5 = ∩ 5 w) I

m
,
n ≧O

w e s h all n o w p r o v e 七h a 七首ヱ ∩ 乱, is o n e
- di m e n si o n al . S u p p o s e di m (5 = ∩ 乱) > 1 , a n d B x

n o r m o n e o r七h o g o n al el e m e n t s q l , q 2 i n 苫ヱ ∩孔〟 . L et

m l - ∑ o L z
m

L
w

n

[q l]
m
,
n ≧O

a n d

m 2 - ∑ o L ～
-

m
L
w

n

[q 2] ･

m , n ≧O

B y L e m m a 4 ･2 ･3 t h e r e e x i s t s u n i七a r y o p e r at o r s U l a n d U 2 i n 釈 s u ch th
at

m l
- U I H

2

( T
2

) a n d m 2 - U 2 H
2

(
.
T
2

) ･

S i n c e q l _L q 2 , W e h a v e

u I H
2

( 甘
2

) ⊥ u , H
2

( T
2

) ･

p u t ti n g U o - U l
*

U 2 ' th e n U o i s a u n i七a ry o p e r at o r i n 汎 M
o r e o v e r w e h a v e

H
2

( T
2

) i tfo H
2

( T
2

) I
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S o w e s e e th a t L
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L
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n

l ⊥ U o H
2

( T
2

) fo r al 1 m , n ∈ 21 . T h e r ef o r e w e s e e

L
2

( T
2

) ⊥ u . H
2

( T
2

) .

T h a t i s U o H
2

( T
2

) - ( o) , a c o n t r a di cti o n ･ S o w e h a v e n o r m o n e el e m e n 七 q i n 苫
･

諾
∩ 5 w .

A g ai n f r o m L e m m a 4 ･2 ･3 w e h a v e m - V H 2( T
2

) f o r s o m e u nit a r y o p e '
･

at o r V ∈ 粥 . T hi s

c o m pl e t e s t h e p r o o f . 1

T h u s w e c a n d e s c rib e th e r e s ult of B e u rli n g
-ty p e l eft -i n v a ri a nt s u b s p a c e s ･

C o r o ll a r y 4 ･ 2 ･ 5 A n o n z e r o l ej L p u r e a r- d l eft -il W a ri m i s u b s p a c e 那 of L
2

( T
2
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2

( T
2
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*

- e
2 m

'

O
v
～
,

*

v
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w l m e lち - L

.?Ⅰ恥 V w -

L
wF m ･

C o r oll a r y 4 ･ 2 ･ 6 A n J O n -r e r O l eft -i n v a r
"

L

'

a l- i S u b sp a c e m oj
･

t

II 2(T
2

) i s of th e f o r m V Z1
2
( T
2

)

w ith V ∈ 9 u f a T- d o T,ly %f V w Vf - e
2 m i O
鴨
*

V
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w h e r e V

.
,
- L

.
,f m , VL - L

wl,,I .

S i m il a rly , w e h a v e th e f oll o w i n g r e s u lt a b o u t rig ht
-i n v a ri a n t s u b s p a c e ･

C o r o ll a r y 4 ･ 2 ･ 7 A n o rl Z e r O riglu
-

p u r e a n d ri9h tJ n v a ri a n t s u b sp a c e m of L
2

( T
2

) i s of

th e f o r m U H
2

( T
2

) w ith U ∈ i: if a r-d o n ly if U w U =
*

- e
2 打i G
u

.

J U w , w h e r e U z - R
ヱI m ,

U
w

- R
wl m .

C o r o ll a r y 4 ･ 2 ･ 8 A , w rL Z e r O ri9 hi
-irl V a ri a l-i S u b s p a c e m of II

2
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2

) i s of t h e f o r m U IJ
2
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2

)

w ith U ∈i: if a n d o nly if U w U z
*
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'

O
u

～
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w h e r e U

E
- R
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R e m a r k 4 ･ 2 ･ 9 Si n c e u nit a ry o p e l
l

at O r S i n L
∞

(T
2

) a r e i n n e r f u n cti o n s , C o r oll a r y 4 . 2 .6

a n d C o r oll a r y 4 .2 ･ 8 a r e g e n e r ali z ati o n of T h e o r e m 2 .2 .3 i n a s e n s e .
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4 . 3 T w o - sid e d i n v a ri a mi s u b s p a c e s o f L
2

( T
2

)

I n t hi s s e cti o n w e s h al l s t u d y al〕o u t t w o
- sid e d i n v a ri a n 七 s u b s p a c e s of L

2

( T
2

) ･ w e

al s o p r o v e th at a n o n
-t ri v i al t w o -

sid e d i n v a ri a n t s u b s p a c e of L
2

( T
2

) i s t w o
I

Sid e d p u r e a n d

t w o - sid e d f ull .

D e fi n iti . n 4 . 3 . 1 L e t m b e a cl o s ed s u b sp a c e of L
2

( T
2

) ･ w e s h a ll s a y th at 那 i s; t w o
-

sid ｡ d i n v a ri a n i , if 那 i s b o th l en -i l W a ri a n t - d rig ht
-i rl V a ri a n i; t w o

- sid e d r ed u ci n 9 ' if 那 is

b oth l eji - r ed u ci n g a n d rig ht
- r ed u ci lW , i u, o

- sid e d p u r e , if m i s b o th l ejt
-

p u r e a n d r
r

i9h i -

p u r e;

t w o - sid ed f u ll, if m i s b oth l eP j ull a r id ri9h i
-f ull ･

T o p r o v e th e th e o r e m a b o u t t w o
I Sid ed i n v a ri a nt s ul " p a c e s of L

2

( T
2

) , w e n e e cl th e f oll o w i n g

l e m m a .

L ｡ m m a 4 . 3 . 2 If 那 i s a rig ht
- i n v a ri a ,lt S u b sp a c e of L

2

( T
2

) a T- a a l en
- r e d u ci ng S u b sp a c e

of L
2

( T
2

) ∫ t h e n 邪 is eith e r (0) o r L
2

( T
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) .

p r o o f . L et P b e t h e p r oj e c ti o n w it h r a n g e m ･ T h e n si n c e m i s l eft r e d u ci n g , P b el o n g s

t o 択 . S i n c e m i s ri gh セーi n v a ri a n t
,
w e h a v e R I P E: < P ･ It i s e a s y t o s e e R z P R :

- P ･
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∴

s i n c e 7a i s a fi n it e v o n N e u m a n n al g e b r a , w e h a v e R 才 P R;
- P

,
t h at i s

,
R z P - P R = ･

si mi l a rly , w e h a v e R w P
- P R w ･ H e n c e P li e s i n 9T ･ T h e r ef o l

･

e P b el o n g s t o t h e c e n t e r
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2
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2
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門
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M
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T h e . r e m 4 . 3 . 5 A m o m -t ri vi al t w o - sid ed i TI V a ri a n t s u b sp a c e of L
2
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2

) i s t w o
- sid e d p u r e

a n d t w o - sid e d f ull ･
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2

( T
2
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2
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2
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p
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L E 那 ∞ - L
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n
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m
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m
7
n ≧0

エ ロ LT L
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w
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L
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m ⊂ n L T L
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w
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m
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L
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a n d

R w 那 ∞ ⊂ m m ･ F r o m L e m m a 4 ･3 ･2 w e h a v e 恥 - (0) . T h u s 珊 is l eft
-

p u r e r

T h e rig ht
-

p u r e n
e s s i s si mi l a rly p r

o v e d b y c o n s
id e ri n g a p r oj e cti o n

f r o m L
2

( T
2

) o n t o

n m
,
n ≧o
R T R誌m ･ T h e l eft j u ll n e s s a n d t h e ri gh t

-f u ll n e s s i s si mi l a rly p r o v e d b y
c o sid e ri n g
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t h e p r o o f t
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t o U m , n < ｡ R ㌢耽

m
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4 . 4 P o p o v i ci D e c o m p o s iti o n

I n t hi s s e c ti o n w e sh all ch a r a c t e ri z e t w o -

sid e d i n v a ri a n t s u b s p a c e s of エ
2

( 甘
2

) by u si n g

P o p o vi ci
'

s d e c o m p o siti o n w it h r e s p e ct t o a bi
-i s o m e七r y ･

D e fi n iti o n 4 ･ 4 ･ 1 L ei s b e a r "
'

s o m et r y o n L
2

( T
2

) a T d 那 b e a cl o s e d s u b s p a c e of L
2

( T
2

) .

W e sh all s a y th at ∑m i s; S -i ll V a ri a n t
,
if S m ⊂ ! 耶 .

L e七 ; 那 b e a n o n - t ri v i al t w o -

sid e d i n v a ri a n t s u b s p a c e of L
2

( T
2

) . T h e n 那 is b o th

( L ～
- L w)

-i n v a ri a n七 a n d ( R = R w)
-i n v a ri a n七･ S o p u tti n g U - ( L ヱエw)E 那 a n d V - ( R E R w) b T ,

t h e n t h e c o u pl e W - ( U , V) i s a bi -i s o r n e七r y o n ∑m , b u t U
*

i s n o 七 c o m m u ti n g w it h V . W e

n o t e th a七 三m is b o t h U -i n v a ri a n 七 a n d V -i n v a ri a n t .

B y P o p o v i ci
'

s d e c o m p o siti o n o f ∑m w ith r e s p e c七t o Ⅳ ∋ w e h a v e

∑m - m
u u ㊦ ∑m u s 母 ;m s u ⑳ m w s .

s u ch th a t W L m u u i s a bi
-

u n it a r y (t h at i s , b o th Ul 机 u
a n d V[ 机 u

a r e u n it a r y o p e r a t o r s) ,

W l 軌 s i s a u n it a ry
-

shift (t h a t i s , Ul 机 s
i s a u n i七a r y a n d Vl 汎 s i s a s h ift) , Ⅳl m s u i s a s hift

-

u n it a r y (t h a七i s , Ul m s u i s a s hift a n d Vl m s u i s a u n i七a ry) a n d W [DOT w s i s a w e a k bi - s hift

( t h a七is , 叫n i ≧O k e r V
-

U i , V h j ≧. k e r U ･ V j a n d ( U] m w s)( V[ m w B) a r e s hift o p e r a t o r s) ･

W e h a v e t h e fbll o w l n g :
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2

( T
2

) ･ T h e n
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h a v e th e W old - ty p e d e c o m p o siti o n of m w ith r e s p e c上土o U a s f oll o w s ;
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邪 a n d 畔 - ∑ o n ≧o u
n

5
U

. T h e n it i s

cl e a r 七h a t m
u

U
i s ri gh t -i n v a ri a n t .
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