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CHAPTER 1
Introduction

1. Organization

The aim of this dissertation is to study homomorphisms and isome-
tries between spaces or algebras of continuous functions and vector-
valued continuous maps. A long tradition of inquiry seeks sufficient
sets of the properties of Banach algebras in terms of surjective linear
isometries. A linear isometry on a Banach algebra encodes not only the
geometric structure as a Banach space but also the algebraic structures
of the underlying Banach algebra. The most prominent result along
these lines is the Banach-Stone theorem on a linear map between the
commutative C*-algebra of all complex-valued continuous functions on
a compact Hausdorff space. This theorem states that two compact
Hausdorff spaces Y; and Y, are homeomorphic if and only if their cor-
responding algebras C'(Y;) and C(Y2) are isomorphic if and only if they
are isometrically isomorphic as Banach spaces. Thus the basic prob-
lem of interest is to derive extensions of the Banach-Stone theorem for
several different settings. We consider the problem whether underlying
commutative Banach algebras are isomorphic or not when there exists
a linear map U between the algebras which preserves the distance of
elements in the algebras.

The algebra of Lipschitz functions and the algebra of continuously
differentiable functions are typical commutative Banach algebras. Let
(X,d) be a compact metric space. A complex-valued continuous func-
tion f: X — C is called a Lipschitz function if there exists a positive

number L such that

|f(x) = f(y)| < Ld(z,y)
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for every z, y € X. For any Lipschitz function f, we define Lipschitz
constant L(f) by
" 1) = p LI =0

TFY (ZL‘ ) y)
We denote by Lip(X) the space of all Lipschitz functions on X. The
space Lip(X) is a Banach space under the following two norms respec-

tively:
(1) max norm || * ||max
For any f € Lip(X), we define
[ fllmax = max{sup | f(z)|, L(f)};
veX
(2) sum norm || - ||

For any f € Lip(X), we define
1/l Zilel)r;lf(ff)l + L(f).

We point out that Lip(X) is an algebra and the sum norm | - ||x is
submultiplicative in the sense of the inequality;

Ifglls < [[fll=llglls,  f g € Lip(X).

Thus, Lip(X) is a unital commutative Banach algebra with ||-||s. Note
that the algebra Lip(X) needs not be a Banach algebra with respect
the max norm since || - ||max needs not satisfy the submultiplicativity.
We prefer to study Lip(X) with the sum norm in this dissertation.
Although the algebra Lip(X) needs not be a Banach algebra in the
strict sense, it does satisfy the following inequality

||fg||max < 2||meaX||g||maX7 9 € Lip(X).

Therefore, Lip(X) has a weak-x topology with each norms and the
algebraic structure of Lip(X) has been studied for many years. The
seminal works of the study of Banach space and Banach algebra of
Lip(X) are due to Mirkil [81] and de Leeuw [28]. They studied the
space of periodic Lipschitz functions on the real line. Among them de
Leeuw showed the existence of the predual of the space of Lipschitz
functions by applying the so called de Leeuw’s map, which is now very

familiar to us. His result first turned the attention of mathematicians
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to the new theory. Sherbert has developed the structure of the algebra
of Lipschitz functions [111, 112]. In [111], he exhibited the following
foundamental result.

PROPOSITION 1.1. Let A be a semi-simple commutative Banach
algebra with identity. Then the Gelfand mapping is a continuous iso-
morphism of A onto a subalgebra of Lip(M), where M is the space of
the maximal ideals with the topology induced by the operator norm.

This implies that any unital semi-simple commutative Banach al-
gebra can be seen as a subalgebra of the algebra of Lipschitz functions.
This is the basic motivation for the author of the study on the al-
gebras of Lipschitz functions and mappings. It is well known by the
Gelfand theory that M is compact in the Gelfand topology, which is
the relative weak-* topology. On the other hand M with the topology
induced by the operator norm is complete metric space which needs
not be compact.

Sherbert [111, Theorem 5.1] characterized the unital algebra ho-
momorphism on Lip(X).

THEOREM 1.2. Let X; be a compact metric space for j = 1,2. Then
every unital algebra homomorphism T : Lip(X;) — Lip(Xs) is of the

form

(1.2) (Tf)(z) = flp(z)), f€Lip(Xy),z € Xy,
where ¢ : X9 — X1 satisfies
(1.3) d(p(z1), p(22)) < Kd(w1,29) 21,72 € X3

for some positive constant K. Conversely, if T is defined on Lip(X)
by (1.2) where ¢ : X9 — X; satisfies (1.3), then T is a unital algebra
homomorphism of Lip(Xy) into Lip(Xs). T is one-to-one if and only
if o(X3) = X1, T takes Lip(X;) onto Lip(Xs) if and only if ¢ satisfies
the additional condition

K'd(xy,25) < d(p(x1),0(x2)) x1,79 € Xo

for some positive constant K'.
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Recently the studies on the algebra of vector-valued Lipschitz maps
are popular. Let E be a Banach space with the norm || - ||g. For a
metric space X, a continuous map F' : X — FE is a Lipschitz map if

there exists a positive number L such that

1E(z) = F(y)lle < Ld(z,y)

for every x, y € X. The definition of Lipschitz constant L(F') is the
same with (1.1) by substituting || - || for | - |. We define the algebra of
E-valued Lipschitz maps by

Lip(X,E)={F : X — E ; F is a Lipschitz map}.
If E is a Banach algebra with || - || g, Lip(X, F) is also Banach algebra

with || - [|x. In addition, if F is a semi-simple Banach algebra then so
is Lip(X, E) with || - ||s. On the other hand, in the case of || - || max, We

have by the similar way as the case of complex-valued functions that
[FGlmax < 2[|Fllmas | Gllmax,  F, G € Lip(X, E).

The constant 2 in the above inequality is best and it implies that even
if £ is a Banach algebra || - ||max needs not be a Banach algebra norm
on Lip(X, F). This is one of the major differences between || - || max and
| - ||s. There are various studies on algebras of vector-valued Lipschitz
maps with each of the norms.

On the other hand, what is a motivation of the study on Lip(X, E)?
One of the motivation of the author is that the comparison of a given
Banach space E and the algebra of Lipschitz functions Lip(X), and to
clarify how much different between E and Lip(X).

In Chapter 2 we study homomorphisms on the algebras of vector-
valued maps. We introduce a notion of admissible quadruple (cf.
Definition 2.16) which is equivalent to the one defined by Nikou and
O’Farrell [95]. The Banach algebra of the all Lipschitz maps on a com-
pact metric space with the value in a unital commutative C*-algebra
is an admissible quadruple. We prove that a unital homomorphism
on certain admissible quadruple is of a peculiar form which is called
of type BJ. In particular, we have under some additional assumption
that a unital homomorphism between the Banach algebra of the all

Lipschitz maps with the value in a unital commutative C*-algebra is
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of type BJ. This result means that the Banach algebra of all Lipschitz
functions and a unital commutative C*-algebra are completely different
in its manner.

In Chapter 3 isomorphisms on admissible quadruple which is a gen-
eralization of the Banach algebra of Lipschitz maps with the values in
a uniform algebra. We prove that algebra isomorphisms on certain ad-
missible quadruples with the value in a uniform algebra is of type BJ
(Theorem 3.3), while unital homomorphisms need not be of type BJ
(Example 2.32).

Not only algebra homomorphisms but also surjective linear isome-
tries on algebras of Lipschitz functions have been studied for decades
of years. Let B, be a Banach space with the norm || - ||; for j = 1,2.
Recall that a map 7' : By — By is an isometry if |T'(by) — T'(b2)|| 5, =
||by — ba||B, for every pair by, by € By. For instance, a classical prob-
lem on the spaces of the Lipschitz maps is as follows. Let X; be
a compact metric space for i = 1,2. Suppose that Lip(X;, E) and
Lip(Xy, E) are isometric. Does it follow that X; and X, are isomet-
ric? The answer is not. They are not even homeomorphic. For ex-
ample, let E; = Lip(X;) for i = 3,4, where X, is a compact metric
space. Let T : Lip(Xy, Lip(X3)) — Lip(Xs, Lip(Xy)) be an algebra
homomorphism. Since we have Lip(X;, Lip(X3)) = Lip(X; x X3) and
Lip(Xs, Lip(X4)) = Lip(Xs x Xy4), by Theorem 1.2 we get there exists
Lipschitz map ¢ : X5 x Xy — X; x X3 such that

TF(z,y) = F(p(z,y)), F €Lip(Xi,Lip(X3)), (z,y) € X x Xu.

Even if ¢ is a homeomorphism and X3 and X, are homeomorphic, X;
needs not be homeomorphic to X,. In this dissertation, we focus on this
problem. In the other words, one of the purpose of this dissertation is to
give a view point on the matter whether each operator from Lip(Xy, F)
into Lip(Xy, E) can be induced by a homeomorphism between X; and
X5. We study surjective linear isometries on admissible quadruples of
type L in Chapter 4.

Roy proved the following theorem by applying the de Leeuw’s map
in [106, Theorem 1.7].
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THEOREM 1.3. Let X be a compact, connected metric space with
diameter at most 1. Then T : Lip(X) — Lip(X) is a surjective linear
isometry with || + ||max if and only if

Tf(z) = e’ f(p(x)),

where p : X — X is an isometry of X onto itself and 0 is a constant
in [0, 27).

As for the problem on isometries with respect to the sum norm,
Rao and Roy [104] proved that every surjective linear isometry on
Lip([0, 1]) is represented as a weighted composition operator, which is
sometimes called the canonical form. Rao and Roy [104, p.189] posed
a problem if a similar result is valid for || - ||z on a compact metric
space X instead of [0,1]. This problem on surjective linear isometries
T : Lip(X) — Lip(X) had not been solved until quite recently. We
point out that the problem for || - ||s is substantially harder than that
one for || - ||max by the fact that the structure of the extreme points
of the closed unit ball of the dual space are complicated in the former
case. Jarosz and Pathak exhibited in [48, Example 8] that a surjective
isometry on Lip(X) and lip(X) of a compact metric space X with
respect to the norm || - ||s is canonical. There seems to be a confusion
of the status of the result and we clarify the current situation. After the
publication of [48] some authors expressed their suspicion about the
argument there and the validity of the statement there had not been
confirmed when the authors of [75] pointed out a gap by referring the
comment of Weaver [116, p. 243]. While Weaver in [116] pointed out
that the argument of [48] failed on p.200 in which the norm || - || max wWas
studied, he did not seem to have stated explicitly that the argument in
the Example 8 contained a flaw.

In Chapter 4, we prove that a form of surjective isometries on admis-
sible quadruples of type L (Theorem 4.5) is of type BJ. As a corollary
we solve the problem of Rao and Roy affirmatively (Corollary 4.15).

In Chapters 5 and 6 we study Hermitian operators. Recall that
C1([0,1]) is the algebra of complex-valued continuously differentiable
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functions on [0,1]. On C'([0, 1]), there are various types of norms on
C'([0,1]). We introduce the well known one among them.

(1) max norm || - ||max
For any f € C'([0,1]), we define
[ fllmax = max{ sup |f(z), sup [f'(2)[}.

x€[0,1] z€[0,1]

(2) sum norm || - ||
For any f € C'([0,1]), we define

1 flls = Sup}lf(l“)lvL sup [ f'(z)].

z€[0,1 z€[0,1]

We also define the algebra of vector-valued continuously differentiable
maps on [0, 1] with || - ||g. We denote the set of all E-valued contin-
uously differentiable maps on [0, 1] by C'([0,1], F). This is a Banach
algebra with || - ||z provided that E is a Banach algebra. For C*(]0, 1])
and C'([0, 1], E), there are also wide range of studies for algebra homo-
morphisms, Hermitian operators and surjective linear isometries with
respect to various norms. By previous results, we can see a lot of results
for C''([0,1]), which resemble the statement for Lip(X). This means
that both Banach spaces must have similar properties. It is strange
that the studies on the algebra of Lipschitz maps, and on the alge-
bra of continuously differentiable maps on [0, 1] are independent. At
this point as second purpose of this dissertation, we propose a unified
approach for both of the Banach spaces. In Chapters 2 and 4, we de-
fine the admissible quadruples. The admissible quadruple enable us to
study Lip(X), C*([0,1]), Lip(X, E) and C*([0, 1], E) simultaneously,
where FE' is certain Banach spaces.

In Chapter 7 we study a Hermitian operators on the tensor product
of a uniform algebra and a unital C*-algebra and the Banach-Stone
properties.

We study a local map in Chapter 8. A Local map has a long
history. To among other important subjects, it is strongly related to
the Kaplansky’s problem which is posed in 1970; whether invertibility
preserving linear operators on algebras is Jordan homomorphisms or

not? Recall it as follows.
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PROBLEM 1.4. Fori = 1,2, letB; be a semi-simple Banach algebras

and let ¢ : B1 — By be a surjective linear operator such that

9(1) =1
and

a € By is invertible => ¢(a) € By is invertible.

Then is ¢ a Jordan homomorphism?

This concerns with the problem how the local properties of an op-
erator determine the global properties. In 1967 and 1968, Gleason and
Kahane and Zelazko proved a classical result in the theory of Banach
algebras.

THEOREM 1.5. Let B be a complex Banach algebra (we do not
assume that B is unital nor commutative). Let A : B — C be a linear

functional such that
A(a) € o(a), a€’B,
where o(a) is the spectrum of a. Then A is multiplicative, i.e.

A(ab) = A(a)A(b), a,b € *B.

It is greatly attracted in what local behavior of the operator decide
the operator globally. The study of a local map was initiated by Kadi-
son [63], Larson [71], and Larson and Sourour [72]. Kadison in [63]
proved that a local derivation on a von Neumann algebra R into a dual
R-bimodule is a derivation. Larson and Sourour in [72] showed that
every local derivation of the algebra of all bounded linear operators
on a Banach space is a derivation and if a Banach space is infinite-
dimensional, every invertible local automorphism is an automorphism.
This results have been improved by Bresar and Semrl [19, 20, 21].
Let A; be a complex Banach space for ¢ = 1,2. Denote by B(A;, As)
the set of all bounded linear operators from A; into A,. We call the
subset § C B(A;, As) algebraically reflexive if every bounded linear
operator T belongs to & whenever T' € B(Ay, Ay), Tf € Sf for every
f € Ai. Recently, the study of algebraic reflexivity of the subspace of

bounded linear operators is attracted greatly. Many researcher study
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the algebraic reflexivity for various operators on Banach spaces. In
this dissertation, we consider the set of surjective linear isometries on
unital semi-simple commutative Banach algebras.

In Chapter 9 and Appendix A, we study 2-local isometry. A 2-local
map is initially studied by Semrl in [110]. His motivation to define and
study a 2-local map comes from the Kowalski-Stodkowski theorem as

follows;

THEOREM 1.6. Let B be a complex Banach algebra. We do not
assume that B is unital or commutative. Let A\ : B — C such that

A(0) =0
and
A(a) — A(b) € o(a—10b), a,beB.

Then A is linear and multiplicative.

This theorem is a generalization of the Gleason-Kahane-Zelazko
Theorem. Our interest is whether 2-local map 7" is in § or not. In this
dissertation, we mainly study a 2-local isometry on a various Banach
space. In Chapter 9, we study 2-local reflexivity of the set of all sur-
jective isometries between certain function spaces. We do not assume
linearity for isometries. Without assuming the linearity of isometries,
the problem is much harder. Whether every 2-local isometry (do not
assume the linearity) on C(Y'), where Y is a first countable compact
Hausdorff space, is a surjective isometry or not had been unsolved.
This problem is posed by Molnar. We prove that a 2-local map in
the group of all surjective isometries on the algebra of all continuously
differentiable functions is a surjective isometry. In Appendix A, we
generalize the Kowalski-Stodkowski theorem. By applying the gener-
alization of the Kowalski-Stodkowski theorem, we prove that a 2-local
isometry on a certain semi-simple commutative Banach algebra is a
surjective isometry. In Section 3, we give a positive answer to the

Molnéar’s problem.
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2. Definitions

Throughout this section E is a Banach space and B¢ is a unital
commutative Banach algebra. We denote the unity for B¢ by 1g.. If
no confusion can arise, we write just 1. A non-zero multiplicative linear
functional on Be is automatically continuous with norm 1. Hence the
set M(Bc¢) of all non-zero multiplicative linear functionals on B¢ is a
subset of the unit sphere of the dual space B¢* with the usual functional
norm || -||.. We call M(%B¢) maximal ideal space or Gelfand space. We
sometime denote the maximal ideal space for Bc by M or M; for B,
just for simplicity. The Gelfand topology on M(Bc) is the relative
topology of the weak-x topology of Bc¢*; thus M(Bc) is a compact
Hausdorff space. The kernel ¢~*(0) for ¢ € M(Bc) is a maximal ideal
of Be. Conversely for any maximal ideal M of B¢, there exists a
unique ¢ € M(Be) with M = ¢ 1(0). The maximal ideal space of
Bc is M(Bc) with the Gelfand topology. The Gelfand transform of
a € Be is denoted by I'y.(a); Tye(a) : M(Bc) — C, T'ge(a)(p) = ¢(a)
for ¢ € M(Bc). For simplicity of notation, we sometimes denote the
Gelfand transform of a by a. The Gelfand topology on M(Bc) is the
weakest topology that a is continuous for every a € Bc. We denote
the set {I's.(a) : a € S} by I'g.(S) for a subset S of Bec. The set
['y.(Be) is called the Gelfand transform of Be and is also denoted by
Be. We denote the spectrum of a by o(a), the spectral radius by r(a),
the group of all invertible elements by B¢™!. The Jacobson radical, the
intersection of all maximal ideals, of B¢ is denoted by rad(Bc). We
have a € rad(Bc) if and only if r(a) = 0 if and only if o(a) = {0} (see
(70, Proposition 3.5.1, Theorem 3.5.1]). We say that B¢ is semi-simple
if rad(Bec) = {0}. Hence Bc is semi-simple if and only if the Gelfand
map 'y, : Bec — Be is an isomorphism. For the theory of commutative
Banach algebras, see for instance [22, 64, 70, 101].

Let Y be a compact Hausdorff space. The space of all continuous
maps from a compact Hausdorff space Y into E is denoted by C(Y, E).
For S C Y we denote

£ llets) = swp @), f € OV E).
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When no confusion will result we omit the subscript S and write just
|| - [|oo- The supremum norm || - ||o(yy makes C'(Y, E) a complex Banach
space. Note that C(Y,Bc¢) is a unital commutative Banach algebra,
and it is semisimple provided that so is Be. The algebra C(Y,C)
is abbreviated by C(Y'). The real-algebra of all real-valued continuous
functions on Y is denoted by Cg(Y'). A uniform algebra A on a compact
Hausdorff space Y is a closed subalgebra of C'(Y) which contains the
constants and separates the points of Y. A uniform algebra A on Y is
a semi-simple commutative Banach algebra with the supremum norm
on the set Y.

2.1. The space of Lipschitz maps. Let X be a compact metric
space and 0 < a < 1. For F € C(X, E), put
F(x)— F
L) = sup P = F @l
TH#Y d(xa y)

which is called an a-Lipschitz constant of F', or just a Lipschitz constant

of F. When a = 1 we usually omit the subscript a and write only
L(F). The space of all F' € C(X, E) such that L,(F) < oo is denoted
by Lip, (X, E). When o = 1 we usually omit the subscript o and write
Lip(X, E). When 0 < a < 1 the closed subspace

lip(X, E)

— (F e Lip,(X,B) : lim 110 ZJ@)lle

z—o d(xg, z)*

= 0 for every oy € X}

of Lip, (X, E) is called a little Lipschitz space. In this dissertation the
norm || - ||g of Lip, (X, E) (resp. lip(X, E)) is defined by

[Ells = [[Fllcx) + La(F),  F € Lip, (X, E) (resp. lip(X, E)),

unless otherwise stated. Note that if d(-, -) is a metric, then so is d(+, -)®,
and is denoted by d* which is called a Holder metric. For a compact
metric space (X, d), The space Lip, ((X,d), E) (resp. Lip,((X,d),Bc))
is a Banach space (resp. unital commutative Banach algebra, and it
is semi-simple provided that so is Bc¢). Lip, ((X,d), E) is isometrically
isomorphic to Lip((X,d*), E') as a Banach space and Lip, ((X,d), Bc)
is isometrically isomorphic to Lip((X,d*),®Bc)) as a Banach algebra.
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We introduce the algebraic tensor product space with a crossnorm.
For any g € Lip(X) and e € E, we define g®e: X — E by

(g @e)(x) = g(w)e.

Then g ® e € Lip(X, E) and we have two equalities
lg @ ellos = llgllssllell 2,

L(g @ e) = L(g)lell&-

These imply that ||g®ells = ||g]ls]lellz. We define the algebraic tensor

product space with a crossnorm.

DEFINITION 1.7. Let
Lip(X) ® £ = {Z}_,9; ® €;;9: € Lip(X), e; € En € N}.

By a partition of unity we have that C'(Y) ® E is uniformly dense
in C(Y, E). For any compact metric space X, the Stone-Weierstrass
theorem asserts that Lip(X) is uniformly dense in C'(X). By a partition
of unity, the algebraic tensor product Lip(X) ® E is uniformly dense
in Lip(X, E). On the other hand, for an infinite dimensional Banach
space E, it is not an easy question of whether the closure of Lip(X)® E
with Banach space norm || - |5 is the space Lip(X, F') or not.

2.2. The space of continuously differentiable maps. Let
C([0,1], E) be the space of all E-valued continuously differentiable
maps on the unit interval [0,1]. Note that C'([0,1], E) is a Banach
space with respect to the sum norm

1 FNls = I1F" o017 + 1 | so(io,1)

for F € C*(]0,1], E). We mainly consider this norm on C*([0,1]) in
this dissertation. Note also that C''([0,1],Bc) is a unital commutative
Banach algebra with respect to the sum norm and it is semi-simple
provided that so is Be. The algebra C'([0,1],C) is abbreviated by
C1([0,1]). In the same way as in the case of Lip(X, F) we define the
algebraic tensor product space of C''([0,1]) and a Banach space E by

CH[0,1) ® E = {¥" ,g; ® e;;.9; € C*([0,1]), e; € En € N}.
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By a partition of unity C*(]0, 1])®E is uniformly dense in F' € C'([0,1], F).
Since Lip, (X, E) and C'([0, 1], E) have common feature in some sense,
the author expect that unified arguments for C*([0, 1], F) and Lip(X, E)

are possible.

2.3. Algebra homomorphisms on Banach algebras. Let A;
be an algebra for j = 1,2. Then an algebra homomorphism v : A; —
A, is a complex-linear map such that

(ab) = ¢(a)i(b)

for every a,b € A;. An algebra homomorphism is essential operator to
study the structure of algebra. Moreover, if an algebra homomorphism
is a bijection, we call it an isomorphism. The Banach-Stone theorem
asserts that two compact Hausdorff spaces Y; and Y, are homeomor-
phic if and only if their corresponding algebras of all complex valued
continuous functions on Y] and Y5 respectively are isomorphic.

2.4. Surjective linear isometries. Let (9;, d;) be a metric space
for y = 1,2. An isometry U : 9, — My is a distance preserving map,
i.e, d2(Ua,Ub) = d;y(a,b) for a,b € M;. Let N; be a normed space for
j =1,2 we call U an isometry from N; into N if |[Ua — Ub|| = ||a — b||
for any a,b € N;. Suppose that U is a real-linear. Then U is an isom-
etry if and only if ||Ua|| = ||a|| for a € N;. A celebrated Mazur-Ulam
Theorem states that every surjective isometry (need not to be linear)
between real normed spaces is affine, so if surjective isometry preserve
0, then it is a real-linear isometry. We denote the set of all surjective
complex-linear isometry from 9%; onto 9y by Isoc (M, M) and the
set of all surjective real-linear isometry by Isog (91, My).

2.5. Hermitian operators. The notion of a Hermitian operator
on a Banach space dates back to the seminal papers by Vidav [115]
and Lumer [76]. Lumer considered a definition in terms of semi-inner
product. We introduce the definition of semi-inner product on a Banach
space as presented in [76].
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DEFINITION 1.8. Let E be a Banach space. Amap [-,-] : ExXE — C
is called a semi-inner product if the following conditions hold for every
x,y,z € Fand X € C:

(1) [z +y, 2] = [z,2] + [y, 2],

(2) [Az,y] = Az, yl,

(3) [z,z] > 0if z # 0,

(4) |z, y]]* < [z, ][y, y].
A semi-inner product [-,-] is said to be compatible with the norm if
[z, z] = ||z||* for every z € E.

The following proposition is well known.
PROPOSITION 1.9. Any Banach space E has a semi-inner product.

PROOF. Let E* be the dual space of E. By Hahn-Banach theorem,
for any x € F, there exists linear functional ¢, € E* such that ¢, (z) =
|z||%. We define a semi-inner product on E by [z,y] = ¢,(z) for
x,y € . We get a semi-inner product immediately. U

This proposition shows that a semi-inner product which is compat-
ible with the norm is not unique in general.
A bounded linear operator 7" on FE is called a Hermitian operator

if there exists a semi-inner product on E compatible with the norm of
E such that

[T(a),al € R, a€E,

where R is the set of all real numbers. The operator norm is usually
denoted by || - ||. Note that if 7" is a Hermitian operator on E, then for
every semi-inner product [+, -] on E compatible with the norm, [T'a,a] €
R for every a € F (see [76, 7, 30]). Let B be a Banach algebra and B*
its dual space as a Banach space. We define the algebraic numerical
range V' (a) for a € B. The algebraic numerical range for a € B is
given by

Via) ={p(a) : o € B, [lof = (1) =1}
We call an element a € 8 Hermitian if V(a) C R. It is known that
a € B is Hermitian if and only if ||exp(ita)|| = 1 for all t € R (see
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(7, 30]). The set of all Hermitian elements in 9B is a real linear subspace
of B and is denoted by Her(B).

Note that we denote the usual Banach algebra of all bounded linear
operators on a Banach space E equipped with the operator norm by
B(E). We introduce the famous and important theorem for Hermitian
operator [30, Theorem 5.2.6].

THEOREM 1.10. [30, Theorem 5.2.6] Let T' be a bounded linear
operator on a Banach space E. The following are equivalent:

(1) T is a Hermitian operator;

(2) | I +itT||=1+o0(t), tekR;

(3) [[exp(itT)|| =1 for allt € R;

(4) exp(itT) is an isometry for each t € R.

This characterization for Hermitian operators is useful.

2.6. Local maps. Next, we define a local map from a Banach
space F; to Es.

DEFINITION 1.11. Let E; be a Banach space for ¢ = 1,2. Let T" be
a bounded linear operator from F; into Es, i.e., T' € B(E, E;). Let
S be a non-empty subset of B(F1, Ey). We call T local in § if for any
x € Eq, there exists a bounded linear operator T, € § such that

Tx =T,(x).

2.7. 2-local maps. Motivated by the Kowalski-Stodkowski theo-
rem, the concept of a 2-local map was introduced by Semrl [110], who
proved the first results on 2-local automorphisms and derivations on
algebras of operators. We define a 2-local map. Let IN; be a normed

space for ¢ = 1,2. The set of all maps from N; into Ny is denoted by
M(Ny, Ny).

DEFINITION 1.12. Let N; be a normed space for i = 1.2. Let T be
a map from N; into N,. Note that we do not assume that linearity and

continuity for 7. Let S be a non-empty subset of the set of all maps
from N; into No; ) # S C M(Ny, No). We call a T € M(Ny, N,) is a
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2-local map in § if for any x,y € Ny, there exists a map 7, , € S such
that
Te =T, ,(x), Ty="T,,y).

We call a 2-local map in the set of all surjective isometries 2-local

isometry.



CHAPTER 2

Peculiar homomorphisms on algebras of
vector-valued maps

1. Introduction to peculiar homomorphisms

Gelfand theory asserts that a unital homomorphism between unital
semi-simple commutative Banach algebras is represented by a compo-

sition operator.

PROPOSITION 2.1. Let B; be a unital semi-simple commutative Ba-
nach algebra for j = 1,2. Let M; be a mazimal ideal space for B; for
Jg=1,2. If ¢ : By — By is a unital algebra homomorphism, then there
exrists a map h : My — My such that

—_—

b(b)=Dboh
for every b € B, where the map b — b denotes Gelfand transformation.

EXAMPLE 2.2. Let X; and Y; be a compact Hausdorff space for
j = 1,2. Suppose that ¢ : C(X1,C(Y1)) — C(Xs,C(Y3)) is an algebra
homomorphism such that (1) = 1. Then there exists a continuous
map h : Xy X Yy — X7 x Y] such that

Y(F)(x,y) = Foh(z,y), FeC(Xy,C(Y)).
The converse also holds.

As we see in the above simple example, there exists a lot of algebra
homomorphisms which are composition operators defined by contin-
uous maps from X, x Y5 into X; x Y; which are homeomorphic to
the maximal ideal spaces. Moreover, suppose that ¢ : Lip(X;, E;) —
Lip(Xa, E») is a unital homomorphism between the algebras of all Lips-
chitz maps on a compact metric space X; into a unital semi-simple com-
mutative Banach algebra E; with the maximal ideal space M(E;). The
maximal ideal space of Lip(X, E;) is homeomorphic to X; x M(E;) and

21
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we may suppose that Lip(X;, £;) is a subalgebra of C'(X; x M(E})) of
the algebra of all complex-valued continuous functions on X; x M(E})
through the Gelfand transform (see (2.3)). Then there exists a con-
tinuous map ® : Xy x M(Es) — X7 x M(E;) denoted by ®(z,¢) =
(p1(x, 0), p2(x, ¢)) such that ¢(F)(z,¢) = F(e1(x, 9), p2(x, ¢)) for ev-
ery (z,¢) € Xo x M(E,) and F' € Lip(Xy, E1). Does the converse hold
in general? There exist variety of examples of Lipschitz algebras for
which the converse statement does not hold.

On the other hand, Botelho and Jamison [13] proved the following
theorem. If X, is connected, and both of E; and E5 are the algebra
of convergent sequences or the algebra of bounded sequences, then g
depends only on M(E;), not on X,. The author [98] generalized this
result by showing that it is the case where F; is a unital commutative

C*-algebra as follows.

THEOREM 2.3. [98, Theorem 1] Let X; be a compact metric space
for j = 1,2. Suppose that Xy is connected. Let Y; be a compact
Hausdorff spaces for j = 1,2. If 7 : Yo — Y] is a continuous map,
{o(-,y) }yev, is a set of Lipschitz maps from X, into Xi with the
bounded Lipschitz constants such that y — @(x,y) is a continuous map
from Yy into X1 for every x € Xy , then

(1.1) V() (z,y) = Fle(z,y), 7(y)),

F € Lip(X;1,C(Y1)), y € Y3 and © € Xy gives an algebra homomor-
phism from Lip(Xy, C(Y1)) into Lip(Xs, C(Y2)) with ¢¥(1x,) = 1x,.

Conversely suppose that v : Lip(Xy,C(Y1)) — Lip(Xy, C(Ys)) is
an algebra homomorphism such that 1¥(1x,) = lx,. Then there ezist
a continuous map T : Yo — Yy, a Lipschitz map (-, y) : Xo — Xj
for each y € Y, where the set of Lipschitz constants {L(o(-,y)) }yev, S
bounded and y — o(x,y) is a continuous map from Ys into Xy for every
x € Xy such that the equation (1.1) holds for every F € Lip(Xy, C(Y7)),
yeYy and x € X.

1.1. Proof of Theorem 2.3. We give a proof.
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DEFINITION 2.4. Given f € C(Y), we denote the constant map
®x(f) € Lip(X, C(Y)) by

for all z € X.

The subalgebra of all constant maps in Lip(X, C(Y)) is denoted by
Const(X,C(Y)). For any constant map f, as the Lipschitz constant
L(®x(f)) vanishes, f — &x(f) ( f € C(Y)) gives the natural isometric
isomorphism from C(Y’) onto Const(X, C(Y)).

DEFINITION 2.5. For any y € Y, we define P;* : Lip(X,C(Y)) —
Lip(X) by

(PYF)(z) = F(x,y), F eLip(X,C(Y))
for all z € X.

To prove the necessity part of Theorem 2.3 we need several lem-
mas. In the following Lemma 2.6 through Lemma 2.12, we assume the
hypotheses in Theorem 2.3. We define 7' : C'(Y;) — Lip(Xs, C(Y32)) by
T =19ody, . It is straightforward that the map 7" is an algebra homo-
morphism. Fix y € Y3, and we consider the map PyX2 oT:C(V1) —
Lip(X3). As C(Y71) and Lip(X») are semi-simple commutative Banach

algebras, we can prove following lemma immediately.

LEMMA 2.6. The map PyX2 oT 1is a continuous algebra homomor-
phism from C(Y7) into Lip(Xs).

Note that (P,*> o T)(1) = 1 and ||[P,*> o T'|| > 1 are simple observa-
tions.

Let us now consider the adjoint (P> oT)* : (Lip(X32))* = (C(¥1))*
of PX? o T, where (Lip(X;))* and (C(Y1))* are the dual spaces of
Lip(X3) and C(Y}) as Banach spaces respectively.

For any x € Xj (resp. 3 € Yi), we denote by d, (resp. ;) the
evaluational functional at = on Lip(X3) (resp. at ¥’ on C(Y7)). It is
well known that the maximal ideal space of Lip(X3) (resp. C(Y})) is
{6z;2 € Xo} (vesp. {dy;y' € Y1}) with the Gelfand topology.
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LEMMA 2.7. For any x € X, there exists a unique y' € Y, such
that

(P 0 T)(5) = by
PRrROOF. We obtain (PyX2 oT)*6, is a multiplicative linear functional
on C(Yy).
(P2 oT)"6,)(1) = 6,(P2 o T)(1) = 1,
which asserts that (PyX2 oT)*6, # 0. Hence there corresponds a unique
evaluational functional at a point y' € ¥} with (P,¥?0T)*(d,) = 0, O

Lemma 2.7 asserts that (P,*2 o T')* gives a map from the maximal
ideal space of Lip(Xs) into that of C(Y}).

LEMMA 2.8. If yy # yy € Y1, then |0y — 0y ||* = 2, where || - ||*
denotes the usual functional norm for the dual space of C'(Y7).

PROOF. Applying Urysohn’s lemma, there exists g € C(Y;) such
that 0 < g < 1, g(v;) = 1, g(y5) = 0. By Lemma 2.6.1 in [22], we
infer that ||6,, — d,,[|* > 2. Since it is also clear that ||d,, — d,]|* <
16 1" + 116, [[* = 2, we conclude that [|d,, — 6, [|* = 2. O

The following lemma shows that (P,* o T)*({0;;2 € Xb}) is a
singleton.

LEMMA 2.9. Let y € Y. Then there exists a unique §y € Y1 such
that

(P2 o T) ({0u3 2 € Xo}) = {05}

PROOF. By Lemma 2.7, the set (P,>oT)*({0,;z € X5}) is a subset
of {0,;y' € Yi}. Suppose that (P,*> o T)*({0;;2 € X,}) contains
at least two elements y| and y; of Y; with . # d,. There exist
1, T9 € Xy such that

(P2 o T)*(04y) = 0y, (P2 0 1) (84,) = by

Let A = {z € Xo;(P,? o T)*(0;) = 0y} and B = {x € Xp;(P** o
T)*(0z) # 0y }. By Lemma 2.6, we have already known that (P,*2 oT)*
is a continuous map from (Lip(X3))* into (C'(Y7))*. Hence A is a closed

set. We now prove that B is also closed. In order to verify this, let
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{zn} € B be a sequence such that z, — 2o € Xy (n — o00). For any
n € NU {0}, there corresponds &, € Y; with

(PyX2 oT)*(6,,) = ¢

n

by Lemma 2.7. Since the sequence {z,} is a converge sequence, there

exists ng € N such that d(z,, z9) < holds for every n > ny.

3||PX2 oT|
For any z, 2z € X5, we have

10 = 0:(I" = sup [f(z) = f(2)| < sup L(f)d(z,z) < d(z,z).
Ifls<1 Ifls<1

By [107, Theorem 4.10], we get ||P,*2 o T|| = ||(P,> o T)*||*. Thus, if
n > ng, then

10, = 0¢,lI* = (P 0 T)*(82,) — (P o T)* (30"
1P 0 T)* 1" [16, — dzI"

< ||PyX2 o T'||d(zy, 20)
1

g.
By Lemma 2.8 and the inequality (1.2), it must be
Oeo = Oc,, 7 Oy

By the definition of the set B, we have zy € B. This implies that the
set B is closed. However, since x1 € A, 2o € B and Xy = AU B, where

IN

(1.2)

A

A and B are disjoint and closed, it contradicts to the connectedness of
X,. Therefore (P,*2 o T)*({0,; 2 € X5} ) is a singleton. O

Applying Lemma 2.9, we define 7 : Yo — Y] given by
(P2 o T)" ({0si% € Xa}) = {0ry}
for all y € Y5. For any f € C(Y}), due to the definition of 7, we have

(1.3) (TH@)(y) = f(7(y))

for all z € X,. This implies that 7'(C(Y;)) € Const(Xs, C(Y2)). In
view of this, we can consider @ o T': C(Y;) — C(Y>) such that

(1.4) (Px, o T)(f)(y) = f(7(y))
for all y € Y.

LEMMA 2.10. The map 7 : Yo — Y7 1s continuous.
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Due to the definition of 7 and the equality (1.3), we claim that
(Const (X7, C(Y))) C Const(Xs, C(Y3)).

Let y € Y5. We define an algebra homomorphism J, : Lip(X;) —
Lip(X3) by

(Jyu)(x) = ¢(ux,)(2,y), w e Lip(Xy)

for all x € X5, where uy, denote the function from X; into C(Y;) with
ux, (r) = u(z) on Y for every z € X;. Since X; and X, are compact
metric spaces, Theorem 5.1 in [111] asserts that there exists a Lipschitz
map (-, y) : Xo — X3, which satisfies

(1.5) (Jyu)(x) = u(e(z,y))

for all u € Lip(X;) and € X,. Thus for any u € Lip(X;), we have
(1.6) lux,)(@,y) = ule(z,y)).

By (1.3) and the definition of T, for any f € C(Y;), we also have
(1.7) V(®x, ()2, y) = f((y))-

Multiplying (1.6) by (1.7), we have
(1.8) (¢ (ux, ) (2, y) - (V(Px, ()(2)(y) = ule(z,y)) - f(7(y))-

Since v is an algebra homomorphism, Lemma 2.11 follows immedi-
ately from (1.8) and Lemma 2.10.

LEMMA 2.11. There exist a continuous map 7 : Yo — Y] and a set
of Lipschitz maps o(-,y) : Xo — Xy such that, for every u € Lip(Xy),
fecyy),yeYs and x € Xo,

(¥ (ux, x, () (@) ()
= ((ux, @x, () (p(, 9))(7(y) = ulp(z,y)) - [(7(y))-

LEMMA 2.12. For any x € Xo, a map y — o(z,y) from Ys into X3
18 COntinuous.

We get by simple calculations, we omit the proof. We obtain the
maximal ideal space of Lip(X,C(Y)). We omit a proof since we prove

the general case after (Proposition 2.18).
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PROPOSITION 2.13. Let X be a compact metric space and Y be a
compact Hausdorff space. Then the maximal ideal space of Lip(X, C(Y))

1s homeomorphic to X X Y.

Proposition 2.13 and Proposition 2.1 imply that there exists a map
h: Xy x Yy — X x Y] such that

(1.9) D(F)=Foh
for all F' € Lip(Xy,C(Y;)). We are now ready to prove Theorem 2.3.

Proof of the necessity part of Theorem 2.3. Let F € Lip(Xy,C(Y7)).
In the same way as in [13], we have that the algebraic tensor product
space C(X;)®C(Y7), with the least crossnorm, is dense in C'(X;, C(Y}))
equipped with || - ||« since X; is a compact metric space and C(Y))
is a Banach space. In addition, by the Stone-Weierstrass theorem,
Lip(X7) is dense in C(X;), therefore there exists a sequence {F,} in
Lip(X1) ® C(Y1) that converges uniformly to F. Thus given € > 0,
there exists ng € N such that |[F — F, |« < € for any n > ng. We
identify the space Lip(X;) ® C(Y7) with all the functions of the form
S (i) x, P, (f;) with u; € Lip(X;) and f; € C(Y;). BEach function
F,, is represented as follows :

kn
Fn = Z(ugn)))ﬁ@)ﬁ (fi(n))

i=1
with some ugn) € Lip(X;) and fi(n) € C(Y1). By Lemma 2.11, we have

kn

G(E) ) = (3 (") (£7) ()
= > ()% @ () )

=Y u (el ) £ (1) = Fale(w,)(7(v)

For each Fe Lip(X;,C(Y1)), F is continuous on X; x Y; in Gelfand
topology. Hence we have ||F — F,||o = ||F' = Fp||s for all n € N. Thus
for any n > ng, by the existence of a map h : Xy x Y5 — X; x Y] as
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described in (1.9), we have
[V (F)(z,y) = Fle(z,y))(7(y))]

< [W(F)(x,y) — v(Fa)(z,y) + !Fn(@(x,y))( () = Fle(z,y))(7(y))|

< 10 (Y (F) = Oy (W(E))] + [1F = Flloo

= [(F) (8 — ( n) (O@a))| + 1 = Fllo
= |(Fo h)(5(x,y>) — (Fu o 1) 0| + | F = Flloo

<|Foh—F,ohle+I|IF,— Flls
<N F = Filloo + [P = Flloo < 2€.

As € > 0 was chosen arbitrarily, we obtain

V() (2, y) = Fp(r, y))(7(y))

for all z € X5 and y € Y5. Finally we prove that the set of Lipschitz
constants {L(¢(-,y)) }yey, is bounded. Let y € Y. For J, : Lip(X;) —
Lip(X3), we recall the definition and the equation (1.5) as follows:
(Jy“)(x) = 1/J(UX1)<I7y) = U((p(l’7 y))a YIS X2
for every u € Lip(X;). For any z1,xs € X5, we have
|(Jyu) (1) = (Jyu)(w2)] = | (ux, ) (21, y) — ¢ (ux,) (22, y)]
< [[o(ux, ) (1) — ¥(ux,)(22)]le < L(¥(ux,))d(z1, z2).
This implies that

L(Jyu) < L(¥(ux,)) < [l¢(ux,)l|z-

As 1 is an algebra homomorphism between semi-simple commutative

Banach algebras, 1) is continuous, so that

L(Jyu) < [lllux, [z = (@l
We also obtain
[Jytlloe = [l o o(-y)lloe < [Julloe < l[ullL-
Thus
[ yulle = [[Jyulleo + L{Jyu) < ([[¢]] + D)l[ull.
for any u € Lip(X;). Putting K = ||| + 1 we have

|yl < K
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for any y € Y5. Let y € Y,. For any x1, 29 € X5, we define u,, € Lip(X;)
by uy(x) = d(x, p(z2,y)). We have

dlp(z1,9), p(2,y)  |uy(e(z1,y)) — uy(@(z2, )|

d(xq,x2) d(x1,x2)

_ | (Jyuy) (@1) — (Jyuy) (z2)]
d(xy, o)

= 1yl (luylloo + Luy)) < K(diam(X;) +1).

< L<Jyuy) < ||Jyuy||L < ||Jy||||uy||2

Therefore,
L(p(-,y)) < K(diam(X;) + 1).

We conclude that the set of Lipschitz constants {L(¢(-,vy))}yey, is
bounded. O

1.2. Remarks on a generalization of Theorem2.3. Since 1
in Theorem 2.3 is a unital algebra homomorphism on a semi-simple
Banach algebra, the Gelfand theory asserts that there exists a con-
tinuous map between the maximal ideal spaces by which the given
homomorphism is represented as a composition operator. The form of
the homomorphism given in Theorem 2.3 is called of type BJ, in the
sense that the second variable depends only on the second variable.
This means that the Lipschitz algebra Lip(X) and the algebra C(Y)
are completely different; they are not miscible with each other.

We call a unital homomorphism represented by the composition
operator induced by a continuous map ®(x,¢) = (p1(x, d), v2(P)) is
of type BJ. A precise definition of a unital homomorphism of type BJ
is given at the end of the next section (see Definition 2.20). In this
chapter, we show that several unital homomorphisms between certain
Banach algebra are of type BJ. On the other hand, it is not the case
in general; if a unital commutative C*-algebra is replaced by a cer-
tain uniform algebra, a homomorphism needs not be of type BJ (see
Example 2.32). It is interesting to note that isomorphisms between
algebras of the all Lipschitz maps on connected compact metric spaces
into uniform algebras are of type BJ (see Section 2 in Chapter 3). We
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give several sufficient conditions on Banach algebras which ensure that
every unital homomorphism on them is of type BJ.

2. Preliminary with Definitions

Let E be a unital commutative Banach algebra. An E-valued func-
tion algebra in the strong sense is as follows.

DEFINITION 2.14. We say that A is an E-valued function algebra
on a compact Hausdorff space X in the strong sense if A is a subalgebra
of C(X, E) for a unital commutative Banach algebra E such that the

following conditions are satisfied.

(1.1) A is a Banach algebra under some norm || - || 4,

(1.2) A contains the constant maps,

(1.3) A separates the points of X

(1.4) for every z € X the evaluation map e, : A — E defined by
f+— f(x) is continuous.

The algebra C (X, E) is an E-valued function algebra on X in the
strong sense with the norm || - ||(x). If £ is semi-simple, and a sub-
algebra A of C(X, FE) is a Banach algebra under some norm, then
e, : A — FE is automatically continuous for every x € X by a theorem
of Silov (see [101, Theorem 3.1.11]). Nikou and O’Farrell defined an
E-valued function algebra [95, Definition 1.1]. But we have pointed
out a minor error in [95, Definition 1.1] of an FE-valued function al-
gebra. Recently, Nikou and O’Farrell have published the corrigendum
[96].

Let K be a compact metric space and E a unital commutative
Banach algebra. We have |le,(F)||g < ||F|| for every z € K and
F € Lip(K, E). Therefore Lip(K, F) is an E-valued function algebra
on K.

If B is a C-valued function algebra on X (in the strong sense), then
{e. : x € X} C M(B) and the map = — e, from X into M(B) is
a continuous injection. Hence X is embedded in M(B) as a compact
subset. We introduce the definition of natural.
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DEFINITION 2.15. We call B is natural if the map = +— e, is a
surjection, that is, if X is homeomorphic to {e, : * € X} = M(B)
through the map = — e,.

The Gelfand transform of a unital commutative semi-simple Ba-
nach algebra is natural. As Lip(K,C) is dense in C'(K) and Lip(K, C)
is inverse-closed, we can prove that Lip(K, C) is natural; K is home-
omorphic to {e, : * € K} = Lip(K,C). We discuss natural in more
detail (Proposition 4.2).

DEFINITION 2.16 (see [95]). Let X be a compact Hausdorff space
and F a commutative Banach algebra with unit. By an admissible
quadruple we mean a quadruple (X, FE, B, B), where

(2.1) B C C(X) is a natural C-valued function algebra on X,

(2.2) B ¢ C(X,E) is an E-valued function algebra on X in the
strong sense,

(2.3) B® E C B and

(24) {Aof:fe B X e M(E)} CB.

In fact, two definitions of an admissible quadruple by Definition
2.1 in [95] and Definition 2.16 are formally different. However An
admissible quadruple defined by Definition 2.1 in [95] and one defined
by Definition 2.16 in this dissertation are equivalent.

Let X be a compact Hausdorff space and E a unital commutative
Banach algebra. Then (X, £, C(X),C(X, E)) is an admissible quadru-
ple. Let K be a compact metric space. Then (K, F, Lip(K, C), Lip(K, E))
is an admissible quadruple.

DEFINITION 2.17. Let (X, E, B, E) be an admissible quadruple.
Let 7 : X x M(E) — M(B) be given by m(z,¢) = ¢ o e,, where
poey(F) = ¢(F(z)) for every F € B. Then by a routine argument 7 is a
continuous injection. We say that an admissible quadruple (X, E, B, B )
is natural if the associated map m is bijective.

As X x M(E) is compact and M(B) is Hausdorff, 7 is a homeomor-
phism if (X, E, B, B) is natural. In this case the maximal ideal space of
B coincides with {¢oe, : x € X, ¢ € M(E)}, which is homeomorphic
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to X x M(FE). Hence we may suppose that
(2.1) B C C(X x M(E))

through the homeomorphism 7 : X x M(E) — M(B); identifying
(z,¢) and ¢ o e, through 7.

PROPOSITION 2.18. Let (X,E,B,E) be an admissible quadruple.
Suppose that B is dense in C(X). Suppose also that B is inverse-
closed; F € B with I's(F)(¢oey) # 0 for every pair v € X and
¢ € M(E) implies F~1 € B. Then (X, E, B,E) is natural.

PROOF. Suppose that 7 : X x M(E) — M(B) is defined by
(x,0) — ¢ oe,. We prove that 7 is surjective. Suppose that
is not surjective. Choose any ®y € M(B) \ 7(X x M(B)) and fix
it. Since m(X x M(FE)) is compact there exist a finite number of
Fi,Fy,...,F, € Ker®y = {F € B: ®y(F) = 0} such that

> lo(Fi( |—Z|¢oem ) >1/2

for every (z,¢) € X x M(E). AS M(FE) is the maximal ideal space of
E. for each x € X there exist 07,03, ...,b" € E with

> O(F;(@)b;) =

for every ¢ € M(E). For every x € X there exists an open neighbor-
hood G, with

¢<2Fj(y>b§ ) Z¢ y)b;) — 1

for every ¢. Note that U, XGm = X. Since X is compact, there exist
a finite number of xy, zo, ..., x,, € Xsuch that U" G, = X. We have

(E-)

for every ¢ € M(E) and i = 1,2,...,m. Put H; = Z?:1 F;(1p ® b;')

fori =1,2,...,m. As 1p®Vj’ € B® FE C B, we have H; € B.
We also have H; € Ker @, since F; € Ker®, for j = 1,2,...,n. Let

<1/2, ye€dG,.

<1/2, yeaGy,
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{Ai}, € C(X) be the decomposition of unity related to {G;}";
0 <X\ <1, \ =0 on the complement of G; (i = 1,2,...,m), and

m

H(y) =Y N(y)(Hi(y), yeX.

=1

Then for every ¢ € M(E) we have H? is in C(X) and
|H®(y —1|<Z)\ ) —1]<1/2

for every ¢ € M(F) and y € X since \;(y)|¢p(H;(y))—1] =0fory & G;
and |p(H;(y)) — 1| < 1/2 for y € G;. Since B is dense in C'(X), there
exist \j, Ay, ..., Al € B such that

ZA’ ZA

for every ¢ € M( ). We infer that

) <1/6, yeX

)—11<2/3, yeX

for every ¢ € M(E) Put H = " (M, ® 15)H; € B. Then H €
Ker ®j as H; € Ker &y, and we have

$oe,(H)=¢(H(y)) = Zké(y)czﬁ(Hi(y)), (y,9) € X x M(E).

Hence |gboey(H) — 1| < 2/3 for every (y,¢) € X x M(E). As B is
inverse closed, H-! € B. This contradicts to H € Ker D). ]

Let K be a compact metric space and E a unital commutative
Banach algebra. By the Stone-Weierstrass theorem Lip(K, C) is dense
in C(K), and Lip(K, E) is inverse-closed by the definition of a vector-
valued Lipschitz maps. Hence by Proposition 2.18 the maximal ideal
space of Lip(K, F) is homeomorphic to K X M(E). Thus the quadruple
(K, E,Lip(K,C),Lip(K, E)) is a natural admissible quadruple and

(2.2) Lip(K, E) € O(K x M(E)).
We say that (X, E, B, E) is semi-simple if so is B.
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PROPOSITION 2.19. An admissible quadruple (X, E, B, é) is semi-

simple if and only if E is semi-simple.

PROOF. Suppose that F is semi-simple. Let F' € B satisfy I'5(F) =
0 on M(B). Then (T5(F))(¢ o e,) = 0 for every (z,¢) € X x M(E)
since 7(X x M(E)) € M(B). Hence for every z € X, we have
¢(F(z)) = 0 for ¢ € M(FE). As E is semi-simple we get F'(z) = 0
for every x € X, hence F' = 0. We have that B is semi-simple.

Conversely suppose that B is semi-simple. Suppose that a € FE
satisfies o(a) = {0}. We show that a = 0. By a simple calculation we
have o(a) = o(1 ® a). Since B is semi-simple, we have that 1 ® a = 0
and thus a = 0. U

We have by (2.2) and Proposition 2.19 that we may suppose that
(2.3) Lip(K,E) C C(K x M(E))

if F is semi-simple. In general, we have the following. Suppose that E
is semi-simple and (X, F, B, B) is natural. Then B is semi-simple by
Proposition 2.19; we may identify B and B. Hence we may suppose
that

(2.4) B C C(X x M(E))

by (2.1).

Suppose that 1) : (Xl,El,Bl,E) — (X27E2,BQ,B;) is a unital
homomorphism between semi-simple and natural quadruples. Gelfand
theory asserts that there exists a continuous map @ : Xy x M(E3) —

X1 xM(Ey) denoted by ®(z, ¢) = (¢1(x, @), pa(z, ¢)) such that (F)(x, ¢) =
F(pi(z,0), pa(z, 9)) for every (x,¢) € Xox M(Es) and F' € (X4, Ey, By, E)

DEFINITION 2.20. Suppose that E; is semi-simple and (X}, E;, Bj, EJ)

is natural for j = 1,2. Suppose that 1 : (X1, By, By, B1) — (X, Es, Ba, Bs)
is a unital homomorphism. We say that ¢ is of type BJ if o depends
only on the second variable;

V() (z,0) = F(pi(z,0),02(0)), (z,0) € Xo x M(Ey)
for every F € (Xl,El,Bl,E).
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3. Results and Proofs

Let E; be a unital commutative Banach algebra. We say that a
homomorphism ¢ : Ey — FEy is unital if ¢)(1g,) = 1g,. In this section
we study sufficient conditions on an admissible quadruple which ensure

that every unital homomorphism on it is of type BJ.

LEMMA 2.21. Let E; be a unital commutative Banach algebra. Sup-
pose that ¢ : Ey — FE5 is a unital homomorph@sm Then we have
Y(rad(Ey)) C rad(Ey). Hence the - map b B — By deﬁned by
?Z(FEl(a)) = I'p,(¥(a)), I'p,(a) € By, is well defined. ¢ is a uni-
tal homomorphism from E\l imnto E\g There exists a continuous map

h: M(E5) — M(Ey) such that
$(Tp (a)) =T (a)oh, Tpla)€ By

In particular, if 1 is an isomorphism, then 1 is an isomorphism and

h is a homeomorphism.

PROOF. Suppose that a € rad(FE;). Then, by Proposition 3.5.1
and Theorem 3.5.1 in [70], A1, —a € E; ' for every non-zero complex
number \. As we assume ¢(1g,) = 1g,, Ng, —1p(a) € By As X #0
can be chosen arbitrary, we have that o(¢(a)) = {0}. We conclude
that ¢(a) € rad(E>) and thus ¢ (rad(E)) C rad(E»).

The rest of a proof is a routine argument and we omit it.

O

Let Ac be a C-valued function algebra on a compact Hausdorff
space X in the strong sense and E a unital commutative Banach alge-
bra. For f € Ac and b € E, f ® b denotes the map in C'(X, E) such
that (f @ b)(z) = f(x)b for z € X. We denote

A([j@E:{ij@ijnEN, ijA(C, bjGE(jzl,Z,...,n)},

j=1
where N is the set of all positive integers.

Suppose that (X, E, B, E) is an admissible quadruple. The subal-
gebra of all constant maps in B is denoted by Const(B); Const(B) =
{1p®a:a€ E}.
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PROPOSITION 2.22. Let E; be a unital commutative Banach algebra
and (X;, E;, B; g) an admissible quadruple for j = 1,2. Suppose that
31 C m where = denotes the uniform closure on M(B ).
Let 1) - 31 — 32 be a unital homomorphism. Suppose that for every
F e Const(Bl) there exists bp € Fy such that I'g,(Y(F)(x)) = Ik, (br)

for every x € Xy. Then there exists continuous maps T : M(Ey) —

M(Ey) and ¢ : Xy x M(FE3) — Xy which satisfy that
g (W(F)(poe,) =Tg (F)T(d)oepue) (z,0) € Xox M(Ey)
for every F € Bl.

Note that if a homomorphism ¢ : B; — B, satisfies that 1»(Const(B;)) C
Const(By), then for every F' € Const(B;) we have I'g, (¢(F)(z)) =
g, (br) for every x € Xy, where bp = ¢(F')(x¢) for some xy € X,. The

converse can be false unless Fjy is semi-simple.

PROOF. Recall that Xy = M(Bg) by (2.1) of Definition 2.16. Let
r € Xy. For b € E;, we denote b= 15, ®b. Define 2/130 E, — E5
by Ey 5 b — wx( ) = (b )(z). The map ¥, is well defined since
B;® LE; C E; by (2.3) of Definition 2.16. By a simple calculation we
have that {ﬁ; is a homomorphism. As 1, ® 1, = 175; for j = 1,2, we
infer that

Ve(lp,) = ¥(1p, @ 1p,)(2) = ¥(15) ()
=15 (z) = (1p, ® 1p,)(z) = 1g,.
Thus the map E; is a unital homomorphism. By Lemma 2.21 the
induced map {ﬂ/i . Ei — E, defined by {p/j(FEl( b)) = FE2(1pz( ),
g (b) € Er, is a unital homomorphism. As 1, ®b € Const(Bl)

there exists bp € Ey such that I'g, (¢(15, ® b)(z)) = I'g, (bp) for every
z € X5. Thus

(T, () = Ty (82 (5)) = Ty ($(L, ® )(2)) = Ty (br).

—

Hence we have that 7:0\; does not depend on = € X,. By the Gelfand
theory there exists a continuous map 7 : M(E,) — M(E}) such that

5T (0) =T (B) o7, Tr(b) € B,
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Thus we have that
U, (¢2(0) =Tg, (b) o7
for every x € X, and b € E.

Choose an arbitrary ¢ € M(Es). Let f € B;. Since f ® 1p, €
By ® E, C By, (f ® 15,) € By. Then by (2.4) of Definition 2.16, we
have that ¢ o 9(f ® 1g,) € Bs. Define ¢ : By — By by ¢2(f) = ¢ o
(f®1E,), f € By. By asimple calculation we infer that Qfﬁ is a unital
homomorphism. By (2.3) of Definition 2.16, X; 3 = +— e, € M(B))
is a surjection (homeomorphism) for j = 1,2. Then by the Gelfand
theory there exists a continuous map ¢(-, ¢) : Xy — X such that

Vo(f) = foe( )
holds for every f € Bj.
Given 2?21 fi ®b; € By ® Ey, as v is a homomorphism, we have

¢(Z fi®@bj) = Zij b)) =Y (f; @ 1g)(1s, ®b;).

j=1
For every « € X, and ¢ € M(E,) we have

O((¥(1p, @b)))(x)) = S((5;) () = d(tha (b))

= DI'p, (¢2(0;)) (@) = g, (b)) o 7(¢) = (7())(b;),

and

o((V(f; @ 1g,))(x)) = (P ov(f; ® 1E,))(x)
= ?(f;)(w) = fi(w(x,9)) = fiop(x,¢).

Considering ¢ and 7(¢) being multiplicative linear functionals, we have

¢ ((¢(Z fi® bj>)(x>) = Z fi 0wz, ¢)T()(b;)

= 7(9) (Z fj<so<x,¢>>bj) - 7(9) ((Z £ bj><so<x,¢>>) .
We have proved that

(3.1) ¢ (W(F)(z)) = 7(¢) (F(p(x,9)))
for every F' € By ® F1, v € X, and ¢ € M(Ej»).
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As ¢ : E — E is a unital homomorphism we have by Lemma
2.21 that 'z (F) = [z (¥(F)) gives a unital homomorphism from

E into E By the Gelfand theory there exists a continuous map
h: M(Bs) — M(By) such that I'z (¥(F)) = I'z (F) o h. For z € Xy
and ¢ € M(E,), we have ¢ o e, € M(B,) and

I (W(F))(¢oer) = d((V(F))(2)

for every F € E Suppose that F,,, F' € E and

T3 (Fo) = T ()l oy = 0
as n — 00. Then

(3.2)
||F]371 (Fn) — FE (F)HOO(M(E)) > ||F’§2(Fn) oh— FE(F) © h||oo(/vt(§2))

for any x € X, and ¢ € M(E»).
Suppose that F' € By. Then by the assumption (E) C 'z (B1® Ey)
there exists a sequence {F,} C B; ® F; with
05 (Fn) = T (F) ooy = 0

as n — oco. By (3.1) we have

¢ ((V(F))(x)) = 7(0) (Fu(p(z, 9)))
for every positive integer n, x € X, and ¢ € M(E,). By (3.2) we have

¢ ((Y(Fo) () = ¢ (¢(F))())

as n — 00. On the other hand as 7(¢) o ey(z.4) € M(B;) we have
T, (Fn) = U, (F)ll o) 2 7(0) (Fu(o(, 0))) — 7(9) (F((, ¢))) |-
Hence we have that
7(9) (Fulp(z, 9))) = 7(9) (F(o (2, 0)))

as n — 00. As I'g (V(F))(d 0 ex) = ¢ (¥(F))(x)) and I'g, (F)(7(¢) 0
Co(w.s)) = T(9) (F(p(z, )

(3.3) TgW(F))(¢oer)

T (F)(r(0) 0 o), (5:6) € Xz x M(E).

we have
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On the other hand we have
T (W(F)(\) = $(T5 (F)(N) = Tz (F))(A(N), A € M(By),

hence

(34) T @(F)(boes) = 05 (F)(boe)
)

) =

=[5 () (h(poer)), (v,0)€ Xox M(Es).

Letting 7; : X; x M(E;) — M( J) for j = 1,2 by mj(x, ¢) = poe, we

have by (3.3) and (3.4) that
) =

I (F)(m(e(z,0),7(¢) = (U5, (F))(h(ma(z,9))), (x,9) € Xox M(E,).
As F € E is arbitrary, we have

h(ma(z,9)) = 7(9) 0 epwe) = mi(p(z,0),7(9)), (z,0) € Xox M(En).
As 7 can be seen a homeomorphism from X; x M(FE;) onto {¢poe, :

r € X1, ¢ € M(E))}, we see that ;' o h oy is continuous, hence
¢ Xy x M(E3) — X is continuous. O

We give a sufficient condition for admissible quadruples on which
every unital homomorphism is of type BJ.

THEOREM 2.23. Let E; be a unital commutative Banach algebra
and (X;, E;, Bj g) an admissible quadruple for j = 1,2. Suppose that
31 C m where = denotes the uniform closure on M(B ).
Suppose that X5 is connected with respect to the relative topology in-
duced by the metric inherited from the dual space of By and that M(E})
15 totally disconnected with respect to the relative topology induced by
the metric inherited from the dual space of Ey. Let 9 : E — E
be a unital homomorphism. Then there exists a continuous map T :
M(Ey) — M(E}) and a continuous map ¢ : Xo X M(Ey) — X1 which
satisfies that

Ig,(W(F)(¢oes) =5 (F)(7(d) 0 o)), (7,0) € Xo X M(Ey)
for every F € Bl.

ProoF. By Proposition 2.22 it is enough to prove that for every
F € Const(By) there exists br € E, such that I'g, (¢(F)(x)) = ['g, (br)
for every x € Xos.
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Let ¢ € M(Es) be arbitrary. Define S : E; — By by S(b) =
po(lg, ®b) for b € Ey, where we consider ¢ as a multiplicative
linear functional on E5. Then S is a homomorphism. It is unital since
1p,®1p, = 1;3; and @D(la) = 15}' As By is C-valued function algebra
on X, in the strong sense by Definition 2.16, it is semi-simple. Thus S
is continuous by a theorem of Silov (see [101, Theorem 3.1.11]). Let
S* 1 By — EY be the dual of S. Then S* is continuous with respect
to the norm topology on Bj; and EY. Since S is multiplicative, by a
simple calculation we have S*(M(Bs)) C M(E}). Since Xo = M(By)
is connected with respect to the relative topology induced by the metric
inherited from the By and M(E)) is totally disconnected with respect
to the relative topology induced by the metric inherited from E, we
infer that S(M(Bs)) is a singleton; there exists a unique v, € M(E)
with S*(M(B)) = {vs}. Hence S*(e;) = vy for every x € X,. Let
F e Const(E). Then there exists a unique b € E; with F(x) = b for
every ¢ € X;. Hence F' = 1, ® b, where e, is a point evaluation on
By at x. It follows that

¢ ((V(F))(x)) = ex(@o (s, ®D))
= ex(5(0)) = (57(€2))(b) = v(D)

for every x € X;. Let xy be any point in X;. Put bp = ¥(F)(zo).
Then by € E5 and

¢ (P(F))(x)) = ve(b) = & ((L(F))(20)) = ¢(bF)
for every x € X;. As ¢ is an arbitrary element in M(FE,), we obtain
Lg,(W(F)(x)) = I'g,(bp) for every x € X5. By Theorem 2.22 there

exists a continuous map 7 : M(Es) — M(E;) and a continuous map
¢ Xy x M(E5) — X, which satisfies that

IgW(F)(¢oes) =T5 (F)(7(0) 0 o), (7,¢) € Xo X M(E)

for every F € E . 0
If E; is semi-simple, and (Xj, Ej,Bj,E) is natural, then we may
suppose by (2.4) that B; C C(X; x M(Ej;))

ing.

. Thus we have the follow-
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COROLLARY 2.24. Suppose that E; is semi-simple and (X;, E;, Bj, E;)

s natural. Suppose that E C B, ® E, where - denotes the uniform
closure on M(E) Suppose that X5 is connected with respect to the
relative topology induced by the metric inherited from the dual space
of By and that M(Ey) is totally disconnected with respect to the rel-
ative topology induced by the metric inherited from the dual space of
Ey. Let ¢ : E — E; be a unital homomorphism. Then there ex-
ists a continuous map T : M(Ey) — M(E;) and a continuous map
v Xy X M(Es) — Xy which satisfies that

b(x,0) = Fle(z,0),7(9)), (2,9) € Xo x M(E)
for every F € E

THEOREM 2.25. Let E; be a unital commutative Banach algebra
%d (X;, E;, Bj, fB:) an admissible quadruple for j = 1,2. Suppose that
B, C W, where - denotes the uniform closure on M(E)
Suppose that Xo is connected and M(Ey) is totally disconnected. Let
(R E — E be a unital homomorphism. Then there exists a con-
tinuous map T : M(E3) — M(E1) and a continuous map ¢ : X X
M(E5) — X1 which satisfies that

Ig,(W(F)(¢oes) =5 (F)(7(0) 0 o)),  (7,0) € Xo X M(Ey)
for every F € E

PROOF. Defining S in the same way as in the proof of Theorem
2.23, S* is continuous with respect to the weak-* topology on Bj and
E}. The rest of the proof is similar to that of Theorem 2.23. U

As in the same way as Corollary 2.24 we have the following.

COROLLARY 2.26. Suppose that E; is semi-simple and (X, E;, B;, /é;)
18 natural. Suppose that E C By ® Ey, where - denotes the uniform
closure on M(/Bvl) Suppose that X5 is connected and M(Ey) is totally
disconnected. Let 1 : E — Z?; be a unital homomorphism. Then there
exists a continuous map T : M(Ey) — M(E,) and a continuous map
0 Xo X M(Es) — Xy which satisfies that

¢(F)(x7¢) = F(Sp(x7¢)’7_<¢))7 ($7¢) € Xy X M(EQ)
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for every F € B;.

4. The case of algebras of vector-valued Lipschitz maps

LEMMA 2.27. Let K be a compact metric space. Suppose that
Gi,...,Gp are open sets with Uj_G; = K. Then there exist f1, ..., fn €
Lip(K,C) such that 0 < f; < 1 on K and f; = 0 on K\ G; for
j=12,...,nand 37 fj=1on K.

It is well known and we omit a proof.

LEMMA 2.28. Let K be a compact metric space and E a unital

commutative Banach algebra. Then we have

—

Llp(K, E) C FLip(K,E)(Lip(K7 (C) ® E),

where ~ denotes the uniform closure in C(K x M(E)).

PRrOOF. Let F' € Lip(K, E). Let € > 0 be arbitrary. Then there
exists a finite number of points 1, ..., z, € K and open neighborhoods
r1 € Gy,...,x, € G, such that U?:1Gj = K and

[1F(x) = F(z))llp < &,7 € G

for every 7 = 1,2,...,n. Then we have by Lemma 2.33 that there
exist Ay, Ao, ..., A, € Lip(K,C) such that 0 < A; <1on K, \; =0
on K\ Gjforj=12..,n and 37 Aj = 1on K. Put F. =
> -1 NjF(z;) € Lip(K,C) ® E. By some calculation we obtain that

T Lip(r,2) (F) — DLipex,2) (F2) [|oo(rxm(e)) < €.
As F € Lip(K, ) and ¢ are arbitrary, we have the conclusion. O

LEMMA 2.29. Suppose that K is a compact metric space. Then, the
original topology on K, the Gelfand topology induced by Lip(K,C), and
the relative topology induced by the metric induced by operator norm

topology on the dual space of Lip(K,C) all coincide with each other.

PRrOOF. It is well known that the maximal ideal space M (Lip(K, C))
with the Gelfand topology is homeomorphic to K. In fact, x + e, de-
fines a homeomorphism from K onto M(Lip(K,C)). We prove that
the Gelfand topology of M(Lip(K,C)), which is the topology induced



4. THE CASE OF ALGEBRAS OF VECTOR-VALUED LIPSCHITZ MAPS 43

by the weak-* topology inherited from the dual space of Lip(K, C), is
homeomorphic to the topology induced by the metric inherited from the
dual space of Lip(K, C). Just for the simplicity we denote M (Lip(K, C))
with the Gelfand topology by M,, and M (Lip(K,C)) with the topol-
ogy induced by the metric inherited from the dual space of Lip(K, C)
by M,. Let Id : M, — M, be the identity map. Since the topol-
ogy induced by the metric inherited from the dual space of Lip(K, C)
is stronger than the Gelfand topology, the map Id is continuous. For
every pair x,y € K we have
lez —eylle = sup |f(z) = f(y)| < sup |f(z) = fy)] < d(z,y).
Ifllo<t L(f)<1

Since the original topology and the Gelfand topology coincide we infer
that Id ™" is continuous. We conclude that Id is a homeomorphism. O

COROLLARY 2.30. Let K; be a compact metric space and E; a unital
commutative Banach algebra for j = 1,2. Suppose that Ky is connected.
Suppose that M(E) is totally disconnected with respect to either the
Gelfand topology (the original topology as the mazimal ideal space) or
the relative topology induced by the metric inherited from the dual space
of E1. Let v : Lip(K7y, Ey) — Lip(Ks, E2) be a unital homomorphism.
Then there exists a continuous map T : M(E2) — M(E1) and a contin-
uous map ¢ : Ko x M(Es) — K; such that the map o(-, ¢) : Ko — K;
is a Lipschitz map for each ¢ € M(Es), which satisfies that

FLip(K2,E2)(w<F))<¢ oe;)
= FLip(K1,E1)FW(T(¢) ° etp(z,(b))v (.%, (b) € K2 X M(E2)
for every F' € Lip(Ky, Ey). Furthermore if E; is semi-simple for j =
1,2, then we may write
(W(E)(x,¢) = Flp(x,¢),7(0)), (2,0) € Ky x M(E,)

for every F € Lip(Ky, Ey); ¥ is of type BJ.

Proor. We apply Theorems 2.23 or 2.25 for the admissible quadru-
ple (Kj, E;, Lip(K;,C), Lip(Kj, E;)). The maximal ideal space of Lip(K, E})
is homeomorphic to K; x M(E};) by Lemma 2.18. We have the inclusion

Lip(K1, B1) C TLip(r,,m) (Lip(K7, C) ® Ey)
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by Lemma 2.34. Since K, is connected we have that K, is connected
also with respect to the relative topology induced by the metric inher-
ited from the dual space of Lip(K3, C) by Lemma 2.35. By Theorems
2.23 or 2.25 there exists a continuous map 7 : M(Es) — M(E;) and a
continuous map ¢ : Ky x M(FE3) — K; which satisfies that

(4.1) TLip(rea, ) (V(F))(¢ 0 €z)
= PLip(1,2) F(T(9) 0 €p(a)), (7,0) € Ky x M(E»)

for every F' € Lip(Ky, Ey). The rest is to prove that the map ¢(+, ¢) :
K> — K; is a Lipschitz map for each ¢ € M(E5). Let ¢ € M(E3). De-
fine ¢¢ : Lip(K1) — Lip(K3) by ¢2(f) = ¢(4(f ® 1g,)), [ € Lip(Ky).
Then ¢ is a unital homomorphism from Lip(K;) into Lip(K5). Then
iﬁ is continuous by a theorem of Silov (see [101, Theorem 3.1.11]);
there exists K > 0 such that ||@//;5(f)||L < K|fl||z for every f €
Lip(K7). On the other hand we have by (4.1) that zﬁ(f) = f(p(-,9)),
f € Lip(Ky). Suppose that ¢(-,¢) : Ko — K; is not a Lipschitz map.

Then there exist sequences {z,} and {y,} in K3 such that

0< ndz(l’n, yn) < d1<90<xm qb)? Sp(ym ¢))

for every positive integer n. Put f,, : K1 — Cby f.(x) = di(z, o(Yn, ¢)),
x € Ki. Then || f,||r < 1+diam(K), where diam denotes the diameter.
On the other hand

0 < 1ds (T, Yn) < da(©(Tn, 0), 2 Wn, ) = |02 (fa)) (@)= (00 () (yn)]

for every positive integer n. Hence the Lipschitz constant L{ﬁ () >

n for every positive integer n, so ||;/J\<75(fn)||L 2 Ly = 09 which

(fn)
contradicts to the continuity of ¢¢. We conclude that the map (-, @) :

Ky — K is a Lipschitz map for each ¢ € M(E,). d

We exhibit several examples of unital semi-simple commutative Ba-
nach algebras E such that the maximal ideal space are discrete with
respect to the relative topology induced by the metric inherited from
the dual space of E. We also exhibit an example of a unital semi-simple
commutative Banach algebra whose maximal ideal space is totally dis-

connected. We say that a C-valued function algebra on X in the strong
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sense is a uniform algebra on X if it is uniformly closed (see [22] for

general theory of uniform algebras). Note that a uniform algebra is

semi-simple.

EXAMPLE 2.31. (1) Let Y be a compact Hausdorff space. The

Banach algebra C(Y) of all complex-valued continuous func-
tions on Y. Then Y is homeomorphic to the maximal ideal
space of C'(Y). By the Urysohn’s lemma we infer that Y is
discrete with respect to the relative topology induced by the
metric inherited from the dual space of C'(Y).

Let T be the unit circle in the complex plane. Recall that the
Wiener algebra is the algebra of all complex-valued continuous
functions on T which have absolute converging Fourier series;
W(T) = {f € C(T) : 3" |f(n)] < oo} with the norm || f|w =
S |f(m)| for f € W(T). The maximal ideal space of W (T)
is homeomorphic to T. Let wy,wy € T be different. There
exists a positive integer n such that |w} — wj| > 1. The
function g(z) = 2" is in W(T) with ||g|lw = 1. Hence the
norm of w; — wy as the bounded linear functional on W (T) is
greater than 1. Hence T is discrete with respect to the relative
topology induced by the metric inherited from the dual space
of W(T).

Let A be a uniform algebra such that the maximal ideal space
coincides with the Choquet boundary. The Choquet boundary
for a uniform algebra A is discrete with respect to the relative
topology induced by the metric inherited from the dual space
of A. It is known as the Cole’s counterexample to the peak
point conjecture [22] that such a uniform algebra which is not
a C*-algebra exists.

Let G be a compact Abelian group and T its dual group. The
group algebra A(G) of all Fourier transforms of functions in
LY(T) is a unital semi-simple commutative Banach algebra
with the maximal ideal space G. If T' is a discrete group
of bounded order, then G is a totally disconnected compact
Abelian group [108, Example 2.5.7. (iii)]. See the paper of
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Katznelson and Rudin [65] and a book of Rudin [108] for

further examples and informations.

By (1) of Example 2.31 we see that Corollary 2.30 generalizes a
part of Theorem 2.3 concerning to the case where £ is a commutative
C*-algebra. On the other hand we cannot replace a commutative C*-
algebra by a uniform algebra. The following example shows that a
unital homomorphism between algebras of Lipschitz maps with values
in uniform algebras need not be of type BJ.

EXAMPLE 2.32. Let D={2 € C:|z| <1} and D={z € C:|z| <
1}. Put

AD) = {f € C(D) : f is analytic on D}.

Then A(D) is a uniform algebra on D, which is called the disk algebra
on . By the celebrated Schwartz lemma the map

V(F)(t, ¢2) = F(t, ¢14.),  F € Lip([0,1], A(D))

is well defined from Lip([0,1], A(D)) into itself, where ¢,, is the point
evaluation on A(D) at w € D. Then ¢ is a homomorphism which is
not of type BJ.

5. The case of algebras of vector-valued continuously
differentiable maps

Let C1([0, 1]) be the algebra of all continuously differentiable complex-
valued functions on the unit interval [0, 1].Let F be a unital commu-
tative Banach algebra. By the Stone-Weierstrass theorem C'([0, 1]) is
dense in C([0,1]), and C*([0, 1], E) is inverse-closed by the definition of
a vector-valued continuously differentiable maps. Hence by Proposition
2.18 the maximal ideal space of C'*(]0, 1], E) is homeomorphic to [0, 1] x
M(FE). Hence the admissible quadruple ([0, 1], E, C([0,1]), C*([0, 1], E))

is natural and
(5.1) ([0, 1], E) € ([0, 1] x M(E)).

LEMMA 2.33. Suppose that Gy, ..., G, are open sets with U7_,G; =
0,1]. Then there ezist fi,..., f, € C*([0,1]) such that 0 < f; <1 on
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0,1] and f; =0 on [0,1]\ G for j =1,2,...,n and }7°_, f; =1 on
0,1].

Lemma 2.33 is well known and we omit a proof.

LEMMA 2.34. Let E be a unital semi-simple commutative Banach
algebra. Then we have

C'([0,1], B) C Terqoa,m)(CH([0,1]) @ E)

where * denotes the uniform closure on [0,1] x M(E).

PROOF. Let F € C([0,1], E). Let € > 0 be arbitrary. Then there
exists a finite number of points z1,...,x, € [0, 1] and open neighbor-
hoods 7, € Gy, ..., 7, € Gy such that U}_,G; = [0, 1] and

[1F(z) = F(z;)l|le <e v € Gy

for every 7 = 1,2,...,n. Then we have by Lemma 2.33 that there
exist Ay, Ag, ..., A, € CY([0,1]) such that 0 < A; <1on[0,1], A; =0
on [0,1]\ Gj for j = 1,2,...,n, and 3°7 | A; = 1 on [0,1]. Put
Fo=37"AjF(z;) € C'([0,1]) ® E. By some calculation we obtain
that || F'— F. || so(o.1]xm(r)) < €. As F € C'([0,1], E) and ¢ are arbitrary,

we have the conclusion. O

LEMMA 2.35. The usual topology on [0,1], the Gelfand topology
induced by C*([0,1]), and the relative topology induced by the operator
norm topology on the dual space of C'([0,1]) all coincide with each
other.

PROOF. It is well known that the maximal ideal space M(C*([0,1]))
with the Gelfand topology is homeomorphic to [0,1] with the usual
topology. In fact, z +— e, defines a homeomorphism from [0, 1] onto
M(C([0,1])). We prove that the Gelfand topology of M(C*([0,1])),
which is the topology induced by the weak-x topology inherited from
the dual space of C1([0,1]), is homeomorphic to the topology induced
by the metric inherited from the dual space of C*(]0,1]). Just for the
simplicity we denote M(C([0,1])) with the Gelfand topology by M,
and M (C*(]0,1])) with the topology induced by the metric inherited
from the dual space of C'([0,1]) by M,. Let Id : M, — M,, be the
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identity map. Since the topology induced by the metric inherited from
the dual space of C'([0,1]) is stronger than the Gelfand topology, the
map Id is continuous. For z € [0,1], e, denotes the point evaluation
on C*([0,1]) at z. We denote the norm of the dual space of C'(]0,1])
by || - ||«. Let f € C'([0,1]). Recall that the Lipschitz constant of f is
L(f) = sup, % It is easy to see that ||f'||ss(o,1) < L(f). By
the mean value theorem we have

[f(s5) = f@)] _ [Ref(s) —Re f()]  |Im f(s) —Tm f(?)]
_|_
|s — ¢ - |s — ¢t |s —
< | Re f'lloo(o) + 1 Tm fflooqo,y < 201 loo(o,1)
for every s,t € [0,1] with s # t. Thus L(f) < 2||f'||s(p0,1))- Hence we
have

ez —eylle = sup [f(z)—fy)l<  sup  [f(z)—fly)] <2lz—yl
lfllc1<1 1" oo (r0,1y <1

Since the usual topology and the Gelfand topology on [0, 1] coincide we
infer that Id ™" is continuous. We conclude that Id is a homeomorphism.

O

Applying Theorems 2.23 or 2.25 for ([0, 1], E;, C*([0, 1]), C*([0, 1], E}))
we obtain the following.

COROLLARY 2.36. Suppose that E; is a unital semi-simple commau-
tative Banach algebra for j = 1,2. Let+ : C*([0,1], Ey) — C*([0, 1], E»)
be a unital homomorphism. Suppose that M(E}) is totally disconnected
with respect to either the Gelfand topology or the relative topology in-
duced by the metric inherited from the dual space of FEy. Then there
exist a continuous map 7 : M(Ey) — M(E}) and a continuous map
¢ 1 [0,1] x M(Ey) — [0,1] such that for each ¢ € M(E,) the map
(-, ) : [0,1] = [0,1] is continuously differentiable, which satisfy that

(W(F)(z, 0) = Fe(x,6),7(¢), (z,¢) €[0,1] x M(Ey)
for every F € C([0,1], E).
PROOF. The maximal ideal space of C*([0, 1], E;) is homeomorphic
to [0,1] x M(E};) by Proposition 2.18. We have the inclusion
C([0,1], ) € Teao,e) (CH([0,1]) ® Ej)
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by Lemma 2.34. Since [0, 1] is connected we have that [0, 1] is also
connected with respect to the relative topology induced by the metric
inherited from the dual space of C*(]0,1]) by Lemma 2.35. By Theo-
rems 2.23 or 2.25 there exist a continuous map 7 : M(E2) — M(E)
and a continuous map ¢ : [0, 1] x M(E,) — [0, 1] which satisfy that

(5.2)  (V(F)(z,¢) = Flo(x,0),7(¢)), (2,0) € [0,1] x M(E»)
for every F € C'([0,1], Ey). To prove that the map o(-,¢) : [0,1] —

—~

[0,1] is continuously differentiable for each ¢ € M(Ej), define ¢? :
C([0,1]) = €*([0,1]) by ¢?(f)(x) = (& (f ® 1p,)(x)), f € C*([0,1]).

Then @E‘z is a unital homomorphism from C* ([0, 1]) into C*([0, 1]). Then
zﬁ is continuous by a theorem of Silov (cf. [101, Theorem 3.1.11]). On
the other hand we have by (5.2) that @ﬁ(f) = f(eo(-,9)), f € C([0,1]).
Letting f the identity function we have that (-, ¢) : [0,1] — [0,1] is

continuously differentiable. 0






CHAPTER 3

Peculiar isomorphisms on algebras of
vector-valued maps

1. Results and Proofs

In this chapter 3, we study on algebra isomorphisms on algebras
of vector-valued maps. We exhibit an example of a unital endomor-
phism of an algebra of Lipschitz maps with values in a uniform algebra
which is not of type BJ (Example 2.32). We will prove in this chapter
that any isomorphism between algebras of Lipschitz maps with values
in uniform algebras, under some hypothesis of connectedness on the
Choquet boundary, is of type BJ .

Let X be a compact Hausdorff space. Let L be a linear subspace
of C'(X) such that L separates the points of X and contains constants.
We set

K={¢pelL :¢(1)=1=]¢|},
where we consider L as a normed space with the supremum norm on
X. The Choquet boundary of L, denoted by Ch(L), is the set of all
x € X such that the point evaluation e, on L is an extreme point of
K. It is known [102, Proposition 6.2] that z € X is in Ch(L) if and
only if the Dirac measure at x is a unique probability measure p on X
such that u(z) = [wudp for every u € L. Let A be a uniform algebra
on X. We say that S C X is a peak set if there exists f € A such that

S={reX: fx) =1} ={z € X :|f(2)] = [[flloocx)}-

A point z € X is called a peak point in the weak sense if {z} is the

intersection of some collection of peak sets. It is known that x € X

is a peak point in the weak sense for A if and only if z € Ch(A) [22,

Theorem 2.3.4]. Hence z € X is in Ch(A) if and only if for every

open neighborhood U of = there exists a function f € A such that
51
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f(x) =1 =|flloox) and |f| < 1 on X \ U. By a routine argument
we see that Ch(A) with the relative topology induced by the metric
inherited from the dual space of A as a Banach space is a discrete space.
For the definition and properties of the Choquet boundary for function
spaces and uniform algebras, we refer to [102] and [22], respectively.

LEMMA 3.1. Let A be a uniform algebra and (X, A, B, E) an admis-
sible quadruple. Suppose that B is natural. Then 7(Ch(B) x Ch(A)) =
Ch(B).

PROOF. Let B be the uniform closure of B in C'(X) and B the uni-
form closure of B in C(M(B)). Then B and B are uniform algebras.
By a routine argument the restriction ¢ +— ¢|p gives a homeomor-
phism from M (B) onto M(B) = X. Similarly the restriction gives
a homeomorphism from M (B) onto M(B). Thus we may suppose
that B € B ¢ C(X) and B C E_C C(X x M(A)). We infer that
Ch(B) = Ch(B) and Ch(B) = Ch(B) by the definition of the Choquet
boundary. -

We prove that 7(Ch(B) x Ch(A)) = Ch(B). Let (z,¢) € Ch(B) x
Ch(A). Suppose that G is an open neighborhood of m(z, ¢) in M(E)
Then there exists an open neighborhood U; of ¢ in M(A) and an open
neighborhood V; of 2 in X such that V; xU; C G. As ¢ € Ch(A), there
exists u € A such that u(¢) = 1 = ||u|lcma)y) and |u| <1 on X\ U;.
As z € Ch(B), there exists f € B such that f(z) = 1 = || f|leo(x)
and [f| < 1 on M(A)\ Vi. By (5) of Definition 2.16, we see that
B® A C B. 1t follows that f ® u € B such that f ® u(r(x,¢)) =
1 = |f ® ulloo(xxmay and |f ® u| < 1 on X x M(B)\ G. Thus
7(z,¢) € Ch(B). We have that 7(Ch(B) x Ch(A))  Ch(B).

Next we prove that Ch(E) C Ch(B) x Ch(4). Let ® € Ch(E).
Since Ch(B) = Ch(B) € M(B) and 7 : X x M(A) — M(B) is
surjective, there exists (z,¢) € X x M(A) with 7(z,¢) = ®. Let U
be an open neighborhood of ¢ in M(A) and V' an open neighborhood
of z in X. Then m(V x U) is a open neighborhood of w(z,¢). As
m(z,9) = & € Ch(E} there exists F € B such that F(n(x,¢)) =
1= HFHOO(M(E)) and |[F| <1 on (X x M(A))\7n(V x U). Now we



1. RESULTS AND PROOFS 53

look at F(z). As F € B, there is a sequence {F,} C B such that
1Fn = Fll o)) — 0 as n— oo, As (X x M(A)) = M(B), we see
that ||F,(z) — F( T)|loo(meay — 0 as n — co. As F,(z) € A for every
positive integer n and x € X, we have that F'(x) € A for every z € X.
Then ¢(F(2)) = 1 = [F(@)laqacay and [F(x)] < 1 on M(4)\ U.
As U is arbitrary, we see that ¢ € Ch(A). By the condition (2.4) of
Definition 2.16, we have ¢ o F,, € B for every positive integer n. Then

|0y — ¢ o Flloox) < 1Fn — Fl| opq@y — 0
asn — 0o. Hence ¢poF € B. We obtain that gboF( ) =1= ||¢oF||OO(X)

and [po F| <1on X\ V. As V is arbitrary, we see that = € Ch(B )

follows that Ch( B) C 7(Ch(B) x Ch(A)). We conclude that Ch(B)
7(Ch(B) x Ch(A)), hence 7(Ch(B) x Ch(A4)) = Ch(B).

(I

THEOREM 3.2. Let A; be a uniform algebra and (X A;, B, B)
an admissible quadruple for j = 1,2. Suppose that B s natural for
j =1,2. Suppose that Ch(Bs) is connected with respect to the relative
topology induced by the metric inherited from the dual space of By. Let
(I 31 — Bg be an isomorphism. Then there exists a homeomorphism
71 M(A3) = M(A1) and a continuous map ¢ : Xo X M(Ay) = X
such that the map o(-,¢) : Xo — Xy is a homeomorphism for each
¢ € M(Ay) which satisfies that

(W(F)(z,9) = F(p(x,9),7(9)), (z,¢) € Xz X M(A,)

for every F € E In particular, Ay is isomorphic to Ay and By is

1somorphic to Bs.

PROOF. Let ¢ € Ch(As) be arbitrary. Define S : Ay — By by
S() = ¢po(lg, ®b), b € A;. Note that S is well defined by the
condition (2.4) in Definition 2.16. Then S is a homomorphism. It
is unital since 15, ® 14, =1 B As Bj is C-valued function algebra
on X, in the strong sense by Definition 2.16, it is semi-simple. Thus
S is continuous by a theorem of Silov (see [101, Theorem 3.1.11]).
Let S* : By — Aj be the dual of S. Since S is multiplicative, by a
simple calculation S*(M(By)) C M(A;). As B, is natural, the map

r +— e;, where e, is the point evaluation on B, at x € X, gives a
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homeomorphism from X5 onto M(B;). Hence we have

(57(ex))(b) = (S(b))(z) = ¢((¥ (15, @ b)) (x))
for every x € X5 and b € A;. We prove that S*(Ch(B;)) C Ch(A4,).

As 1) is an isomorphism there exists a homeomorphism h : M(By) —

M(By) such that $(I'z (F)) = Dz ((F)) = Tz (F) o h for every

—

F e /B: by Lemma 2.21. As B; is natural, we may suppose that
M(E;) = X; x M(4;) for j = 1,2. Hence we may write h : Xy x
M(A2) = X7 x M(A;). As A; is semi-simple, we have by Proposition
2.19 that /B: is also semi-simple. Thus we may consider that E; is a
C-valued function algebra on X; x M(4;) in the strong sense. Then

we may suppose that
V(F)(z,¢) = Foh(z,0), (z,0)€Xox M(A)
for every F' € Bi. Defining

P(G)(x,0) = Gohlx,9), (x,0) € Xy x M(A,)

for G in the uniform closure of E on X1 X M(A;), it follows that v
can be extended to an isomorphism from the uniform closure of E in
C(X1 x M(A;)) onto the uniform closure of By in C(X3 X M(Ay)).
As the uniform closure of /B; is a uniform algebra on X; x M(A4;),
Ch(ﬁ;) coincides with the Choquet boudary of the uniform closure of
B;. Hence we have that h(Ch(B,)) = Ch(B,). As Ch(B;) = Ch(B;) x
Ch(A;) by Lemma 3.1 we may consider h|q, 5, : Ch(Bz) x Ch(Az) —
Ch(B;)xCh(A;) denoted by h(x,7) = (hi(x,7), ha(x, 7)) with continu-
ous maps hy : Ch(By)xCh(Ay) — Ch(B;) and hs : Ch(B2)xCh(A2) —
Ch(A;). For z € Ch(Bs;) we have for every b € A;

b(5"(ex)) = ¢ (¢(1p, ®))()) = ¢ o ex (Y(15, @ D))
=I5, (1, @ b)(W(z, ) = blha(2, 9)).
As b € A, is arbitrary we infer that S*(e,) = hao(z, ) € Ch(A;). We
have proved that S*(Ch(B)) C Ch(A4,).
As A; is uniform algebra, Ch(A;) is discrete with respect to the

relative topology induced by the metric inherited from the dual space
of Ay. Since Ch(By) is connected with respect to the relative topology
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induced by the metric inherited from the dual space of B, and S* is
continuous with respect to the norm topology on the dual spaces, we
conclude that S*(Ch(Bzy)) is a singleton; there exists a unique k(¢) €
Ch(A;) that S*(e,) = k(¢) for every z € Ch(Bs). Note that k(¢)
depends on ¢.

We now prove that ¢/(Const(B;)) C Const(By). Let F € Const(B,).
Then there exists b € A; such that F' = 15, ® b. Suppose that there
exist different points y1,y2 € Xo with (¢(F))(y1) # (¥(F))(y2). As As
is a uniform algebra, there exists ¢y € Ch(Az) with

b(k(¢o)) = do (W(F))(51)) # do (W(F))(y2)) = b(k(¢0)),

which is a contradiction proving that ¢(F) is constant on X,. Thus
w(Const(E)) C Const(/ng). Then by Proposition 2.22 there exists
continuous maps 7 : M(A2) - M(A;) and ¢ : Xy x M(A2) — X,
which satisfy that

P, (W) (@oes) =g (F)(T(0) 0 o), (7,0) € Xo X M(A,)

for every F € Bi. As A, is semi-simple and (X, A;, B;, /BS;) is natural
we have by (2.4) that

W)z, 0) = Flp(,0),7(¢),  (x,0) € Xz x M(Ay)

for every F € E

By considering ¢! instead of 1 we see that 1~!(Const(B,)) C
Const(B;) and there exists continuous maps 7 : M(A4;) — M(A,)
and ¢’ : X x M(A;) — X3 which satisfy that

(1.1) Tz @ (F))(¢ oew)
=g, (F)(T'(¢) 0 eprwgn), (2, ¢) € Xi x M(Ay)

for every F' € B,. Substituting F’ = ¢(F) for F € By, ¢ = 7(¢) and
¥ = p(x,¢) for p € M(Ay) and x € X in (1.1) we get

I'5 (F)(7(9) 0 epeg)) =I5, (W (FN(T(T()) © epr(ow.0).7(4)))-
As
U5 (W(EF)(@oer) =I5 (F)7(d) 0 eppug)
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we have

(12) Ty E(F)(doer) =T5 ()T (T(8)) 0 ewipo) (@)

On the other hand we have ¢(Const(E)) = Const(B;) since
1(Const(B;)) C Const(By) and ¢~!(Const(B;)) C Const(B;). Hence

for every 15, ®b" € Const(Bs) there exists F' € Const(E) with ¢(F) =
1p, ®b'. Thus

V(E)(z) =V, ()¢ (e(z,9),7(9))) = V'

for every O/ € Ay and z € X,. By (2.1) we have ¢(0') = 7'(7(¢)) (V)
for every b’ € Ay. Thus ¢ = 7/(7(¢)) for every ¢ € M(Ay). In the
same way we see that ¢/ = 7(7/(¢')) for every ¢/ € M(A;). We have
that 7 is a homeomorphisms from M(Ay) onto M(A;) and 7’ is a
homeomorphism from M(A;) onto M(Ay). Then by (2.1) we have

U5 (W(F)(¢oer) =T5 0(F)(¢ 0 epowe) ()
for every ¢ € M(Az). Thus we have that

V(F)(x) = v(F)(¢'(e(x, 9), 7(9)))

for every F € E As 1) is a surjection, we have by the condition (2.4)
of Definition 2.16 that

(1.3) r = ¢ (o(x,9),7(9))

for every z € Xo; ¢'(0(+,¢),7(¢)) is the identity on X, for every ¢ €
M(Ay). In the same way

y = (¢ (y,¢'), 7' (¢))

for every y € X; and ¢’ € M(A;). Letting ¢ = 7(¢) we have
o(@' (-, 7(9)), @) is the identity on X; for every ¢ € M(Ay) since 7/ o7
is the identity on M(Ay). Tt follows that (-, ¢) : M(As) — M(A;)
is a homeomorphism for every ¢ € M(A3). In the same way ¢'(-, ¢') :
M(A;) - M(A;3) is a homeomorphism for every ¢ € M(A;).

Let z € X, arbitrary. Define T': Ay — Ay by T'(b) = ¢(1p, ®b)(x).
Since 1(Const(B;)) C Const(Bsy) we have

Ig,W(1s, ®b))(does) =T5 (1s @b)(1(9) 0 p(ag) = (1(0)) (D),
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hence ¢(T'(b)) = (7(¢))(b) for every b € A;. Thus T does not depend
on r € Xy and T is an isomorphism from A; onto As.

Next let ¢ € M(Ay) be arbitrary. Define U : By — By by U(f) =
fo(-,0). Tt is well defined. A proof is the following. Let f € Bj.
Then f ® 14, € By and

¢ (Y(f @ 14,)(2))
=I5 ®1a)) (@0 e) =5 (f ©14)(7(6) © €ir.0)
= f(e(z, 9)).

By the condition (2.4) of Definition 2.16 we have ¢po)(f ® 14,) € Bo.
Thus U is well defined. It is a homomorphism. In the same way
a homomorphism U’ : By — By defined by g — g o ¢'(-,7(¢)) is well
defined. As ¢'(¢(+, ¢), 7(¢)) is the identity on X, for every ¢ € M(A,),
and ¢(¢'(+,¢'),7'(¢')) is identity on X; for every ¢/ € M(A;) we see
that U is an isomorphism from B; onto Bs. O

THEOREM 3.3. Let A; be a uniform algebra and (Xj,Aj,Bj,gj)
an admissible quadruple for 3 = 1,2. Suppose that /BZ 1s natural for
j = 1,2. Suppose that Ch(By) is connected with respect to the rela-
tive topology induced by the Gelfand topology of M(Bs). Suppose that
Ch(A,) is totally disconnected with respect to the relative topology in-
duced by the Gelfand topology of M(A;). Let 1) : /B: — E be an iso-
morphism. Then there exists a homeomorphism 1 : M(Ay) — M(A;)
and a continuous map ¢ : Xo X M(Az) — X; such that the map
o(-,0) : Xo — Xy is a homeomorphism for each ¢ € M(As), which
satisfies that

(W(F)(x,9) = F(p(x,9),7(9)), (x,¢) € X5 X M(Ey)

for every F € /Bvl In particular, Ai is isomorphic to Ay and By is

isomorphic to Bs.

PROOF. We can prove Theorem 3.3 in a similar way as in the proof
of Theorem 3.2. Let ¢ € Ch(As) be arbitrary. Define S : A; — By
by S(b) = po(lg, ®0b), b € A;. Note that S is well defined by the
condition (2.4) in Definition 2.16. Then S* : B — Aj is well defined

and continuous with respect to the weak-x topology. We can prove
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S*(Ch(Bg)) C Ch(A;) in a similar way as in the proof of Theorem 3.2.
The Gelfand topology is the relative topology induced by the weak-x
topology. Hence S*|cn(p,) : Ch(B,) — Ch(A,;) is continuous with the
Gelfand topology. Since Ch(Bs) is connected and Ch(A;) is totally
disconnected with the Gelfand topology, S*(Ch(Bs)) is a singleton.
The rest of the proof is the same as in the proof of Theorem 3.2. [

Let T be the unit circle in the complex plane C. A Douglas algebra
is a closed subalgebra of L which properly contains H*(T). The Silov
boundary of a Douglas algebra and the Choquet boundary coincides
with each other and it is homeomorphic to the maximal ideal space of
L>(T), which is totally disconnected (see [32]).

2. The case of algebras of vector-valued Lipschitz maps

COROLLARY 3.4. Let A; be a uniform algebra for j =1,2. Let K;
be a compact metric space for j = 1,2. Suppose that K5 is connected.
Let 4 : Lip(Ky, A1) — Lip(Ks, As) be an isomorphism. Then there
exists a homeomorphism 17 : M(Ay) — M(A1) and a continuous map
v Ky x M(A;) — Kj such that the map (-, ¢) : Ko — K; is a
lipeomorphism for each ¢ € M(As), which satisfies that

(W(F)(x,0) = Fp(x,9),7(9)), (z,0) € Ky x M(A,)

for every F € Bi. In particular, Ay is isomorphic to As.

PRrROOF. Applying Theorem 3.2 we can prove Corollary 3.4 as in
the proof of Corollary 2.30 except that the map (-, ¢) : Ky — K is a
lipeomorphism for every ¢ € M(Az). We prove that the map ¢(-, ) :
K, — K is a lipeomorphism for every ¢ € M(As). Let ¢ € M(Ay)
be fixed. By Theorem 3.2 ¢(-, ¢) is already a homeomorphism. On
the other hand, as in the same way as in the proof of Corollary 2.30
we see that (-, ¢) is a Lipschitz map for every ¢ € M(Ay). By the
equation (1.3) of Theorem 3.2 we see that (-, ¢)~! = ¢/(-,7(¢)), and
it is a Lipschitz map. It follows that ¢(-,¢) is a lipeomorphisms for
every ¢ € M(A;,). O
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3. The case of algebras of vector-valued continuously
differentiable maps

Applying Theorem 3.2, we also obtain the case of C*(]0,1], 4;) for
j=1,2.

COROLLARY 3.5. Let A; be a uniform algebra for j =1,2. Suppose
that ¢ : C1([0,1], Ay) — C*([0, 1], As) is an algebra isomorphism. Then
there exist a homeomorphism 7 : M(As) — M(A1) and a continuous
map ¢ : [0,1] x M(A2) — [0,1] such that for each ¢ € M(As), the
map (-, ¢) : [0,1] — [0,1] is a C -diffeomorphism which satisfy that

(W(F))(z,¢) = F(p(x,¢),7(¢)), (x,¢) € [0,1] x M(Ay)
for every F € CY(|0,1], Ay). In particular, Ay is algebraically isomor-
phic to A,.

PROOF. The Choquet boundary for C1([0, 1]) is [0, 1]. By Lemma
2.35, [0, 1] is connected with respect to the relative topology induced by
the metric inherited from the dual space of C'([0,1]). Applying Theo-
rem 3.2 we can prove Corollary 3.5 as in the proof of Corollary 2.36 ex-
cept that the map o+, ¢) is a C'-diffeomorphism for every ¢ € M(A,).
Let ¢ € M(A3) be fixed. By Theorem 3.2 and Corollary 2.36 we see
that (-, ¢) is continuouly differentiable, and is a homeomorphism. Ap-
plying the equation (12) in the proof of [45, Theorem 19] we see that
©o(-,¢)~ ! is continuouly differentiable. It follows that ¢(-,¢) is C'-
diffeomorphism. dJ






CHAPTER 4
Surjective linear isometry

1. Preliminary

In this chapter an isometry means a complex-linear isometry. De
Leeuw [28] probably initiated the study of isometries on the alge-
bra of Lipschitz functions on the real line. Roy [106] studied isome-
tries on the Banach space Lip(X) of Lipschitz functions on a compact
metric space X, equipped with the norm ||f|| = max{||f|le, L(f)},
where L(f) denotes the Lipschitz constant. Cambern [26] considered
isometries on spaces of scalar-valued continuously differentiable func-
tions C'*([0,1]) with norm given by || f| = max,epy{|f(x)| + |f'(z)[}
for f € C'(]0,1]) and proved that the forms of them are canonical.
Jiménez-Vargas and Villegas-Vallecillos in [54] considered isometries
of spaces of vector-valued Lipschitz maps on a compact metric space
with values in a strictly convex Banach space, equipped with the norm
||| = max{|| f|loo, L(f)}, see also [52]. Botelho and Jamison [9] stud-
ied isometries on C''([0, 1], E') with max,ep 1{||f(z) |+ f'(z)||g}. See
also [104, 80, 55, 2, 8, 67, 18, 103, 14, 84, 57, 58, 59, 74, 60,
75, 50]

In what follows, unless otherwise mentioned, o denotes a real scalar
in (0,1). Jarosz and Pathak [48] studied a problem when an isometry
on a space of continuous functions is a weighted composition operator.
They provided a unified approach for certain function spaces including
CH(X), Lip(X), lip(X) and AC|[0, 1]. On the other hand, in many cases,
isometries on algebras of Lipschitz maps and continuously differentiable
maps have been somehow studied independently.

We propose a unified approach to the study of isometries on al-
gebras Lip(X,C(Y)), lip(X,C(Y)) and CY(K,C(Y)), where X is a
compact metric space, K = [0,1] or T (in this dissertation T denotes

61
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the unit circle on the complex plane), and Y is a compact Hausdorff
space. We define an admissible quadruple of type L (see Definition
4.4) as a common abstraction of Lipschitz algebras and algebras of
continuously differentiable maps. We prove that a surjective isometry
between admissible quadruple of type L is canonical (Theorem 4.5), in
the sense that it is represented as a weighted composition operator. As
corollaries we describe isometries on Lip(X,C(Y)), lip(X,C(Y)) and
CY(K,C(Y)) respectively (Corollaries 4.14, 4.18, 4.19). There is a va-
riety of norms on Lip(X,C(Y)), lip(X,C(Y)) and C'(K,C(Y)). In
this dissertation we consider the norm of sum type; || F||oo(xxv)+ L(F)
for F € Lip(X,C(Y)), | Flloo(xxy) + La(F) for F' € lip(X,C(Y)) and
| Flloo(kcxv) + [[E'||oo(xxy) for F € CHK,C(Y)). With these norms
Lip(X, C(Y)), lip(X,C(Y)) and C*(K,C(Y')) are commutative Banach
algebras respectively.

As is pointed above, the description in [48, Example 8| has a gap.
We find it difficult to follow the argument given in the Example 8.
Besides non-substantial typos, the well-definedness of the map Wy :
ext B* — ext B* ([48, p. 205, line 8]), where ext B* is the set of
all extreme points in the closed unit ball of the dual space of B =
Lip,/(Y) given by Wy(v6(yw,8) = V0(yw.eivp) (note that the formula on
the line 9 of [48, p. 205] reads as in this way) seems to require further
explanation. On the other hand Corollary 4.15 of this dissertation
confirms the statement of [48, Example 8]. Our proof uses a similar
but slightly different vein than that of Jarosz-Pathak’s argument.

The main result in this chapter is Theorem 4.5, which gives the
form of a surjective isometry U between admissible quadruples of type
L. The proof of the necessity of the isometry in Theorem 4.5 comprises
several steps. We give an outline of the proof. The crucial part of the
proof of Theorem 4.5 is to prove that U(1) = 1 ® h for h € C(Y3)
with |h| = 1 on Y, (Proposition 4.9). To prove Proposition 4.9 we
apply Choquet’s theory with measure theoretic arguments (Lemmas
4.10,4.11). By Proposition 4.9 we have that Uy = (1 ® h)U is a sur-
jective isometry fixing the unit. Then by applying a theorem of Jarosz

[47] we see that Uy is also an isometry with respect to the supremum
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norm. By the Banach-Stone theorem U, is an algebra isomorphism
and applying [45] we see that Uy is a composition operator of type BJ.
Analyzing the maps which produce the composition operator, the final
conclusion of Theorem 4.5 is derived.

In this chapter, we consider the surjective linear isometry on Lip(X, F),
Lip, (X, E), lip(X, E),where X is a compact metric space and C*(K, E)
for K =[0,1] or T. As we noted, the norm || - || of Lip, (X, E) (resp.
lip(X, E)) is defined by

IFIl = 1 Flloox) + La(F), F € Lip, (X, E) (resp. lip(X, E)).

We mainly concern with £ = C(Y). In this case Lip, (X, C(Y)) and
lip(X, C(Y)) are unital semi-simple commutative Banach algebras with
IIlI. When E = C we abbreviate Lip(X, C) (resp. lip(X, C)) by Lip(X)
(resp. lip(X)). There are a variety of complete norms other than || - ||.
For example || - ||max = max{|| - ||oo, La(-)} is one, but it needs not be
submultiplicative. Hence Lip, (X, C(Y")) and lip(X, C(Y")) need not be
Banach algebras with respect to the norm || - || max-

Let F € C(K,C(Y)) for K =[0,1] or T. We say that F' is contin-
uously differentiable if there exists G € C(K,C(Y)) such that

F(to) — F(t)
to—t

=0
oo (Y)

lim
K>t—tg

— G(to)

for every ty € K. We denote F' = G. Put CY(K,C(Y)) = {F €
C(K,C(Y)) : F is continuously differentiable}. Then C'(K,C(Y))
with norm [|[F|| = ||F|le + ||[F']|ec is a unital semi-simple commuta-
tive Banach algebra. If Y is singleton we may suppose that C(Y)
is isometrically isomorphic to C and we abbreviate C'(K,C(Y)) by
CH(K).

By identifying C(X,C(Y)) with C(X x Y) we may assume that
Lip(X,C(Y)) is a subalgebra of C'(X x Y') by the correspondence

F € Lip(X, C(Y)) & ((2,9) = (F())(y)) € C(X x Y).

In the same way we may assume that lip(X,C(Y)) is a subalgebra of
C(X xY). We may also assume that C'(K,C(Y)) is a subalgebra of
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C(K xY). We may assume that

Lip(X,C(Y)) C C(X x YY),

lip(X,C(Y)) cC(X xY),

CHK,C(Y)) C C(K xY).
We say that a subset S of C(Y') is point separating if S separates the
points of Y. Suppose that B is a unital point separating subalgebra of
C(Y) equipped with a Banach algebra norm. Then B is semi-simple
because {f € B : f(z) = 0} is a maximal ideal of B for every z € X
and the Jacobson radical of B vanishes. The maximal ideal space of
B is denoted by M(B). We now introduce some definitions. Although
the definition of natural is the same with Definition 2.15, we note it for

the convenience of the reader.

DEFINITION 4.1. We say that B is inverse-closed if f € B with
f(y) # 0 for every y € Y implies f~! € B. We say that B is natural
if the map e : Y — M(B) defined by y — ¢,,, where ¢,(f) = f(y) for
every f € B, is bijective. We say that B is self-adjoint if B is natural
and satisfies that f € B implies that f € B for every f € B, where ~
denotes the complex conjugation on Y = M(B).

Note that conjugate closedness of B (f € B implies f € B) needs
not satisfy the self-adjointness of B. If B is conjugate closed and

natural, then B is self-adjoint.

PROPOSITION 4.2. Let Y be a compact Hausdorff space. Suppose
that B is a unital point separating subalgebra of C(Y') equipped with a
Banach algebra norm. If B is uniformly dense in C(Y) and inverse-

closed, then B s natural.

PROOF. Suppose that e : Y — M(B) is not surjective. Then
there exists ¢ € M(B) such that for every y € Y there exists f, € B
with ¢(f,) = 0 such that f,(y) = 1. As Y is compact, there exists a
finite number of fi,..., f, € B with ¢(f;) = 0 for j = 1,...,n such
that 32", [f;* > 0 on Y. Since B is uniformly dense in C'(Y’) there
exist g1,...,9, € B such that 22:1 fjg; > 0onY. As B is inverse-
closed, there exists h € B such that hZ?:1 figi=1. As ¢(f;) =0
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for j = 1,...,n we have 0 = ¢(h > 7, fig;) = #(1) = 1, which is a
contradiction. ]

COROLLARY 4.3. The unital Banach algebras Lip(X) with || - ||oo +
L(-) and Lip(X,C(Y)) with || - ||cc + L(+) are point separating and self-
adjoint. Let 0 < a < 1. The unital Banach algebras lip(X) with
|| lloo + La(+) and lip(X, C(Y)) with || - ||eo + La(+) are point separating
and self-adjoint. The unital Banach algebras C(K) with ||+ ||oo + | || oo
and CH(K,C(Y)) with || - |c + || ' lloc are point separating and self-
adjoint, where K = [0,1] or K =T.

PROOF. The Lipschitz algebra Lip(X) is a unital point separating
subalgebra of C'(X) equipped with a Banach algebra norm || - || +
L(-). As Lip(X) is conjugate closed, the Stone-Weierstrass theorem
asserts that Lip(X) is uniformly dense in C'(X). Thus it is natural by
Proposition 4.2, so that it is self-adjoint. In a similar way as Lip(X)
we infer that Lip(X, C(Y)) is self-adjoint.

Suppose that 0 < a < 1. Then we see that lip(X) separates the
points of X. (Let z,y be different points in X. Put f : X — C
by f(-) = d(-,y). By a simple calculation we infer that f € lip(X)
and f(z) # f(y).) In the same way as above we see that lip(X) and
lip(X, C(Y)) are natural, hence self-adjoint.

Let K = [0,1] or K = T. In the same way as above we see that
CY(K) is self-adjoint. In the same way as above C'(K,C(Y)) is self-
adjoint. O

2. Admissible quadruples of type L

An admissible quadruple was defined by Nikou and O’Farrell in [95].
The definition is little complicated and we adopt a simpler definition
that is sufficient for our purpose. For a detailed account of admissible
quadruples see [95] and Definition 2.16. Let X and Y be compact
Hausdorff spaces. For functions f € C'(X) and g € C(Y), let f ® g €
C(X xY) be the function defined by f ® g(z,y) = f(x)g(y), and for
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a subspace Ex of C'(X) and a subspace Fy of C(Y), let

Ex®Ey:{ij®gjtn€N, ijEx, ngEy}.

Jj=1

An admissible quadruple (X,C(Y), B, E) in this chapter is as follows.

DEFINITION 4.4. Let X and Y be compact Hausdorff spaces. Let
B and B be unital point separating subalgebras of C'(X) and C(X xY)

equipped with Banach algebra norms respectively which satisfy
B®C(Y)CB, {F(y):FeB, yeY}C B.
We say that (X,C(Y), B, E) is an admissible quadruple of type L if

the following conditions are satisfied.
(D The algebras B and B are self-adjoint.

2 There exists a compact Hausdorff space 9t and a complex-
linear operator D : B — C'(91) such that

D(BNCr(X xY)) C Cr(M)

and also
(1) the norm || - || on B satisfies

IEN = 1 F oo vy + 1D(F) [[soamy, € B,

(2) Ker D =15 C(Y),
(3) 1D((15©9)F)llseimy = | D(F) aiony for every F € B and
g € C(Y) such that [¢g| =1onY

It will be appropriate to make a few comments on the above def-
inition. First we do not assume that D(E) is point separating. Next
B and B are semi-simple since they are point separating. For a point
z € X define e, : B = C(Y) by e,(F) = F(x,-) for every F € B.
A theorem of Silov (see [101, Theorem 3.1.11] asserts that the evalua-
tion map e, : B — C(Y) is automatically continuous for every z € X
since C(Y') is semi-simple. Hence it is straightforward to check that
an admissible quadruple of type L is in fact an admissible quadruple
defined by Nikou and O’Farrell in [95] (see also [45]). In particular if

X is a compact metric space, then (X, C(Y), Lip(X), Lip(X, C(Y))),
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(X, C(Y),1lip(X),lip(X, C(Y))) and (K, C(Y), CH(K), C* (K, C(Y))) for
K =10,1], T are admissible quadruples of type L. See Section 5.

We define a seminorm ||| - || on B by [|F|| = | D(F)|lso(om) for
F € B. Note that || - || is one-invariant in the sense of Jarosz [47]
(N = [[|1F + 15]|| for every F € B) since 1z = 1p ® 1gy) and
D(1z) =0. The norm || || = || - [|oc + [|| - || is & p-norm (see [47, p.67]).

3. Main Results

The main result in this chapter is the following.

THEOREM 4.5. Suppose that (Xj,C’(Y}),Bj,gj) is an admissible
quadruple of type L for j = 1,2. Suppose that U : E — E s a
surjective isometry. Then there exists h € C(Ya) such that |h| =1 on
Ys, a continuous map ¢ : Xo X Yo — Xy such that o(-,y) : Xo — X; is
a homeomorphism for each y € Ys, and a homeomorphism 7 : Yy — Y]

which satisfy

U(F)(z,y) = h(y)F(eo(z,y),7(y),  (2,y) € Xa x Y,
for every F € El

In short a surjective isometry between admissible quadruples of type
L is canonical, that is, a weighted composition operator of a specific
form: the homeomorphism X5 x Yy — X3 x Y3, (z,vy) = (p(z,v),7(y))
has the second coordinate that depends only on the second variable
y € Ys. A composition operator induced by such a homeomorphism is
of type BJ (see Definition 2.20, this is the definition of type BJ). That
every composition operator on an admissible quadruple (X, F, B,E)
onto itself is of type BJ indicates that B and FE are totally different

Banach algebras.

4. Proofs

We recall some basic properties of regular Borel measures for the
convenience of the readers. As the authors could not find appropriate
references, we exhibit the properties in Lemmas 4.6, 4.7 and 4.8. In
Lemmas 4.6 and 4.7, X is a compact Hausdorff space and p is a Borel

probability measure (a positive measure on the o-algebra of Borel sets
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whose total measure is 1). For a non-empty Borel subset S of X, u|S
denotes the measure on S which is the restriction of y; p|S(E) = u(E)
for a Borel set E C S. Recall that the support of u is the set defined
by

suppp = {x € X : u(U) > 0 for every open neighborhood U of z}.

LEMMA 4.6. Let K be a non-empty compact subset of X and f €
C(X). Assume that f < c on K for a constant ¢ > 0. If

| fin=entr),
then supp(u|K) C f~1(c)N K

PROOF. Let x € supp(p|K). Then x € K by the definition of
the support of u|K. Suppose that f(zx) # ¢. As f < c on K, we
have f(z) < ¢. Since f|K is continuous on K, there exists an open
neighborhood U of z relative to K such that f < (f(z)+ ¢)/2 on U.
As z € supp(p|K) we have that u(U) > 0. Then

/K fu = /U s [ san

< 200+ entic\v)
= () - Iy < e,

which is a contradiction proving that f(x) = ¢. Thus we conclude that
supp(p|K) C f~H(c) N K. O

LEMMA 4.7. Suppose that K1 and Ky are non-empty compact sub-
sets of X. Then

supp (| K1) U supp(p|Ks) = supp(u|(K71 U K>)).

PROOF. Suppose that x € supp(pu|K;). Suppose that G is an ar-
bitrary open neighborhood of x relative to K; U K5. Then there is an
open set G in X with G N (K1 UK,y) = G. Then G N K, is an open
neighborhood of z relative to K; and G = GN (K1UK3) D GNK,. As
z € supp(p| K1) we have 0 < u(GNK;) < u(G). Since G is arbitrary we
conclude that x € supp(u|(K1UK>)); supp(u|K;1) C supp(u|(K1UK)Y)).
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In the same way we have supp(u|K2) C supp(u|(K; U K3)). Thus we
have supp(u| K1) U supp(u|K2) C supp(u|(K1 U K2)).

Suppose conversely that z € supp(u|(K;UK;)). Then x € K1 UK.
Suppose that = ¢ supp(u|K;) U supp(u|Ksy). First we consider the
case that x € K; and x € K. Then there is an open neighborhood
G of z relative to K7 and an open neighborhood G5 of x relative to
K, such that u(G1) = p(G3) = 0 since we have assumed that = &
supp (1| K1) Usupp (| K3). There exists open sets Gy and G in X such
that GyNK; = Gy and GoN Ky = Go. Put G = G;NG5. Then G is an
open set in X and z € G. Then GN (K1UK3) is an open neighborhood
of = relative to K1 U K5 and

GN(KUK,) = (GNEK)U(GNK,) € (GiNK)U(GoNKy) = G1NGy.
Then
0 < (G N (K UK) < p(GrUGa) < p(Gh) + p(Ga) = 0,

so that p(G N (K; U K3)) = 0, which is a contradiction since z €
supp(p| (K7 U K3)). Next we consider the case where z € K; and
x ¢ Ky. Then there exists an open neighborhood G, of x relative
to Ky with pu(G1) = 0 since we have assumed that = ¢ supp(u|Ky).
There exists an open set él in X such that le N K; = G4. Since
x ¢ Ky we infer that G4 N K% is an open neighborhood of = in X. Then
(GhNKS) N (K, UK,) is an open neighborhood of « relative to K, U K,
and

(élﬂKg)ﬂ(Klqu):élﬂKgﬁKlCG~1HK1:G1

As (G NK$)N (K UK,) is an open neighborhood of x relative to /; U
Ky, we infer that 0 < p((Gy N KS) N (K, UKS)) since = € supp(p|(K; U
K3)). On the other hand (él N KS)N (K, UK,) C Gy assures that

0 < p((G1NK3) N (K UKs)) < p(Gr) =0,

which is a contradiction. In the same way we will arrive at a contra-
diction also for the case where x € K; and x € K,. Therefore we have
the conclusion that = € supp(p|K;) Usupp(u|Ks). O

We assume the regularity for the measure p in Lemma 1.2. If p is

a regular Borel probability measure on a compact Hausdorff space Y,
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then for any Borel set S in Y \ supp(u) we have p(S) = 0. Indeed the
regularity of p assures that p(S) is approximated arbitrarily closely by
wu(E) for a compact subset £ C S. Since S Nsupp(p) = (), we use
the compactness to cover E by a finitely many open sets with measure
zero. This implies u(E) = 0 and thus pu(S) = 0.

LEMMA 4.8. Let Y be a compact Hausdorff space and let K be a
non-empty compact subset of Y and let p be a regular Borel probability
measure on Y x T. Let g € Cr(Y') such that |g| < ¢ on K for some
¢ > 0. Suppose that there exists y9 € T such that

/ 79 ® leery(m, v)du(m,v) = yocu (K x T).
KXxT
Then we have the inclusion

supp (| K x T)
C{lg (N K) x {7t} U{(g " (—=c) N K) x {=0}}.
Note that we write g(m) instead of g ® 1¢r)(m,y) for simplicity.

PROOF. As |vg| = |g] < con K x T we have

cu(K x T) =

/ vg(m)du‘ S/ lg(m)|dp < ep(K x T),

KxT KxT

hence [, . |g(m)|dp = cu(K x T). By Lemma 4.6 we have
supp(u|K x T) C (lg|~(c) N K) x T.

As g is a real-valued function we infer by a simple calculation that

917 () =g () Ug™ (o).

Put K; = g '(c) and Ky = g7 (—¢). As ¢ > 0, we have K; N Ky = 0.
Then

supp(pu|K x T) C (KiNK) xTU(KoNK) x T
= (K1 UKy)NK) xT.
As p is regular, we have that

(K x T\ [(K1NK)xTU(K;NK) xT])=0.
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It follows that

Yocpu (K x T) = / Yg(m)dp

KxT

= / yg(m)dp + / Yg(m)dp
(K1NK)xT (K>2NK)XT

= c/ ydp — c/ yd .
(K1NK)xT (K2NK)xT

Thus we have

@y aExD=[ e [ e
(K1NK)XT (K2NK)xT

Put My = [y, reper 1 and My = [

K, N Ky = () we have

(4.2) M, + M, = / ldp = / ldp = p(K x T).
((K1UK2)NK)xT KXT

Put

7 Ldu. As i is regular and

/ Toydp = e Ny, / Toydp = e Ny,
(K1NK)xT (K2NK)xT

where Ni, Ny > 0. We may assume that €¢* = 1 if Ny = 0 and
¢?2 = —1if Ny = 0. Note that N; < M; and N, < M,. By (4.1) and
(4.2) we obtain

My + My = €' Ny — 2N,

Then by a simple calculation we have that et = —¢2 =1, N; = M;,
and N2 = Mg, that iS,

/ Sovdp = p((KinK)xT), / v = u((KonK) ).
(K1NK)XT (K2NK)XT
Then

43) WK K) xT)=Re [ gdu= [ Rempdn
(K1NK)xT (K1NK)xT

(4.4)
u((K2 N K) x T) = Re/

—oydp = / Re(—7ov)dp.
(K2NK)xT (K2NK)xT

Applying Lemma 4.6 for (4.3) we infer that
supp(ul (K 1 ) x T)) © (Ky (1K) % {0}
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In the same way we have by (4.4) that
supp(p| (Ko N K) x T)) C (KaNK) X {—90}-

By Lemma 4.7 we have that

supp(p|(((K1 U K3) N K)) x T))
CHENE) x {70} U{(E N K) x {=70}}

Since p is regular, so is p|(K x T). Thus p|(K x T) is a regular Borel
measure on K X T such that supp(u|(K x T)) C ((K;UK)NK) xT.
Thus

supp(u|(K x T)) = supp((u|(K x T))[(((K1 U K3) N K) x T))
= supp(p|(((K1 U K32) N K) x T)),

hence the conclusion holds. O

Throughout this Section we assume all the hypotheses in Theorem
4.5 without further mention. For the simplicity of the proof of Theorem
4.5 we assume that X5 is not a singleton in this Section. Now, we aim
to prove Proposition 4.9, which is a crucial part of proof of Theorem
4.5.

PROPOSITION 4.9. There exists h € C(Y3) with |h| =1 on Yy such
that U(lél) = 132 ® h

Lemma 4.11 is crucial for the proof of Proposition 4.9. We prove
Lemma 4.11 by applying Choquet’s theory ([102]) which studies the
extreme point of the dual unit ball of the space of continuous func-
tions with the supremum norm. To apply the theory we first define
an isometry from fB: into a uniformly closed space of complex-valued
continuous functions. Let j = 1,2. Define a map

IjiE%C(XjX}GXSUIjXT)

by I;(F)(x,y,m,) = F(x,y)+yD;(F)(m) for F € B; and (z,y,m,7) €
X;xY; x0M; xT. (Recall that T is the unit circle in the complex plane.)
As Dj is a complex linear map, so is I;. Let S; = X; x Y; x 9; x T.
For simplicity we just write I and D instead of I; and D; without any
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confusion. For every F € E the supremum norm ||I(F)|l« on S; of
I(F) is
I (F)lloe = sup{[F(z,y) + 7 D(F)(m)| : (x,y,m,7) € S;}
— sup{|F(z, )| : (x,) € X; x Y;}
+sup{|D(F)(m)] : m € M;}

= [[Flloo(x;xv) + D) [[ooam)-
The second equality follows by an inspection that v runs through the
whole T. It follows that

H(E)loo = [[Ellcc + ID(E)[loo = [

for every F € B;. Since 0 = ||D(1)||s0, we have D(1) = 0 and I(1) = 1.
Hence [ is a complex-linear isometry with /(1) = 1. In particular,
I (fB:) is a complex-linear closed subspace of C'(S;) which contains 1.
In general [ (EJ) needs not separate the points of .S;.

It follows from the definition in [102] of the Choquet boundary
Ch I(E) of[(E), we see that a point p = (z,y,m,y) € Xox Yo xMxT
isin Ch [l (E;) if the point evaluation ¢, at p is an extreme point of the

state space, or equivalently ¢, is an extreme point of the closed unit
ball (I(Bs)); of the dual space (I(Bz))* of I(Bs).

LEMMA 4.10. Suppose that (xg,y0) € Xo x Yo and U is an open
neighborhood of (xo,yo). Then there exists a function Fy = by® fo € B,
with 0 < by < 1 and 0 < fo < 1 such that 0 < Fy < 1 = Fy(xo,%0)
on Xo XYy and Fy < 1/2 on Xy x Yy \ L. Furthermore there exists
a point (e, Ye, Me,Ve) in the Choquet boundary for ]Q(E;) such that
(2er ) € 40 (551 (1) % £ (1)) and 7.D(Fp)(me) = [ID(Fy)ll 0.

PROOF. Suppose that & and $ are open neighborhoods of xy and
Yo respectively such that & x $ C 4. Since By is unital and self-
adjoint, also separates the points of X, the Stone-Weierstrass theorem
asserts that By is uniformly dense in C'(X3). By the Urysohn’s lemma
there exists v € C'(X3) such that 0 < v < 4/5 on X, v(xy) = 0, and
v=14/50n Xy \ 6. As By is uniformly dense in C(X3), there exists
uy € By such that [|[v —uq |l < 1/40. Put u = u; —uy(x). By a simple
calculation we infer that u € By with u(zg) =0and —1 <u < 1on X,
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and u? > 1/2 on X5\ &. Then by = 1—u? € By, 0 < by < 1 = by(xg) on
Xy, and by < 1/2 on X5 \ . We may suppose that by is not constant
as we assume that X, is not a singleton in this Section. In a similar
way, there exists fo € C(Y2) with 0 < fo <1 = fo(yo) and fo < 1/2 on
Yo\ H. Put Fy = by ® fo. Hence we have that 0 < Fy < 1 = Fy(zo, o)
and Fy < 1/2 on X x Y5\ 4l Since By @ C'(Y3) C E; by Definition 4.4,
we infer that Fj € E;

By Proposition 6.3 in [102] there exists ¢ = (2., Ye, Me, V) in the
Choquet boundary for I(By) with

I (Eo)llee = [1(Fo)(c)].

As in a similar way as we have mentioned before we see that

(4.5) (Fo)(c)| = [Fo(xe, Ye) + 7eD(Fo)(me)|
= [Fo(e, ye)| + [D(Fo)(me)| = [[Folloo + [|1D(Fo)lco-

As 0 < Fy <1 = || Fo|lo we have by (4.5) that Fo(ze, ye) = 1 = || Fbl|oo-
Thus (7., y.) € UN(by' (1) x f7'(1)). Applying that Fy(z., y.) = 1 and
(4.5), we also have that 7.D(Fp)(m.) = |D(Fo)(me)| = ||D(Fb)l|oo- As
by is not a constant function, we have Fy = by® fo € 1@C(Y3) = Ker D.
Hence we have ||D(Fp)||o # 0, so that D(Fy) # 0. As Fy is real-valued,
so is D(Fp) by the condition 2) of Definition 4.4. Hence we see that
YD(Fy)(m.) = || D(Fp)||c and 7. =1 or —1. O

Note that v. = 1 if D(Fy)(m.) > 0 and . = —1 if D(Fy)(m,.) < 0.

LEMMA 4.11. Let by, fo and Fy = by @ fo be functions obtained in
Lemma 4.10. Suppose that (xc,Ye, Me,Ve) 1S in the Choquet boundary
for I(/BVQ) such that (ze,y.) € by'(1) x f3'(1). Then for any 0 < 0 <
7/2, cg = (Te, Yo, Me, €97,.) is also in the Choquet boundary for I(E)

PROOF. Let 6 be 0 < 6§ < m/2. The point evaluation ¢y(I(F)) =
F(%e,ye) + €%7.D(F)(m,) at ¢y is well defined for I(F) € I(B,) since
I is injective. We prove that the point evaluation ¢y is an extreme
point of the closed unit ball I(E;)’{ of the dual space I(/BZ)* of I(E;)
Suppose that ¢y = 1(¢1+¢s) for ¢1, ¢ € I(Bo)* with ||y ]| = [[¢2]| = 1,
where || - || denotes the operator norm here. Let ¢; be a Hahn-Banach
extension of ¢; for each j = 6,1,2. By the Riesz-Markov-Kakutani
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representation theorem there exists a complex regular Borel measure
fj on Xp x Yy x My x T with ||p;]| = 1 which represents ¢; for j = 6, 1,2
respectively. In particular, we have

/ I(F)du; = 6;(I(F)),  I(F) € I(By)

for j =0,1,2. As [1dug = ¢9(1) = 1 we see that py is a probability
measure. By the equation

1 1

we see that p; and psy are also probability measures.
We prove that the support supp(g;) of the measure 1, satisfies

supp () C by (1) % fo ' (1) x { (K1 x {e™"7}) U (K2 x {—e"7.})},

where Ky = D(Fy) Y (D(Fp)(m.)) and Ky = D(Fy)~*(—=D(Fp)(m.)),
for y = 0,1,2. Note that m, € K; and Ky can be empty. Note also
that K1NKy = 0 since |D(Fy)(me)| = [|D(Fo)]|eo # 0. We first consider
the case for j = 0. As (., y.) € by *(1) x f5'(1) we have

Bo(I(F)) = Folze 50) + €% D(Fy) (me) = 1+ ey, D(Fy)(m.).
As ¢o(I(Fy)) = [ I(Fo)dyg we have
L+ e, D(Fy)(m,)
— [ Fote.duoteom )+ [ YD) om)din(, ...

Note that 0 < [ Fo(z,y)due < 1 since 0 < Fy < 1 and gy is a proba-
bility measure. As v.D(Fy)(m.) = ||D(Fp)l|s, we have

\ [0 )i

Taking into account that 0 < 6 < 7/2 we have by an elementary

S VCD(F())(mc)

calculation that

(4.6) 1= [ Fe.g)d,

(4.7) €. D(Fy)(me) = / 2 D(Fy)(m)dpp.
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Since pig is a regular Borel measure, py(L) = 0 for any Borel set L with
L N supp(pg) = 0. Hence we have [Gduy = fsupp(ug) Gdug for every
G € C(Xy x Yy x My x T). Then by the equality (4.6) we have

1= [ Ry
supp(pg)

As 0 < Fy <1 we have by Lemma 4.6 that
(4.8)  supp(ug) C FyH(1) x My x T = by (1) x f5 (1) x My x T.

Letting K = X5 x Y5 x My, 9 = leix,xve) ® D(Fy), then applying
Lemma 4.8 to the equation (4.7) we get

supp(ttg) C Xz x Yz x {(K1 x {e7}) U (Kz x {—e"7:})}.
Combining this inclusion with (4.8) we infer that
supp(tg) C by (1) x fo (1) x {(K1 x {e”7e}) U (K x {—ec})}

the desired inclusion for py. In order to prove the corresponding inclu-
sion for p; for j = 1,2, we first have

1+ ew%D(Fo)(mc) = pg(1(FD))
_ /[(Fo)dlh ;‘HQ —i—/vD(Fo)dMZM

by the equation ¢g(I(Fy)) = 3 (¢1(I(Fp)) + ¢2(I(Fy))). Applying a

. Batpio
similar argument as pg for 2552 we get

p1+ - - i i
supp(— 5 %) C b () fy (D)3 { (K x {3} U (K2 x {—e7.})}-
As py and py are positive measures we have

supp(py) C g (1) x fg ' (1) x {(K1 x {e7:}) U (Ka x {=¢"7c}) }

for y =1,2.

Next we prove equations
(19) Pleee) = [ Fag)duo
and

(4.10) D(F)(me) = (€)™ [ 1D(F) )i

= [ D(F)(m)dpe — | D(F)(m)dpe

L1 L2
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for every F € By, where L; = by (1) x fy (1) x K; x {(—=1)71e~,}
for j = 1,2. We first show (4.9) and (4.10) for a real-valued function
F € By. Suppose that F' € By N Cg(Xy x Y3). Then we have

(4.11)
F(2e,ye) + €7 D(F)(me) = ¢o(I(F))

/F@wa+/ﬂ%mWMm
—/memwaévmmmwm+Lvammwe
/F<:C7 Z/)dﬂe

+W%(LDWWMWV- Dwmmwo.

Lo
Note that F(x¢,v.), D(F)(me), [ F(z,y)due, fL F)(m)dug for j =
1,2 are all real numbers since F' and D(F) are real valued functions
(see Definition 4.4). We also note that e?~, ¢ R since 0 < § < 7/2 and
Y. = 1 or —1. Then comparing the real and the imaginary parts of the
equation (4 11) we have (4.9) and (4.10) for every F € BQQCR(XQ xXY5).
Let F € 32 in general. We have assumed that Bg is self-adjoint by the
condition () in Definition 4.4, therefore the real part Re F' and the
imaginary part Im F' of F' both are in By N Cr(X3 X Ys). Then by the
case for real-valued map in E we have

Re F(xc,ye) = /ReF(a;,y)d,ug,

Im F(z.,y.) = /Im F(x,y)duy.

Hence we have

N%MI/MHWMWH/MW@WM:/NWM%
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(4.9) is proved for every F' € Bs. As D is complex-linear we have by
(4.10) for real-valued functions that

D(F)(m.) = D(Re F)(m.) + iD(Im F)(m.)
= (e0y) ! / Y D(Re F)(m)dpg + i(e?.) / 2 D(Im F)(m)dg
= (¢07,)" / 2 D(F)dpg

— [ D(F)Ym)dus — | DF)m)dus.

L1 L2

Thus we have just proved (4.10) for every F' € Bs.
For every F' € By we have

So(1(F)) = 5 (G1(I(F)) + 6a(1(F)))

_ /F(x,y)d# +/7D(F)(m)d#.

By the same way as the proof of (4.9) and (4.10) we have

(4.12) Ploeye) = [ Flag)a™ 2

and

(4.13) D(F)(me) = (e%7) ™" / D(F)(m)d* 1?2

— D(F)(m)dw _ D(F)(m)dw
Iy 2 Lo 2

for every F € B;
Next define a regular Borel probability measure v; on X, x Y5 X
My x T for j =6,1,2 by

vi(E) = pi({(z,y,m,e"y) : (z,y,m,7) € E})
for a Borel set £ C X5 X Yy x My x T. Then we have
(414) [ Fawin = [ Fe.yn,
for every F' € E; and j =6,1,2. As

supp(p) C g (1) x fg ' (1) x [(K1 x {e”7e}) U (K2 x {—€“7.})]
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for y = 0,1,2, we have

supp(v;) € by (1) x fg (1) x [(Ky x {7}) U (K2 x {=7c})]

for j =0,1,2. Put T; = by (1) x f3'(1) x K; x {(=1)7*1v.}. As v is
regular and K; N Ky = (), we have by (4.10) that

[0E)man = | D(F) )y + | ADE) )

T

=7 | D(F)(m)dv; —~. | D(F)(m)dv
(4.15) . v
= [ DY~ [ D))

Ly Lo

= [4D(E)mdn

—~

for every F € By and j = 0,1,2. For j = 0,1,2, put Yp;  I[(By) = C
by

b;(I(F)) = / I(Fydy;, 1(F) € 1(By).

As v; is a probability measure we see that 1; € I(/B\;)’{ Let I(F) €
I(Bsy). Then by (4.14) and (4.15) we have

wlI(F)) = [ 1(F)a
~ [ Flain+ [0 m,
Z/F(x,y)duwre""/VD(F)(m)due-

Then by (4.9) and (4.10) we have

Yo(I(F)) = F(2e,ye) + 1 D(F)(me) = I(F)(e, Yo, Me, Ye)-
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That is 1)y is the point evaluation for I(E) at (e, Yo, Me, Ye). By (4.14),
(4.15), (4.12) and (4.13) we have

S I(F)) + alI(F)))
= /F(m,y)dyl ; 72 /7D(F)(m)dy1 ; w2

_ /F(z,y)d’ulgm +€—i9/7D(F)(m)dM

2
= F(ze,ye) +7.D(F)(me)

for every F € Bs,. Hence we have
V(I(F)) = 5 (r (I(F)) + ol (F))

for every I(F') € ](E;); 1y = %(1/11 +1y). Since (z¢, Ye, Me, Ye) is in the
Choquet boundary for [ (/ng), g is an extreme point for / (E)’{ Thus
we have that ¢y = 1y = 9s.

Applying the equations 1y = 1; = 19 we prove that ¢y = ¢ = ¢s.
By (4.14) and (4.15) we have

(416) 6;(I(F)) = / Fa,y)dp; + / 2 D(F)(m)dp;

= /F(a:,y)duj+ei9/’yD(F)(m)d1/j, F € I(By)
for every j = 6,1,2. Put
P={GeB,:0<G<1=0C(ze,y.)}.

Then the set P separates the points of X3 x Y. Suppose that (z1,y;)
and (zq,ys) are different points in Xy x Y;. We may assume that
(e, ye) # (22,y2). Let U be an open neighborhood of (z.,y.) such
that (zq,y2) ¢ . By Lemma 4.10 there is F, € E such that 0 <
F.<1=F.(x.y.) on Xo x Yy and F, < 1/2 on X5 x Y5 \ 4. Hence
0 < Fu(x9,y2) < 1/2. In the same way there exists Fj € E such that
0 < F; <1=Fi(r1,y1) on Xo x Yy and 0 < Fi(xe,y2) < 1/2. Put
H=1-(1-F.)(1—F) € By. Then we infer that 1 < H < 1 on
Xy x Yy, H(xe,ye) = H(z1,y1) = 1, and H(z2,y2) # 1. Hence we have
that H € P and H(x1,y1) # H(x2,y2). Let G € P be arbitrary. Since
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P C B,, we have G € B,. Hence by the equality (4.14) we have

% ( / Gl y)dv + / G(x,y)duz)

= % (/ G(x,y)duﬁ/G(z,y)dua) = /G(x,y)dmgm-
By (4.12)

/G(x,y)dw = G(ze,y.) = 1.

Hence we have

. (/ G(a, y)dn +/G(x,y)du2) _1

Since 0 < G < 1 we have 0 < [ G(z,y)dv; <1 for j =1,2. It follows
that

/ G(x,y)dv, = / G(z,y)dvy = 1.

As G € P is arbitrary we have

/ZanGn(:)j,y)dm => a,= /ZanG’n(x,y)dVQ

for any complex linear combination ) a,G, for G,, € P. Since P is

closed under multiplication and separates the points in X5 x Y5, we

have that
{Z%Gn ca, €C, G, € P}

is a unital subalgebra of E; which is conjugate-closed and separates
the points of X, x Y5. The Stone-Weierstrass theorem asserts that it
is uniformly dense in C'(X3 X Y3), hence so is in Bs. It follows that we
have

(4.17) / Fla, y)dvy = / Fla, y)dvs
for every F € By. On the other hand, since 1; = 1, we have
@18) [ P+ [ 3D 0m)dn = v:(1(9))
— wa(I(F)) = [ Flay)d+ [ yDE)(m)ivy
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for every F € By. By (4.17) and (4.18) we have
/fyD(F)(m)dul = /”yD(F)(m)dl/g

for every F € By. It follows by (4.16) that ¢ (I(F)) = ¢o(I(F)) for
every I' € /35; We infer that ¢y = ¢1 = ¢o. We conclude that ¢y is an
extreme point for any 0 < § < 7/2, that is, (2, ye, M., €%7,) is in the
Choquet boundary for [(/ng) for any 0 < 0 < m/2. O

PROOF OF PROPOSITION 4.9. Define a map U : I)(By) — I»(Bs)
by U(I,(H)) = L(U(H)) for I,(H) € I;(B;). The map U is well
defined since I; is injective. Due to the definition of /;, we see that U
is a surjective isometry. Then the dual map U* - [Q(E)* — Il(E)* is
an isometry and it preserves the extreme points of the closed unit ball
12(/Bv2)>{ of IQ(E)*. Let (z9,y0) be an arbitrary point in X5 x Y5 and U
an arbitrary open neighborhood of (z¢,3p). Then by Lemmas 4.10 and
4.11 there exists (Z¢, Ye, Me, Ve) € UX My x T such that (z., Y., me, €97,
is in the Choquet boundary of ](/BZ) for every 0 < 0 < w/2. Let ¢y
be the point evaluation on I(E) at (e, Yo, Me, €97.). Then ¢y is an
extreme point of the closed unit ball [ (/BZ)’{ As U* preserves the
extreme point of the closed unit ball, U*(¢) is an extreme points of
the closed unit ball I 1(/Bv1 ); of I 1(E )*. By the Arens-Kelly theorem we
see that there exists a complex number v with absolute value 1 and a
point d in the Choquet boundary for Il(gl) such that U*(¢p) = Yoa,
where ¢, denotes the point evaluation for Il(E) at d. Thus we have
that

U (¢)(1)| = 1.
As U(g)(1) = ¢p(Io(U(1)) we have
1= |U1)(ze,ye) + 7. D(U(1))(me)]

for every 0 < 6§ < 7/2. Hence one of the following (i) or (ii) occurs:

(i) U(1)(2erye) = 0 and | DU(L))(me)| = 1,
(i) [U(1) (e, )| = 1 and D(U(1))(m,) = 0.
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But (i) never occur. The reason is as follows. Since U is an isometry

we have
(4.19) L=1]=[[U@)] =[[U1D)]ls + [[DU1))] -

Suppose that (i) holds. By the second equation of (i) we have
ID(U(1))||oc = 1. Then by (4.19) we have ||[U(1)|| = 0, and U(1) = 0,
which contradicts (4.19). Thus we conclude that only (ii) occurs.

By the first equation of (ii) we infer that ||U(1)]|s > 1. Then by
the equation (4.19), we have 0 = [|[D(U(1))||. By the condition 2)(2)
of Definition 4.4 we have U11) € 1®C(Y3); there exists h € C(Y2) with
U1)=1®h. As |U(1)(xe,ye)| = 1 we have |h(y.)| = 1. Note that h
does not depend on the point (xg,yy) nor a neighborhood 4. As 4l is
an arbitrary neighborhood of (zg,yy) and (z.,y.) € 4, the continuity
of h asserts that |h(yo)| = 1. Since gy is an arbitrary point in Y5, we
infer that |h| =1 on Y5. O

Finally, we prove Theorem 4.5.

PROOF OF THEOREM 4.5. Suppose first X; = {z;} and X, =
{3} are singletons. In this case Bj; is isometrically isomorphic to C
as a Banach algebra and fB: = 1® C(Y;). Thus ||D(F)|js = 0 for
every F € EJ Therefore /é; is isometrically isomorphic to C(Y;) for
J = 1,2. Thus we may suppose that U is a surjective isometry from
C(Yy) onto C(Y2). Then applying the Banach-Stone theorem, we see
that |U(1)] = 1 on Y, and there exists a homeomorphism 7 : Yy — Y}
such that

UF)=U1)For, FeCM)

Letting U(1) =1® h and ¢ : Xy x Yo — Xj by ¢(x1,y) = x5 for every
y € Ys, we have

U(F)(z,y) = h(y)F(e(z,y),7(y),  (v,y) € Xax Yo

for every F' € E

Suppose that X, is not a singleton. We prove the conclusion ap-
plying Proposition 4.9. By Proposition 4.9 there exists h € C(Y53) with
|h| = 1 on Y3 such that U(1) = 1 ® h. Define Uy : By — By by
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Uo(F) = 1 ® hU(F) for F € By, where h denotes the complex conju-
gate of h. It is easy to see that Uy is a bijection with Uy(1) = 1. By
the condition @)(3) of Definition 4.4 it is also easy to check that Uy is
an isometry. As E is a unital Banach algebra which is contained in
C(X; x Y;) which separates the points of X; x Y;. As E; is natural,
by [47, Proposition 2] it is a regular subspace of C(X; x Y;) in the
sense of Jarosz [47, p. 67]. As the norm || - || = || - |lec + || - || is &
p-norm (see [47, p. 67]) and Uy(1) = 1, we infer by Theorem in [47]
that Uy is also an isometry with respect to the supremum norm || - ||
on X; xYj. As E; is a self-adjoint unital subalgebra of C(X; x Yj)
which separates the points of X; x Yj, the Stone-Weierstrass theorem
asserts that fBZ is uniformly dense in C'(X; x Y;). Then the Banach-
Stone theorem asserts that Uj is an algebra isomorphism. Since U is
an isometry with respect to the original norm || - || on fBE; we have for
every 1 ® g € 1 ® C(Y}) that

11 ® glloo + [[D(1 @ g)]lee = [[1® gl = [[Us(1 @ g)]
= |Uo(1 ® g)[loc + I1D(Uo(1 ® 9))l|oo-

By the condition 2)(2) of Definition 4.4 we have || D(1®g)]|o = 0. Since
Uy is also an isometry with respect to the supremum norm we have
11290 = |Us(1®9)||oo. Therefore we have that || D(Uy(1®¢))|le = 0.
By the condition 2)(2) of Definition 4.4 we have that Uy(l ® g) €
1 ® C(Y2). Hence we see that Uy(1 ® C(Y1)) C 1 ® C(Yz). By the
Stone-Weierstrass theorem B; ®C(Y7) is uniformly dense in C'(X; xY}),
hence E C Bl®—C(Y1), where ~ denotes the uniform closure on X; xY;.
Then by Proposition 3.2 and the following comments in [45] there exists
continuous maps ¢ : Xo X Yo — X; and 7 : Yy — Y] such that

Uo(F)(x,y) = Fle(z,y),7(y)), (z,y) € Xo x Y,

for every F' € E . Applying a similar argument for U; ' instead of Uy
we observe that there exists continuous maps 1 : X; x Y] — X5 and
71 : Y] — Y5 such that

Uy HG) (u,v) = Gp1(u,v), 71(v)), (u,v) € X3 xY;
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for every G € B,. Thus we have

(4.20) G(x,y) = Uo(Uy "(@))(2,y) = Uy (G)(p(x,9), 7(y))
= G(ei1(p(z,y),7(y), (7)), (z.y) € Xo x Y2
for every G € E; and

(4.21) F(u,v) = Uy (Uo(F))(u,v) = Ug(F)(1(u,v), 71(v))
= F(o(p1(u,0), 11(), 7(1a(v)),  (u,0) € Xy x 1y

for every F € E As E separates the points in X; x Y] and E;
separates the points in Xy x Y5, we infer that y = 71(7(y)) for every
y € Yo and v = 7(1(v)) for every v € Y;. Hence 7 : Yy — Y] and
71 : Y7 — Y, are homeomorphisms and 7,1 = 7. We have by (4.21)
that u = o(p1(u,v), 7 (v)) for every (u,v) € Xy x Y. As 7 is a
homeomorphism, we infer that u = ¢ (1 (u, 7, *(y)), y) holds for every
pair v € X; and y € Y5. It means that for every y € Y5 the map
o(+,y) : Xo — X is a surjection.

We prove that ¢(-,y) is an injection for every y € Ys. Let y € Y5.
Suppose that ¢(a,y) = p(b,y) for a,b € Xy. Then ¢1(p(a,y),7(y)) =
a and ¢1(p(b,y),7(y)) = b by the equation (4.20). Thus we have
a = b. Hence we conclude that ¢(-,y) is an injection. It follows that
o(+,y) : Xo — Xj is a bijective continuous map. As X5 is compact and
X is Hausdorff, we at once see that ¢(-,y) is a homeomorphism. As
Uo(F) =1® hU(F) for every F € By we conclude that

U(F)(z,y) = h(y)Fle(z,y),7(y),  (z,y) € Xa x Ya.
Suppose that X is not a singleton. By a similar argument for U1
instead of U we see that there exists a continuous map ¢; : X; x Y] —
Xy such that (-, y) : X1 — Xs is a homeomorphism. As X; is not
a singleton we infer that X5 is not a singleton. Then the conclusion

follows from the proof for the case where X5 is not a singleton. l

5. Examples of admissible quadruples of type L with
applications of Main Results

EXAMPLE 4.12. Let (X,d) be a compact metric space and Y a
compact Hausdorff space. Let 0 < a < 1. Suppose that B is a closed
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subalgebra of Lip((X,d*)) which contains the constants and separates
the points of X, where d* is the Holder metric induced by d. Suppose
that B is a closed subalgebra of Lip((X, d*),C(Y)) which contains the
constants and separates the points of X x Y. Suppose that B and B
are self-adjoint. Suppose that

BoC(Y)CB
and
{F(,y): FeB,yeY} CB.
Let 9T be the Stone-Cech compactification of {(z,z') € X? : z #

2/} xY. For F € B, let D(F) be the continuous extension to 9 of the
function (F(z,y) — F(2',y))/d*(z,2') on {(z,2') € X% :x #2'} x Y.

Then D : B — C(M) is well defined. We have ||D(F)||x = La(F)
for every F € B. It is easy to see that the condition 2) of Definition
4.4 is satisfied. Hence we have that (X, C(Y), B, B) is an admissible
quadruple of type L.
There are two typical example of (X, C(Y), B, B) above. One is

(X, C(Y), Lip((X, d*)), Lip((X, d*), C(Y)))
By Corollary 4.3 Lip((X,d®)) and Lip((X,d*),C(Y)) are self-adjoint.
The inclusions

Lip((X,d*)) © C(Y) C Lip((X, d*),C(Y))
and

{F(7y) tFe Llp((X7 da)a C(Y>)7y S Y} - Llp((X7 da))
is obvious. The other example of (X, C(Y), B, B) above is
(X, C(Y),lip(X), lip(X, C(Y)))

for 0 < o < 1. In fact lip(X) (resp. lip(X, C(Y))) is a closed subalgebra
of Lip((X, d*)) (resp. Lip((X,d*),C(Y")) which contains the constants.
In this case Corollary 4.3 asserts that lip(.X) separates the points of
X. As lip(X) ® C(Y) C lip(X,C(Y)) we see that B = lip(X,C(Y))
separates the points of X xY. By Corollary 4.3 lip(X) and lip(X, C(Y"))
are self-adjoint. The inclusions

lip(X) @ C(Y) C lip(X,C(Y))
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and
{F(,,y): Felip(X,C(Y)),y € Y} Clip(X)

is obvious.

COROLLARY 4.13. Let j = 1,2. Let (X;,d;) be a compact metric
space and Y; a compact Hausdorff space. Let o be 0 < oo < 1. Sup-
pose that B; is a closed subalgebra of Lip((Xj, d$)) which contains the
constants and separates the points of X;. Suppose that fBZ 15 a closed
subalgebra of Lip((Xj, d$), C(Y})) which contains the constants and sep-
arates the points of X; x Y;. Suppose that B; and B; are self-adjoint.

Suppose that

Bj® C(Y;) C B;
and
{F(.y): F € BjyeY;} CB
Suppose that
U : E; — /BVQ
is a surjective isometry. Then there exists h € C(Ys) such that |h| =1
on Ya, a continuous map ¢ : Xo XYy — X such that o(-,y) : Xo — X

1s a homeomorphism for each y € Ys, and a homeomorphism 7 : Yy —
Y1 which satisfy

U(F)(z,y) = h(y)F(e(z,9),7(y),  (z,y) € Xax Y
for every F € E

PROOF. Asin asimilar way as in Example 5.6 we see that (X, C(Y;), Bj, 5])
is an admissible quadruple of type L. Then applying Theorem 4.5 the
conclusion holds. U

Note that Corollary 4.13 holds for /BVJ = Lip(Xj;,C(Y;)) and EJ =
lip(X;,C(Y;)) for 0 < a < 1. In this case we have a complete de-
scription of a surjective isometry for fBZ = Lip(X;,C(Y;)) and E =
lip(X;,C(Y;)) for 0 < a < 1. Note that Lip,((Xj,d;),C(Y;)) for
0 < a < 1 is isometrically isomorphic to Lip((Xj,d§), C(Y})) by con-
sidering the Hoélder metric d;(-,-)* for the original metric d;(-,-) on
X

je
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COROLLARY 4.14. Let (X;,d;) be a compact metric space and Y; a
compact Hausdorff space for j = 1,2. Suppose that U : Lip(X;,C(Y1)) —
Lip(Xs, C(Y2)) (resp. U : ip(Xy, C(V1)) — lip(Xs, C(¥3))) is a map.
Then U is a surjective isometry with respect to the sum norm || - || =
| oo + L(:) (resp. || - 1| = || - [l + La(*)) if and only if there exists
h € C(Y3) with |h| = 1 on Y3, a continuous map ¢ : Xo X Yo — X3
such that o(-,y) : Xo — Xj is a surjective isometry for every y € Yo,
and a homeomorphism 7 : Yo — Y, which satisfy that

U(F)(x,y) = h(y)F(e(z,y),7(y),  (2,y) € Xax Vs
for every F € Lip(Xy,C(Y)) (resp. F € lip(Xy,C(Y1))).

PROOF. Suppose that there exists h € C(Y;) with |h| = 1 on Y5,
a continuous map ¢ : Xy x Yo — Xj such that ¢(-,y) : Xo — Xj is a
surjective isometry for every y € Y5, and a homeomorphism 7 : Yo — Y
which satisfy that

U(F)(z,y) = h(y)F(e(z,y),7(y),  (,y) € Xax Yo

for every F' € Lip(Xy,C(Y1)) (resp. F € lip(Xy,C(Y1))). We prove
that U is a surjective isometry on Lip(X;, C(Y;)). A proof for the case
of lip(X;, C(Y;)) is the same and we omit it. Since ¢(-,y) is an isometry
for every y € Y5, we have

(UF)(z,y) — UF))(@,y)]

do(x,x")
(y) F(e(z,y), 7(y) = My) Flea',y), 7(y))]

do(x,x")

_ | F(e(,y),7(y) — Fle(e', ), 7(y))]

B da(p(2,y), p(2',y))
for F' € Lip(X1,C(Y7)). Since ¢(-,y) is bijective and the map (z,y) —
(p(x,y),7(y)) gives a bijection from X5 X Y5 onto X; X Y, we see
by (5.1) that L(F) = L(U(F)) for every F' € Lip(Xy,C(Y1)). Since
|F]|oo = ||U(F)||oo is trivial, we conclude that

IEN = [[Flloc + LEF) = |U(F)[loo + LU F)) = UF)]

(5.1) =

, x,2eXoyeYs,

for every F' € Lip(Xy,C(Y7)); U is an isometry. We prove that U is
surjective. Let G € Lip(Xs, C(Y2)) be arbitrary. Put F' by F(z,y) =
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h(y)G((e(, 77 y) " (@), 7 H(y)) for (2, y) € X1 x Yy, where (¢(-, 77 (y)))
denotes the inverse of o(-,77(y)) : Xo — X;. Then we infer that
F € Lip(X;,C(Y1)) and U(F) = G. As G is an arbitrary elements in
Lip(Xs, C(Y2)), we conclude that U is surjective. It follows that U is
a surjective isometry.

Next we prove the converse. First consider the case of Lip(X;, C(Y})).
Suppose that U : Lip(Xy, C(Y1)) — Lip(Xas, C(Y3)) is a surjective isom-
etry. Then by Corollary 4.13 there exists h € C(Y3) with |h| = 1 on
Ys, a continuous map ¢ : Xy x Y5 — X such that ¢(-,y) : Xo = X
is a homeomorphism, and a homeomorphism 7 : Y5 — Y; which satisfy
that

(5.2)  UF)(z,y) = h(y)F(e(r,y),7(y),  (x,y) € Xo x Y,

for every F' € Lip(X;,C(Y1)). We only need to prove that ¢(-,y) :
Xy — X is a surjective isometry for every y € Y5. Let x1,29 € Xo
and y € Y, be arbitrary. Set f: X; — C by f(x) = di(x, p(xq,y)) for
x € Xy. Then L(f®1) =1and f®1 € Lip(Xy,C(Y1)). Then we have
(5.3)
di(p(z1,9), 9(22,9)) = flp(21,9)) = [[(p(21,9) = f((22,9))]

= [f@Up(r1,y),7(y) = F @ He(zz, ), 7(y))]

= [U(f @) (z1,y) = (U(f @ 1)) (22, 9)|

LU(f @ 1))dy(x1, 22).

By (5.2) the map U is an isometry with respect to || - ||oc, thus 1 =
L(f®1)=L(U(f®1)) since U is an isometry for || || = || - [|oo + L(*)-
It follows by (5.3) that di(¢(z1,y), p(z2,y)) < do(z1,x2). Since U™!

is a surjective isometry we have by Corollary 4.13 that there exists hy,
1 and 11 such that

UGz, y) = m(y)Glei(z,y),n(y),  (z,y) € X1 x Y

for G € Lip(Xy, C(Y2)). Then by a similar way as above we infer that
d2(gpl(x/17y/>7§0l(x/2’y/>> < dl('r/hx/2> for every pair 17/1,513/2 € X and
y' € Y). By a simple calculation we obtain that x = ¢1(p(z,y), 7(y))

for every z € X5 and y € Y5 (see a similar calculation in the proof of
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Theorem 4.5 or on p. 386 of [40]). Thus we have

da(21,29) = da(p1(p(1,9),7(y)), w1(e(22,y), T(y))
S dl(@(‘rh y)a g0($2, y))

Therefore dy (1, x2) = di(@(x1,y), (2, y)) holds for every pair xy, x5 €
X, and y € Ys, that is, ¢(+,y) is an isometry for every y € Y5.

Next we consider the case of lip(X;, C(Y;)). Suppose that 0 < o < 1
and U : lip(Xy,C(Y1)) — lip(Xy, C(Y2)) is a surjective isometry. As
in the same way as before there exists h € C(Ys) with |h| = 1 on Y,
a continuous map ¢ : Xy x Y5 — X such that ¢(-,y) : Xo — Xj is a
homeomorphism for every y € Y5, and a homeomorphism 7 : Y5 — Y
which satisfy that

U(F)(z,y) = hy)F(e(z,y), (), (,y) € Xo x Y5

for every F' € lip(X;,C(Y1)). We prove ¢(-,y) : Xy — X; is an
isometry for every y € Y,. Let x1,25 € X5 and y € Y, be arbitrary.
Let B with a < 3 < 1 be arbitrary. Set f# : X; — C by f(z) =
dy(z, p(x2,y))?. We have

[f7(s) = fP@O)] _ ldi(s,p(22,9))” — du(t, p(2,9))"|
di(s,t)> di(s,t)>

dy(s,t)?

di(s,t)>

Since X is compact we have sup, ;cx, di(s,t) < oo. Put

M = sup, e x, di(s,t). Then by (5.4) we infer that Lo (f°®1) < MP~,

We also infer by (5.4) that limsﬁtw = 0. Hence we have

1 (s,t)a

P @1 €lip(Xy,C(Y1)). We have, as before,
(5.5)
di(p(1,y), (22,9))" = 17 @ Lp(r1,), 7)) = 7 (p(2,9), 7(1))]
= |(U(f7 @ D(x1,y) — (U(f7 @ 1)(x2, )|
< Lo(U(f7 @ 1))da (a1, 22)
= Lo(fP @ Ddy(y, 22)* = MP~%dy(y, 25)°.
Letting 8 — « we have by (5.5) that di(¢(z1,y), (22, y))* < do(z1,x2)%,
hence d;(p(z1,y), p(x2,y)) < do(x1,22). Applying the same argument

(5.4)

< =di(s,1)°7, st e X
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for U™! as in the case of Lip(X;, C(Y;)) we get

d2('7:17x2)6 < Mlﬁfadl(SO(IlaZ/),Sﬁ(l‘%y))a

for every 8 with a < 8 < 1, where M’ = sup, ,cx, da(s,t). Letting
B = a we get dy(w1,22)" < dip(21,9),0(22,9))" and do(z1,22) <
di(p(z1,y), (x2,y)). It follows that do(xy,x2) = di(p(x1,y), p(T2,9))
for every pair x1, 9 € X5 and y € Y3, that is, ¢(-,y) is an isometry for
every y € Ys. O

Note that if Y; is a singleton in Corollary 4.14, then we may suppose
that Lip(Xj;, C(Y;)) (resp. lip(X;, C(Y;))) is Lip(X;) (resp. lip(Xj)).
Then Corollary 4.14 states that Example 8 in [48] is indeed true.

COROLLARY 4.15. [48, Example 8] The map U : Lip(X;) — Lip(X>)
(resp. U :lip(X1) — lip(Xs)) is a surjective isometry with respect to
the norm || -|| = ||+ [loo + L(-) (resp. || || = || llo + La(-)) if and only if
there exists a complex number ¢ with the unit modulus and a surjective
wsometry ¢ : Xo — X1 such that

U(F)(z) = cF(p(x)), xr € Xy
for every F € Lip(Xy) (resp. F € lip(X1)).

PROOF. Suppose that U is a surjective isometry, then by Corollary
4.14 there exists a complex number ¢ with the unit modulus and a
surjective isometry ¢ : Xy — X such that the desired equality holds.

Suppose that ¢ is a complex number with the unit modulus and
¢+ Xo — X is a surjective isometry. Then U : Lip(X;) — Lip(Xs)
(resp. U : lip(Xy) — lip(X2)) by U(F)(x) = cF(¢(x)), x € X, for
F € Lip(X;) (resp. F' € lip(X})) is well defined. Then by Corollary

4.14 we have that U is a surjective isometry. U
EXAMPLE 4.16. Let Y be a compact Hausdorff space. Then
([0, 1), C(Y),C([0,1]), C*([0,1], C(Y)))

is an admissible quadruple of type L, where the norm of f € C'(]0,1])
is defined by || f|| = || flloc+ || f'||co and the norm of F' € C*(]0, 1], C'(Y))
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is defined by ||F|| = || F|loo + || F'||oc- It is easy to see that C([0,1]) ®
C(Y) c C*(]0,1],C(Y)) and

{F(-,y): F € CY[0,1],C(Y)), y € Y} c C*([0,1]).

Let M = [0,1] x Y and D : C'([0,1],C(Y)) — C(9M) be defined
by D(F)(z,y) = F'(z,y) for F € C'([0,1],C(Y)). Then [|[F'|| =
|D(F)||o for F € C'([0,1],C(Y)). Then the conditions from (I)
through @)(3) of Definition 4.4 are satisfied.

EXAMPLE 4.17. Let Y be a compact Hausdorff space. Then
(T, C(Y), CH(T), CH(T, C(Y)))

is an admissible quadruple of type L, where the norm of f € C'(T) is
defined by [|f|| = ||f]lee + ||/']lec and the norm of F' € C*(T,C(Y)) is
defined by || F|| = || F|loo+ || F’|| - It is easy to see that CH(T)®C(Y') C
CHT,C(Y)) and

{F(vy) e Cl<T7 C(Y))7 ye Y} - Cd(T)
Let M = TxY and D : CY(T,C(Y)) — C(9M) be defined by D(F)(z,y) =
F'(z,y) for F € CYT,C(Y)). Then ||F'||cc = ||D(F)|le for F €
CY(T,C(Y)). Then the conditions from (@) through @)(3) of definition
4.4 are satisfied for (T,C(Y),C*(T),CY(T,C(Y)).

COROLLARY 4.18. LetY; be a compact Hausdorff space for j =1, 2.
The norm || F| of F € C'([0,1],C(Y;)) is defined by ||F|| = || F|lo +
| F'||oo- Suppose that U : C*(]0, 1], C(Y1)) — C*([0, 1], C(Y3)) is a map.
Then U is a surjective isometry if and only if there exists h € C(Y5)
such that |h| = 1 on Y,, a continuous map ¢ : [0,1] x Y5 — [0,1]
such that for each y € Yy we have p(x,y) = = for every x € [0,1] or
o(x,y) =1—x for every x € [0,1], and a homeomorphism T : Yy — Y]
which satisfy that

U(F)(z,y) = h(y)F(e(z,y),7(y),  (z,y) €[0,1] x Y3
for every F € C([0,1],C(Y1)).
PROOF. Suppose that U : C*([0,1],C(Y1)) — CY([0,1],C(Y3)) is

a surjective isometry. Then by Theorem 4.5 there exists h € C(Y3)
such that |h| =1 on Y3, a continuous map ¢ : [0,1] x Y} — [0, 1] such
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that o(-,y) : [0,1] — [0, 1] is a homeomorphism for each y € Y5, and a
homeomorphism 7 : Yo — Y] which satisfy

(5.6)  U(F)(z,y) = hy)Fle(z,y),7(y)), (z,y) € [0,1] x Yy

for every F € C1(]0,1],C(Y7)). We only need to prove that, for ev-
ery y € Yy p(z,y) = x for every x € [0,1] or p(z,y) = 1 — z for
every = € [0,1]. Let Fy € C*([0,1],C(Y7)) be defined by Fy(x,y) = z
for every (x,y) € [0,1] x Y;. Then we have F] = 1 on [0,1] x ¥}
and ||Fo]| = || Fblleo + || Fpllec = 2. By (5.6) we have U(Fp)(z,y) =
h(y)p(z,y) for every (z,y) € [0,1] x Y. Since U(Fp) is continuously

differentiable we infer that ¢ is continuously differentiable and that
U(Fy) (z,y) = h(y)¢'(z,y) for every (z,y) € [0,1] x Ya. By (5.6) we
infer that ||U(Fp)|lco = ||Folloo, hence [[U(Fp) ||oo = || Fplloo since U is
an isometry with respect to || - ||. As |h| =1 on Y5 we see that

&' (2, ) < IU(F0) lloo = 1 Fplloc =1

for every (z,y) € [0,1] x Y5. We prove that |¢'(z,y)| = 1 for ev-
ery (z,y) € [0,1] x Y. Suppose contrary that there exists (zo,yo) €
0,1] x Ys with |¢'(x, y0)| < 1. As (-, 40) : [0,1] — [0, 1] is a homeo-
morphism we infer that [¢(1,40) — ¢(0,y0)| = 1. As ¢(-,y0) is contin-
uously differentiable we have

1 1
1= (L, y0) — 0(0,0)] = | / & (2, yo)dr| < / (2, o)l
0 0

Since |@(x,y)| < 1 and |¢'(zo,yo)| < 1 we have

1
/ | (2, y0)|dx < 1,
0

which is a contradiction. Hence we have that |¢'(z,y)| = 1 for every
(xz,y) € [0,1] x Y. Let y; € Y5 be arbitrary. As ¢'(-,41) is continuous
on [0,1] and |¢'(-,y1)] = 1 on [0,1] we have that ¢'(,y1) = 1 on
[0,1] or ¢'(-,y1) = —1 on [0,1] since ¢’ is real-valued with |¢/| = 1
on a connected space [0,1]. It follows by a simple calculation that
o(x,y1) = x for every x € [0, 1] or ¢(z,y;) = 1 — x for every x € [0, 1]
since (-, y1) is a bijection between [0, 1].

Suppose conversely that there exists h € C(Y3) such that |h| =1 on
Y,, a continuous map ¢ : [0,1] x Y5 — [0, 1] such that for each y € Y,
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o(x,y) = x for every z € [0,1] or p(z,y) = 1 — z for every z € [0, 1],
and a homeomorphism 7 : Y, — Y] which satisfy that

U(F)(z,y) = h(y)F(e(z,y),7(y),  (z,9) €[0,1] x ¥

for every F' € C'([0,1],C(Y1)). It is straight forward to check that
WU(F)|loo = ||F|loo- Let y € Y5 be arbitrary. By a simple calcula-
tion we infer that |U(F)'(z,y)| = |F'(z,7(y))| for every z € [0,1] or
\U(F) (z,y)| = |F'(1 — x,7(y))| for every x € [0,1] for each y € Y3
and F € C1([0,1],C(Y7)). As 7 is a surjection, we have |U(F)'||o =
| F'||o for every F € C*(]0,1],C(Y1)). To prove that U is surjec-
tive, let I € C1([0,1],C(Yz)) be an arbitrary map. Put G(2/,y) =
R () F (e, 771 (), 7 (), (@) € [0,1] x Y. Tt is easy to
see that G € C1([0,1],C(Y1)). As p(x,y) = x or 1 — x depending on
y € Y5 we see by a simple calculation that ¢(p(z,y),y) = z for every
(z,y) € [0,1] x Y5. Then we have

(U(G)(x,y) = h(y)G(p(z,y),7(v))
= h(y)h(T= (7)) F (el y), 7 (1(y), 7' (r(y)))
= F(p(p(z,y),y) = F(z,y), (z,y) €[0,1] x Y,

It follows that U is a surjective isometry from C'([0,1],C(Y1)) onto
CY([0,1],C(%)) 0

Note that if Y} is a singleton in Corollary 4.18, then C*([0, 1], C(Y;))
is C''([0,1],C). The corresponding result on isometries was given by
Rao and Roy [104].

COROLLARY 4.19. LetY; be a compact Hausdorff space for j =1, 2.
The norm ||F|| of F € CH(T,C(Y;)) is defined by || F|| = || F|loco+ || F"]| 0o-
Suppose that U : CY(T,C (V1)) — CYT,C(Y2)) is a map. Then U is
a surjective isometry if and only if there exists h € C(Ys) such that
|h| =1 on Ya, a continuous map ¢ : Tx Yy — T and a continuous map
u Yy — T such that for every y € Y p(2,y) = u(y)z for every z € T
or o(z,y) = u(y)z for every z € T, and a homeomorphism 7 : Yy — Y]
which satisfy that

U(F)(z,y) = hMy)Fe(z,9), 7)), (z,y) € T x Y,
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for every F € CH(T, C(Y7)).

PROOF. Suppose that U : CY(T,C(Yy)) — CHT,C(Y,)) is a sur-
jective isometry. Then by Theorem 4.5 there exists h € C(Y3) such
that |h| = 1 on Y3, a continuous map ¢ : T x ¥Y; — T such that
©(,y) : T — T is a homeomorphism for each y € Y5, and a homeomor-
phism 7 : Y5 — Y] which satisfy

(5.7) U(F)(zy) = My) Fle(z,9),7(),  (zy) €TxY;

for every F' € C'(T,C(Y7)). We prove that for every y € Y5 there
corresponds u(y) € T such that ¢(z,y) = u(y)z for every z € T or
©o(z,y) = u(y)z for every z € T. Let Fy € C(T,C(Y1)) be defined
as Fo(z,y) = z for every (z,y) € T x Y;. Then by (5.7) we have
U(Fy)(z,y) = h(y)e(z,y). As|h| = 1on Y, we have that ¢ = hU(Fp) €
CH(T,C(Y3)). We also have || Fo|loo = 1 and || F}|loo = 1, hence || Fy|| =
2. By (5.7) we have ||U(Fp)||oc = 1. Since ||U(Fy)|| = ||Fbl|, we infer
that [|[U(Fp) |l = || Fjllec, where

U(Fo)(zy) = h(y)¢'(z,y), (2,9) € TxYs
as U(Fy) = he. Thus

1€ loo = U (F0)'llo0 = [1Fglloc = 1.

It follows that |¢'(z,y)| < 1 for every (z,y) € TxY,. Defineu: Yy, - T
by u(y) = ¢(1,y). Then u is continuous since ¢ is continuous on T x Y.
We also have that |u(y)| = |¢(1,y)| = 1. As ¢(+,y) is a bijection from
T onto itself, we have (T \ {1},y) = T \ {u(y)}. Hence the map
t — —iLogu(y)e(e”,y)
is well defined from (0,27) onto (0,27), where Log denotes the prin-
cipal value of the logarithm. As ¢(-,y) is continuously differentiable,
the above map has a natural extension £ : [0,27] — [0,27] (defin-
ing by £(0) = 0 and L(27) = 27, or £L(0) = 27 and L(27) = 0,
L(t) = —iLogu(y)p(e®,y) for 0 < t < 27), which is continuously
differentiable. By a simple calculation we have
1 it N it
El(t) — SD (6 7y)€

. t e 0,27,
pleit,y) € [0, 2]
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Hence |£'(t)| < 1 for every t € [0,27] since |¢'(z,y)] < 1 for every
(z,y) € T x Y5. As in the same way as in the proof of Corollary 4.18
we have that £ = 1 on [0,27] or £ = —1 on [0,2x]. It follows that
u(y)p(e, y) = e for every t € [0,2x] or u(y)p(e,y) = e~ for every
t € [0,27]. Hence p(z,y) = u(y)z for every z € T or ¢(z,y) = u(y)z
for every z € T.

Suppose conversely that there exists h € C(Y3) such that |h| =1 on
Y5, a continuous map ¢ : T x Y, — T and a continuous map u : Yo — T
such that ¢(z,y) = u(y)z for every z € T or ¢(z,y) = u(y)z for every

z € T, and a homeomorphism 7 : Y5 — Y] which satisfy that

(5.8) U(F)(z,y) = h(y)F(e(z,9),7(y),  (2,9) € TxY;
for every F € C'(T,C(Y})). By the hypotheses on ¢ and 7 we infer
that (z,y) — (¢(z,9),7(y)) gives a homeomorphism from T x Y; onto
T x Y. As |h] = 1 on Y; we infer that ||F|le = ||U(F)|« for every
F e CYT,C(Y1)). By (5.8) we have

U(F) (z.y) = h(n)F'(e(2,9), 7®)¢' (z.y), (2,9) €T x Y,
for every F' € CY(T,C(Y1)). As ¢'(z,y) = u(y) on T x Yy or ¢'(2,y) =
—u(y)z? on T x Y, we infer that

IU(E) [lso = 1hE" (0, 7) ¢ [loo = 1F"]|oo-

It follows that U is an isometry. It is not difficult to prove that U is a
surjection. We conclude that U is a surjective isometry. U



CHAPTER 5

Hermitian operators on commutative Banach
algebras

1. Introduction to Hermitian operators

Let E be a Banach space. Recall that T is a Hermitian operator
if [Tz,z] € R for any = € E, where [-,-] is a semi-inner product on
E, compatible with the norm. Detailed definition and facts about
Hermitian operators are in Section 2. It is well known that 7' € B(FE)
is a Hermitian operator if and only if || exp(itT)|| = 1 for every ¢t € R if
and only if exp(itT") is an isometry for every ¢t € R (see Theorem 1.10
([30, Theorem 5.2.6])). Hence T' € B(E) is a Hermitian operator on £
if and only if 7" is Hermitian as an element in B(F).

Recall that a uniform algebra A on a compact Hausdorff space Y is
a closed subalgebra of C'(Y') which contains the constants and separates
the points of Y. The supremum norm on a set K is denoted by ||-||so(x)-

Let (X, d) be a compact metric space. For a uniform algebra A, the
Banach algebra Lip(X, A) is called a Lipschitz algebra with values in
a uniform algebra A. Recall that for F' € Lip(X, A)

1) = s { D= F Dt )
p {JFIC = FOC vy, zev).

As usual we may suppose that F' € Lip(X, A) is a complex valued
function on X x Y in the way that F(z,y) = (F(z))(y); Lip(X, A) C
C(X xY). For a Lipschitz function h € Lip(X) and an f € A we
define the tensor product (h ® f) € Lip(X, A) of h and f in the way
that (h® f)(x,y) = h(z)f(y) for every pair z € X and y € Y.
Fleming and Jamison [29] investigated Hermitian operators on the
algebras of vector-valued continuous maps [29]. Botelho, Jamison,

97
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Jiménez-Vargas and Villegas-Vallecillos [16] studied Hermitian oper-
ators on scalar valued Lipschitz algebras. Hermitian operators on a
Banach space Lip(X, E) with the norm || - ||max of Lipschitz maps with
values in a Banach space E are studied by the same authors in [15].
In particular, in [15] a characterization of a Hermitian operators on
Lip(X, E) with the norm || - || max is given for an arbitrary Banach space
E where X is a compact 2-connected metric space (cf. [15, Theorem
2.4]).

In this chapter we characterize Hermitian operators on a Banach
algebra of Lipschitz maps with values in a uniform algebra. We do not
need to assume that X is 2-connected. Applying this characterization
we give a form of a surjective unital isometry on Lip(X,C(Y)). As
is expected an isometry is an algebra isomorphism and is represented
by a composition operator by a self-homeomorphism on X x Y. It
is interesting to note that this self-homeomorphism H has a peculiar
form in the sense that H(x,y) = (¢(x,y), 7(y)) for (z,y) € X xY with
continuous functions ¢ : X x Y and 7:Y — Y. This kind of peculiar
homomorphisms are recently investigated in Chapters 2, 3 and 4 and
we call it BJ type (see Definition 2.20). Note that isometries between
Lip(X, E) with the norm || - ||max are investigated in [8, 103].

2. Results and Proofs

Let ‘B be a unital Banach algebra and a € 8. The corresponding
multiplication operator M, : B — B is defined by the left multiplica-
tion; i.e., b — ab, b € B. It is clear that M, is a bounded operator on
B for every a € *B.

PROPOSITION 5.1. Let B be a unital Banach algebra. The element
a € B is Hermitian if and only if the corresponding multiplication

operator M, is a Hermitian operator on ‘8.

PROOF. Suppose that a € B is Hermitian. Then we have
||exp(ita)|ls = 1 for any t € R. Let t € R be arbitrary. For every
b € B we obtain

[(exp(itMa)) ()l = [[(exp(ita))blls < [l exp(ita)ls ||l s = [[b]s-
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It follows that
(2.1) | exp(itM,)]| < 1.
On the other hand, we get
(2.2) [(exp(itM,))(1)[|s = || expitalls = 1.
In view of the inequality (2.1) and (5.10), we have
[l exp(itM,)|| = 1

for any t € R. Therefore the bounded linear operator M, on B is a
Hermitian operator.

We now prove the converse. Suppose that the map M, is a Her-
mitian operator. Then exp(itM,) is a linear isometry on B for every
t € R. It follows that

1= |1]je = [[(exp(itMa))(1)[| = || exp(ita)||»
for any ¢ € R. This implies that a € Her(8). O

LEMMA 5.2. Let B be a unital Banach algebra and T' a Hermaitian
operator on B. Then T'(1) € Her(*B).

PROOF. For any f € B* with ||f|| = f(1) = 1, we define ®; :
B(®8) — C by
®p(5) = f(5(1)), S € B(B),
where B(8) denotes the algebra of all bounded linear operators on 8.
We infer by a simple calculation that ®; is a bounded linear functional
on B(®B) and satisfies || ®f|| = ®¢(/) = 1. Since T is a Hermitian
operator on B, T € Her(B(*B)

)-
f(r(1) =24(T) eR
for any f € B* with ||f|| = f(1) = 1. We conclude that T'(1) is a

Hermitian element of 8. ]

This implies

PROPOSITION 5.3. Let B be a unital semi-simple commutative Ba-
nach algebra. Suppose that T : B — B is a bounded linear operator.
Then the following are equivalent.

(2) exp(it(T — My 1)) is multiplicative for every t € R.
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PROOF. Suppose that T' = Myq,. Then exp(it(T — Myq,)) = I,
the identity operator for every ¢ € R. Thus (2) holds.
Suppose that (2) holds. Set T'— M1, = H and U; = exp(itH), t €
R. Then U; is multiplicative for every ¢t € R; i.e., Ui(ab) = Us(a)Uy(b)
for every pair a,b € B. We have
(Ut—l)/t:iHJthnl(—ZH)n

|
o n:

hence for any |t| <1

U,—1 — [t =" — =] 1]
[Pt ] Sy S g

n=2 n=2

as t — 0. We conclude that

1H = lim Ui = ],
t—0 t

where the limit is taken with the metric induced by the operator norm.
We prove that H is a derivation. For every pair a,b € 8 we have

(Ut t_ ! ) (ab) — iH (ab)

ast — 0 and

<Ut - I) (a) = Ut(a)Utt(b) — ab

t

_ Ui(a)(Ue(b) — bi + (Uila) — a)b — a(iH (b)) +iH (a)b

as U; is multiplicative. We have that

H(ab) = aH(b) + H(a)b, a,bec B,

that is, H is a derivation on 8, which is also bounded by the definition
of H. As 3 is a unital semi-simple commutative Banach algebra, a
theorem of Singer and Wermer [114] asserts that H = 0. Thus (1)
holds. O

THEOREM b5.4. Let B be a unital semi-simple commutative Banach
algebra and T € B(®B). Suppose that every surjective unital linear
isometry is multiplicative. Then the following are equivalent.

(1) T is a Hermitian operator.
(2) T(1) is a Hermitian element of B and T' = Mpq,.



3. AN APPLICATION OF THEOREM 5.4 101

PROOF. Suppose that T is a Hermitian operator. Then T'(1) €
Her(8) by Lemma 5.2. Thus | exp(itT'(1))|ls = 1 for every t € R.
Then

lexp(it My q))|| = [l exp(itT (1))l = 1

since exp(it My 1)) = M, (1)) by a simple calculation and the op-
erator norm of M, coincides with the norm of a for every a € ‘B.
It follows that MT(]_) is a Hermitian operator. Hence T — MT(].) is
Hermitian. Thus exp(it(T — Myq,)) is an isometry for every ¢ € R
by a characterization of Hermitian operators. For every ¢ € R the
operator (exp(it(T" — My 1)) is surjective. As (I — Mypq,))(1) =
0, exp(it(T" — Mype,)) is unital. By the assumption we have that
exp(it(T" — Mpq,)) is multiplicative . Hence by Proposition 5.3 we
infer that 7" = My q,.

Suppose that (2) holds. Then by Proposition 5.1 7" is a Hermitian

operator. 0

3. An application of Theorem 5.4

Now, we characterize the Hermitian elements in a uniform algebra.

PROPOSITION 5.5. Let A be a uniform algebra on a compact Haus-
dorff space Y. Then f € A is Hermitian in A if and only if f €
ANCg(Y).

PRrROOF. Let f € A be Hermitian in A. Then || exp(itf)||oo(y) = 1
for every t € R. We prove that f is a real-valued function on Y.
Suppose that there exists y € Ywith the imaginary part Im f(y) # 0.
If Imf(y) > 0 (resp. Im f(y) < 0), then |exp(—if(y))] > 1 (resp.
|exp(if(y))| > 1) which is contradictory to the fact that || exp(it f)||oo(v)
1 for every t € R. Thus we have f is a real-valued function.

We now prove the converse. Let f € AN Cg(Y). It follows imme-
diately that for every t € R, ||expitf|ooy) = 1. This implies that f is
Hermitian in A. 4

3.1. Hermitian operators on Lip(X, A). We exhibit a charac-
terization of Hermitian elements of Lipschitz algebra with values in a

uniform algebra.
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PROPOSITION 5.6. Let X be a compact metric space and A a uni-

form algebra on a compact Hausdorff space Y. Then F € Lip(X, A) is
Hermitian if and only if F =1® f for f € ANCg(Y).

PROOF. Let F' be a Hermitian element in Lip(X, A). We have
(3.1) [ exp(itF)||oo(xxy) + L(exp(itF)) = |[exp(itF)||x =1, teR.

Hence || exp(itF)||oo(xxy) < 1 for every ¢ € R. Then, in a similar way
as in the proof of Proposition 5.5 we have that F' is real-valued and
| exp(itF)||so(xxy) = 1. Hence L(exp(itF')) = 0 which means that
F=1® f foran f € A. As F is real-valued, we have at once that
f e AnCr(Y), that is, f is a Hermitian element in A.

A Hermitian element f in A is a real-valued function by Propo-
sition 5.5, hence F' = 1 ® f € Lip(X,A) is a real-valued function,
| exp(itF')||oo(xxy) = 1 foreveryt € R. As F = 1® f, L(exp(itF')) = 0.
Thus || exp(itF')||, = 1, which forces that F' is a Hermitian element in
Lip(X, A). 0

As a corollary of Theorem in [47] we have the following.

COROLLARY 5.7. Let X; be a compact metric space and A; a uni-
form algebra for j = 1,2. If U is a linear isometry from Lip(X1, A;)
onto Lip(Xa, Ag) with U(1) = 1, then U is also an isometry with re-
spect to the supremum norm.

We point out that the term —m/2 and 7/2 which appear in the
formulae (7) and (8) in the proof of [47, Theorem| read as 37/4 and
7 /4, respectively. Hatori, Jiménez-Vargas and Villegas-Vallecillos has
essentially given a revision of the proof of [47, Theorem] in the proof
of Proposition 7 in [36].

THEOREM 5.8. Let X be a compact metric space and A a uniform
algebra on a compact Hausdorff space Y. Then T is a Hermitian op-

erator on Lip(X, A) if and only if there exists a real-valued function
f € A such that

T =My,
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PROOF. Suppose that f € AN Cg(Y). Due to Proposition 5.6 we
infer that 1 ® f is a Hermitian element in Lip(X, A). Then by Propo-
sition 5.1, we have that My is a Hermitian operator on Lip(X, A).

Suppose that 7" is a Hermitian operator on Lip(X, A). Then by
Lemma 5.2, T'(1) is a Hermitian element in Lip(X, A). Then by Propo-
sition 5.6, there will be an f € AN Cgr(Y), a Hermitian element in A,
such that T(1) = 1 ® f. We show that every surjective unital linear
isometry from Lip(X, A) onto itself is multiplicative. It will follow that
T = MT(].) by Theorem 5.4. Now we prove that every surjective unital
linear isometry from Lip(X, A) onto itself is multiplicative. To do so,
let U : Lip(X,A) — Lip(X, A) be a surjective unital linear isometry.
Then by Corollary 5.7 U is extended to a unique surjective unital lin-
ear isometry U from the uniform closure Lip(X, A) of Lip(X, A) in
C(X x Y) onto itself. As Lip(X, A) is a uniform algebra on X x Y we
have by a theorem of Nagasawa [94] that U is a composition operator
defined by a self-homeomorphism between the maximal ideal space of
Lip(X, A). Hence U™ is multiplicative, and so is U. U

3.2. Hermitian operators on C'([0,1], A). We exhibit a char-
acterization of Hermitian elements of continuously differential maps on
[0, 1] with values in a uniform algebra. A proof is similar to the case
of the Lipschitz algebras.

PROPOSITION 5.9. Let A be a uniform algebra on a compact Haus-
dorff space Y. Then F € C*([0,1],A) is Hermitian if and only if
F=1® f for f € ANCr(Y).

PROOF. Let F be a Hermitian element in C'([0, 1], A). We have
(3.2)
| exp(itF)||oo(0,1]xy) + || €xp(itF))'|loo = || exp(itF)|lx =1, teR.

Hence || exp(itF) || so(f0,1]xy) < 1 for every ¢ € R. Then we have that F'
is real-valued and | exp(itF)||so(po,1)xy) = 1. Hence || exp(itF) ||« = 0
which means that F'=1® f for an f € A. We get f is a real-valued
continuous function of A since F' is real-valued map. We have f is
a Hermitian element in A. Let f € ANCr(Y), then F = 1® f €



104 5. HERMITIAN OPERATORS ON COMMUTATIVE BANACH ALGEBRAS
C1([0,1], A) is a real-valued function such that

[l exp(itF)[loo(o.1]xv) = 1
for every t € R and
| exp(itF)'l|o = 0.
We obtain || exp(itF)||s = 1, which implies F' is a Hermitian element
in C'([0,1], A). O

For the case of C1([0,1], A), we get the following corollary by the-

orem in [47].

COROLLARY 5.10. Let A; be a uniform algebra for j =1,2. If U is
a linear isometry from C1([0,1], Ay) onto C*([0,1], Ay) with U(1) = 1,

then U is also an isometry with respect to the supremum norm.

The following is a characterization of a Hermitian operator on

C1([0,1], A) for a uniform algebra A.

THEOREM 5.11. Let X be a compact metric space and A a uniform
algebra on a compact Hausdorff space Y. Then T is a Hermitian op-
erator on Lip(X, A) if and only if there ezists a real-valued function
f € A such that

T = Mg,

The proof is similar to the case of Lip(X, A). Thus we omit the
detail of proof.

PROOF. Suppose that f € ANCg(Y). Then 1 ® f is a Hermitian
element in C*([0, 1], A) by Proposition 5.9. This implies that My, is
a Hermitian operator on C*([0,1], A).

Suppose that T is a Hermitian operator on C'([0,1], A). Then by
Lemma 5.2, T(1) is a Hermitian element in C'([0,1], A). Then by
Proposition 5.9, there will be an f € AN Cr(Y), a Hermitian element
in A, such that T(1) = 1 ® f. We see that C1([0,1], A),which is
uniform closure of C*([0,1], A) is uniform algebra on [0,1] x Y. This
means that every surjective unital linear isometry from C'([0,1], A)
onto itself is multiplicative by applying a theorem of Nagasawa [94].
Thus by Theorem 5.4, we have that T' = My O
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4. Surjective linear isometries

In the Chapter 4, We have already characterized a surjective unital
linear isometry from Lip(X, C(Y")) onto itself (see Corollary 4.14). The
purpose in this Section is to prove the characterization of surjective
unital linear isometry from Lip(X, C'(Y")) onto itself by applying theory
of Lumer’s method. Lumer initiated the study of isometries on function
spaces in terms of Hermitian operators [76, 78|. Hermitian operators
are intrinsically related to surjective isometries. Let T" be a Hermitian
operator and U a surjective isometry on normed spaces. Then UTU !
is a Hermitian operator by Theorem 5.12. It is essentially described in
the proof of [78, Theorem 10].

THEOREM 5.12. Let N be a normed linear space and let U be a
linear operator from N into itself. Then U is an isometry if and only
if there is a semi-inner product |-, -] compatible with the norm, satisfying
[z, ay] = alz,y| for every x,y € N and a € C, such that [Uvy, Uvy] =

[Ul, Ug] .

This argument has been used extensively by many authors in a
variety of settings. For example, Fleming and Jamison proved that a
unital surjective linear isometry is a composition operator on the space
of continuous maps with values in certain Banach spaces in [29]. The
method is called Lumer’s method (see [30]).

4.1. Surjective linear isometries on Lip(X,C(Y)). Suppose
that U is a surjective linear isometry from Lip(X, C(Y")) onto itself such
that U(1) = 1. Applying Corollary 5.7, U is extended to a surjective
isometry (with respect to the supremum norm) U from C(X x Y') onto
itself. Then the Banach-Stone theorem asserts that there exists a self-
homeomorphism H : X xY — X xY such that U(F) = FoH for every
F e C(X xY). As H is represented as H(z,y) = (¢1(x,y), v2(z,v))
for (z,y) € X xY, where p; : X XY — X and g9 : X XY — Y are
continuous maps. It follows that U(F)(x,y) = U(pi(x,y), p2(z,y))
for every F' € Lip(X,C(Y)) and (z,y) € X x Y. In particular, we
see that U is an isomorphism from Lip(X, C(Y")) onto itself. Then by
Theorem 2.3, the map ¢ depends only on the second valuable y if X
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is connected. In this section we prove that it is the case without the
hypothesis that X is connected.

Suppose that U : Lip(X,C(Y)) — Lip(X,C(Y)) is a surjective
isometry. Let [-, -] be a semi-inner product compatible with the norm
such that [U(Fy),U(Fy)] = [Fy, Fy] for every F; € Lip(X, C(Y)). Such
a semi-inner product exists by Theorem 5.12. For any h € Her(C(Y)) =
Cr(Y') we have

[UMy4,U™'G,G] = [UMy,, UG, UU'G] = [My,,U'G,U'G] e R

for every G € Lip(X,C(Y')). Hence UMy, U~" is a Hermitian opera-
tor on Lip(X, C(Y)). Then by Theorem 5.8 there exists b’ € Her(C(Y"))
such that UM1®hU*1 = M7qgy,- It follows that we can define a map
¢ : Her(C(Y)) — Her(C(Y)) by

-1 _

LEMMA 5.13. The map ¢ : Her(C(Y)) — Her(C(Y)) is a real

algebra isomorphism.

PROOF. For any h' € Her(C(Y')) we have that U~' My, U is also
a Hermitian operator on Lip(X, C(Y)) by a similar argument as above.
Therefore, there exists h € Her(C(Y)) such that U~' My, U = My,
This implies that

UMy, U™t = U(U My, U)U™" = My,

hence we conclude that )(h) = h’. As k' is arbitrary, we have that ¢
is surjective.

Let hy; and hy be Hermitian elements with hy; # hy. Due to the
definition of ¢, we have

_ -1 -1 _
Ml@w(hl) - UMl@hlU 7 UM]—®h2U - M1®w(h2)'

Thus, this implies that ¥ (hy) # 1 (h2). Thus 9 is injective.
We prove that ¢ is multiplicative. Let hy, hy € Her(C(Y')) be ar-
bitrary. Then U]\/[1®(hlh2)U_1 = M1 gynny- On the other hand we
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have

UM1®(h1h2)U71 = UM1®h1M1®h2U71
= (UM, U UM14;,,U™") = Mgy Mgy

= Mg wmoms)
Thus we have ¥(hihy) = 1(h1)(hs) for an arbitrary pair of hy, hy €
Her(C(Y)); that is, ¢ is multiplicative. We see in a similar way that
is real-linear. U

We define the map ¢ from C(Y') onto C(Y) by

¥(hi +iha) = ¢(h1) + it (ha)
for hy, hy € Her(C(Y)) = Cr(Y). Tt is easy to see that 1) is a complex
algebra isomorphism from C(Y') onto itself. As 1) : C(Y) — C(Y) is an
algebra isomorphism there exists a homeomorphism 7 : ¥ — Y such
that
b(M)(y) = h(7(y))

for any h € C(Y) and y € Y. Applying the isomorphism ¢ and
a homeomorphism 7 we have the following. Note that by a simple
calculation we have UM1®hU_1 = Mq gy for every h € C(Y).

THEOREM 5.14. Let X be a compact metric space and 'Y a compact
Hausdorff space. Then U is a linear isometry from Lip(X,C(Y)) onto
itself such that U(1) = 1 if and only if there exist a continuous map
w: X xY — X such that p(-,y) : X — X is a surjective isometry for
each y € Y, and a homeomorphism 7 :Y — Y which satisfy that

(4.1) UF(z.y) = Fe(r,y),7(y)) veXyeY
for every F' € Lip(X,C(Y)).

PROOF. Suppose that ¢ : X x Y — X is a continuous map such
that ¢(-,y) : X — X is a surjective isometry for each y € Y and
7:Y — Y is a homeomorphism. Then the map H’ from X x Y into
itself defined by H'(z,y) = (p(z,y),7(y)), v € X,y € Y is continuous.
As 7 is a bijection on Y and ¢(+,y) is a bijection on X for every y € Y,
we infer that H' is a bijection. As X X Y is a compact Hausdorff

space, we have that the continuous bijection H’ is a homeomorphism.
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Let F' € Lip(X,C(Y)) be arbitrary. We suppose in a usual way that
Lip(X,C(Y)) C C(XxY); [F(x)](y) = F(z,y), (x,y) € X xY. Define
UF : X xY = Cby UF(x,y) = FoH'(z,y) = F(e(x,y),7(y)) for
every pair x € X,y € Y. As H' is continuous we have UF € C(X xY).
We prove that UF € Lip(X,C(Y)). Applying properties of ¢ and 7

we have by a simple calculation that

Flay) — Flz)|o F(z1,y) — F(zs,
L) — s W) = Pl _ - Flony) = Floay)
1,22 d(x17x2) 1,32,y d<xlax2>
_ sup [FPE19), 7)) = Fle(e2,9), 7(9)]
T1,22,y d(p(21,y), p(22,9))
_ [F(p(21,9), 7(y) = Flp(2,9), 7(y))]
= sup
1,32,y d(z1,72)
As L(F) = L(UF) we infer that UF € Lip(X,C(Y)). Therefore the
map F' — UF is well defined from Lip(X,C(Y)) into itself. As H’
is a surjection, we have that ||F|lexxy) = [|[UF||co(xxy). Thus U

= L(UF).

is an isometry with respect to the norm || - ||,. We prove that U is
surjective. Let (x,y) € X X Y be arbitrary. As 7 is a bijection on
Y and ¢(-,77!(y)) is a bijection on X, there is a unique 2’ € X with
o(2', 77 y)) = . Define ¢’ : X x Y — X by ¢/(x,y) = 2’. Then ¢’ is
continuous on X x Y such that ¢/(-,y) is a surjective isometry on X.
Furthermore we infer that H' ™' = (¢/,77!). Let F € Lip(X,C(Y)) be
arbitrary. In a similar way as above, we have Fo H' ™! € Lip(X,C(Y)).
On the other hand we infer that U(F o H'™') = F. As F is arbitrary
we have that U is surjective.

Suppose that U is a surjective isometry from Lip(X,C(Y)) onto
itself such that U1 = 1. Corollary 5.7 implies that U is an isometry
from (Lip(X, C(Y)), ||-[|oc(x xv)) onto itself. We note that Lip(X, C(Y))
is uniformly dense in C'(X x Y) by the Stone-Weierstrass theorem.
This shows that we have U® : C(X xY) — C(X x Y) which is a
unique extension of U, and U is a unital linear isometry with the
supremum norm. By the Banach-Stone theorem, we conclude that U>
is an algebra isomorphism, so is U. Let y € Y arbitrary. We define
a map UY : Lip(X) — Lip(X) by U¥(f) = U(f ® 1)(-,y) for each

f € Lip(X). Then UV is a unital homomorphism. By [111, Theorem
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5.1] there exists a Lipschitz map ¢(-,y) from X into itself such that
Uv(f)(z) = f(o(z,y)) for every f € Lip(X) and x € X. For every
felip(X), he C(Y), and (z,y) € X x Y, we have

(U(foh)(z.y) = (U(Myg,f@1))(@,y) = (UM, U U(f&1))(z,y)
= (M1,50)U(f @ D)(@,y) = (1@ $(W)U(f @ 1))(z,y)
= (1@ Y(h)(@,y)(U(f @ 1)(w,y) = (1@ $(h))(z,y)U(f)(x)

= h(r (W) f(e(z,y) = f @ hlp(z,y), 7(y))-

Hence

(4.2) Zﬁ@h Zﬂ@h 7(y))

for every Y. f; ® h; € Lip(X) ® C(Y), the algebraic tensor product of
Lip(X) and C(Y). Let F € Lip(X,C(Y)) be arbitrary. Then by the
Stone-Weierstrass theorem there exists a sequence {F,} € Lip(X) ®
C(Y) such that ||[F' — F,||s(xxy) = 0 as n — oo. By Corollary 5.7,
we obtain that U is an isometry with respect to the metric induced by

the supremum norm. Thus we have
JU(Fn) = UF) looxxv) = [ = Flloo(xxyy = 0
as n — oo. Hence (U(F,))(z,y) — (U(F))(z,y) as n — oo. As
| Fro = Flloo(xxy) — 0, we obtain by (4.2) that
U F))(2,y) = Fale(e,y),7(y)) = Fle(z,),7(y))

as n — oo. We conclude that (U(F))(x,y) = F(p(z,y),7(y)).

As in the same way as above, there exists a homeomorphism 7’ :
Y — Y and a Lipschitz map ¢'(-,y) : X — X for each y € Y such
that (U71(Q))(z,y) = G(¢ (z,y), 7 (y)) for every G € Lip(X,C(Y))
and every (z,y) € X x Y. As

G(z,y) = (UUHG)(z,y) = (U HG)(e(z,y),7(y))
= G(¢ (p(z,y), 7(v), T'(T(y))),

G(z,y) = (U U(G)))(,y) = (UG))(# (,),T'(y))
= Glp(¢'(z,y), 7' (), 7(7' (1))
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for every G € Lip(X,C(Y)) and (z,y) € X x Y, we have that 7/ =

=1 We also get 2 = ¢/(p(z,y),7(y)) and = = ¢(¢'(z,y),7'(y)) for

every (z,y) € X X Y. As 7 is a bijection and 77! = 7 we have = =
o(¢'(z,7(y)),y) for every (z,y) € X x Y. It follows that ¢(-,y)™' =
¢'(-,7(y)) for every y € Y. In particular, ¢(-,y) is a lipeomorphism
from X onto itself.

Let z € X be arbitrary. Set f, : X — C by f.(z) = d(z, 2) for
x € X. The Lipschitz constant of f, is 1. Hence L(f,®1) = 1 for every
z € X. We infer that f, € Lip(X). As U is an isometry with respect
| - ||z and || - [[so(xxy) simultaneously, we infer that L(U(F')) = L(F)
for every F' € Lip(X,C(Y)). Let y € Y and x1,29 € X be arbitrary.
Then we have

d(p(21,Y),9(22,Y)) = | Fotwa) (P(21,9)) = Fows) (P22, ))]
= |(f<p<z2,y>®1)(90(1'1,y)77(y))—(f (e20) @ V) (0 (22,9),7(y))|
= [(U(fotwamy ® 1)) (@1,4) = (U(fo(ary) @ 1)) (22,9)]

< MU ptaam © D) (@1) = (U(fo@ay) @ 1))(@2)[loo(v)
L(U(ﬁp(wz,y) ® 1))d(x1, 72) = L(ﬁp(mz,y) ® 1)d(xy,22) = d(z1, 72).

We conclude that d(¢(x1,y), p(z2,v)) < d(x1,x2) for every pair z1, xo €

X and y € Y. In the same way we have d(¢'(z1,y), ¢ (22,y)) <
d(x1, z2) for every pair x1, 22 € X andy € Y. Since p(-,y) = o(-, 77 (y)) ™
we have that d(¢(z1, 7 (y)) ™ o(z2, 7 Hy)) ™) < d(zy1,79) for ev-
ery pair 21,79 € X and y € Y. As 77! is bijective we have that
d(p(z1,y) 7" p(2,9) ") < d(21,22), hence d(w1, 12) < d(p(r1,y), (22, 9))
for every pair z1,20 € X and y € Y. It follows that d(zq,22) =
d(p(z1,y), p(xe,y)) for every pair z1,2o € X and y € Y; ¢(-,y) is
an isometry for every y € Y. Finally we prove ¢ is continuous on

X x Y. By Banach-Stone theorem, there exists a self-homeomorphism

H = (p1,92) : X XY — X x Y such that

UF(z,y) = F o H(z,y) = F(1(z,9), pa(2,9))
for every F' € Lip(X,C(Y)), (z,y) € X xY. Note that ¢; : XxY — X

is continuous since H is a homeomorphism. We have

F(pi(z,y), pa(z,y)) = Flo(z,y),7(y))
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forevery pairz € X andy € Y, and F' € Lip(X,C(Y)). As Lip(X,C(Y))
separates the points of X x Y we have that ¢ = ¢;. Hence ¢ is con-
tinuous on X x Y.This completes the proof. U

4.2. Surjective linear isometries on C'(]0,1],C(Y)). Suppose
that U : C'([0,1],C(Y)) — C*([0,1],C(Y)) is a surjective linear isom-
etry. By a similar argument of subsection 4.1 and applying Theorem
5.11, we get the following results. (We omit proofs). We can define a
map ¢ : Her(C(Y)) — Her(C(Y)) by

-1 _

Then the map ¢ : Her(C(Y)) — Her(C(Y)) is a real algebra isomor-
phism. We define the map ¢ from C(Y") onto C(Y) by

Y(hy +ihy) = Y(hy) + i (ho)

for hy, hy € Her(C(Y)) = Cr(Y). We have ¢ is a complex algebra
isomorphism from C(Y') onto itself. As ) : C(Y) — C(Y) is an algebra

isomorphism there exists a homeomorphism 7 :Y — Y such that

V(h)(y) = h(r(y))

for any h € C(Y) and y € Y. Due to the isomorphism ¢ and a
homeomorphism 7, we obtain that

-1 _

for every h € C(Y'). We now get the following characterization of a sur-
jective linear isometry on C1([0, 1], C(Y)), which is a weaker statement
than Corollary 4.18, but we prove it by Lumer’s method.

THEOREM 5.15. Let Y be a compact Hausdorff space. Then U 1is
a surjective linear isometry from C*([0,1],C(Y)) onto itself such that
U(1) = 1 if and only if there exist a continuous map ¢ : [0,1] X Y —
0,1] such that for each y € Y continuous map ¢(-,y) : [0,1] — [0,1]
with o(x,y) = x for every x € [0,1] or ¢(x,y) = 1 — = for every
x € [0,1] and a homeomorphism 7 : Y — Y which satisfy that

(4.3) UF(z,y) = Flp(z,y),7(y)) zeXyeV
for every F € C*([0,1],C(Y)).
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PRrROOF. We can easy to see that if U is the form of the equation
(4.3), U is a surjective linear isometry on C*([0,1], C(Y)) with || - ||s.

Suppose that U is a surjective isometry from Lip(X,C(Y)) onto
itself such that U1 = 1. Corollary 5.10 implies that U is an isom-
etry from (C'([0,1],C(Y)),] - lloo(o,1]xy)) onto itself. We note that
C1([0,1], C(Y)) is uniformly dense in C'([0, 1] xY") by the Stone-Weierstrass
theorem. This shows that we have U> : C([0,1] x Y) — C([0,1] x Y)
which is a unique extension of U, and U is a unital linear isometry
with the supremum norm. By the Banach-Stone theorem, we conclude
that U™ is an algebra isomorphism, so is U. Let y € Y arbitrary. We
define a map U¥ : C'([0, 1]) = CY([0,1]) by U¥(f) = U(f ©1)(-,y) for
each f € C'([0,1]). Then Uv is a unital homomorphism. There exists
a continuous ¢(-,y) from X into itself such that m(f)(m) = f(p(z,y))
for every f € C'([0,1]) and =z € [0,1]. For every f € C'([0,1]),
heC(Y), and (z,y) € [0,1] X Y, we have

(U(f @ h)(z,y) = (U(Myg,f ®1))(z,y)
= (UM, U"U(f @ 1))(2,y) = (M5, U(f ®1))(z,y)
= (1@ P(M)U(f @ 1))(z,y) = (L@ Y(h))(z,y)(U(f @ 1))(z,y)
= (1® P(h)(z,)U(f)(x) = h(r(y)) f(¢(z,y))
= f @ h(p(z,y), 7(y)).

Hence

(4.4) Zfl®h Zfl®h (1))

for every Y. f; ® h; € C*([0,1]) ® C(Y), the algebraic tensor prod-
uct of C*([0,1]) and C(Y). Let F € C'([0,1],C(Y)) be arbitrary.
Then by the Stone-Weierstrass theorem there exists a sequence {F,,} €
C'([0,1]) ®C(Y) such that || F'— F, | s(xxy) = 0 as n — oco. By Corol-
lary 5.10, we obtain that U is an isometry with respect to the metric

induced by the supremum norm. Thus we have

NU(Fn) = U(F)|lso(o,11xy) = [[Fn = Flloo(o,11xy) — 0
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as n — oo. Hence (U(F,))(x,y) — (U(F))(z,y) as n — oo. As
| Fr = Fl|oo(j0,1xv) — 0, we obtain by (4.4) that

(UE))(z,y) = Fule(z,y),7(y) = Fle(z,y),7(y))

as n — oo. We conclude that (U(F))(x,y) = F(p(z,y),7(y)).
Although it does not complete the proof, we omit the rest of the
proof since it is a routine argument to verify that ¢ : [0,1] x Y — [0, 1]
is continuous and for each y € Y continuous map ¢(-,y) : [0,1] — [0, 1]
with p(z,y) = z for every x € [0,1] or p(z,y) = 1 — x for every
z €0, 1]. O






CHAPTER 6

Hermitian operators on non-commutative Banach
algebras

A surjective linear isometry on Lip(X, F), where E is a unital com-
mutative C*-algebra is of the canonical form, see Theorem 4.14. But
the general case for a unital C*-algebra without assuming commuta-
tivity remains open. A main difficulty relies on a lack of the complete
characterization of the extreme points of the unit ball of the dual space
of Lip(X, E) for a unital C*-algebra E.

On the other hand, Lumer initiated a study of isometries on func-
tion spaces in terms of Hermitian operators [76, 78]. Hermitian oper-
ators are intrinsically related to surjective isometries. The method is
called Lumer’s method (see [30]).

In this chapter, we deal with the case where F is a Banach space of a
finite dimension. We first show that Hermitian operators on Lip(X, E)
are composition operators. Then Lumer’s method as in [29] applies
to characterizing unital surjective complex isometries on algebras of
Lipschitz maps with values in M, (C) with the sum norm, where the
norm on M, (C) is the operator norm (spectral norm).

In [13], Botelho and Jamison gave a representation for algebra

homomorphisms between algebras of Lipschitz maps with values in
M, (C).

1. Hermitian operators between Banach algebras with the
values in a finite dimensional Banach space

1.1. Hermitian operators on Lip(X, E). Let B be a Banach
algebra. Let [-,-] be a semi-inner product on B, compatible with the
norm. We recall that a bounded operator 7" is Hermitian if [Tz, z]p € R
for any x € B. Several equivalent conditions for Hermitian operators

115
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are exhibited in [30, Theorem 5.2.6]. In the rest of this chapter E
denotes a finite dimensional Banach space.
For any f € Lip(X) and e € E, we define f ® e : X — E by

(f ®@e)(x) = f(x)e.
By a simple calculation, we have f ® e € Lip(X, E) such that

If @ ello = I fllocllell
and

L(f @ e) = L(f)llel e
This implies that || f ®el|s = || f||s]|e]|z. This definition for ® is under-
stood to mean that f ® e is an element of the algebraic tensor product

space Lip(X) ® E with the crossnorm. Since E is finite dimensional,
we have the following lemma:

LEMMA 6.1. Let X be a compact metric space and (E, ||-||g) a finite
dimensional Banach space. Then

Lip(X) ® E = Lip(X, E).

PRrOOF. First we prove that Lip(X, F) C Lip(X) ® E. Let {e;}I",
be a basis for E as a linear space and 1 < j < n.
We define a linear operator II; : £ — C by

Hj(Z?:laiei) =0, Xi_jae € L.

Then II; is bounded. In fact, as E is finite dimensional, any norm on F
is equivalent, hence the original norm || - ||z and the norm || -||; defined
by

X5 qieqlln o= By [l

for ¥ ,a,e; € E is equivalent. Hence there exists K > 0 such that

ITL (X )| = Jay| < B0 |au] < K8 qsei g

Thus the operator 1I; : £ — C is bounded. For any F' € Lip(X, E),
define a function IL;(F') : X — C by

IL(F)(z) := IL;(F(z)), ze€X.
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We have
T (F)(z) — T;(F)(y)| = T;(F(x) — F(y))]
< K[|F(z) = F(y)lle < KL(F)d(z,y).

By the definition of a Lipschitz map we have that IT;(F) € Lip(X).

Furthermore, we have by a simple calculation that
F=3%r TL(F)®e € Lip(X) ® E.

As F € Lip(X, F) is arbitrary, we see that

Lip(X, E) C Lip(X) ® E.

The opposite inclusion Lip(X) ® E C Lip(X, F) is obvious. Thus
we obtain the equality

Lip(X) ® £ = Lip(X, E).

The following is the main result in this Section.

THEOREM 6.2. Let X be a compact metric space and E a Ba-
nach space of a finite dimension. Then T is a Hermitian operator on
Lip(X, E) if and only if there exists a Hermitian operator ¢ : E — E
such that

(1.1) TF(z)=¢(F(x)), Felip(X,F), zelX.
We make use of Lemma 6.3 to prove Theorem 6.2.

LEMMA 6.3. Let T' be a Hermitian operator on Lip(X, E). Then
T(l®e)el®E
for any e € E.

PROOF. Let X = {(z,y) € X%z # y}. We denote by E; the unit
ball of F, and by Ej the unit ball of the dual space E*. Let ﬂ()? x EY)
be the Stone-Cech compactification of X x Ef. For any F' € Lip(X, E),
we denote by F : 3 ()? x Ef) — C the unique continuous extension of

the bounded continuous function ((z,y), €*) — e*(%) on X x E.
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Then we have

|Flle = suwp  |F(©)]

£EB(XXEY)
: F(m)—F(y))‘
1.2 = sup e (
( ) ((m,y),e*)e)?XEf d(l’, y)
F(z) - F
= sup M L(F)
(z,y)eX d(l‘, y) E

for all F' € Lip(X, F). We define a map
I': Lip(X,E) = C(X x B(X x EY) x By, E)

given by
P(F)(@.€ ¢) = F(z) + F(§)e

for all F € Lip(X,E) and (,&,¢) € X x 8(X x E}) x Ey. By (1.2),
[ is a linear isometric embedding. For any G € Lip(X, E), we define a
set Pg as follows;

Po = {t € X x B(X x E7) x By [[T(G)(0)]5 = [T(G)ll = |Gll}-

As F is a finite dimensional Banach space, F; is compact with norm
topology on E. This implies X x (X x Ef) x E is also compact. We
conclude that Pg # (). Choose a choice function

U : Lip(X,E) = X x B(X x E}) x Ey

such that V(G) € Pg for every G € Lip(X, E). Such a function ¥
exists by the axiom of choice. We now prove that we can define a
semi-inner product on Lip(X, E) by W. Let [-,:]g on E be a semi-
inner product which is compatible with the norm of E. Define a map

[, -]wz : Lip(X, E) x Lip(X, E) — C given by
(1.3)  [F,Gler = P(F)(V(G)), T(G)(¥(G))le, F,G e Lip(X, E).

By a routine argument we deduce that [-, -]y, is a semi-inner prod-
uct on Lip(X, F) compatible with the norm |- ||s. Let e € E. We prove
T(l®e) €1 FE. Ife=0,then T(1®e) =T(0) =0=1& 0, hence
the conclusion holds. Suppose that 0 # e. Fix 2’ € X, (z,y) € X and
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e* € Ef. Let 6 € [0,27), we obtain
L @e)(a,((z.y),e%"),e)

(1.4) = (1@e)(r') + e ((1 @ e)(:;)(w—y()l @ e)(y)) e

=e+0e=ce.
This implies that
ITA®e)(@’, (2, 9), e”e),e)le = 1 ®els.
Thus we get (2, ((2,y),e¢?e*),e) € Py,.. Choose a choice function
Uy : Lip(X, F) - X x B(X x Ef) x E; such that
To(1®e) = (2, ((2,y),¢"¢), e)
and define a semi-inner product [, -]y, on Lip(X, E) in the manner as

n (1.3). Since T" is a Hermitian operator, we have
[T(]_ X 6), 1® 6]\1/0L c R.

By (1.4), it follows that

(1.5)
R>[T(1®e),1®ely,L

=T ®e)(Vo(l®e), MA@ e)(Vs(1®e))lz
)

_ [T(]_ ® 6)(1‘/) + 62‘96* (T(]‘ ® 6)(.1' — T(]‘ ® e)(:U)) G,G]E

d(z,y)
— [T & &)(&), el + %" (T(l 2c (?(;;)(1 & €)<y)) e ¢l
=[T1®e) (), elp+ ele* (T(l © e)(z)(;yi;(l @ e)(y)> le||%.

As e # 0, we see that |le]|% > 0. Since 6 € [0, 27) is arbitrary, it must
be
T(1 —-T(1
o) (M2 -Tasw) _,
d(z,y)

for any e* € E}. This implies
TAe)(r) -TAe)(y)
d(z,y)
for any (z,y) € X. Thus we deduce

L(T(1®e)) = 0.

=0
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Therefore, there exists ¢y € E such that T(1®e) =1 ® ey. O
Due to Lemma 6.3 we define the map ¢ : E — E by ¢(e) = ey,

where e is the corresponding element in F for e € E, that is,
(1.7) T1l®e)=1® ¢(e)
for each e € . Since T is a bounded linear operator, so is ¢. Equations
(1.5) and (1.6) imply
R>[T(1®e), 1R €|y,
=PI @e)(¥(l®e)), I'(1@e)(Vo(lRe))p

To0e -Tas ).,
d(z,y) o

(1.8)  =[TA®e)(2) +eler (
= [T(1®e)(z'), el + Ole, €]
=[T(1®e)(2), ez

Due to the definition of ¢, we have

[p(e),elp € R

for any e € E. Thus, ¢ is a Hermitian operator on E.
We are now ready to prove Theorem 6.2.

PROOF OF THEOREM 6.2. Suppose that ¢ : E — FE'is a Hermitian
operator and 7" is of the form described as (1.1) in the statement of
Theorem 6.2; for any F' € Lip(X, E) and =z € X,

(TF)(z) = ¢(F(x)).
To prove that T is a Hermitian, we apply the fact that 7" is a Hermitian

if and only if €T is a surjective isometry for every t € R, see [30,
Theorem 5.2.6]. Let t € R. By the definition of 7', we have

" F(2) = ™ (F(x))
for any F' € Lip(X, E) and € X. Since ¢ is Hermitian on E, we have
le" F(2)]|e = e (F(2))lle = [|F(2)lle
and
le"" F(z) — e F(y)|lp = [|e"(F () — " (F )l
= le"(F(z) = F)llp = [F(z) = F)l
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for any x,y € X. It follows that

le™ Flloo = [|Flc
and

L(e"F) = L(F).
Thus we deduce

le™ Flls = || Flls

for any F € Lip(X, F). This implies that €T is a surjective isometry
for every t € R. Thus we have T is a Hermitian operator.

We now prove the converse. Suppose that T : Lip(X, E') — Lip(X, E)
is a Hermitian operator. Let ¢ be the operator defined by (1.7). In a
similar way to the first part of the proof, an operator from Lip(X, E)
into itself given by F' +— ¢ o F for any F' € Lip(X, F) is a Hermitian
operator. Hence we can define a Hermitian operator Ty : Lip(X, E) —

Lip(X, E) by

(ToF) (@) = (TF)(z) — $(F(x))
for all F' € Lip(X, F) and z € X. Let e € E with ||e||g = 1. We define
a map S, : Lip(X) — Lip(X) by

Se(f)(x) = [To(f ®e)(x),elp, [ € Lip(X), z€X,

where [-,-]g is a semi-inner product on E compatible with the norm
which satisfies [e1, Aes]m = A[er, es]p for any e; € E and A € C (such a
semi-inner product always exists [30, p. 10]). Then S, is a linear map.
We get

1Se(f)(@)] = [[To(f @ e) (@), ele| < [[To(f @ e)(z)|k
and
[Se(f) (@) = Se(/) W) = [[To(f @ e)(x), e]lr — [To(f @ €)(y), el &l

= [[To(f @e)(@) = To(f @ e)(y), elel < [To(f @e)(z) = To(f @e)(y)lle
< L(To(f ®e))d(z,y)
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for any f € Lip(X) and z,y € X. Thus we deduce

[Se()lls = 1Se(f Moo + L(Se(f))
< To(f @ €)lloe + L(To(f @ €)) = [[To(f @ €)|s
< | Tollllf @ ells = [Tollllflls
for each f € Lip(X). It follows that ||S.|| < ||7b]|, i-e., Se is a bounded
operator on Lip(X). Let ¢t € R. We have
(I+1itSe)(1)(z) =1+ it[To(1 ®e)(x), elp
=1+4+it[T(1®e)(z) —d((1®@e)(x)),e]lp =1+ it[0,e]p =1
for any x € X. This implies that
(1.9) 1 <||IT+itSe||.
On the other hand, let f € Lip(X). We obtain for any z,y € X,

(L +at5e)(f) ()] = [f(z) + it[To(f @ e)(x), e] ]
= |f(@)le,e]p +it[To(f ®e)(x), els| = [[(f®e)(x) +itTo(f ©e)(x), e]gl
<|(f@e+itTo(f ©e)) (@)l < [[(1 +itTo)(f @ e)lls

and

(1 +itSe)(f)(w) — (1 +itSe) (f) (y)]
= |f(@)le,elz +it[To(f @ e)(x), elz = f(y)le, ele — it[To(f @ e)(y), €]z

= |[(f ®e)(z) +itTo(f @ e)(x),ele — [(f @ e)(y) + itTo(f @ e)(y), €]z
= (I +atTo)(f @ e)(x) — (I +itTo)(f @ €)(y), e]e]
< T +itTo)(f @e)(x) — (I +itTo)(f @ e)(y)lle

< LU +itTo)(f ®e))d(z, y).
Therefore, we get
I(I +itSe)(F)lls = (L +itSe) (f)lloo + L((I + itSe)(£))
SN+ itTo)(f @ €)oo + LU +itTo)(f @ e€))
= (I +itTo)(f @ e)lls
<+ dtTollllf @ ells = I+ Dol fl
for any f € Lip(X). We conclude that

(1.10) 1T+ itSe|| < |1 + itTo.
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Since Ty is a Hermitian operator on Lip(X, F), we have
I + itTo|| = 1+ o(t)
by [30, Theorem 5.2.6]. Combining equation (1.9) with equation (1.10),
we see that
1< T4 itSe|| < [T+ itToll = 1+ o(t).

This implies that S, : Lip(X) — Lip(X) is a Hermitian operator. By
[16, Theorem 3.1.] we have S, is a real multiple of the identity. Since
Se(1)(z) = [To(1 ® e)(x), e] = 0, we deduce

Se(f)(x) =0f(x) =0 fe€Lip(X), z€X
Therefore, we have
[To(f ®@e)(x),e]p =0

for all f € Lip(X) and x € X. As e € E with |le||g = 1 is arbitrary,
we obtain

(1.11) [Ii(f®e)(x),elp =0, ec€E, felLip(X,E), ze€lX.

We now prove that Ty = 0. Let f € Lip(X) and = € X. Then we
define a map Sy, : £ — E such that

Stale) = To(f ®e)(x)

for any e € E. It is easy to check that Sy, is linear because of linearity
of Ty. In addition, we have

ISs2(e)lle = [To(f @ e)()|x
< |To(f @6l < ITolllf @ ells = [ITollllfllsllelle

for any e € E. We deduce that Sy, is a bounded operator. Moreover,
by (1.11) we have

1Sp2(e)s el = [To(f ® €)(a), el = 0
for all e € E. Applying [76, Theorem 5|, we have

To(f ®@e)(x) = Sp(e) =0, ee€kFE.
As f € Lip(X) and = € X be chosen arbitrary, we conclude
(1.12) To(f®e)(z) =0
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for any f € Lip(X), e € E and z € X. Suppose that dim £ = n.
Then, by Lemma 7, for any F' € Lip(X, E), F is represented by the
following;

F:ka®€k
k=1

with some f; € Lip(X) and ¢, € E for k = 1,...,n. It follows by
(1.12) that

(1.13) (T F)(x) = To ka®@k ZTO (fr®@ex)(x) =0

for any x € X. We recall the definition of the Hermitian operator
To : Lip(X, E) — Lip(X, E) is defined by

(ToF)(z) = (TF)(z) — ¢(F(x), zeX
for every F' € Lip(X, E). Applying (1.13), we have

(TF)(x) — ¢(F(x)) =0,
that is,
(TF)(x) = ¢(F(x))
for any F' € Lip(X, E) and z € X. O

1.2. Hermitian operators on C'([0, 1], ). Although the proof
is similar to the case of Lip(X, E), we exhibit it. As we show the

definition of algebraic tensor product space in Section 2, we have
f®e:[0,1] = E by

(f@e)z) = flz)e, x€l01],
for any f € C'([0,1]) and ¢ € E too. We also obtain the following

Lemma since FE is of a finite dimension.

LEMMA 6.4. Let (E,| - ||g) be a finite dimensional Banach space.
Then

c([0,1)) ® E = C*([0,1], E).

The proof is similar to that for Lemma 7, we omit it. The following

is the main result in this Section.
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THEOREM 6.5. Let E be a Banach space of a finite dimension.
Then T is a Hermitian operator on C'([0,1], E) if and only if there
exists a Hermitian operator ¢ : E — E such that

(1.14) TF(z) = ¢(F(x)), FeC([0,1],E), z€l01]
We make use of Lemma 6.6 to prove Theorem 6.5.

LEMMA 6.6. Let T be a Hermitian operator on C'([0,1], E). Then
T(l®e)el®E

foranye e E.

PRrROOF. We denote by E; the unit ball of £, and by E} the unit
ball of the dual space E*. For any F € C*([0,1], E), we define F' :
[0,1] x Ef — C by

F(z,e") = " (F'(z))
for any = € [0,1] and e* € Ef.

Then we have ||F||s = || F”|ls immediately for any F' € C*([0, 1], E).
We define a map

r:CY[0,1],E) — C([0,1] x [0,1] x Ef x Ey, E)
given by
L(F)(x,&,e) = F(x) + F(§)e
for all F € C'([0,1], E) and (z,&,¢e) € [0,1] x ([0,1] x E}) x E;, where
€ €10,1] x Ef. We see that I' is a linear isometric embedding. For any
G € C'([0,1], E), we define a set Pg as follows;

Fo = {t € [0,1] x ([0,1] x E7) x Ey; [D(G) D)2 = [T(G) ]l = |G}

As F is a finite dimensional Banach space, F; is compact with norm
topology on E. Applying Banach- Alaoglu Theorem, we get [0, 1] x
([0,1) x EY) x Ej is also compact. We conclude that Pg # (). By the
axiom of choice, we can define a choice function

v CY([0,1], E) = [0,1] x ([0,1] x E}) x E
such that ¥(G) € Pg for every G € C'([0,1], E). In addition, a choice

function ¥ enable us to define a semi-inner product on C'([0,1], F) as



126 6. NON-COMMUTATIVE BANACH ALGEBRAS

follows;
(1.15)
[F, Glos = [D(F)(¥(G)), L(G)(¥(G)]s,  F,G e CY([0,1], E),

where [+, -| g is a a semi-inner product which is compatible with the norm
of E. We get [+, |ys is a semi-inner product on C'([0,1], F) compatible
with the norm || - [|.

Let e € E. Weprove T(1®e) € 1@ FE. If e=0, then T(1®e) =
T(0) =0 =1®0, hence the conclusion holds. Suppose that 0 # e. Fix
',z €[0,1] and e* € E}. Let 6 € [0,27), we obtain

N1 ®e)(2,z, e’ e)
(1.16) =(1®e)(2) +ee (1®e) ()
=e+0e=ce.

This implies that
ITA @ e) (2,2, e )|z = 1 @ e]ls.

Thus we get (z/,z,ee* e) € P14, Choose a choice function Wy :

C([0,1], E) = [0,1] x ([0,1] x Ef) x E; such that
Us(1@e) = (2,2, e, ¢)

and define a semi-inner product [, ]g,s on C*([0, 1], E) in the manner

as in (1.15). Since T' is a Hermitian operator, we have
T(1l®e),1®ely,s €R.

By (1.16), it follows that

R>[T(1®e),1 ey,
1.17) =ITr1e ‘9))(‘1’9(.1 ®e)), I(1®@e)(Vo(l®e))lp
=[T(1@e)(r') + e (T(1@e) (x))e, ]
= [T(1®e)(x),e]lp + e (T(1®e) (2))e ele

As e # 0, we see that ||e||% > 0. Since 6 € [0, 27) is arbitrary, it must
be

(1.18) e (T(lwe)(x)=0
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for any e* € Ef. This implies T(1 ® e)'(x) = 0 for any = € [0,1].
we obtain T'(1 ® €)' = 0. Therefore, there exists ey € E such that
T1l®e)=1® ep. O

Due to Lemma 6.6 we define the map ¢ : £ — E by ¢(e) = ey,

where eq is the corresponding element in F for e € E, that is,
(1.19) T1l®e)=1® ¢(e)
for each e € E. Since T is a bounded linear operator, so is ¢. Equations
(1.17) and (1 18) imply

S [T(1®e),1®ely,s

=TT ®e)(Y(1®e), T1@e)(Vy(1®e))s
(1.20) =[T1®e)(x) + e’ (T(1@e) (2))e,elp

=[T(1®e)(x') e]p + e, ¢]g

=[T(1®e)(x) ele.

Due to the definition of ¢, we have
[¢(e). e]lp € R

for any e € E. Thus, ¢ is a Hermitian operator on FE.
We are now ready to prove Theorem 6.5.

PROOF OF THEOREM 6.5. Suppose that ¢ : ' — F is a Hermitian
operator and T is of the form described as (1.14) in the statement of

Theorem 6.5; for any F € C*([0,1], E) and z € [0, 1],
(TF)(z) = ¢(F(x)).
To prove that T is a Hermitian, we apply the fact that 7" is a Hermitian

if and only if €T is a surjective isometry for every t € R, see [30,
Theorem 5.2.6]. Let ¢ € R. By the definition of 7', we have

" F(z) = " (F(x))

for any F' € C'([0,1], F) and 2 € X. Since ¢ is Hermitian on E, we
have

[T F(2) ]|z = [l (F(2) ||z = [|1F()]|
and

le™ F'(@)le = [le"(F' (@) |p = | F' ()|
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for any = € [0, 1]. It follows that

e Flloc = [ Fllo
and

€™ F'lloc = [ F'llo
Thus we deduce

le" Flls; = [|Fls
for any F' € C'([0,1], E). This implies that ¢?T is a surjective isometry
for every t € R. Thus we have T is a Hermitian operator.

We now prove the converse. Suppose that T : C*([0,1], F) —
C([0,1], E) is a Hermitian operator. Let ¢ be the operator defined
by (1.19). Since above argument, we can define a Hermitian operator
Ty : C([0,1], E) — C'([0,1], E) by

(ToF)(x) = (TF)(z) — ¢(F(z))
for all F € C1([0,1], ) and x € [0,1]. Let e € E with |le|]z = 1. We
define a linear map S, : C'([0,1]) — C*([0,1]) by
Se(f)(x) = [To(f @ e)(x),elp, f e CH([0,1]), z €[0,1],

where [-,-]g is a semi-inner product on E compatible with the norm

which satisfies [e1, Aea] gz = A[eq, es] g for any e; € E and A € CWe get
[Se(f)(@)] = [[To(f ®e)(z), e]e] < [[To(f @ e)(2)||e

and

|(Se()) (@)] = [[To((f®e)) (), | el < [[To(f@e) ()] < [(Th(f®e)) o
for any f € C*(]0,1]) and z € [0, 1]. Thus we deduce

1Se(H)lls = 115 (oo + 1(Se(f)) lloc
< NTo(f @ €)lloe + 1 To(f @ €)'l = 1T0(f @ €)ll5
< Tolllf @ells = ITollll flls

for each f € C([0,1]). Tt follows that ||S.|| < ||Tol, i-e., S is a bounded
operator on C1([0,1]). Let t € R. We have

(I +itSe)(1)(z) =1+ it[To(1 ®e)(x), e
=1+it[T(1®e)(r) —d((1®@e)(x)),e]lp =1+ it[0,e]p =1
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for any x € X. This implies that
(1.21) 1< |1+ itS.||.
On the other hand, let f € C*([0,1]). We obtain for any =,y € X,
(I +tSe) () ()] = [f(z) + it[To(f @ e)(x), e] ]

= [f(@)le, elp +it[To(f@e)(z), elu| = [[(f®@e)(z) +itTo(f ®e)(z), els|
< |[[(f ®e+tTo(f @e))(@)|e <[+ itTo)(f © €)lo,

for any = € [0, 1]. In addition, we have for any x,y € [0, 1]

(1 +itSe) () () = (I +itSe)()(y)]

= |f(@)le,ele +it[To(f @ e)(x), ele — f(y)le, e]e — it[To(f © €)(y), €]z
= |[(f@e) () +iTo(f @e)(x), ele — [(f @ e)(y) +itTo(f @ e)(y), e]e]
= (I +iTo)(f @e)(x) — (I +itTo)(f @ e)(y), e]el

< (I +atTo)(f @e)(x) = (I +itTo)(f @ e)(y)]|s-

Thus we obtain

I(1 +itSe) (f) [loo < 11 4 itTo)(f @ €)[loc-
Therefore, we get
I+ itSe) (f)lls = 1 +itSe) ()lloo + (1 + 185e) (f) [loe
<+ itTo)(f @ €)lloe + (I +itTo)(f @ €)' [l
= [|(I +To)(f @ e)l|s
<+ atTollllf @ ells = [ + atTolll| flls
for any f € C*([0,1]). We conclude that
(1.22) 11+ itSe|| < || + atTol|-
Since Ty is a Hermitian operator on C'([0, 1], E'), we have
I +itTy|| = 1+ o(t)

by [30, Theorem 5.2.6]. Combining equation (1.21) with equation
(1.22), we see that

1< [T +itSe|| < ||I + itTyl| =1+ oft).
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This implies that S : C'([0,1]) — C*(]0, 1]) is a Hermitian operator. It
is easy to see that S, is a real multiple of the identity. Since S.(1)(z) =
Th(1 ® e)(x),e] =0, we deduce

Se(f)($) = Of($) =0 fe Cl([o’ 1])7 x e [O’ 1]'
Therefore, we have
[To(f @ €)(z),elp =0

for all f € C'([0,1]) and = € [0,1]. As e € E with |le|g = 1 is
arbitrary, we obtain

(1.23) [To(f®@e)(x),elp =0, ecE, fecCY[0,1]), z€]0,1].

We now prove that Ty = 0. Let f € C*([0,1]) and x € [0,1]. Then we
define a map Sy, : E — E such that

Sa(e) = To(f ® €)(x)

for any e € E. It is easy to check that Sy, is linear because of linearity
of Ty. In addition, we have

1Ss2(e)lle = [To(f @ e)()|x
< |To(f @6l < ITolllf @ ells = [ITollllfIsllelle

for any e € E. We deduce that Sy, is a bounded operator. Moreover,
by (1.23) we have

[Spa(e), ele = [To(f @ e)(x),e]p =0
for all e € E. Applying [76, Theorem 5|, we have

To(f ®e)(x) = Sf(e) =0, ecE.
As f € C'([0,1]) and z € [0,1] be chosen arbitrary, we conclude
(124) To(f ® ¢)(x) = 0

for any f € C*([0,1]), e € F and z € [0,1]. Suppose that dim F = n.
Then, by Lemma 7, for any F' € C*([0,1], E), F is represented by the
following;

FZka@Jek
k=1
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with some f;, € C1([0,1]) and e € E for k = 1,...,n. It follows by
(1.24) that

(1.25)  (ToF)(@) =To()_ fi®e)(x) =) Tolfs ®ex)(x) =0

for any x € [0,1]. We recall the definition of the Hermitian operator
Ty : C([0,1], E) — C'([0,1], E) is defined by

(T F)(2) = (TF)(2) — 6(F(x)), =X
for every F' € C*([0,1], E). Applying (1.25), we have

(TF)(x) = ¢(F(x)) =0,
that is,
(TF)(x) = ¢(F ()
for any F' € C''([0,1], E) and x € [0, 1]. O

2. Surjective linear isometries between Banach algebras with
the values in M, (C)

We denote the Banach algebra of complex matrices of order n by
M,,(C). The metric we consider on M, (C) is the metric inherited from
the operator norm (spectral norm). In this section we study surjective
isometries with respect to the norm || - ||, between Banach algebras of
Lipschitz maps that take values in M, (C).

We employ Lumer’s method involving the notion of Hermitian oper-
ators. Theorem 6.2 implies that Hermitian operators on Lip(X, M, (C))
are characterized via Hermitian operators on M, (C). We say that a

bounded operator D on a unital C*-algebra A is a %-derivation if
D(ab) = D(a)b+ aD(b),

(2.1)
D(a*) = D(a)*

for every pair a,b € A. Note that the definition of *-derivation on a
unital C*-algebra in [113] differs from the above definition (2.1). In
fact, due to the definition of Sinclair in [113] a bounded operator ¢ on
A is a s-derivation if §(ab) = §(a)b+ad(b) and §(a*) = —d(a)* hold for

every pair a,b € A. Hence a bounded operator D on A is x-derivation
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in this dissertation if and only if iD is a *-derivation in the sense of
Sinclair.

For each a € A, a left multiplication operator M, : A — A is
defined by M,b = ab for every b € A.

THEOREM 6.7 (Sinclair [113]). Let A be a unital C*-algebra. A
bounded operator T on A is a Hermitian operator if and only if there

exist a Hermitian element h € A and a x-derivation D on A such that
T = M, +1iD.

It is well known that an operator D : M, (C) — M,(C) is a *-
derivation if and only if there exists B € M, (C) with B* = —B such
that

D(A)=BA—- AB, A€ M,(C).
Hence we deduce the following characterization of Hermitian operators

on M,(C). We denote the set of all Hermitian matrices of M, (C) by
Her(M,(C)).

THEOREM 6.8. A linear operator T on M,(C) is a Hermitian op-
erator if and only if there exist H € Her(M,(C)) and a x-derivation
D : M,,(C) = M,(C) such that

T(A) = My(A)+iD(A), Ae M,(C).
In particular, there exists B € M, (C) with B* = —B such that
D(A)=BA—- AB, Ae€ M,(C).

2.1. Surjective linear isometries on Lip(X, M,(C)). The fol-

lowing is the main result in this subsection.

THEOREM 6.9. Let X; be a compact metric space for j = 1,2.
Then U : Lip(Xy, M, (C)) — Lip(Xa, M,(C)) is a surjective linear
isometry such that U(1) = 1 if and only if there ezists a unitary matrix
V e M, (C), and a surjective isometry ¢ : Xo — X1, such that

(UF)(x) = VF(p(x))V™!, F € Lip(Xy, M,(C)), z € Xy

(UF)(z) = VF'(p(2))V™!, F € Lip(X1, M, (C)), = € X,
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where F'(y) denote transpose of F(y) fory € X;.

One of Schur’s theorem asserts that a map U : M,(C) — M,(C) is
a surjective isometry if and only if there exist unitary matrices V; and
V4 such that either U(A) = V; AV, for every A € M, (C), or U(A) =
V1A'V, for every A € M, (C) holds (see[109]). In order to prove
Theorem 6.9 we apply Schur’s theorem and several lemmas, we assume
that X denotes a compact metric space.

DEFINITION 6.10. For any H € Her(M,(C)), we define a multipli-
cation operator M7y, : Lip(X, M, (C)) — Lip(X, M, (C)) by

My, (F) = (1@ H)F, F € Lip(X, M,(C)).
For any s-derivation D : M,(C) — M,(C), we define a map D :
Lip(X, My (C)) — Lip(X, My(C)) by
D(F)(z) = D(F(z)), F € Lip(X,M,(C)), =€ X.

Using Theorem 6.2 and Theorem 6.8, we prove the following char-

acterization of Hermitian operators on Lip(X, M, (C)).

LEMMA 6.11. Suppose that T : Lip(X, M, (C)) — Lip(X, M,(C))
is a map. Then T is a Hermitian operator if and only if there exists
H € Her(M,(C)) and a *-derivation D on M,(C) such that

(2.2) T = My, +iD.
PROOF. Suppose that T"is a Hermitian operator on Lip(X, M, (C)).

Theorem 6.2 implies the existence of a Hermitian operator ¢ : M, (C) —
M,,(C) such that

TF(z)=¢(F(x)), F eLip(X,M,(C)), zelX.
In addition, by Theorem 6.8, there exist H € Her(M,(C)) and *-
derivation D on M,,(C) such that
¢(A) = My(A) +iD(A), Ae M,(C).
By Definition 6.10, this implies for any F' € Lip(X, M,,(C)), we have
(TF)(z) = ¢(F(x)) = (My + iD)(F(x))
— My(F(2)) + iD(F(z))
= H(F(x)) +iD(F)(x) = (M1, + iD)(F)(z).
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Thus we conclude that
T = My, +iD.

We prove that the converse holds. Suppose that an operator T
satisfies the condition (2.7). Then, we get

TF(x) = (My gy + iD)(F)(x) = (My +iD)(F(2))

for all F' € Lip(X, M,(C)) and z € X. Applying Theorem 6.8, My+iD
is a Hermitian operator on M, (C). By Theorem 6.2, we conclude that
T is a Hermitian operator on Lip(X, M, (C)). O

By the definition of a Hermitian operator we immediately get the
following proposition. A proof is omitted.

PROPOSITION 6.12. Let B; be a Banach algebra for j = 1,2. Sup-
pose that U is a surjective linear isometry from By onto By and T s
a Hermitian operator on By. Then the map UTU! is a Hermitian

operator on Bs.

LEMMA 6.13. For any H € Her(M,(C)), there exists Hy € Her(M,(C))
such that

U1l® H)=1® H,.
In particular, if H =1, the identity matriz, then Hy = 1.

PRrOOF. Let H € Her(M,(C)). Lemma 6.11 shows that My, is a
Hermitian operator on Lip(X;, M, (C)). By Proposition 6.12, we have
that UM7,,U" is a Hermitian operator on Lip(Xy, M, (C)). Lemma
6.11 implies the existence of Hy € Her(M,(C)) and a *-derivation D
on M, (C) such that
(UM qU™)(F)(x) = (Mg, +iD)(F)(z) = Ho(F(x)) +iD(F())
for all F' € Lip(Xs, M, (C)) and x € X,. In particular, when F' = 1,
we get

(UM1qU)(1)(2) = (UMy 1) (2) = U1 @ H)(2)

and
Hy(1(z)) +iD(1(x)) = Hp + i0 = Hy.
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Thus, we have
Hence U(1 ® H) = 1 ® Hy. In particular, if H = 1, then we have
Hy =1 by the hypothesis U(1) = 1. This completes the proof. O

By Lemma 6.13, we define a map 1o : Her(M,,(C)) — Her(M,,(C))
by

Ul® H) =1 1(H).

LEMMA 6.14. The map g is a real linear isometry from Her(M,,(C))

onto itself such that y(1) = 1.

PROOF. For any H; € Her(M,(C)), we have that U~"My, U
is a Hermitian operator on Lip(Xy, M, (C)). Lemma 6.11 implies the
existence of Hy € Her(M,(C)) and a x-derivation Dy on M, (C) such
that

U™ My, U = My, +iDo.
Hence we get My, = U "My, U — iDy. Then we obtain
UM14p,U " (1) = U(U "My, U — iDo)U (1)
= Myp, (1) = U(iDy(1))
=1® H, —iU(0)
=1® H;.
It follows that U(1 ® Hy) = 1 ® Hy, and we have ¢y(Hs) = Hy. As

H, € Her(M,(C)) is arbitrary, we get that 1)y is surjective.
We prove that v is an isometry. For any H € Her(M,(C)), we get

|Yo(H)||mnc) = 11 @ o(H) |z = |UQ ® H)||s
=1® H|x = ||H| )

Thus, we have 1) is an isometry. By the definition of vy, we infer that
1o(1) = 1. By a simple calculation, we see that 1)y is real linear. [

For any A € M, (C), there exists Hy, Hy, € Her(M,(C)) such that
A = H; + iHy. Applying this decomposition, we define a map 1 :
M, (C) = M,(C) as follows;

V(A) = Y(Hy 4 iHy) = 1o (Hy) + ivyo(Hy).
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Due to the definition for ¢, we have
UQl®A) =U(1l® (H,+iH,))
=U(1® Hy) +iU(1® H,)
(2.3) =1 ® ¢o(Hy) + i1 @ 1o(Hy)
=1® (Yo(H1) + it (Ha))
=19(4),
for any A € M,,(C).

LEMMA 6.15. The map 1) is a complex linear isometry from M, (C)
onto itself such that (1) = 1. There exists a unitary matriz V. €
M, (C) such that

W(A) = VAV A€ M,(C)

or

$(A) = VAV, A€ M,(C).

PrOOF. The equation (2.3) and Lemma 6.14 imply that 1 is a
complex linear isometry with (1) = 1. We show that v is surjective.
For any A € M,(C), there exists Hy, Hy € Her(M,(C)) such that
A = Hy, +iH,. By Lemma 6.14, ¢y : Her(M,(C)) — Her(M,(C)) is
surjective, there exist Hy, H, € Her(M,(C)) such that v(H,) = H;
and (H,) = Hy. We define A’ = H, + iH, € M,(C). This implies
that

W(A) = o(Hy) + inho(Hy) = Hi + iHy = A.
As A € M,(C) is arbitrary, we have that 1 is surjective. Applying

Schur’s theorem in [109], there exist unitary matrices V and W such
that

W(A) = VAW, A€ M,(C)
or
W(A) = VAW, A€ M,(C).

As (1) = 1 we have that W = V! hence we get the desired formulae.
O
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LEMMA 6.16. For any f € Lip(Xy), there exists g € Lip(Xs) such
that

Ulfel)=g®1
Proor. For any B € M,(C) with B* = —B, we define a *-
derivation D on M, (C) by
D(A)=BA - AB, A€ M,(C).

Note that Lemma 6.11 shows that the map iD : Lip(Xs, M, (C)) —
Lip(Xs, M,,(C)) defined by

(iD)(F)(z) = iD(F(z)) F € Lip(Xa, M,(C)), x € Xy,

is a Hermitian operator on Lip(Xs, M,,(C)). Since the map U is an
isometry, U ~1,DU is a Hermitian operator. Lemma 6.11 implies the
existence of H € Her(M,,(C)) and *-derivation D’ on M, (C) such that

U~YiDU = My, +iD'.

In addition, there exists C' € M, (C) with C* = —C such that D'(A) =
CA — AC for every A € M, (C). On the other hand, since we assume
that U(1) = 1, we have

(U~%DU)(1) = i(U'DU)(1) = iU 'D(1) = iU~(0) = 0.
Thus we deduce that
0= (U %DU)(1) = (Mygy, +iD')(1)
—1@H+iD(1)=10H+i0=1® H.
We conclude that U~1DU = iD'. Let f € Lip(X;). We have
(U DU (f @ 1)(z) = iD'(f ® 1)(x)

— iD'(f(x)1) = i(Cf(a)1 — f()1C)
— i(f(2)C — f(x)C)1 =0

for any z € X;. This implies that

(2.4) (UDU)(f ®1) = 0.

Note that for any z € X,

D(U(f @ 1))(x) = D(U(f ® 1)(x)) = BU(f ® 1)(z) - U(f ® 1)(x)B.
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Thus, we have
DU(f©1)=19BU(f®1)-U(f®1)1® B.
Therefore, we get
2.5 (UY%DU)(f @ 1) = UL (iDU(f @ 1))
=iU ' (1@ BU(f®1)-U(f®1)1® B).
Combining equation (2.4) with equation (2.5), we infer that
U'1eBU(f®1)-U(f®1)1® B) =0.
As U~ is injective, we deduce that
(2.6) 19BU(f®1)=U(f®1)1® B.
Notice that B € M, (C) with B* = —B is arbitrary. For any A €
M,,(C), there exist By, By € M,(C) which satisfy By = —By, for k =
1,2 and A = —iBy + B,. Then we have by the equation (2.6) that
1 AU(f®1)=1® (—iB + B)U(f ® 1)
= —i1®BU(f®1)+1® BU(f®1)
=—iU(fo1)l®B +U(f®1)1® B,
=U(f®1)1®(—iB1+ By) =U(f®1)1® A.
We infer that for every x € X5, we have
AU(f@1)(z) =U(f @ 1)(x)A

for any A € M,(C). Since U(f ® 1)(x) is commutative with any
matrices, we have U(f®1)(z) is a scalar multiple of the identity matrix.
It follows that there exists g(z) € C such that

U(f @ 1)(2) = gla)1.
Since U(f ® 1) € Lip(Xy, M, (C)), we get g € Lip(X3) and
U(f®l)=g®1.
This completes the proof. O

LEMMA 6.17. There exists a surjective isometry ¢ : Xo — X such
that

U(f@1)(x) = flplr) @1
for all f € Lip(X1) and x € Xs.
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PROOF. By Lemma 6.16, we define a map Py : Lip(X;) — Lip(X»)
by

U(f®l)=Fy(f)©1, [eLip(Xy).

Let g € Lip(X3). Applying a similar argument to Lemma 6.16 for U~}
instead of U, there exists f € Lip(X;) such that U} (g® 1) = f ® 1.

Since
Py(f)@1=U(fo1)=UU " (ge1) =91,

we have Py(f) = g. Thus we have Py is surjective. In addition, we get

1Pu(Dlls = U @Dls = If @1z = [[fls,

for all f € Lip(X;). It is easy to see that Py is complex linear. Hence we
conclude that Py is a linear isometry from Lip(X;) onto Lip(X3). When
X; = Xy, Theorem 2.1 in [16] asserts that there exists a surjective
isometry ¢ : Xo — Xj such that Py(f) = f o for every f € Lip(Xj).
For the convenience of the readers, we exhibit a proof for the general
case which is a little bit different from the case of X; = X5. As is
pointed out in [16], the algebra Lip(X;) is a regular subspace of C(X;),
and the norm || - || is a natural norm in the sense of Jarosz [47].
Then by Theorem in [47], Py is a surjective isometry from (Lip(X;), || -
llo) onto (Lip(Xa), || - [|e). The Stone-Weierstrass theorem asserts
that Lip(X;) is uniformly dense in C(X;). Then Py is extended to a
surjective isometry Py from C(X;) onto C(X5). Then by the Banach-
Stone theorem, there exists a homeomorphism ¢ : X5 — X7 such that
Py(f) = fop, f € C(X1). Hence we have that Py(f) = f o ¢ for
every f € Lip(X;). The rest is a routine argument to prove that ¢ is an
isometry since Py preserves two norms || - ||, and || - ||« respectively (see
the proof of [16, Theorem 2.1]). A proof is rather simple by applying
(48, Example 8], while the statement is just confirmed by Corollary
4.15. Thus we obtain that

U(fe@1)(@)=Pu(f)(z)@1=fle@) @1, [elip(Xy), ze X
U

We now give a proof of Theorem 6.9.
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ProOF OoF THEOREM 6.9. A proof of the sufficient part of Theo-
rem 6.9 is rather simple and is omitted. We prove the converse impli-

cation. For any H € Her(M,(C)), there exists ¢o(H) € Her(M,(C))
and *-derivation D on M, (C) such that
UMy oqU™" = My gy + 1D

Let f € Lip(X;). By Lemma 6.17, we see that U(f ® 1)(z) € C1 for
every x € X5. Thus we have that

U(f ® H)(x) = UMy gy (f @ 1)(x) = UMy, U™ U(f © 1)(2)
= (M) +ID)U(f ®1))(x)
= My gy < (f®1))(z) +iD(U(f ®1))(x)
= Yo(H)(U(f ®1)(x)) = f(¢(x))vo(H)

for any x € X,. For any A € M,,(C), there exist Hy, Hy € Her(M,,(C))
such that A = H; + iH, and we get

U(f® A)(z) =U(f® (H + iH3))(z)
=U(f @ Hi)(z) +iU(f @ H,)()
= [(p(x))o(Hy) +if (p(x))ho(H2)
= fp(x))y(A)
= ¢((f @ A)(p(2)))

for any f € Lip(X;) and any z € X,. By Lemma 7, for every F €
Lip(X1, M, (C)), F is represented by F' = Y " fi ® Ax with some
fr € Lip(X;) and A, € M, (C) for k =1,...,m. Thus we deduce that

ka ® Ap)(x
=1

ZUfk@Ak Zw (fe ® Ag)(p()))

for any x € X5. By Lemma 6.15, this would yield the desired conclu-

sion. O
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2.2. Surjective linear isometries on C'([0, 1], M,,(C)). The fol-

lowing is the main result in this subsection.

THEOREM 6.18. We have U : C'([0,1], M,,(C)) — C*([0,1], M, (C))
is a surjective linear isometry such that U(1) = 1 if and only if there
exists a unitary matric V€ M,(C), and a continuous function ¢ :
0,1] — [0,1], where ¢(x) = x for any x € [0,1] or p(z) =1 —x for
any x € [0,1], such that

(UF)(z) = VF(p(x))V™', FeC'([0,1], M,(C)), = € [0,1]
(UF)(x) = VF'(p(x))V™", FeC([0,1],M,(C)), x €[0,1],
where F'(y) denote transpose of F(y) fory € [0,1].

We need some lemmas and Schur’s theorem to prove Theorem 6.18.
We define the multiplication operator and D on C([0,1], M,,(C)).

DEFINITION 6.19. For any H € Her(M,(C)), we define a multipli-
cation operator My, : C'([0,1], M, (C)) — C'([0, 1], M,(C)) by
Ml@H(F) =(1®H)F, Fe Cl([oa 1], M,,(C)).

For any *-derivation D : M,(C) — M,(C), we define a map D :
C([0,1], My (C)) — C*([0,1], M (C)) by

D(F)(z) = D(F(z)), F e CY[0,1],M,(C)), =€ X.

Using Theorem 6.5 and Theorem 6.8, we also prove the following
characterization of Hermitian operators on C'([0,1], M,,(C)) too.

LEMMA 6.20. Suppose that T : C*(]0,1], M, (C)) — C*([0,1], M,(C))
1s a map. Then T is a Hermitian operator if and only if there exists
H € Her(M,(C)) and a *-derivation D on M, (C) such that

(2.7) T = My, +iD.
Now the reader will have no trouble verifying Lemma 6.20, we

omit the proof. Recall that by Lemma 6.13, we define a map 1, :
Her(M,,(C)) — Her(M,(C)) by

Ul®H) =1 (H).
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It is easy to see that the map 1)y is a real linear isometry from Her(M,,(C))
onto itself such that ¢(1) = 1 (see Lemma 6.14). In addition, every
A € M, (C) isrepresented by A = H,+iH, with Hy, Hy € Her(M,,(C)).
Applying this decomposition, we define a map 1 : M, (C) — M, (C) as
follows;

V(A) = ¢(Hi +iHs) = Yo(H1) + itho(Ha).
Due to the definition for ¢, we have U(1 ® A) = 1 ® ¥(A) for any
A e M,(C). By Lemma 6.15, we see the form of .

LEMMA 6.21. For any f € C'([0,1]), there exists g € C(]0,1])
such that

Ulfol)=g®1

PrROOF. For any B € M,(C) with B* = —B, we define a x-
derivation D on M, (C) by

D(A) = BA— AB, A€ M,(C).

Note that Lemma 6.20 shows that the map iD : C1([0,1], M,(C)) —
C([0, 1], M,,(C)) defined by

(iD)(F)(x) = iD(F(z)) F € C((0,1], M\(C)), x € 0,1],

is a Hermitian operator on C'([0, 1], M,,(C)). Since the map U is an
isometry, U ~1,DU is a Hermitian operator. Lemma 6.20 implies the
existence of H € Her(M,(C)) and *-derivation D" on M, (C) such that

U~YNiDU = My, +iD'.

By a similar way with Lemma 6.16, we can prove that for any f &€
C1([0,1]) and = € [0, 1],

(2.8) (UYDU)(f ® 1) = 0.
We have
DU(f®1)=19BU(f®1)-U(f®1)1® B.
Therefore, we get
2.9 (UNDU)(f ®1) = U (iDU(f ® 1))
=iU'1®BU(f®1)-U(f®1)1® B).
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Combining equation (2.8) with equation (2.9), we infer that
U'1®BU(f®1)-U(f®1)1® B) =0.
As U1 is injective, we deduce that
(2.10) 19 BU(f®1)=U(f®1)1® B.
Notice that B € M,,(C) with B* = —B is arbitrary. This implies that
for every = € [0, 1], we have
AU(f@1)(z) =U(f®1)(x)A
for any A € M,,(C). It follows that there exists g(z) € C such that
U(f © 1)(x) = g(@)1.
Since U(f ® 1) € C*([0, 1], M,,(C)), we get g € C*(]0,1]) and
U(f®l)=g®1.

This completes the proof. O

LEMMA 6.22. There exists a surjective isometry ¢ : [0,1] — [0, 1],
which is p(x) = x for any x € [0,1] or ¢(x) =1 —x for any x € [0, 1],
such that

U(f@1)(z) = fe(z)) @1
for all f € C'([0,1]) and z € [0,1].

PROOF. By Lemma 6.21, we define a map Py : C*([0,1]) — C*([0,1])
by
U(fel)=Pi(f)®1, fel(0,1)).
Let g € C([0,1]). Applying a similar argument to Lemma 6.21 for U~!
instead of U, there exists f € C*(]0,1]) such that U ' (¢g®1) = f @ 1.

Since
Pr()el=U(f®1)=UU ' (9o1) =921,

we have Py(f) = g. Thus we have Py is surjective. In addition, we get

IPo(Nlle =1U(F @Dz =1If @1z =[/ls

for all f € C'([0,1]). Tt is easy to see that Py is complex linear. Hence
we conclude that Py is a linear isometry from C*([0,1]) onto C*([0, 1]).
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Applying [104, Theorem 4.1], we get there exists ¢ : [0, 1] — [0, 1] with
o(x) =z or p(z) =1 — x such that
Py(f)(z) = f(e(z), feC'([0,1])
Thus we obtain that

U(f®1)(z) = Pu(f)(@)@1 = f(p(x))®1, [feC[0,1]), z€[0,1].
U

We now give a proof of Theorem 6.18.

PROOF OF THEOREM 6.18. We omit a proof of the sufficiency of
Theorem 6.18. We prove the converse implication. For any H €

Her(M,,(C)), there exists ¢o(H) € Her(M,(C)) and *-derivation D
on M, (C) such that
UM1oqU™" = My gy + 1D

Let f € C1([0,1]). By Lemma 6.22, we see that U(f ® 1)(x) € C1 for
every x € [0,1]. Thus we have that

U(f @ H)(w) = U(Mygy(f ®1))(@) = UMy, U™ U(f @ 1)()
= (Mg +iD)(U(f © 1))(2)
= Mgy (U(f @ 1) (@) +iDU(f @ 1))(x)
)

= o(H)(U(f @ 1)(x)) = f(p(2))tho(H)

for any x € [0, 1]. For any A € M,,(C), there exist Hy, Hy € Her(M,,(C))
such that A = H; + iHy and we get

U(f ® A)(x) = U(f ® (Hy +iHy))(z)
= U(f © Hi)(z) +iU(f @ Hz)(x)
= f((x))o(Hr) + if (p(x))o(H2)
= [(p(x))p(A)
= ¢((f ® A)(p(2)))

for any f € C'(]0,1]) and any = € [0,1]. By Lemma 6.4, for every
F € C'([0,1], M,(C)), F is represented by F = >" | fi ® Ay with
some fr € C*([0,1]) and Ay € M,(C) for k = 1,...,m. Thus we
deduce that



2. BANACH ALGEBRAS WITH THE VALUES IN M,(C) 145

for any x € [0, 1]. By Lemma 6.15, thls would yield the desired conclu-
sion. O






CHAPTER 7

Tensor products of uniform algebras and
(C*-algebras

1. Preliminary

In this chapter, X is a compact Hausdorff space and F is a complex
Banach space. The space of all E-valued continuous maps on X, with
the supremum norm, is denoted by C'(X, ). Recall that A is a uniform
algebra on X if A is a uniformly closed subalgebra of C(X) which
separates the points of X and contains constant functions. A uniform
algebra A on X is called natural if the canonical embedding x — §,
from X into the maximal ideal space M(A) of A is surjective, where
0, denotes the point evaluation at x. Hence the maximal ideal space
of a natural uniform algebra on X is identified with X itself. For
a uniform algebra A, the Gelfand transform A — A C C(M) is an
isometric algebra isomorphism into A. Identifying A with its Gelfand
transform A we may suppose that a uniform algebra is defined on
the maximal ideal space. Under this identification, the statement “ a
uniform algebra on the maximal ideal space is natural” makes sense.
The algebraic tensor product of A and F over C is denoted by A ® E.
The injective tensor product of A and F is denoted by A® E. The
canonical embedding A®E C C(X, E) allows us to identify A ® F with
the uniform closure of A@ E'in C(X, F) in the way that an element F' €
A® E is regarded as a continuous map F : X — E. By the standard
argument using the partition of unity we have C(X)® E = C(X, E).
Throughout the dissertation, the operator norm of a bounded linear
operator from a Banach space into a Banach space is denoted by || - [|,p-

For a complex Banach space E with the norm || - ||z, a complex-
valued function [-,-]g : E x E — C is a semi-inner product compatible
with the norm of F, see Definition 1.8.There may be several (actually

147
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infinitely many) semi-inner products compatible with the norm as is
observed below. For a vector e € F, let

e ={e" € E" : [le”[lop = llell z,€"(e) = [lell:}

the set of all dual maps of e. Proposition 1.9 shows it is not empty
by the Hahn-Banach theorem. Suppose that a map J: E — U.cgll.
satisfies that J(e) € Il for every e € E. Then the function [-,] :
E x E — C defined by [a,e] = [J(e)](a) for a € E is a semi-inner
product on E compatible with the norm. Such a map J exists by
the axiom of choice. Conversely, for a semi-inner product [-, ]z on
E compatible with the norm, the functional e* : £ — C defined by
e*(a) = [a,e]p (a € E) is an element in IL,.

Recall that B(F) is the Banach algebra of all bounded linear oper-
ators on E with the operator norm and let [-, -] be a semi-inner product
on E compatible with the norm. An operator T' € B(F) is called a
Hermitian operator if [T'(x), x] is real for all z in E. It is important
to note that the definition does not depend on the choice of semi-inner
product; in fact it is known that, for an operator T' € B(FE), [T'(z), z|g
is real for every x in E for a semi-inner product |-, -] if and only if
[T(z), | is real for every z in E for any semi-inner product [-, -] on E
(see [6, pp. 5,6]). Since a semi-inner product is a linear functional, we
see that an operator T': E — E is Hermitian if and only if e*(7'(e)) is
real for every pair e € F and e* € Il,.

These notions of semi-inner products and Hermitian operators were
introduced by Lumer in [76] in the study of isometries on certain Orlicz
space [76, 77, 78]. The method he applied in [77, 78] to describe
isometries is now called Lumer’s method.

Vidav [115] called an element a in a unital Banach algebra 8B Her-
mitian if ||1 + ita|ls = 1 + o(t) for ¢ real, where 1 is the unit of B.
It is known [30, Theorem 6.2.1] that a € 9B is Hermitian if and only
if || exp(ita)||s = 1 for every real number ¢t. The set of all Hermitian
elements in 9B is a real Banach space and is denoted by Her(8). This
implies that 7" € B(F) is a Hermitian operator if and only if T is
a Hermitian element in the Banach algebra B(FE) applying Theorem
1.10. Hence the set Her(B(F)) is precisely the set of all Hermitian
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operators on E, and an operator 7" € B(F) is Hermitian if and only
if |1 +itT||,, = 1+ o(t),t € R. If B is a unital C*-algebra, then
Her(®B) is the self-adjoint part of B. In this chapter, we study Hermit-
ian operators on A ® F and surjective isometries between these spaces
by applying Lumer’s method. Fleming and Jamison [29, Theorem 4]
proved that a Hermitian operator on C'(X, E) has a specific form (see
Corollary 7.2), the proof of which heavily depends on a property of
C(X) that a general uniform algebra does not have. We prove that a
Hermitian operator on A ® E has the same form as the one demon-
strated by Fleming and Jamison, while our proof is rather different
from theirs. An application is a demonstration of the Banach-Stone
property of unital factor C*-algebras. Following Cambern [27] we say
that a Banach space F has the Banach-Stone property if every sur-
jective isometry U : C(Xy, E) — C(Xa, E) admits a homeomorphism
¢ Xy — X; and a strongly continuous family {V}},ex, of surjective
isometries from E onto itself such that

U](y) = Vy(F(e(),  FelCXy,E), yeX,

Here we say that a map ¢ : Xy — S C B(F) is strongly continuous, or
the famliy {¢(z)}.ex, is strongly continuous, if ¢ is continuous with
respect to the relative topology on S induced by the strong operator
topology on B(F), that is, the coarsest topology such that the map
the map Xy — E,x — [¢(z)](e), is continuous for each e € E. Flem-
ing and Jamison applied [29, Theorem 4] to prove in [29, Theorem 9|
that E has the Banach-Stone property if F has the one-dimensional
centralizer, a result by Behrends [4, 5]. As an application of Theo-

rem 7.1, we characterize unital surjective isometries A ® F; — A ® Fs
and establish in Corollary 7.4 that a unital factor C*-algebra has the
Banach-Stone property. Since a unital factor C*-algebra has the one-
dimensional centralizer, Corollary 7.4 follows from [29, Theorem 9], yet
we believe that our proof is simpler than the previous proofs.

2. Results of Hermitian operators on A ® F

Let X be a compact Hausdorff space and F a complex Banach
space. Let ¢ : X — B(F) be a strongly continuous map and F €
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C(X,FE). We prove that the map [z — [¢(z)](F(z))] is a continuous
map from X into E. First, for each e € F the map from X into F
defined by [z +— [¢(x)](e)] is continuous since ¢ is strongly continu-
ous. Then the map ||¢(-)e||r : X — R defined by [z — ||[¢(x)](e)||£]
is continuous, hence it is bounded since X is compact. Applying
the uniform boundedness principle for the family {¢(z)}.cx, we have
sup,ex ||@(x)||op = M < 00. Let 29 € X and {z,} is a net in X which
converges to xg. Then

l[o(z0)](F(0)) = [d(za))(F(2a)) ||
< [lf¢(xo) = ¢(za)[(F(z0))l| & + l[[#(2a)](F (20) = F(20)) |
< [lle(wo) = d(wa)I(F(x0))l| 6 + M| F(20) = F(za)llz — 0

as T, — To. It follows that the map [z — [¢(z)](F(x))] is continuous.
We define an operator Cy : C(X, E) — C(X, E) by

[Co(F))(x) = [p(x)|(F(z)), FeC(X,E), ze€X.
Note that Cy is a bounded operator since

1€ (F)lloo = sup [[Co(F)](w)llp = sup |[¢(2))(F(2))llz < M Flloo-

zeX

The following is a generalization of Theorem 4 in [29] for C'(X) to
a uniform algebra A.

THEOREM 7.1. Let A be a natural uniform algebra on a compact
Hausdorff space X and E a complex Banach space. For a bounded lin-

ear operator T : A®Q E — A® E, the following conditions are equiva-

lent.

(i) The operator T is a Hermitian operator.
(ii) There exists a strongly continuous map ¢ : X — Her(B(FE))
such that C4(A® E) CA® E and Cyl 55 =T

In this case || T||op = supgex ||@(2)|lop-

As a consequence of Theorem 7.1 we have a slightly stronger ver-
sion of [29, Theorem 4]. It gives us a characterization of Hermitian
operators on C(X, E).
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COROLLARY 7.2. Let X be a compact Hausdorff space and E a
complex Banach space. Then a bounded linear operator T : C(X, E) —
C(X, E) is a Hermitian operator if and only if there exists a strongly
continuous map ¢ : X — B(E) such that ¢(x) : E — E is a Hermitian
operator for every x € X which satisfies

[T(F))(z) = [p(2)](F(z)), reX
for every F € C(X, E). In this case ||T||op = supex ||6(2)]|op-
PROOF. Suppose that T : C'(X, E) — C(X, F) is a Hermitian op-
erator. Then by Theorem 7.1 there exists a map ¢ : X — B(FE), con-
tinuous with respect to the strong operator topology on B(FE), with

¢(r) : E — E being a Hermitian operator for every z € X, which
satisfies

[T(E)](x) = [p(2)](F(x)), zeX
for every F' € C(X, E).
Conversely each operator of the above form is Hermitian by Theo-

rem 7.1 The equality [|T']|,p = sup,cx ||[¢(x)]op also follows from The-
orem 7.1. 0

3. Proofs of results of Hermitian operators

Proof of Theorem 7.1. Suppose that T is a Hermitian operator. Let
x € X. Define ¢(z) : E — E by

[p(x)](e) = [T(A@e)(x), eck.
Then ¢(z) is a bounded operator. We have
(3.1) (@) lop < 1T0p
lo()l(e)llz = T @ e)l(z)]e
<ITA@e)llo < Tllopllt @ elloc = [T llopllell

for every e € E. We prove that ¢(x) is Hermitian. Let e € E be an
arbitrary element and e* € II.. Let 6 : A® F — FE be the point
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evaluation defined by 65(F) = F(z), FE AQFE. Put 0 : AQ E — C
by 6 = e* o 6F. For F € A® E, we have

0(F)| = le* 0 3 (F)] < llellopl | F (@) ]2 < lle*lopll Flloc = llell el Flloc
since e* € II.. Hence ||0||op, < |le]|z. On the other hand we have
0L @e)l =le"(e)l = llells = llellzll1 ® eflw,
since |le||g = |1 ® €||o. We infer that
10llop = 1 ® ellos, 10X @e)| = [1@e]l2,

hence ¢ € Ily,,. Since T' is Hermitian, we have 6(T(1 ® €)) € R for
every e € F. Hence we have

e’([¢(2)](e)) = e"([TA @ e)](x)) = H(T(1 @ €)) € R.

Thus we have that ¢(x) is Hermitian.

We prove that the map ¢ : X — B(F) is strongly continuous. Let
e € F be an arbitrary element. By the definition of ¢, [¢(z)](e) =
T(1 ®e)|(x) for every x € X. As T(1®e) : X — FE is continuous
we have that z — [¢(x)](e) is a continuous map from X into F, which
means the strong continuity of ¢.

By a simple calculation Cy is complex-linear and

I[Co(F)](@) e = ll[¢(x)](F ()l e
< o@)llopl E@) |2 < | Topl[ Flloo,  F € C(X, E).

Hence Oy is a bounded complex-linear operator. We prove that C4(A ® E) C
A® E. To prove it, we observe that A ® E is an A-module. Indeed,

let fe€ Aand F € AQE. Define f- F by (f - F)(z) = f(2)F(z),
reX. fF=) fi®we € A® E, then

(f - F)(z) = f(z) Zfi(@@ = Z(f(l")fi(x))ei, xeX.

Thus we have that f-F € A® E. Suppose that F € A® E. Then there
exists a sequence {F,,} in A® E such that ||F,, — F||» — 0 as n — 0.
Then ||f - F, — f - Flloo < |[flool|Fn — F|loc assures that f-F € AQ E
since f - F, € A® E for every positive integer n. Thus A ® E is an
A-module.
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We prove Cy(l®e) € AR E for every e € E. Let e € E. By the
definition of Cy we have

[Co(L @ e)l(z) = [p(2)[(1 @ e)(x)) = [p(2)](e) = [T(1 @ e)]()

for every z € X. Hence Cp(1®e) = T(1®e) € AR E. By the
definition of Cy, we have for f € A,

[Co(f - F)](x) = [o()[((f - F)(x)) = [o(2)](f (x) F(x))
= J(@)[p(@)](F(x)) = f(2)[Cs(F)](x), xe€X

since f(x) is a complex number and ¢(x) is a complex-linear map for

every x € X. Thus we have
Co(f - F) = [-Co(F)
for every f € A and F € A® E. Therefore
Colf@e)=Colf-1@e) = f-Col®e) € ATE

for every pair f € A and e € . As Cy is a bounded complex-linear
map, we have that

Co(A® E) CARE.
Let ® be the restriction of Cy to AR E: & = Colazs ARE —
A® E. We prove that ® is a Hermitian operator. Let F € A® E.
Since X is compact, there exists xp € X such that || F(zr)|g = || F| -
Choose any fBr € lp(y,). Define F*: AQ E — C by F* = f3p o oaF.
It is a routine argument to prove that F™* € IIp. Then we have that

F*(®(F)) = fr ([2(F)] (zF)) = Br ([o(xp)](F(zr))) € R

since fp € Ilp(,) and ¢(xp) is a Hermitian operator. This holds for
every F' € A® FE, hence ® is Hermitian.
Define a bounded linear Hermitian operator J by J =T — ® and

we are to prove J = 0 which implies

[T(F)](x) = [p(0)(F(x), zeX

for every ' € A® FE, the desired conclusion in (ii). To prove J = 0,
it is enough to show that J(f @ e) = 0 for every f € A and every
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e € I/, because AQ F/is densein A® E. For e € FE and e* € 11, define
Se: A— C(X) by

(3.2) [Se(D(x) = e ([J(f@e)l(x), [feA veX

As J is complex-linear, so is S.. We prove that S, is a Hermitian
operator, and S.(A) C A, and then conclude S, = 0 by appealing to
[7, Theorem 4]. Tt is enough to prove these for e € E with |le||g = 1.
Suppose that e € E with ||e|]|g = 1 and e* € Il.. First we prove that
Se is a bounded operator. Since |le*||,, = |le]|z = 1, we have

|[Se(NI()] < Mle[lop [T (f @ e)]()]|
< T(f @ e)lloe < [ llopllf @ €lloc = NI lopll.f [l
for every pair f € A and z € X. Hence

1Se(Moo < [ Mlopll Flloos  f & A,
so that S, is bounded. To prove that S.(A) C A, we show that, for
each FF € A® F, the function
X o>z (F(x))

belongs to A. Suppose that F' = > f; ® e;, € A® E. Then for every
xr € X we have

e (F(@) = Y e (e file) = (X e(enss) (@)
Hence the function
(3.3) X sz e"(F(x))
belongs to A for F' =" f; ® e;. Suppose that F € A® F, in general.
Then there exists a sequence {F,,} in A® E such that ||F}, — F||cc — 0
as n — oo. Then

sup |e*(F(x)) — e (Fu(x))] = sup " (F(x) — Fu(2))|

< sup 1E(z) = Fu(@)lle = [|F = Fullo-

Since the function [[z +— e*(F,(x))] belongs to A by (3.3) and A is

uniformly closed , we infer that the function

X sz e"(F(x))
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belongs to A. Applying this to J(f®e) € A ® E for an arbitrary f € A
we have

SN = [X 22 e (U(f@e)@)] €A

for every f € A. Thus S.(A) C A.

To prove that S, is a Hermitian operator, we show that
|1 4 itSe|lop = 1 + o(t), t e R,

where I : A — A is the identity operator (see Section 1). Let f € A
and € X. Then using e*(e) = ||e|]| = 1 we have

(L +itSe) (f)(z)| = [f(z) + it [Se(f)](@)]
= |f(z)e"(e) +ite” ([J(f @ e)](x)) |
= le" (f(x)e +it[J(f ®e)](x)) |
=le" (f@e+it[J(f®e)])(z))|
< | +itd)(f @ e)l(z)lle™[lop
<+ ) (f @ el
< | + it || opll f @ elloo
= [I1 + it J|lop|[ floo-

It follows from this that
(3.4) 1L+ itSellop < || + it ||op, t € R.

Since J is Hermitian, ||I + itJ||,, = 1 + o(t) for every t € R. As
(I +itS.)(1) = 1, we infer that 1 < ||I + itSc|lop. Thus by (3.4) we
have that

|I +itSellop =1+0(t), teR

hence S, is Hermitian. hence S, is a Hermitian operator on the uniform
algebra A. Therefore we obtain by Theorem 5.8 that

(3.5) Se = Mg, (1),
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where Mg 7, is the left multiplication operator by the element Se(1).
Note that J(1 ® e) = 0 since

A @e)l(z) = [TA®e)(z) - [ ®e)(z)
=[T(1@e)l(z) - [p()[(1 @ e)(x))
=[TA®e)(r) - [p(x)l(e) =0, zeX.
Hence we have that [S.(1)](z) = e*([J(1®e)](z)) = 0 for every z € X,
that is, Sc(1) = 0. By (3.5) we have that S, = 0. It follows by a simple
calculation due to the definition (3.2) of S, that S, = 0 for any e € E
and e* € I1,.

Let f € A and x € X be an arbitrary pair. Consider the map
[J(f ®)](z) : E — E. Then the inequality

I[T(f@e)l(@)|e < [[7(f @ e)llw
<[ lepllf @ elloc = [[llopll fllcllellz, e € E
assures that [J(f ® -)](z) is bounded. Then Since

e ([J(f @ e)l(x)) = e ([Se(N)l(x)) = 0
for every e € E and every e* € Il,, we conclude [J(f ® -)](z) =0 on E
by a theorem of Lumer [76, Theorem 5].Thus we have [J(f®e)|(z) = 0
for every f € A, x € X and e € E, which implies J(f ® ¢) = 0 and
thus J = 0 on A ® E by the complex-linearity of J. Since A ® F is
dense in A ® E, the continuity of J yields J =0 on A® E. It follows
that 7' = ® and

[T(E)|(x) = [¢(@)](F(x)), reX
for every F € A® E. We have that (ii) holds.

Suppose conversely that (ii) holds. By the hypothesis T' = Cy|455
is a bounded linear operator. We prove that 7" is a Hermitian operator.
For F € AQFE, let Pp = {x € X : |F(z)||g = ||F|loo}. Then the
family {Pr}pcagp consists of non-empty compact sets. By the axiom
of choice we get a subset {xp} pcagg of X such that zp € Pp for every
F € A®E. Let [-,-]g be a semi-inner product on E compatible with

the norm || - |g. Put [, ] as

[G,F]OO:[G(ZEF),F(ZL’F)]E, F,GGA@E
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It is easy to see that [-, -] is a semi-inner product on A ® E compatible
with the norm | - ||o. Since ¢(zr) is a Hermitian operator, we have
(3.6)

[T(F), Floo = [T(E))(2p), F(zp)le = [[0(ep)(F(zr)), F(zr)ls € R

for every FF € A® E. Since [, |« is a semi-inner product on A ® E,
we see that T is a Hermitian operator on A ® F by (3.6). We finish
the proof of Theorem 7.1.

O

REMARK. For a map ¢ : X — Her(B(E)), the operator Cy :
C(X,E) — C(X, E) may not preserve the subspace A ® E. In fact, let
A be the disc algebra on the closed unit disk A in the complex plane
C and £ = C. Then A® F is identified with A. Let r : A — R be a
continuous map. Let ¢(x) be the multiplication operator on C defined
by [¢(x)](z) = r(z)z, z € C for x € A. Then ¢ : A — B(C) is a
strongly continuous map and ¢(x) is a Hermitian operator for every
z € A. On the other hand [T'(f)](z) = [¢(x)](f(x)) is well defined
operator on A only if ¢ is a constant function; if ¢ is not a constant
function, then the operator T' given by T'(f)(z) = [¢(z)] = r(x)f(z)
fails to satisfy T'(A) C A since r is not an analytic function.

4. Results of Isometries on A® F

In the rest of this chapter, we study surjective unital isometries from
A, ® E; onto Ay ® E, for a uniform algebra A; and a unital factor C*-
algebra Ij for j = 1,2. As a corollary of Theorem 7.3 we describe
in Corollary 7.4 the form of a surjective isometries from C(Xy, E})
onto C'(Xy, E»). This gives an alternative and simple proof that a uni-
tal factor C*-algebra has the Banach-Stone property (cf. [4, 5, 29]).
Let B(E}, E) denote the Banach algebra of all bounded linear op-
erators from E; into E,. We say that a map ¢ : Xy — B(FE4, E»)
is strongly continuous, or the famliy {¢(z)}.ex is strongly contin-
uous, if ¢ is continuous with respect to the strong operator topol-
ogy on B(E, Es), that is, for every e € E; the map Xy — Fy de-

fined by z — [¢(x)](e) is continuous. For a strongly continuous map
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V : Xy — B(E}, E») and a continuous map ¢ : Xy — X, we define an
operator Cy,, : C(Xy, Ey) — C(Xs, Ey) by

[Cvie(F)I(y) = Vy(Fe(y), F e C(Xy, Er), y e Xy,

where we denote V, = V/(y). Since V is strongly continuous, applying
the uniform boundedness principle in a similar way to the one indicated
at the beginning of Section 2 we see that Cy,, : C(X71, Ey) — C(Xa, Es)
is indeed a bounded linear operator.

THEOREM 7.3. Forj = 1,2, let A; be a natural uniform algebra on
X, and E; a unital factor C*-algebra. For a bounded linear operator
U:A ®FE, — Ay ® Ey the following conditions are equivalent.

(i) The operator U is a surjective isometry such that U(1) = 1.
(ii) There exists a homeomorphism ¢ : Xo — Xy and a strongly
continuous map V : Xo — B(FE1, FEy) such that
(ii.1) each 'V, is a Jordan x-isomorphism,
(ii.2) Cy (A1 ® Ey) = Ay ® By, and
(ii.3) U = Cvplaam-

A well known theorem of Kadison [62] states that the class of Jor-
dan x-isomorphisms between unital C*-algebra is precisely the class of
unital surjective isometries. Recall that a unital C*-algebra E is called
a factor provided that the center of E coincides with C1.

COROLLARY 7.4. Let X; be a compact Hausdorff space, and E; a
unital factor C*-algebra for j = 1,2. Then a bounded linear operator
U:C(Xy, Ey) — C(Xy, Es) is a surjective isometry if and only if there

exist

(i) a homeomorphism ¢ : X5 — X1,
(ii) a strongly continuous family {V, },ex, of Jordan x-isomorphisms
from Ei onto E,, and
(iii) a unitary element u € C(Xo, E»)

such that

(4.1)  [UE)(y) =uVy(Fle(y),  FeC(Xy, E), ye X
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Note that the hypothesis that E; is a factor is essential. There
exists compact Hausdorff spaces Y; and Y, which are not homeomor-
phic, while Y; x [0, 1] and Y, x [0, 1] are homeomorphic (see [5, fig.16]).
Since C(Y;,C([0,1])) = C(Y; x [0,1]), the spaces C(Y1,C([0,1]) and
C(Y,,C([0,1])) are isometric, but Y7 is not homeomorphic to Y3. Here
the unital commutative C*-algebra C([0, 1]) is not a factor. As is previ-
ously mentioned, Corollary 7.4 implies that a unital factor C*-algebra
has the Banach-Stone property.

PROOF OF COROLLARY 7.4. Suppose that U : C(X1, Ey) — C(Xa, E»)
is a surjective isometry. Note that C(X;, E;) is a unital C*-algebra.
By a theorem of Kadison [62] on isometries on C*-algebras, U(1) is a
unitary element in C'(Xs, Fy). Hence Uy = U(1)*U is a unital surjec-
tive isometry from C(Xy, Fy) onto C(Xs, Es). Applying Theorem 7.3
to Uy, we have

[Oo(F)l(y) = Vy(Fle(y)),  FeC(Xy,E), ye Xy,

for a homeomorphism ¢ : Xy — X; and a strongly continuous family
{V, }yex, of Jordan s-isomorphisms from E; onto Es. It follows that
U has the form as is described in (4.1) with u = U(1).

Conversely Theorem 7.3 asserts that every operator U of the form
(4.1) is a surjective isometry. O

5. Proofs of results of isometries

Throughout this section A; is a natural uniform algebra on a com-
pact Hausdorff space X, hence the maximal ideal space of A; is canon-
ically identified with X, Ej; is a unital factor C*-algebra for j = 1,2,

and U : A1 ® By — Ay ® Es is a surjective linear isometry such that
U(1) = 1. Note that e € E; is a self-adjoint if and only if e is a Her-
mitian element, that is || exp(ite)|[z = 1. Thus the real space of all
Hermitian element in £ coincides with the self-adjoint part of £; and
is denoted by Her(E}).

LEMMA 7.5. For every e € Her(E;) and y € Xy, we have that
[U(1®e)](y) € Her(Es).
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PROOF. Let e € Her(F;). For the
(5.1) Mg (F)](z) = [T @ e)F|(z) = eF(x) = Mc(F(x)), € X.

As e is a Hermitian element, the multiplication operator M, : E; — E;
is a Hermitian operator [40, Proposition 1]. Define the constant map
¢+ X1 — B(E)) by ¢(x) = M, for every x € X; which is strongly
continuous. By (5.1) we infer that

[POIF()) = Mg (F) € Ay @ By

for every I' € A; ® Fy. Then by Theorem 7.1 the map My, :
A ® By — Ay ® By is Hermitian. By Theorem 5.2.6 in [30], || exp(it M1, )|lop =
1foreveryt € R. Since U : A; ® E; — Ay ® Fjs is a surjective isometry

we infer that

[l exp(itU M1, U™")lop = |U (exp(it M1,))U ™" [lop
= || eXP(itMl®e)”0p =1
for every t € R. Then by [30, Theorem 6.2.1] we have that UMy, U~ :
Ay ® Fy — Ay ® Fy is a Hermitian operator. Then by Theorem 7.1,

there exists a family {¢(y) : By — E}yex, of Hermitian operators such
that

(UM, U7 ()] (y) = [6()](1(y))-
Note that 1(y) is the identity element in Es for every y € X5 since 1
is the identity element in Ay ® Fy, which allows us to write 1 as 1(y).
By a theorem of Sinclair [113, Remark 3.5] about the representation
of a Hermitian operator on a unital C*-algebra, there exists an h; €
Her(F») and a #-derivation' D, : By — E» such that

[6(y)l(e) = hie +iDy(e), e € Ey.
As D,(1) = 0 we have
(UM UTY) W] (W) =l y € Xa
On the other hand, since U(1) = 1 we have
(UM, U™") (V)] (v) = [(UM1,,) (D] (v) = [U(A @ )] (y)-

INote that a *-derivation in [113] is a derivation D such that D(a*) = —D(a)*
for every a. Our x-derivation is a derivation D such that D(a*) = D(a)* for every
a.
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Hence we conclude that
U(1 & e)](y) = b € Hex(E)

for every y € Xo. O
LEMMA 7.6. We have U(A; ® 1) = Ay ® 1.

PROOF. We prove U(A;®1) C As®1. Repeating the argument by
replacing U with U~!, we will have the inclusion U™ (4,®1) C A;®1.
With both inclusions it will follow that U(4; ® 1) = A, ® 1.

Let f € A;. We prove that U(f®1) € Ay®1. Let b € E; such that
b* = —b. Define a bounded operator D, : E5 — Es by Dy(a) = ba — ab,
for a € Ey. As b* = —b, the operator D, is a *-derivation. Define

DbZA2®E2—>A2®E2 by

Dy(F)=(1®bF-F(1®b), FcA;®FE,.

By some calculation we have that

(5:2) [(iD(F)| ) = i (L& B)F - (L&) (y)
— i(bF(y) — F(y)b) = (iDy(F(y))), F € A3 @ By, y € Xo.

Since Dy, is a x-derivation, we infer that i D, is a Hermitian operator by a
theorem of Sinclair [113, Remark 3.5]. We use an argument in the proof
of Lemma 7.5 to see that iD, is a Hermitian operator. In fact, define
the constant, and thus a strongly continuous map ¢ : Xo — B(Fy) by
¢(y) = 1Dy, a Hermitian operator, for every y € X5. Then the operator
Cy 0 Ax® By — Ay ® Ep defined by [Cy(F)|(z) = [¢(2)](F(x)) =
iDy(F(z)) is well defined and is a Hermitian operator by Theorem 7.1.
On the other hand, the equality iDy(F(z)) = [iDy(F)](z) holds by
(5.2), hence we have that C, = iDy. Thus the map iDy : Ay ® Ey —
Ay @ F5 is a Hermitian operator.

Since U : A1 ® E1 — Ay ® Ey is a surjective isometry, we have
that Uflz'f)bU Ay ® F; — Ay ® Fy is a Hermitian operator. Then by
Theorem 7.1, for every x € X, there is a Hermitian operator ¢'(z) :
E, — E; such that

[(U—lzf)bU) (F)} (2) = [#@)](F(z), FeA®E.
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By a theorem of Sinclair [113, Remark 3.5], there exists an b/, €
Her(F;) and a *-derivation D! : E; — Ej such that

[¢'(2)](e) = hye +iD;(e), e € Ey.

It follows that
(5.3)
[(U‘%’DW) (F)] (z) = W.F(z)+iD.(F(z)), F €A, @Ey, € X..

In particular, we have
[(U‘lzf?bU) (1)] () =W, +iD.(1) = k., =€ X,
Since U(1) = 1 we infer that
[(U—%DbU) (1)} () =
U (i(1®b)1—-1(1®Db)))] () =0, zcX.

Hence we have that b/, = 0 for every x € X;. Thus we have by (5.3)
that

(5.4) [(U”z’DbU) (F): (z) = iD.)(F(z)), FeA ®@E, zcX.

Applying (5.4) to F = f ® 1 we get

(UDy) (f @ 1) (@) = GD)((f @ 1) ()
— iD,(f(2)1) = if (z)D}(1) = 0

for every x € X;. Hence we have (U~YiD,U)(f ® 1) = 0, so that
iDy(U(f ®1)) = 0. Hence

A1)U(fe®l)—(U(fel)(1leb) =0.
Thus

(5.5) U(f @ D](y) = [U(f @ 1)](y)b

for every y € X5, where b is an arbitrary element in Ey with b* = —b.
We show that (5.5) holds for any a € Fy. In fact, let a € E5 be an
arbitrary element and put b; = % and by = % Then b7 = —b; for
j=1,2and a = by + iby. By (5.5) we have

bilU(f @ D](y) = [U(f @ 1)](y)b; y € Xo,
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for j = 1,2, which, together with a = by + iby, implies

alU(f@1)|(y) =[U(f@D](y)a,  ye Xy

As a € Ej is arbitrary, we have that (U(f®1))(y) is in the center of Ey
for each y € Xj. Since Es is a factor, we infer that (U(f®1))(y) € C1.
Thus a function g : Xy — C is defined in the way

(5.6) (U(f®1))(y) =g(y)1.

We prove that g € As. AsU(f®1) € Ay ® Es, there exists a sequence
{F,, = > fujénj € Ay ® Ey} such that [|F, —U(f ® 1)||ec — 0 as
n — o0o. For every y € Xy we have

1P = U @ Dle 2 1Faly) = 91z, = | fas@)ens — 91|

Choose a linear functional ¢ € II; C E3. By the definition of II{ we
infer that [|¢||,, = ¢ (1) = 1. Then

‘Z fag(W)(eny) ‘ = ‘Z fni()(en;) g(y)w(l)’
=¥ (Z fniW)en; — 9(y) >‘ < Han,j (y)en.; —g(y)1HE2

< |[Fn = U(f © 1)

It follows that

HZ@b €nj) i — gH = sup

OO X2 yeXo

anj C) g(y)‘
< -U(f @)l =0

as n — oo. Since Y (e, ;) fn; € Aa, we conclude that g € Ay. By
(5.6) we have that U(f® 1) =¢g®1 € Ay ® 1. O

We prove now that (i) implies (ii). Suppose that (i) holds. Let
c¢: Ay®1 — Aj be the isomorphism defined by ¢(¢®1) = g for g € A,.
Define a map N : Ay — Ay by f — ¢([U(f ® 1)]) for f € A;. Then
by Lemma 7.6 N is well defined surjection. As U is a linear map such
that U(1) = 1, N is a surjective linear isometry such that N(1) = 1.
By the representation theorem of isometries between uniform algebras
by Nagasawa [94], N is an algebra isomorphism. Hence by Gelfand
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theory there exists a homeomorphism ¢ : Xo — X; between maximal
ideal spaces such that

N(f)= foo, feA.

Therefore we have

U(foD(y) =[N W1 = flew)l, ye X

Let e € Her(F;). We see that UM1®6U*1, unitarily conjugate to the
Hermitian operator My, is a Hermitian operator (see the proof of
Lemma 7.5)

Then we see by Theorem 7.1 that there is a strongly continuous
map ¢ : Xo — B(FE;) such that ¢(y) : 2 — Es is Hermitian for every
y € Xo which satisfies

(UM, U (F)](y) = [¢W)](F(y)).

By a theorem of Sinclair [113, Remark 3.5] there exists h; € Her(Ey)
and a *-derivation D, such that ¢(y) = Mje + iD,. For each y € Xy,

we define a map
Yy, : Her(Ey) — Her(Es)
by 1, (e) = h;. As we assume U(1) = 1,

V(1@ e)](y) = UMy, U (1))
= [BWI(L) = Mig (1) + Dy (1) = B,
hence ¥,(e) = [U(1 ® €)](y). For every f € A, and y € X5 we have
(U(f @e)(y) = (UM, U™) (U(f®1)) (y)
= () ((U(F )W) = h@( (f®1)(v)
= 1 ((Flpw))1) +iDy (/o
=1 ((f(e <>>) )Hf(so( )D,(1)

=1 ((Flew)1) = vyle) (o)1)
Let V,, : By — E5 be defined by

(U(f 2 1))

D
)

V,(e) = ¥y (Ree) + iy, (Ime), ee by,
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where Ree = (e +¢*)/2 and Ime = (e — e*)/2i. Then Vj, is a complex-
linear map. As U(1) = 1, we have for every y € X, that

V(1) =4,(1) =U1®1)(y) =1,
hence V(1) = 1. We have for f € A;, e € E; and y € X5 that

U(fee)ly) = (U (f®Re€))(y) i(U(f ®Ime))(y)
= 1,(Ree) ( N1 + ity ( Ime( (y)))l)

v, (£ >>1) (< v))e)1
=7, ((few))e) =V, ((f © ) ((w)).

Hence we infer that

67 CENwW =V (X hee))w
V(X Hee) @w) = ViFEm)

for F =5 fj®e; € Ay ® Ey. Then

Vy(@)llg, = [Va(Q@e)e®)]],, = U @) W)k
<[U1@e)|o =[1®elw = ellm
holds for every e € Fy, so that,
(5.8) Vi(e)llg, < llellz, e€ Er.

Since V,(1) =1, [|[Vyllop = 1 by (5.8). Let F' € A; ® Ey. Then there
exists an F,, € Ay ® E; such that ||F — F,||cc — 0, (n — o0). By (5.7)
we have for every y € X, that

(5.9) (U(F))(y) = lim (U(F))(y)

= lim (1@(1«;@@)))) =V, (F(e(y))).

n—oo
The strong continuity of the family {V},cx, is proved as follows.
Letting F' = 1 ® e for any e € E;, we have by (5.7) that

U1 ®e)l(y) = Vyle)
for every y € X,. Since U(1 ® e¢) € C(Xa, Ey), the map Xy — FEs
defined by
Xo2y = [U®@e)(y) =V,(e)
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is continuous. As e € E) is arbitrary, the family {V} },ecx, is strongly
continuous.

We prove that V,, : By — Ej is surjective for every y € Xy. Let
e € Fy. Since U is a surjection there is an F' € A, ® E; such that
U(F) =1® e. Thus we have that

e=(1®e)(y) = (UE)(y) =V, (FleW)), yeXs,

which proves that V, is surjective.

We prove that V, is an isometry for every y € X,. Repeating
the same argument by replacing U with the inverse U™ : Ay ® Ey —
A, ® Ey, we see that there exist a homeomorphism ¢’ : X; — X, and
a strong continuous family {V!},cy, of surjective bounded operators
from F, onto E; with the operator norm 1 such that

(5.10) (UH@)(x) =V (G(¢'(2)), GeAy®F, z€Xi.
Let e € E;. Applying (5.10) to G = U(1®e) € Ay ® Es, and applying
(5.9) we have
e=(1®e)(x) = (U—l(Uu ® e))) (2)
— V(U2 0)(@@) = Vi(Vow (1@ )¢l (@)
= (VT,OV@/(w))(e), r e Xj.

As ¢ is bijective we see that

€ = V(’;/—1(y) o ‘/;/(6)
for every y € X5. Therefore

lellz, = 1Vies) 0 Va(@ll < Vs loplVa€)l

As [V i llop < 1, we have

lelle, < [[Vy(e)lz
holds for every e € E;. Together with (5.8) we have

lellz = IVy(e)l 2

for every e € Ey. As V, is complex-linear we conclude that V, is an

isometry.
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We prove the converse implication. Suppose that the hypotheses of
(ii) are satisfied. Since V, : By — E» is a Jordan -isomorphism, it is
a surjective isometry by a theorem of Kadison [62] for every y € Xo.

Hence we have

IUFD)I(y) = [UE)] W)l = 1[Cvip(F1)](y) = [Crip (F2)](9) || 2,
= Vy(Fi(e () — Fale)) e = 1 F1(0(y)) = Faleo (),
for every y € X, and every pair F} and F» in A; ® E;. Since ¢ : X5 —
Xj is a surjection we infer that
[U(F1) = U(F2)lloe = [[F1 — P2l
for every pair Fy and Fy in A, ® Fy, U : A, ® B, — A, ® E, is an

isometry.







CHAPTER 8
Local maps

1. Introduction to local maps in isometry groups

This chapter is a contribution to the study of the algebraic reflexiv-
ity of the surjective linear isometry group of algebras of Lipschitz maps.
In addition, there are other important classes of maps which deserve
attention by following a similar approach, as for example, groups of
surjective linear isometries on spaces of vector-valued Lipschitz maps.

Botelho and Jamison [10] investigate algebraic reflexivity of surjec-
tive linear isometry groups on (Lip(X, E), ||+ ||max) under some hypothe-
ses on X and E by applying a characterization due to Jiménez-Vargas
and Villegas-Vallecillos [54] of linear isometries between Lip(X, F) with
the max norm || - ||max-

In the case of E = C, in [51] Jiménez-Vargas, Morales Campoy
and Villegas-Vallecillos proved that isometry groups on complex-valued
Lipschitz functions are algebraically reflexive (they apply [48, Example
8], which is established in Corollary 4.15). We also characterized unital
surjective linear isometries on Lip(X, M, (C)) with respect to the sum
norm, where M, (C) is a Banach algebra of complex matrices of degree
n with operator norm || -|| in Theorem 6.2. The purpose of this chapter
is to investigate the algebraic reflexivity of the groups of surjective
linear isometries on spaces of vector-valued Lipschitz maps Lip(X, E)
for E=C(Y), M,(C) for details see sections 2 and 3, respectively.

Let A; be a complex Banach space for i = 1,2. Denote by B(A1, As)
the set of all bounded linear operators from A; into As. The subset
S C B(Ay, Ay) is called algebraically reflexive if the implication

TeB(ALA), TfeSf(VfeA)=TecS
169
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holds. We review the definition of locally surjective linear isometry
(resp. locally unital surjective linear isometry). A bounded linear
operator T': A; — A, a locally surjective linear isometry (resp. locally
unital surjective linear isometry) if for every f € Aj, there exists a
surjective linear isometry (resp. unital surjective linear isometry) 77 :
Ay — Ay such that T'f = Ty f. Thus if every locally surjective linear
isometry (resp. locally unital surjective linear isometry) is surjective
then the group of surjective linear isometries (resp. unital surjective
linear isometry) is algebraically reflexive.

Let K be a compact Hausdorff space. We consider a linear subspace
B of C'(K), which separates the points of K and contains the constants.
We denote the Choquet boundary for B by Ch(B).

2. The group of surjective isometries on a Banach algebra of
Lipschitz maps whose values are in a unital commutative
C*- algebra

Li, Peralta, Wang and Wang has proved Theorem 8.1 by applying a
generalization of Gleason-Kahane-Zelazko theorem in [75, Theorem 2.5
(b)] under the additional hypothesis that a surjective linear isometry
from Lip(X;) onto Lip(Xs) is canonical. By Corollary 4.15 we do not
need to assume the hypothesis. We exhibit a simple proof of Theorem
8.1 by applying the original Gleason-Kahane-Zelazko theorem.

THEOREM 8.1. Let X; be a compact metric space fori=1,2. The
group of all surjective linear isometries from Lip(X;) onto Lip(Xy) is

algebraically reflexive.

PROOF. Let W be a locally surjective linear isometry from Lip(X;)
onto Lip(X5). By applying Corollary 4.15, there exists oy € C with
lap| = 1 and surjective isometry ¢; : Xo — X such that

U(1)(z) = U1 (1)(2) = anl(p1(r)) =

for every x € X5. Considering a7V instead of W, without loss of gen-
erality, we may assume ¥ (1) = 1. For any g # 0 € Lip(X;), we have

\Ij(g) - \Dg(g) = Qyg © Py,
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where o, € C with |oy,| = 1 and ¢, is a surjective isometry from X, onto
Xi. There exists xy € X; such that |g(zo)| = ||g]|cc. Put g(zo) = A
Since g # 0, we have A # 0. We define ¢’ € Lip(X;) by ¢ = g + AL
There exists ay € C with |ay| = 1 and a surjective isometry ¢, from
X5 onto X such that

U(g') = agg ooy =ay(g+Al)opy
=aggopy +agAl.
In addition, we have
W(g) = (g + A1)
=U(g) + V(A1) = agg 0 p, + AL
Thus we have
(2.1) g g oYy + oyl =azg0p, + AL
As @y is surjective, there exists x; € X, such that ¢, (21) = zo. By
(2.1) and A = g(zy), we have
(2:2) ag A+ agA = agg(py(z1)) + A,
Since |lg o pglle = llgllc = |Al fag| = 1 and [a,] = 1, we get
lg(¢g(x1))] = |A|. Since we have
(20 — 1A = agg(py(21))
by (2.2) we obtain

20y — L[[A] = [ergg(pg(21))] = |Al
As X # 0, we get |2a, — 1| = 1, hence oy = 1. Thus the equation (2.1)
shows that
gopy =aggop, =(g).

For any z € X, ¥(g)(x) = g(py(x)) € o(g), where o(g) denote the
spectrum of g. By the Gleason-Kahane-Zelazko theorem, we have U is
multiplicative. This implies that ¥ : Lip(X;) — Lip(Xs) is an algebra
homomorphism with ¥(1) = 1. By [111, Theorem 5.1], there is a
Lipschitz map ¢ : X; — X, such that

(2.3) U(g)(x) = g(p(x)), =€ X

for every ¢g € Lip(X;).
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We show that ¢ is surjective. Suppose that ¢ is not surjective.
Then there exists g € X7 \ ¢p(X2). Let

d =d(zo,0(X2)) = inf d(xg,).

z€P(X2)
We define a function g,, s on X; by

d(xg,x
Gzo.6(7) = max{l — %, 0}

for x € X;. By a simple calculation, we have g,,s € Lip(X;). In
addition, for every x € p(X3), we obtain d(xg,z) > J. This implies
d(mTo’m) > 1. Thus we have

Gzo0s(x) =0, x € p(Xs).
This shows that
(24) q](gxo,é) - ga:o,(s o 90 = 0

On the other hand, since VU is a locally surjective linear isometry, we
have

U(gao,5) = \Ijgzo,(s (9z0.5)

= Qgu.6920,6 © Pgay.s0

(2.5)

where oy, ; € C with [a,, 1 and a surjective isometry ¢, ; :

osl =

Xy — Xj. Thus, there exists z; € X, such that gpgmé(x{)) = .
Taking z; € X5 in (2.5), we obtain
W (u0,6)(T0) = g, 5920,6(Pgay s (T0))
= O‘gzo,sgxo,é(%) = Qg5
This contradicts the equation (2.4). Hence, ¢ is surjective.

We show that ¢ is an isometry from X5 onto Xj. Let zp € X5. We
define a Lipschitz function ¢’ on X; by

g'(x) = d(z, p(x0))
for all x € X;. As VU is a locally surjective isometry, for every z € X,

we have

(2.6) d(p(2),(x0)) = g'((2))
= (Vg')(2) = Vg (9)(2) = agg'(py(2)) = agd(py(z), ¢(x0)),
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where oy € Cwith |ay| = 1 and ¢, : Xy — X is a surjective isometry.
As d(-,-) > 0, we get oy, = 1. Taking z = z( in (2.6), we have

(2.7) 0= d(p(xo), p(w0)) = ¢'(¢(x0))
= agd(py (20), p(x0)) = d(pg(20), (o).
As z and z( are arbitrary, we conclude that ¢ is an isometry by (2.6)

and (2.7). It follows that U as defined by (2.3) is a surjective linear
isometry. This completes the proof. O

THEOREM 8.2. Let X; be a compact metric space and Y; a com-
pact Hausdorff space for i = 1,2. If the group of all surjective lin-
ear isometries from C(Y1) onto C(Y3) is algebraically reflexive, then
the group of all surjective linear isometries from Lip(Xy, C(Y1)) onto
Lip(Xs, C(Y3)) is algebraically reflezive.

PROOF. Let T be alocally surjective linear isometry from Lip(X;, C(Y7))
onto Lip(Xs, C(Y2)). By Corollary 4.14, for every F' € Lip(X;, C(Y1)),
there exists hrp € C(Y3) with |hp| = 1 on Y,, a continuous map
vrp : Xo X Ys — X such that pp(-,y) : Xo — X; is a surjective
isometry for every y € Y5 and a homeomorphism 77 : Y5 — Y; which
satisfy that

(2.8)  T(F)(z,y) = hp(y)F(or(z,y),7r(y), (z,y) € Xax Y

for every F' € Lip(Xy,C(Y7)). Taking F' =1 in (2.8), we get

T(1)(x,y) = h(y)L(er(z,y), 71 (y)) = hi(y).

Considering h, T instead of T we may assume without loss of generality
that 7'(1) = 1. In addition, for every f € C(Y}), we have

TA® f)(@,y) = h15,W)1 @ f(0105(%,Y) T15,(Y))
=P, W (T16,¥),  (7,y) € X2 X Yy

We emphasize that the value T'(1® f)(z, y) does not depend on z € Xj.
Thus, we define @ : C'(Y1) — C(Y3) by

O(f)(y) =TA @ [)x,y) = h1g,u)f(T15,Y))



174 8. LOCAL MAPS

for every f € C(Y}) and y € Y. We prove that & is linear. Since T is

linear, we have
(f+9)y)=TA (f+9)(r,y) =TA® f+1®g)(r,y)
=TA® f)(z,y) +TA@g)(z,y) = 2(f)(y) + P(9)(y),
and
PAf)(y) =TA@Af)(2,y) =TA1® f))(z,9)
=AT(A® f)(x,y) = A0(f)(y)

for every f,g € C(Y1), A € C, x € X5 and y € Y3. Thus @ is linear.
Let f € C(Y1). We define @ : C(Y;) — C(Y3) by

D(9)(Y) = "1g;(W)9(T15,y), yEY2

for every g € C(Y1). We get @y is a surjective linear isometry by the
Banach-Stone theorem. Thus @ is a linear map and for every f € C(Y})
there exists a surjective linear isometry ®; such that ®(f) = ®¢(f),
that is, ® is a locally surjective linear isometry from C(Y;) onto C(Y3).
The assumption that the group of all surjective linear isometries from
C(Y7) onto C(Y>) is algebraically reflexive ensures that ® is a surjective
linear isometry from C(Y7) onto C(Y2). The Banach-Stone theorem
asserts that there exists a homeomorphism 7 : Y2 — Y] and h € C(Y3)
with |h| =1 on Y5 such that

T f)(z,y) =2(f)y) = h(y) f(T(y))

for all f € C(Y}) and (x,y) € Xs x Y5. Moreover by the assumption
that 7(1) = 1, we have h(y) = 1 for every y € Y;. This implies

(2.9) T(1® f)(z,y) = f((y))
for every f € C(Y1) and (z,y) € X3 X Y.

Let g € Lip(X;). Substituting F' = g ® 1 in (2.8), we get

T(g®1)(7,y) = hye1(¥)g @ L(pye1 (T, Y), 7,61 ()
= h,1(1)9(¢,51(7,9), (z,y) € X2 x Vs
for every g € Lip(X;). Fix y € Y5. We define U : Lip(X;) — Lip(X»)
by
U(g)(z) =T(g®1)(z,y) = h,e1(Y)9(¢,e1(7,y))
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for every g € Lip(X;) and x € Xp. Since ¢ o1(+y) : X2 = Xiis a
surjective linear isometry and |h g1 (y)| = 1, the map W is a locally
surjective linear isometry. By Theorem 8.1, W is a surjective linear
isometry from Lip(X;) onto Lip(X,). By Corollary 15 in [42] there
exist a surjective isometry ¢(-,y) : Xo — X and a complex number
a(y) with unit modulus such that

T(g@1)(z,y) = ¥(g)(z) = aly)g(e(z,y))

for every g € Lip(X;) and z € X,. In addition by the assumption that
T(1) =1, we deduce

a(y) = a(y)l(e(z,y) = TA)(z,y) =1

for every y € Y5. This shows that

(2.10) T(g®1)(z,y) = g(p(z,y))

for every (z,y) € Xy x Ya. By (2.8), we have
[T(F)]loo = 1 ¥l o0

for all F' € Lip(X;,C(Y1)). For any ¢ = 1,2, Lip(X;, C(Y;)) is a linear
subspace of C'(X;xY;) which separates the points of X;xY; and contains
the constant functions. Applying Theorem 1 in Novinger [97], since

T(1) = 1, there exists a surjective continuous map
¢ : Ch(T'(Lip(X;1,C(Y1)))) — Ch(Lip(X;,C(Y1))) such that

(2.11) T(F)=Fo¢

for every F' € Lip(X1, C(Y7)), where Ch(-) denotes the Choquet bound-
ary (cf. [97, 102]). We show that Ch(7T'(Lip(Xi,C(Y1)))) = Xa x Ya.
Let (xo,y0) € X2 X Ya. Suppose that p is a probability regular Borel
measure on Xy X Yo such that F(xg,y0) = fxngz Fdy for each F €
T (Lip(Xy,C(Y1))). We prove u(S) = 1 for every Borel set S in Xs x Y5
which contains (zg,v0). It will follow that p is the Dirac measure
at (xo,y0), and (xo,y0) € Ch(T(Lip(Xy,C(Y1)))) by [102, Proposi-
tion 6.2]. Let S be an arbitrary Borel set of Xy x Y5 which con-
tains (zo,v0). As p is a regular measure on a compact set, we may
suppose that S is an open set. Under the natural projection 7 of
Xy x Yy onto Ys, we have 7(S) is an open set of Y. Since y € 7(S),
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there exists f € C(Y3) such that |f(vo)] = [|fllee and |f] < ||flloo
in Y5\ 7(S). We denote 0 € [0,27) by f(yo) = €?|f(yo)|. More-
over we define g € Lip(X3) by g(x) = max{1 — d(z, x),0}. We define
F € Lip(X5,C(Ys)) by F =e¥g®1+1® f. By (2.9) and (2.10), since
T(%gop @1 +1® forl)=F, we get F' € T(Lip(Xy,C(Y1))).
We have

1Flloe = €99 © 1+ 1@ flloc < llglloo + 1 Flloc = 1+ 1| Fllos:

and

[F (w0, 90)| = le”g(x0) + f(yo)| = |e”g(wo) + €| f(wo)l] = 1 + [ flloc-
Thus we get
[Flloe = 14 [[fllec = [F(0,30)]-

In addition, if |e?g(z) + f(y)| = |F(z,y)] = 1 + || f]|ls then we have
r =g and y € m(95), thus (z,y) € {zxo} x 7(S) C S. Therefore we get
(z0,90) € {(2,y) € Xo x Ya;|F(2,y)| = | Fll} C S.

Suppose that (X x Y3\ S) # 0. Then

|Flle = [Fleowo)l =| [ Faul < / \Fldu + / \Fldy
XQXYQ S XQXYQ\S

< WPleu()+ [ |Fldu

XoxYa\S
< HFHOO:U'(S) + ||F||00H(X2 X Yo \ S) = ||F||OO7
since

[ Il < [l x 2\ 9
XQXYQ\S

by the assumption p(Xs x Y5\ S) # 0. We arrive at a contradiction.
This shows that u(Xs x Y2\ S) = 0 and u(S) = 1. We obtain that
every Borel set which contains (g, yo) has measure 1. By Proposition
6.2 in [102], (x¢, yo) is in the Choquet boundary of T'(Lip(X;, C(Y1))).
Thus we conclude that Ch(7'(Lip(Xy,C(Y71)))) = X2 x Y. By (2.11),
T is an algebra homomorphism. By (2.9) and (2.10), we have
T(g@ f)lx,y) =T(g@1)(z, )T & f)(z,y)
= g(e(z,y)) f(T(y))
= (9@ ez, 9),7(y))
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for every g € Lip(X3) , f € C(Y}) and (x,y) € X, x Y5. For any
F € Lip(X,) ® C(Y1), F is represented as follows:
F=Y0® [
with some ¢; € Lip(X;) and f; € C(Y;) for n € N. Thus we have
T(F)(x,y) = 52T (9: @ fi)(2,y)
= X1 (9: @ fi) (2, y), 7(y))
= Fp(z,y), 7(y))

for every (z,y) € Xy x Ys. Since T is isometry with || - || and
Lip(X;, C(Y;)) is a subset of the closure of Lip(X;) ® C(Y;) with || - ||,
we conclude

T(F)(z,y) = Fle(z,y),7(y))
for F' € Lip(X;,C(Y1)) and (z,y) € Xo x Y5 in the same way as in
(98, Theorem 1]. Finally we prove that the map ¢ : Xo X Yo — X is
continuous. Let (zg, o) € Xa X Ys. We define ¢g € Lip(X;) by

9(2) = d(z, v(x0, Y0))

for every z € X;. We have

d(p(x,y), ¢ (x0,50)) = 9(#(x,y)) — g(#(w0,0))
=T(g@1)(z,y) = T(g © 1) (0, yo)-
Since T'(g ® 1) € Lip(Xs, C(Y3)) C C(Xs X Ys), for every € > 0, there
exists G which is a neighborhood of (zg,79) € X2 X Y3 such that if
(x,y) € G then we have

T(g®1)(z,y) — T(g @ 1)(x0,%)| < e

Hence we have

d(e(z,y), (20, 90)) = [T(9 @ 1)(z,y) — T(9 ® 1)(x0,Y0)| < €.

It follows that ¢ : X5 x Y5 — X is continuous. By Corollary 4.14, we
have T is a surjective linear isometry. O

Molnér and Zalar [92, Theorem 2.2] proved that if € is a first
countable compact Hausdorff space, then the group of all surjective

isometries of C'(Q2) onto itself is algebraically reflexive.
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3. The group of surjective isometries on a Banach algebra of
Lipschitz maps whose values are in M, (C)

Let M,,(C) be the C*-algebra of all n x n matrices with the complex
entries. If ® is a linear isometry on M, (C), then ® is injective. Since
M,,(C) is a finite dimensional vector space, we have ® is also surjective.
Hence the group of all surjective complex linear isometries on M, (C)

is reflexive.

THEOREM 8.3. Let X; be a compact metric space for i =1,2. The
group of all unital surjective linear isometries from Lip(Xy, M, (C))
onto Lip(Xa, M,,(C)) is algebraically reflexive.

PrOOF. Let T : Lip(X;, M, (C)) — Lip(Xs, M,(C)) be a locally
unital surjective linear isometry. For any A € M,,(C), by Theorem 6.9,

T @A) (2) =T15,(1 @ A)(2) = Prga(4),
where ®q. . is a surjective linear isometry on M,(C). We define & :
M, (C) — M,(C) by ®(A) = &1, ,(A) for every A € M,(C). It follows
that ® is a locally unital surjective linear isometry on M,,(C). Then
®: M,(C) — M,(C) is a surjective linear isometry such that

(3.1) T A)(r) = Prg,(A) = 2(4)

for every x € Xy and A € M, (C). Let E;; € M,(C) denote the matrix
with all 0 except at the position ij where it should be 1 for every
1 < 4,5 < n. The collection of {E;;}1<; <, is a basis for M, (C) as
a linear space. Since ® is a surjective linear isometry, we have that
{®(Eij) }1<ij<n is a basis for M, (C), too. Let ki, ks € {1,--- ,n} and
x € Xy. For any g € Lip(X3), since T(g ® Egx,)(x) € M,(C), there
exists complex numbers {)\fl ko (T) }1<ij<n such that

(3:2) T(9 & Epyy) (1) = zi,jAg,w(x)@(EU).
Let i,5 € {1,--- ,n}. We define the map 67/ (ko) - LIP(X1) = C by
52g€1k2 x (g) = )\,Z;Jlkz (x)

for every g € Lip(X;). By (3.2), it follows that
(3.3) T(9 & Bryr) () = Zi 3001, 1.0 (9)P(Ei)-
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For any g1, g2 € Lip(X3), we have
T((g1+ 92) ® Eur) (%) = i j0(3, 4, 0 (01 + 92) P(Eiy)

and
T((91+ 92) ® Epyiy) () = T(91 @ Eyiey)) (1) + T(g2 @ Epyry) ()
- 2115&11@ x) (gl)CI)(E~) + X ]53@1]@2 (92)(I)(Eij)
(51191/@ ,1;)( ) 52%11@2 z) (92))¢)(Eij)‘

As {®(E;j) }1<ij<n is a basis, we obtain
5?]{71]?2,:&) (gl + 92) = 5E£1k2,m) (gl) + 622:1/62@) <g2)

for every i,7 € {1,--- ,n}. For any A € C and ¢ € Lip(X;), we have
T(Ag © Ejur)(%) = S0 41, ) (A9) @ (Eiy)

1,5 (klk:Q I
and
= \Y; (ﬂlkw (9)Q(Ei;) =%, )\5%1,{32’ )(g)CI)(Eij)

This shows that
5@11@ ) ()‘g) = \j] (k1ka,z) (9)

fori,7 € {1,--- ,n}. Since T is a locally unital surjective linear isome-
try, for every F' € Lip(Xy, M, (C)) there exist a surjective linear isom-
etry ®r on M,(C) and a surjective isometry ¢p : X5 — X7 such that

T(F)=Tp(F)=®p(Foypp).
Therefore we have

[T Flloc = [®r(F 0 @r)lleo = [[F 0 @rlloc = | F]loc-

If follows that T is an isometry with || - [|». Moreover since M, (C) is
of a finite dimension, every norm on M, (C) is equivalent to each other.
Thus for g € Lip(X;) we have

10k kn) (D] < Ziil600 1y (9] < MIT (g © i) ()|
< M|lg ® Epyrylls = M|gllsl| Bkl

for some M > 0. Thus 62?;1,?2@) is a bounded linear functional on
Lip(X7). Let g € Lip(X;) be an invertible. Then we have g(x) # 0
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for every x € X;. We shall prove that 5?;1’“,3271) (9) # 0. Aiming for a

contradiction, suppose that 68;1]"’,32 o) (9) =0. Let 1 <4,j <n with i #

ki and j # ke and complex numbers «;;, we define ' € Lip(X;, M, (C))
by

F=g® Ep gy + Ytk j2koij1 @ Ejj.
Since {Ej;}1<ij<n is a basis, we have F(x) # 0 for all x € X;. Thus
for every x € X5 we have

T(F)(z) = @r(F(er(z))) # 0,
since @ is a surjective linear isometry on M, (C) and pp : Xo — X is

a surjective isometry. On the other hand, the hypothesis 5&332 2) (9)=0

implies that T'(g®Ej, k,) () is a linear combination of the set {®(E;;) }izk, jzks -
Therefore, there exist complex numbers «;; for 1 <i,7 < n with i # k;
and j # ko such that

T(9 @ Biyky) (%) = Bictry jthy i @(Eij) = Dty jhr i T (1 @ Eij) ().
This implies that
T(9 @ Eiyky — Disthy ko iy @ Eij) () = 0.

We arrive at a contradiction. It follows that 5?1]“2 (9) # 0. In ad-

kiko,x)
dition by (3.2), we have T(1 ® Ejy,,)(z) = ®(Eyx,). It follows that
58;1'“,32 x)(l) — 1. The well known Gleason-Kahane-Zelazko theorem as-

serts that 5?,;1"}32 v 18 multiplicative. Since the maximal ideal space of

Lip(X;) is homeomorphic to X;, there exists g, () € X7 such that
Ok (9) = 9(Priks (). We define Gy € Lip(Xy, My (C)) by
Gh =9 © ik, — S 00 1 ) (9)1 © By
By (3.2), we obtain
T(Gi)(z) =T(9® Egyk, — Ei,jdéilkg,x) (9)1 ® Ejj)(x)
=T(9 ® By (@) = B0y 1) (9) T (1 @ Eij) ()
=T(9® Epp,)(x) — Zi,j(;éizlkg,x) (9)®(Ei)
= 0.

Since T is a locally unital surjective linear isometry, there exist a

surjective linear isometry &g, on M, (C) and a surjective isometry
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v, : X2 — X such that
0=T(Gy)(x)
= 06, (9 ® Eryky — i 0045 (9)1 © Eij) (6, ().
Since @, is an isometry, we have
(92 Eruky = 045y ) (9)1 ® Eij) (96 (x)) = 0.
As {E;;}i; is a basis on M, (C), this implies that

(06, (2)) = (%, 1 (9) =0
and
(3.4) St (9) = 0. i # ki # h
By (3.3) and (3.4) for every g € Lip(X), we get
T(9 @ Brary) (@) = 63252, 0 (9)P(Eryry) = 9( ks () @( By, )

As k is arbitrary,

T(g ® Ekle)(x) = g(gpkllﬁ (I»(I)(Ekl’m)
for every ki, ko € {1,--- ,n}. We now prove that ¢g,r, = @i, even if
ki # 1y or ky # l5. Suppose, towards a contradiction, that there exist
x € Xy and ky, ko, 1,15 € {1,--- ,n} such that
onlkz(x) 7£ Splllz(x)'
We define gi,x, € Lip(X1) and gi,1, € Lip(X1)by

Gk (2) = d(2, Okk, (7))
and
guix(2) = d(z, pu,(2))-
In addition, we define G € Lip(X;y, M, (C)) by
G = Gryky @ Eiyky + Gty © By,
We have
T(G) () = T(griks @ Erykey + 911 © Ep1,)(2)

= gk1k2(90k1k2 (x))(I)(Ek1k2) + gl1l2(901112 (ZE))(I)(E1112)
=0.
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As T'is a locally unital surjective linear isometry, there exist a surjective
linear isometry ®¢ on M, (C) and a surjective isometry ¢g : Xo — X3
such that

T(G) = 6(G o ¢g).
We define z = pg(x), then

0=T(G)(z) = 2c(Glpa(r))) = Pa(G(2)).
Since @ is a surjective linear isometry on M, (C), we obtain G(z) = 0.
Therefore we have
Grrks (2) By ey + G115 (2) By, = 0.

Thus we obtain

Iriks (2) = g1, (2) = 0,
in contradiction with the definition of g, and g;,;, and the hypotheses
of Yk k, () # @1,1,(x). This implies that

Phiky = Plily

for ki, ko, l1,ls € {1,--- ,n}. Thus we define ¢ : Xo — X; by
(10(‘%) = Soklkz(x)
for every ki, ko € {1---,n}. Therefore we have

for every ki, ke € {1--- ,n} and x € X,. By Lemma 7, for every
F € Lip(Xy, M,(C)), F is represented as follows:

F=1%;9;; ® Ejj
with some g¢;; € Lip(X;). Thus we have

(TF)(x) = T(X ;95 @ Eij)(x) = Xi;T (935 © Eij)(x)
= Xi,i9i(p(2))R(Ey) = ©(Zi95 @ Eij(o(x)))
= O(F(e(x)))
for every x € X,. Since T'(1) = 1, we conclude that ¢ : Xo — X is a
surjective isometry in the same way as in proof for Theorem 8.1. By

Theorem 6.9, we have that 7" is a unital surjective linear isometry from



CHAPTER 9
2-local isometry with W;

1. Introduction to 2-local isometries

Motivated by the paper by Kowalski and Stodkowski [69], the con-
cept of 2-locality was introduced by Semrl,who obtained the first re-
sults on 2-local automorphisms and 2-local derivations [110]. Molnar
[87] studied 2-local isometries on operator algebras. Given a metric
space IM; for j = 1,1 an isometry from 9, into My is a distance pre-
serving map. The set of all surjective isometries from 9t; onto My
is denoted by Iso(9Mty,My). We say a map T : My — My is 2-local
in Iso(Mty, M) if for every pair z,y € M, there exists a surjective
isometry 7, , € Iso(M;, My) such that

T(z) =T, y(x) and T(y) = Toy(y).

In this case we say that 7" is a 2-local isometry. It is obvious by the
definition that a 2-local isometry is in fact an isometry, which needs
not be surjective. Hence a 2-local isometry 7" belongs to Iso(9t;, M)
if T is surjective. We say that Iso(9ty, M) is 2-locally reflexive if every
2-local isometry belongs to Iso(9ty, Ms).

If 91, is a Banach space, linearity of the maps are subjects of con-
sideration. Let Isoc (9, 9M,) denote the set of all surjective complex-
linear isometries. There exists a extensive literature on 2-local isome-
tries in Isoc (9, My) and 2-locally reflexivity of Isoc (9%, Mz) (see, for
example, [1, 17, 34, 38, 53, 50, 75, 87|). Note that Hosseini [46]
proved that a 2-local real-linear isometries is in fact a surjective real-
linear isometry on the algebra of n-times continuously differentiable
functions on the interval [0, 1] with a certain norm. She also proved
[46, Proposition 3.2] that a 2-local real-linear isometry defined on the
Banach algebra C'(X) of all complex-valued continuous functions on a

183
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compact Hausdorff space X with additional hypotheses that it is sep-
arable and first countable is in fact a surjective real-linear isometry on
C(X). We note that the situation is very different for the problem of
2-local isometry.

In this dissertation we study 2-local reflexivity for Iso(9t;, M,) and
we consider the question whether every 2-local isometry necessarily
belongs to Iso(Mty,M,) where M; is a certain spaces of continuous
functions.

In the remaining of this chapter E; is a subspace of C'(X;) which
contains the constant functions and separates the points of X,. For
c € C we write the constant function which takes the value ¢ by c¢. We
assume that the norm || - ||; is defined on Ej; (not necessary complete)
and it satisfies that ||c[|; = |c| for every ¢ € C. We assume that E;
is conjugate closed in the sense that f € E; implies f € E;, and that
Ifll; = Ifll; for every f € E;. For an e € {1} and f € Ej, [f]° = f
if e=1and [f]°= fif e = —1. Let M(E, E,) be the set of all maps
from FE) into E5. Note that we say a map is a surjective isometry if it
is just a distance preserving map, we do not assume complex nor real
linearity on it. We abbreviate Iso(£}, E;) by Iso(E;). Let II denotes a
non-empty set of (not always all) homeomorphisms from FE, onto Ej.

Let

Gu(FE1, Ey) = {T € M(E1, E5) : there exists A € Es,
a € C of unit modulus, 7 € I, and € € {£1}
such that T'(f) = A + a[f o 7| for every f € E;}.

We abbreviate G (E;, E;) by Gn(E;). We usually abbreviate Gr(E1, Es)
by Gn if By and E; are clear from the context. Let Idjp = mp :
[0,1] — [0,1] be the identity function and 7, = 1 — Idy. Put
Iy, = {m,m}. Kawamura, Koshimizu and Miura [60] (cf. [84])
proved that G, (C'0,1]) = Iso(C[0,1],] - ||) with respect to sev-
eral norms including || - ||s, we will show later that Gp,(Lip[0,1]) =
Iso(Lip[0,1]), | - [Ix2), where || f||s = || flloc + L(f) for the Lipschitz con-

stant L(f) = supm/%, f € Lip[0,1]. Note that f" exists and
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f e L>[0,1] and || f'||oc = L(f) for f € Lip[0,1] (cf. [35]). Let

W;={fekE;:if §:C — Cis an isometry
and S(f(X;)) = f(Xj), then S is the identity function}.

Suppose that S : C — C is an isometry. It is well known that there
exists a,b € C with |a| = 1 such that S(z) = b+ az, (z € C) or
S(z) = b+ az, (z € C). The first case of S is a parallel translation
by bif a = 1 and S is a rotation around b/(1 — a). Hence there is no
fixed point if @ = 1 and b # 0, and b/(1 — a) is the unique fixed point if
a # 1 for the first case. For the second case, denoting one of the square
root of a by a%, S is a symmetric translation with respect to the line
t — a2t + i(Im(a2b)/2) (t € R) followed by the parallel translation
by Re(azb)/2) to the direction of az. Hence the fixed points exist and
they are all the points on line ¢ — a2t + i(Im(azb)/2) if and only if
Re(azb)/2) = 0. We will prove that W, for E; = C*0,1] is uniformly
dense in C[0, 1] (see Proposition 9.3).

LEMMA 9.1. If T € 9 is 2-local in Gy N Iso(Ey, Ey), then T is an
isometry with respect to the metric induced by the norm || - |;; |T(f) —
TPz = |If = glli for every pair f,g € Ey. The map T is also an

isometry with respect to the supremum norm || « ||oo-

PROOF. Let f,g € E;. Then there exists Ty, € G N Iso(Ey, Es)
such that

(1.1) T(f) =Trg(f),  T(9) = Trg(9)-
As T}, is an isometry we have

IT(f) =Tz = 1Trg(f) = Tra(@ll2 = If = gll-

Thus T is an isometry. As Ty, € GuNlso(E1, E») there exists Ay, € E,
ayy € C of unit modulus, 7 € IT and €7, € {£1} such that

(12) Tf’g(h) = )‘f,g -+ Oéﬁg[h ¢} 71']67 h e FE;.
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Then by (1.1) and (1.2) we observe that

IT(f) = T(9lloe = [Trg(f) = Trg(9)lloo
= [layglf oml® — apglg om0
= [[f or]* = lgom)e = lf = gll
since 7 is a surjection. Thus T is an isometry with respect to the

supremum norm. O

PROPOSITION 9.2. Suppose that T € M is 2-local in GyNIso(Ey, E»).
Then there exists € € {£1} and o € C of unit modulus such that for
every f € Wy there exists a homeomorphism m; € 11 such that

T(f) =T(0) +alf omy]".

Note that if we proved that 7, did not depend on f, then the map
T were surjective, hence T' € Iso(Ey, Ey) by the Mazur-Ulam theorem.
But it is not the case in general (cf. [38, Theorem 2.3]); GnNlIso(Ey, Es)

needs not be 2-locally reflexive in 9.

PROOF OF PROPOSITION 9.2. Put Ty = T — T'(0). We infer by
a simple calculation that Ty is 2-local in Gy N Iso(Ey, Fy). Let h €
E,. Since Ty is 2-local in G N Iso(Ey, E»), there exist T, € G N
Iso(Er, Eq), Ao € Ea, a0 € C with |apg| = 1, a homeomorphism
Tho : X2 = Xo and €, € {£1} such that

(13) To(h> = Th,()(h) = >\h,0 + ah,g[h e} Wh’o]ﬁh,o’
0="T0(0) = Tho(0) = App.

Note that T}, is represented by T 0(-) = a0l 0 mh0)"° on E;. Hence
Ao = 0 and

(1.4) To(h) = anolh o mp ] ™.
In particular, if h = ¢ € C, then
To(C) = Oéc?O[C]eh’O.

Thus we obtain 7y(C) C C. For every pair ¢,d € C, here exists 1.4 €
G N Iso(Ey, Es) such that

To(c) =T.a(c), To(d) =T,q(d).
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As T, 4 € Iso(E1, Ey) we infer that
To(c) = To(d)| = [[To(c) — To(d)]
= [Tealc) = Teald)]l2 = [lc = d[ly = |¢ —d].
As ¢, d are arbitrary, we have that Ty|c : C — C is an isometry. Ap-

plying a well known result about the form of an isometry on C, there

exists an « € C such that

(1.5) To(z) = az, z€C,
or
(1.6) To(z) =az, zeC.

Put T} = a[Tp]¢, where ¢ = 1 if (1.5) holds and € = —1 if (1.6) holds.
Since FEs is conjugate closed, 77 is well defined in the second case.
Since || fll2 = ||f|l2 for every f € Es, it is a routine work to see that
Ty is 2-local in Gy N Iso(E4, Ey). By the definition of 77 we infer that
Ti(z) = z for every z € C. We will prove that for every f € W; there
exists a homeomorphism 7 : Xy — X such that

Ti(f) = fomy.
If it is proved, then we have
T(f) =T(0) + aff o m]",
the desired form.
Let f € Wy and ¢ € C. As Ty is 2-local in Gy N Iso(Ey, Es),

there exists Af. € Ey and ay. € C of modulus 1, a homeomorphism
Tre: Xo — Xq, and €7, € {£1} such that

(17) TO(f) = Tf,c(f) - )\f,c + af,c[f © ﬂ—f,c]gf’ca

(1.8) c=To(c) = Ape+ apcle]e.
By (1.8) we infer that ;. is a constant. By comparing (1.4) for f with
(1.7) we get

arolf om0 = Ape+ apelf ompe],

hence

€f,0

(1.9) fomo = [@roAse+ Aroayelf ompel]
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Considering the range of the both side of (1.9) we get

(1.10) F(X3) = [@poAse +apoose[f(Xp)] ]

We have four possibility depending on (i)eso = 1 and €7 = 1; (ii)efo =

land e, = —1; (ili)efg = —land €. = —1; (iv)egg = —land €f. = 1.

Then we have that at least one of the following (i) through (iv) holds.
(1) (X)) =@FoAse +apoaref(Xy);

(i) f(X1) = roAse + Opopef (X1);

(i) f(X1) = apodse + apotref(X1);

(iv)  f(X1) = arorse + arotpef(X1).
corresponding to the cases (i) through (iv) respectively. Let S; : C — C
be defined by S1(z) = @ro)se + Qrosez, 2 € C; Sa(2) = apodyse +
o0z, 2 € C; S3(2) = apodse + polrez, 2 € C; Sy(2) = apolse +
a0z, 2 € C. Then §; is an isometry on C for j = 1,2, 3, 4. Using 5
we rewrite (i) by f(X1) = S1(f(X1)), (ii) by f(X1) = S2(f(X71)), (iii)
by f(X1) = S3(f(X1)) and (iv) by f(X1) = Su(f(X1)). As f € W,
we see that (ii) and (iv) do not occur. We have ajgA;. = 0 and
oo = 1 for the case (i). Hence A\, = 0 and oy = ay, in this case.
In the same way we have Ay = 0 and oy = oy, for the case (iii). We

conclude that only (i) or (iii) occur, and in any case
/\f,c =0 and Qro = Qfc.
To prove ayo =1, put ¢ = 1. Then (i) or (iii) occur. If (i) occurs,
then
1=Tp1)=T;1(1) = ;11 = ayol.
If (iii) occurs, then
It follows that
(1.11) ape = 1.

Next we prove that (iii) does not occur for any ¢ € C and €7 = 1.
Suppose that (iii) occurs for some ¢y € C. Then we have

co = To(c) = Ty (co) = ageCo = ayoCo = Co.
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Hence ¢q is a real number. We also have

(112) TO(f) = Tf,co(f) = f O Tfeo

since oy, = apo = 1. On the other hand, (iii) does not occur for ¢o+1
since ¢g + 7 is not a real number. Thus (i) occurs and

(1.13) To(f) = Tf:CO+i(f> = [ © T coti-

It follows by (1.12) and (1.13) that

f(X1) = f(Xy),

which is a contradiction since f € W;. We conclude that (iii) does not

occur for any ¢ € C. It follows that only (i) occurs, hence we have
(1.14) €0 = 1.
Then by (1.4) for h = f we have

To(f) = Tro(f) = f o mso.

Letting 7y = ¢ we have the conclusion. O

2. Spaces of continuous functions on [0, 1]

In this chapter A; (j = 1,2) is a subspace of C|0, 1] and a superspace
of €0, 1], the space of all complex-valued continuously differentiable
functions on the interval [0, 1]. We assume that A; is conjugate-closed
in the sense that f € A; implies f € A;. Suppose that a norm || - ||

such that |c| = ||c||; for every ¢ € C is defined on A;. We assume that
I£1l; = IIfll; for every f € A;. We do not assume the completeness
of || - [|;. The space A; satisfies the conditions for £} in the previous

section. The difference between A; and E; is that A; is defined on
0,1] and we assume that C*[0,1] C A;. The spaces (C'[0,1], | - [|s),
(01[07 1]a H ’ HM)v (Lip[o, 1]’ ” ) ||E)> (Lip[O’ 1]7 H ) ”M) and (0[07 1]7 H ) ”OO)
are typical examples of A;. Recall that 7 is the identity function on
0,1] and m = 1—mg, Iy = {mo, m }. Kawamura, Koshimizu and Miura
[60] studies the space C[0, 1] with a variety of norms including || - ||
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and || - ||as. Recall that

W;={fe€A;:if §:C — Cis an isometry
and S(f(X;)) = f(X;), then S is the identity function}.

Put P = {p +iq :p and ¢ are polynomials of real-coefficients}. Many
polynomials are in Wi, but some are not. For example (t — %)4 +i(t —
%)3 ¢ Wi. We do no know if P N W is uniformly closed in P or not.
We have that following. Let cl(-) denote the uniform closure on [0, 1].

PROPOSITION 9.3. We have P C cl(Wy). Hence cl(W;) = C|0, 1].

PRrOOF. Let f = p+iq € P and € > 0. If p is not a constant,
then put p. = p. If p is a constant, then put p. = p + emy, where m
is the identity function on [0,1]. Let [ be any positive integer greater
than both of the degree of p and ¢q. Put ¢. = ¢ + eml. Then p. is not
a constant and there is no pair of complex numbers ¢ and d such that
p. = cq-~+d since the degree of the each side of the equation is different.
We prove that p. + ig. € cl(W;). Then p + iq € cl(W;) follows since
Pe + iq. uniformly converges on [0, 1] to p + iq as € — 0.

Since p. is a non-constant polynomial, there exists a positive integer
myg such that pl(L) # 0 for every m > mq. Let m > mg. Put

m

(
fm(t) = +Pe (%
(pe + ¢2)(), -

)

t
t

— 3=

St<
<t<

)
)
where

w(t):{o, 1 t=0

t3sin?, 0<t<l

Then f,, € C[0,1] for every m > myp. It is a routine work to prove
that f,, converges uniformly to p + iq on [0, 1] and a proof is omitted.
We prove that f,, € Wi for every m > my.

Let K be a real number. We look at the number of the points ¢
on [0, 1], where f,,(t) is a tangent point of a tangent line of f,,([0, 1])
whose slope is K. The curve f,,(]0,1]) has a tangent line of the slope
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K at the tangent point f,,(t) if and only if
Im f,(t 4+ 6) — Im f,,(¢)

K= 5250 Re fm(t+06) — Re fru(t)
Suppose that 0 < t < W% Since Re f,(t) = p. (%) (t — —) + pe (m)
and Im f,,(t) =w (£ —t) + ¢ (L) (¢t = L) + ¢. (&), we have
i S 40) — ful®) Gy 1)+ () L
(lslgcl) Re fi(t +96) — Re fm(t) P (%) Osts m

Hence the curve f,,(]0,1]) has a tangent line of the slope K at the
tangent point f,(¢) for 0 < ¢ < L if and only if

(2.1) il Gl t) teGn) g

P ()

If K # = 4 (5) the number of such points 0 < ¢ < -- is at most finite.

()

(L) (L
(The reason is as follows. Suppose that > E g # K = (";/ (t)l‘SQe(m)'
Then "

e i) () (58 )

On the other hand, a simple calculation shows that

(k)=o)

We have p. (1) <q€(m) — K) # 0 sincce () # K. By (2.3) there is

)
no t < + with
m

() (5 -

such that (2.2) holds. It is easy to see that the number of t > 0 with

() (5 -7)

(1
such that (2.2) holds is at most finite.) On the other hand if K = %,

then by (2.1) we infer that w' (= —¢) = 0. By a calculation, for every

(2.3)

1 t<1
m 4

1
< ——1
m

1
4

positive integer k there exists a unique k7 < s, < km + 7/2 such that
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— i we have w’ (% — tk) = 0. Thus

1
m

w’ <i) = 0. Letting t;, =

/(1
K = ng g for 0 <t < - L if and only if ¢ = t;, for some positive integer

k. Asw'(0) = 0, we see that w' (£ —t) = ZfET; if t = =. We conclude
that the set of the all points in f,,([0, £]) at which f,([0,1]) has a
(L
tangent line with the slope ng—Tg is {fim(tn) >N U {fm (%)}, where
N:min{k : % >tk}.
Suppose that = < t < 1. We have Re f,,,(t) = p.(t) and Im f,,(¢) =
¢-(t). Therefore we have
Im fr,(t +0) —Im fi,, (1)  q=(t +0) — q(t)
Re fi(t+0) — Re fin(t)  p(t+8) — p(t)
Hence the curve f,,([0,1]) has a tangent line of the slope K at f,(t)
for % <t < 1if and only if
- q-(t+0) — q-(t)
50 pe(t + 0) — pe(t)
If p.(t) # 0, then qf ) — K. The number of such points ¢ € (L,1] is

®
at most finite. Suppose not. Then ¢.(t) = Kp.(t) for infinitely many ¢,

hence ¢, = Kp.. on the interval ([-1, 1] since p. and ¢. are polynomials.
It follows that q. = Kp. + ¢ for some ¢ € C, which contradicts to our
hypothesis on p. and g.. We obtain that the number of ¢t € (%, 1]
such that ant; K is at most finite. The number of ¢ € (%, 1] such
that pL(¢) = 0 is at most finite since p. is a polynomial. We conclude
that the number of point ¢ such that f,,([0,1]) has a tangent line of
the slope K at f,,(t) is at most finite. In a way similar we see that the
number of ¢ € (+,1] such that f,,([0,1]) has a tangent line at f,,(t)
which is parallel to the imaginary axis is at most finite. If pL(t) # 0,
then f,,,([0,1]) has a tangent line which is not parallel to the imaginal
axis. Hence if f,,([0,1]) has a tangent line with a tangent point at
fm(t) which is parallel to the imaginary axis, then p.(¢) = 0. Thus the
number of such points is at most finite.

1
We conclude that for a real number K ;é (’") the number of

t € [0, 1] such that f,,(]0,1]) has a tangent line of the slope K at f,(t)
is at most finite; the number of ¢t € [0,1] such that f,,([0,1]) has a
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tangent line which is parallel to the imaginal axis at f,,(¢) is at most
finite; the number of ¢ € [0, 1] such that f,,([0, 1]) has a tangent line of

(1
ng’?; at f,n(t) is countable, the number of such t € (X, 1] is
at most finite, say {t_, },_, there is a sequence {t; };>n in [0, 1) of such

the slope

points that converges to -. Denote them as {t;} = {tx}r>n U {too =
Ly U{t

Suppose that S : C — C is an isometry such that S(f,([0,1]) =
fm([0,1]). We prove that S is the identity so that f,, € W. Since
there are a,b € C with |a| = 1 such that S(z) = b+ az, z € C or
S(z) = b+ az, z € C, S(f;) and S(¢3) are parallel for every pair of
parallel lines ¢; and /5 in C. Thus the parallel tangent line at {¢;} are
translated by S as a parallel tangent line. Hence we get

{S(fm(tk))} = {fm(tk)}

As S is an isometry the unique cluster points t., of {¢;} translates to
too by S; S(toe) = too. As {fm(t_)}. _, is discrete, there is a positive
integer M such that {S(fm(tx)) s C {fm(te) bi>n. Hence if n > M,
then there is an n; > N such that

‘fm(tOO) - fm(tnﬂ = |S(fm(t00)) - S(fm(tn))| = |fm(t00) - fm(tn1)|
If n,n; > N and n # ny, then by the definition of ¢, and ¢,,, we have

[fm(toe) = frn(tn)| 7 | fin(too) = fon(tn,)]-

It follows that ¢, = t,,. Since S : C — C is an isometry, the set of the
fixed point of S is empty or a singleton or points on a straight line if S
is not the identity. As {f(tn)}n>n 18 a set of fixed points which are
not on the line since w (% — tn) > 0 when n is an even number and
w (W% - tn) < 0 when n is an odd number. Thus we conclude that S is
an isometry.

By the Weierstrass approximation theorem we see that cl(W;) =

Co,1]. 0
THEOREM 9.4. Gy,NIso(A1, Ay) is 2-locally reflexive in M (A1, Ay).

PROOF. Suppose that T' € M (A, Ay) is 2-local in Gp,NIso( Ay, As).

Then by Proposition 9.2 there exist an o € C of unit modulus and
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€ € {£1} which satisfies that for every f in W, there exists a 7y € I,
such that

T(f)=1(0)+ aff omy]".
We prove that 7 is independent of f € W;. Let T} € M(A;, As) be
defined by
Ti(h) = [@(T(h) —T(0))], he A;.
Then T} is 2-local in G, NIso(Aq, As). As in the same way in the proof
of Proposition 9.2 there exists a Ty € G, N Iso(A;, As) such that

(2.4) Ty(f) =Tro(f) = fom

for every f € Wi. Let € > 0 is given. Then g. = 7y + iema € Wi.
Hence there exists T,_o € Gy, N Iso(A4;, A2) and 7. € I such that

(2'5) T (ga) = Tge,o (ga) = Je O Tle.

Note that T, ,(h) = hom, for every h € A; by the proof of Proposition
9.2. (In fact, due to the note just after (1.3) we have Ty, o(h) = ay_,[ho
Ty o) for h € Ay, As g. € Wy, we have by (1.11) and (1.14) and
letting 7,_, = 7. we have T,_,(h) = hon, for every h € A;.) We prove
that there exists an € > 0 such that 7. = 7. for every 0 < g,&’ < &q.
Suppose not. Then there exist sequences {e, } and {e/,} of positive real
numbers which converge to 0 respectively such that 7., # 7., for every
n. By Lemma 9.1 77 is a isometry with respect to || - ||oo, hence we

infer that

173(9e.) = Ta(ep)lloe = 1192 = e lloo = llen — &, = 0

as n — 0o0. On the other hand, as 7., # 7. for every n we have

HTl(gsn)_Tl(g:z)”oo = ||gsno7ran_gsgo7rs’n”oo > ||7T€n_776’n||oo_5n_5:z — 1

as n — oo, which is a contradiction proving 7. = 7. for every 0 <
g,&’ < gq for some positive 5. Put the common 7, as 7. Letting e — 0
in (2.5) we get

T1(7T0) = Mo O T.

We prove that
(2.6) Ti(f)=fom
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for every f € W. We show a proof for the case where m = 7. A proof
for the case where m = m; is similar, and is omitted.

If T1(f) = f for every f € Wi is proved, then it turns out that 77 is
a surjective isometry. The reason is as follows. For a sufficiently small
positive e, we have proved m. = 7y since we assume ™ = m in (2.6).
Then T, , = Ty on W;. Proposition 9.3 asserts that W; is uniformly
dense in C[0, 1], hence in A;. As T} is continuous with respect to || - ||o
by Lemma 9.1, we conclude that T} = T, o on A;. Since T, is a
surjective isometry we conclude that 7T} is a surjective isometry. We
prove that T1(f) = f for every f € Wj. To prove it, suppose that there
exists a fo € Wi such that T1(fo) # fo. Then by (2.4) we have

(27) Tl(fO) = f() O Ty,

As Ty is 2-local in G, NIso(Ay, As), there exists a Ay, -, € Aa, Ofy ry €
C of unit modulus and €, », € {££1} such that one of

(2'8) fO oTm = Tl(fo) = )‘fo,ﬂ'o + & fo,m0 [fo]efomo,

To = T1(7T0> = )\fOJl'O + Qom0
and
(29) fO oM = Tl(fO) = )\fo,ﬂ'o + afo,ﬂo [fO o 7rl]€f0’7r07

To = Tl(ﬂo) = )‘fo,ﬂ'o T Qo me T

holds. Thus
(2'10) )‘f077r0<t) - (1 - a/foﬂro)ta S [07 1]
when (2.8) occurs and
(2'11) /\foﬂro (t> - (1 + Oéfoﬂfo)t — Qfy,mo> te [07 1]

when (2.9) occurs.

We will prove that both of (2.8) and (2.9) are impossible. Suppose
that (2.8) occurs. Rewriting the first equation of (2.8) using (2.10) we
get
(2.12)

fO(l - t) = (T1<f0))(t) = (1 - afoﬂro)t + Qfymo [fo(t)]efo,r(), te [07 1]
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Suppose that o, -, = 1. Then

(2.13) fo(l—1t) = fo(t), t€]0,1]
(2.14) fo(l—1) = fol(t), te[0,1].

If (2.13) holds, then (T1(fo))(t) = fo(1 —t) = fo(t), t € [0,1] by (2.7),
which is against to our choice of fy. Thus (2.13) does not hold. Suppose

that (2.14) holds. Then fy([0,1]) = fo([0, 1]) holds, which means that
fo € Wi. Thus (2.14) does not hold. It follows that a g, -, # 1. Suppose
that e, , = 1 for (2.12). Then we have

(2'15) fo(l - t) = (1 - OéfoﬂTo)t + afo,ﬂ'of0<t)7 te [07 1]'

Changing 1 — ¢ by t we have

(2.16) fo(t) = (1 — apym ) (1 —t) + gy mo fo(1 —1), t€[0,1].
Applying (2.15) we have

(2.17)

Jo(t) = (L=atgomo ) (I=t)F gy mg (1= gy mo )t + gy mo fo(£)) - £ € [0,1].
As oy, », # 1 we infer that

(218) (1 + O‘foﬂro)fO(t) =1- (1 o afo,ﬁo)tv te [07 1]

If afyn, = —1, then we have that 0 = 1 — 2¢ for every ¢ € [0, 1], which
is a contradiction. Hence ay, », # —1. Then by (2.18) we have

1 (1 — af T )
fo(t) = - 00t te0,1].
O( ) (1 + Oéfoﬂro) (1 + O‘foﬂro) [ ]

Hence fo € Wi, which is a contradiction. Suppose that €y, r, = —1 for
(2.12). Then we have

(2.19) fo(L—1) = (1 —apm)t +agpmfo(t), tel0,1].
Substituting 1 — ¢ by ¢ in (2.19), we have
(2'20) fO(t) = (1 - afoﬂro)(l - t) + afo,ﬂofo(l - t)a te [Oa 1]'

Substituting (2.19) in (2.20) we get
(2.21)

fO(t) = (1 - afomo)(l - t) + afo7ﬂo(1 - afo,ﬂo)t + afomof0<t)7 te [07 1]'
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Hence we get

0= (fuma(I = agym) = (L= Q) ) t+ (1= agy), 0,1,
We get ay, r, = 1, which contradicts to oy, -, # 1. We conclude that
(2.8) does not occur.

Suppose that (2.9) holds. Rewriting (2.9) by applying (2.11) we get
(2.22)

fO(l - t) = (Tl(fo))(t) = (1 + O‘foyﬂ'o)t — Qfymy T Ao mg [fo(l - t)]ffo,m.

Suppose that €y, -, = 1. By (2.22) we get

(2'23) (1 - O'/foﬂro)fo(l - t) = (1 + afo,ﬂo>t — Qfy,mo> te [07 1]'

Then we have 0 = 1 — 2t for every t € [0,1] if ap -, = 1, which is
impossible, so that ay, -, # 1. Then by (2.23) we get

1+ O‘fo,ﬂot __ %fomo

fo(l—t): , te [O, 1],
1— & fo,mo 1- & fo,mo
so that
1+ Qfo,m Q fo,m0
folt) = —— Qom0 _gpy_ _Yhm oo ],
1— & fo,mo 1- Q& fo,mo

which is a contradiction to fo € W;. We have that € -, # 1, hence
€fy,my = —1. Then by (2.22) we get

(2'24) fO(l _t) - (1 +O‘foﬂro)t_afo77ro +af0,7r0f0<1 - t)? te [O) 1]'
Thus
(2'25) fO(l - t) = (1 + afo,ﬂo)t — Qfy,mo

+ afoﬂro((l + O‘fo,m)t — Ofymy T O‘fo,ﬂof0<1 - t))7 le [07 1]'

As |ag, x| =1 we get

(226) fO(l - t) = (1 + afo,ﬂo)t — O fy,mo
+ apymo (L + apym)t — 14+ fo(1—1t), te€]0,1].

Hence
(2.27)

0= ((1 + afo,ﬂo) + O‘foyﬂ'o(l + afo,ﬂo))t - (afoﬂTo + 1)7 te [O’ 1]'
Thus ay, ,, = —1. Substituting oy, -, = —1 into (2.22) we get

fO(l_t>:1_f0(1_t)7 tE[O,l]
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since €, r, = —1. Then

fo([0,1]) = 1 = fo([0, 1]),
which contradicts to fo € Wi. It follows that (2.9) does not occur.
Assuming the existence of fo € W; such that T1(fo) # fo we arrived
at the contradiction. We conclude that T1(f) = f for every f € Wj.
Let g € A} Then by Proposition 9.3 there is a sequence {g,} in W}
such that ||g — gnllec = 0 as n — oo. By the previous part of the proof

we have
(2.28) Ti(gn) = gn
for every n. By Lemma 9.1, 77 is an symmetry with respect to || - ||,

we have T1(g) = g by letting n — oo for (2.28). We conclude that
Ti(g) = g for every g € Ay if Ty(mp) = mo. It follows that

T(g)=T(0) +alg], g€A

if Ty(mp) = mp. Suppose that Ti(mp) = m. As we have already de-
scribed, we see that Ti(g) = g o my for every g € A;. Hence we have

T(g) =T(0) 4+ afgom], g€ A

Thus we observed that 7" € Gyy,. As we have already proved that T} is
a surjective isometry from A; onto As, we see that T is also a surjective
isometry. Hence we conclude that 7" € G, N Iso(Ay, As). O

3. Applications
We apply Theorem 9.4 to get the following corollaries.
COROLLARY 9.5. Iso(C[0,1],] - ||s2) is 2-local reflexive.

COROLLARY 9.6. Iso(Lip[0, 1], || - ||x>) is 2-locally reflexive.
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APPENDIX A

Spherical version of the Kowalski-Stodkowski
theorem

One of the basic problem in the operator theory is to find sufficient
sets of conditions for linearity and multiplicativity of maps between
Banach algebras. As a generalization of the Gleason-Kahane-Zelazko
theorem [33, 56, 118], Kowalski and Stodkowski [69] proved the lin-
earity and the multiplicativity of a functional A on a Banach algebra
A under the spectral condition. Recently Li, Peralta, Wang and Wang
proved interesting spherical variants of the Gleason-Kahane-Zelazko
theorem, and the Kowalski-Stodkowski theorem [75] as follows. They
[75] proved a spherical variant of the Kowalski-Stodkowski theorem; a
1-homogeneous functional which satisfies certain spectral condition is

complex-linear.

THEOREM A.l. [75, Proposition 3.2] Let A be a unital complex
Banach algebra, and let A : A — C be a mapping which satisfies the
following properties:

(1) A(Xa) = AA(a) for everya € A, X € C
(2) A(a) — A(b) € To(a — 1), for every a,b € A.
Then A is linear and there exists \g € T such that A\gA is multiplicative.

We shall prove a generalization of a spherical variant of the Kowalski-
Stodkowski theorem without hypothesis that the 1-homogeneity. This
hypothesis is the same as one of the original Kowalski-Stodkowski the-

orern.

THEOREM A.2. Let A be a unital Banach algebra. Suppose that a
map A : A — C satisfies the conditions
(a) A(0) =0,
(b) A(x) — A(y) € To(z —vy), =,y € A.
209
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Then A is a complex-linear or conjugate linear and A(1)A is multi-

plicative.

Fixa € A, we defineamap f: C — Cby f(\) = A(a+A-1)—A(a).
For any Ay, A\ € C, we get
A(CL+>\11>—A((I+/\21> c TU(()\l_)\Q)l) = (/\1—/\2>T0'(1) = ()\1—>\2)T,
by the assumption (b). Thus we have

(A1) = f2) = [A(a+ A1) = Ala) = {A(a+ A2 - 1) — Afa)}]
=|A(a+ A1) —Ala+ Ag- 1)
= |\ — Aol
This implies that the map f is an isometry on C. The form of an
isometry on C is well known. Without assuming surjectivity on the
isometry there exist «, 5 € C with |a| = 1 such that f(\) = 8 + A«
(A€ C) or f(A) =B+ Aa (A € C). Since
f(0)=A(a+0-1) — A(a) = A(a) — A(a) =0,
we have
fA) =Xa, AeC,
or
fA)=Xa, MeC.
In addition, we have a = f(1) = A(a + 1) — A(a), we infer that
Ala+X-1) = Aa) = MA(a+1) —Aa)}, NeC,
or
Ala+X-1) = Afa) = MA(a+1) —A(a)}, NeC.
Let
Ai={ae A A(a+)X-1)—A(a) = M{A(a+1) — Aa)}, XeC}

and
Aq={ac A Aa+)1)=A(a) = MA(a+1)—A(a)}, MeC}.
For any a € A, the map A — A(a+ A-1) — A(a) is an isometry on C,
we have A = A, UA_;.

LEMMA A.3. We have A = Ay or A= A_;.
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PROOF. We have proved that A = A; U A_;. We prove that A,
and A_; are closed subsets of A. Let {a,} C A; be a net and ay € A
such that a, — ag. By assumption (b), A(as) — A(ag) € To(as — ap).
Hence |A(a,) — A(ag)| < r(aq — ap) for the spectral radius r(-). Since
r(-) < ||-|| for the original norm ||| on A, we get A(aq) —A(ag) — 0 as
ao — ap. In the same way we have that A(ag+A-1)—A(aqg+A-1) = 0
as a, — ag for any A € C. Thus for any A € C, we have

|A(ag + A-1) — Aag) — MA(ag + 1) — Aag) }

=|A(ag+ A1) — A(ag) — {A(aa + A1) — Afa,)}

+ MA(aq +1) — Aan)} — MA(ag + 1) — A(ag) }|

<|A(ag+ A1) = Alaq + A - 1)| + |A(ao) — Aaa)]

+ [A|A(aq +1) = A(ap + 1)| + |A||A(aa) — Aao)|

— 0,

as ao — ag. This implies that A(ag + A - 1) — A(ag) = MA(ap + 1) —
A(ag)} for any A € C. Since ag € A;, we have A, is closed. We can

prove that A_; is also closed in the same way. In addition, suppose
that a € A; N A_;. Then we have for any A\ € C,

MA(@+1)—Ala)} =Ala+A-1) — Aa) = MA(a+ 1) — Aa)}.
This shows that A(a + 1) — A(a) = 0. On the other hand, we have
A(a+1) — A(a) € To(1) = T.

We arrive at a contradiction. Therefore Ay N A_; = (). Since A is
connected, we conclude that A, = A or A_; = A. O

ProOOF OF THEOREM A.2. Lemma A.3 shows that one of A = A,
and A = A_; occurs. First we take up the case A = Aj;.

(i) We consider the case that A is separable. By the definition of
Ay, for any a € Ay, we get

(0.1) Ala+X-1)—A(a) = MA(a+1) — A(a)}, NeC.
By assumption (b), it follows that
|Ala) = AD)[ < fla=bll, a,be A,
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which implies that A is a Lipschitz map. [69, Theorem 2.3] ([75,
Theorem 3.4]) shows that A has real differentials except some zero set.

We say that A has a real differential at a point of a € A if for every
Aa+rz) — Aa)

x € A the derivative Al (a) = lim exists and the

R3>r—0

,
map (DA), : A — C, defined by (DA),(z) = Al (a), is real linear and

continuous. (cf.[79, 69, 75].) Since
Ala+rz) — Aa) c To(rx) _ rTo(x) _To(z), reR\{0}

T T T

we have
(DA),(x) = lim Aa+rz) — Ala)

Rar—0
As (DA), is a real linear, [75, Lemma 3.3] implies that (DA), is a
complex-linear or conjugate linear. Since a € A = A;, A satisfies
(0.1), we have

€ To(z).

(DAY, (1) = 1im 20D =) rH{Ala+l) = Alo)}

r—0 r r—0 r

=A(a+1)—A(a) € To(1) =T,

and

A 1) — A {A 1)—A
(DAY (i1) — lim 20D =A@, rifAla+l) = Ala))
r—0 r r—0 r
=i{A(a+1)— A(a)}.
It follows that (DA),(i1) = i(DA),(1) and (DA),(1) # 0. We con-
clude that (DA), is complex-linear. We have proved that if A has a
real differential at a point a € A = Ay, then (DA), is complex-linear.
We conclude that A is holomorphic in A by applying [69, Lemma 2.4].
For a,b € A, we define a map f,;, : C — C by
far(A) = A(Aa +b) — A(b).
Since A is holomorphic in A, f,; is entire. Moreover, we have for any
A e C\ {0}
fap(A)  AXa+b) —A(b)  To(da) ATo(a)

N \ € y

= To(a),

and

fa,b(>‘) ' < ”aH
A
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By Liouville’s Theorem, there exists M € C such that f,,(A) = AM
forall A € C. As M = f,,(1) = A(a+ b) — A(b), we get

A(da+b) — A(b) = MA(a+b) — A(b)}, NeC,
and
(0.2) A(Xa+b) = MA(a+b) —AD)} +A(b), MeC.
Taking b = 0 in (0.2), we have
(0.3) A(Xa) = AA(a), X eC,
by the hypothesis (a). For any ¢,d € A, taking a = 3(c—d), b= d and
A =21in (0.2), we get

Ae) = A(2a +b) = 2{A(a+b) — A(D)} + A(b)

_ 9 {A (%(c+d)> - A(d)} + A®d)
YN G(H d)) — A(d).

and

(0.4) A (%(H d)) = SAW) + 520,

We conclude that A is complex-linear by (0.3) and (0.4).

(ii) We consider the case A is not separable. For any a,b € A, we
can restrict A to subalgebra [a, b] of A generated by a and b. Since [a, b]
is separable, we conclude Al is complex-linear. As a,b are chosen
arbitrarily, A is complex-linear too.

In addition, since A(a) = A(a) — A(0) € To(a), we apply [75,
Proposition 2.2] to conclude that m&& o ) is multiplicative.

Secondly we assume that A = A_;. We define the map A: A — C
by

Aa) = Aa), ac A
In the case A = A_, A satisfies for any a € A,
Ala+X-1) = A(a) = MA(a+1) — Aa)}, NeC.
Thus we have

Ala+X-1)—Aa) = MA(a+1) — A(a)}, MNeC.
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Moreover, it is clear that A(0) = A(0) = 0. Therefore, the map A :
A — C satisfies the conditions for A in the case of A = A;. This in turn

implies that A is complex-linear and A(1)A is multiplicative. Thus we

conclude that A is conjugate linear and A(1)A is multiplicative. [

1. 2-local isometries with the spherical version of the
Kowalski-Stodkowski Theorem

Applying [75, Proposition 3.2 (or Theorem A.1), Li, Peralta, Wang
and Wang studied 2-local and weak 2-local complex-linear isometries in
[75]. In this appendix, we apply Theorem A.2 to solve 2-local problems.

Molnar [87] began to study 2-local complex-linear isometries. Given
a Banach space 9, for j = 1,2, an isometry from 9, into 9N is a dis-
tance preserving map. The set of all surjective complex-linear isome-
tries from 9y onto My is denoted by Isoc (M, Ms). The set of all
maps from 9% into My is denoted by M (DM, M,). We say that a
map T € M (M, 9M,) is a 2-local complex-linear isometry if for every
x,y € My there is a T, € Isoc(My, My) such that T'(z) = T, ,(z) and
T(y) =T, ,(y). Molnar [87] proved that a 2-local complex-linear isom-
etry on a certain C*-algebra is a surjective complex-linear isometry.
Initiated by his result, there are a lot of studies on 2-local complex-
linear isometries on operator algebras and function spaces assuring that
a 2-local complex-linear isometry is in fact a surjective complex-linear
isometry [1, 17, 34, 38, 50, 53, 75, 88, 87].

Molnér raised a problem on 2-local isometries [89, 90]. The set
of all surjective isometries (not necessarily linear) from 9t onto 9,
is denoted by Iso(9Mty,Ms). We say that T € M (M, My) is a 2-local
isometry or 7" is 2-local in Iso(9t;, M) if for every x,y € M, there is
a Ty, € Iso(My,M;) such that

T(z) =T, y(z) and T(y) = Ty ().

The problem asks whether a 2-local isometry is in fact a surjective
isometry or not. One may expect that the problems on 2-local complez-
linear isometries and 2-local isometries are not so different. But the

problem on 2-local isometries is very different from the one on 2-local
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complex-linear isometries. To clarify the situation we exhibit an ex-
ample that the assumption of the linearity makes a quite big difference
in the conclusion for 2-local maps. Let A(C,C) = {7 : C —» C;Tx =
ar+b (3a,b € C)}. Since any map T : C — C is 2-local in A(C, C), it
needs not be T' € A(C, C) in general. However, let Ac(C,C) = {T;T €
A(C,C), T is C-linear} = {T : C —» C;Tz = ax (Ja € C)}. Then we
get every 2-local map in A¢(C,C) is an element of A¢(C,C). We can
easily prove that a 2-local isometry is necessarily an isometry. What
we need to prove is that a 2-local isometry is surjective. One may think
that it is not a big deal, but it is not. Molnar [89] worked quite hard to
prove that a 2-local isometry on B(H) for a separable complex Hilbert
space H is in fact a surjective isometry on B(H). The author believes
that this is the first result on the problem of 2-local isometries. Molnar
asked a question whether a 2-local map in Iso(C([0,1]), C([0,1])) is an
element in Iso(C([0, 1]), C(]0, 1])) or not [90]. Inspired by his problem,
Hatori and the author proved that a 2-local map in Iso(B, B) is an
element of Iso(B, B), where B is the Banach space of all continuously
differentiable functions or the Banach space of Lipschitz functions on
the closed unit interval equipped with a certain norm [42].

The aim of this chapter is to apply a generalization of a spheri-
cal variant of the Kowalski and Stodkowski theorem exhibited in [75].
Then we prove that 2-local isometries on several function spaces are
surjective isometries. In particular, we give an affirmative answer to
the problem of Molndr (Corollary A.11). We remark that Mori [93]
also got an affirmative answer to the problem by a different approach
applying theory of operator algebras.

In this chapter, we denote the unit circle on the complex plane by
T = {z € C;|z| = 1}. For the simplicity of the notation we denote
[f]' = f and [f]~' = f, the complex-conjugate of f for any complex-
valued function f. For any unital Banach algebra, 1 stands for the
unity of itself. The identity map is denoted by Id.
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2. Results and Proofs

In this chapter B; is a unital semi-simple commutative Banach alge-
bra with maximal ideal space M; for j = 1,2. The Gelfand transform
“i B — é; C C(M;) is a continuous isomorphism. Identifying B;
with B; , we consider that B; is a subalgebra of C'(M,).

We say that f € B; is unimodular if |f| = 1 on M. Since M; is
a maximal ideal space and a unimodular element f of B; has no zeros
on M;, f=1/f € B,.

An interesting generalization of the concept of 2-local maps, that
is weak 2-locality, was introduced in [24, 75]. We define a pointwise

2-local map.

DEFINITION A4. Let § C M (B4, Bs). We say T' € M(By, Bs) is
a pointwise 2-local in § if for every trio f,g € B; and x € M, there
exists T4, € S such that

(T() (@) = (Tr92(F)) (z) and (T'(g)) () = (T},4.2(9)) (2)-

Note that if a map T is 2-local, then T is weak 2-local. If T is
weak 2-local, then T is pointwise 2-local. We say that T' € M (B, By)
is a pointwise 2-local isometry if 7" is pointwise 2-local in Iso(B1, By).
Our interest is whether a pointwise 2-local in Iso(Bj, By) is in fact
surjective isometry from By onto Bs or not. Simple examples show that
a pointwise 2-local isometry need not be a surjection or an isometry.
We show three of them.

e a map on C[0,1]
Let 7 : [0,1] — [0, 1] be a continuous function such that 7 (0) =
0,7(1)=1land 0 < w(z) < 1forz € (0,1). Put T(f) = fom,
f € C[0,1]. It is easy to see that T is pointwise 2-local in
Iso(C|0, 1], C[0,1]) while it is not surjective when 7 is not a
homeomorphism.

e a map on C'[0,1]
With the norm || f||s = || flloo + || /]| for f € C*[0, 1], C*[0, 1]
is a unital semi-simple commutative Banach algebra with max-
imal ideal space [0,1]. Let T : C'0,1] — C'[0,1] stand
T(f) = exp(i-)f, f € C'0,1]. By a simple calculation we
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have T' is pointwise 2-local in Iso(C*[0, 1], C[0,1]) while T is
not an isometry since ||1||x = 1 and ||T(1)||s = 2.
e a map on the disk algebra A(D).

It is well known that the maximal ideal space of the disk al-
gebra A(D) is D. Let mo(2) = 22, 2 € D. Then the map
T : A(D) — A(D) defined by T(f) = f om, f € A(D). Triv-
ially T is not surjective, hence T' ¢ Iso(A(D), A(D)). On the
other hand, T is pointwise 2-local in Iso(A(D), A(D)). The rea-
son is as follows. Let f,g € A(D) and x € D be arbitrary. If
|z| = 1, then put ¢,(2) = xz. If |x| < 1, then it is well known

that there is a Mobius transformation ¢, such that ¢, (z) = z?

since both of z and 2% is in D. Put Ty, . (h) = hoy,, h € A(D).
We infer by a calculation that (T'(f))(x) = (Tr4..(f))(z) and
(T(g))(x) = (Ttgx(g9))(x). Thus T is pointwise 2-local in

Tso(A(D), A(D)).

It is interesting to point out that a pointwise 2-local isometry is in
fact a surjective isometry for some Banach algebra (see Section 3.4). A

simple example is a pointwise 2-local isometry on the annulus algebra.

elet 0 <r <land Q={z:7r < |z] <1} be an annu-
lus. Let A(£2) be the algebra of all complex-valued continuous
functions which is analytic on the interior of ). It is well
known that A(£2) is a uniform algebra on {2 whose maximal
ideal space is homeomorphic to 2. A pointwise 2-local map in
Iso(A(£2), A(Q2)) is a surjective isometry. This can be proved
by using the fact that a homeomorphism on €2 which is analytic
on the interior is just a rotation.

Recall that for an € € {£1} and f € By, [f|]° = fif e = 1 and

[f]e = fife=—1.
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Let

GWC = {T € M (B, By); there exist a 5 € B,
an « € By with |a| =1 on Ma,
a continuous map w : My — My,
and a continuous map € : My — {£1}
such that T(f) = 8+ a[f o 7| for every f € B},

Applying Theorem A.2 we show that a pointwise 2-local map in
GWC is also in GWC.

THEOREM A.5. Suppose that T € M(By, By) is pointwise 2-local
in GWC. Then there exist a continuous map ™ : My — My and a
continuous map € : My — {£1} such that
(2.1) T(f) =T0)+(T(A) =T(0)[forl, [ € By,

where T(1) — T(0) is a unimodular element in Bs. In particular, a
pointwise 2-local map in GWC 1is an element in GWC.

Proof of Theorem A.5. Put Ty =T —T(0). We infer that Tp(0) =
0. Since T is pointwise 2-local in GWC, it is obvious that T} is also
pointwise 2-local in GWC. Let x € My. There exists 8,1 ,, 51, € B2
with |040717x] = 1 on My, a continuous map 7,1, : Mz — M, and a
continuous map €7 , : My — {#£1} such that

€ (z)
To(1)(x) = By 1..(@)+eg1 (@) [1omyq S ol (2) = By 1 . () +ag 1, (7).
and
€ (z)
0= T0<O)(:L‘) = /80,1,:1:(1‘) + OéO,].,x(‘r)[O © TrO,].,z] 071’1 (‘I) = /80,1,5()(33)'
It follows that Tp(1)(z) = a1 ,(¥). As x € My is arbitrary we have
(2.2) To(1)(z)| =1, z€ M,.

Hence Ty(1) has no zeros on My, so To(1) = To(1)™! € By. We define
T1 € M(Bl,BQ) by

(2.3) T, = To(W)T.

We see that
(2.4) Ty(0) = To(1)Tp(0) = 0, Ti(1) = To(1)Tp(1) =1
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by (2.2). To proceed the proof of Theorem A.5, we need some claims.
Claim 1. There exists a map 7 : My — My and a map € : My —
{£1} such that

Ti(f) =I[forl [febBu.

PROOF. By (2.2), we infer that T} is pointwise 2-local in GWC.
Fix r € My. We define A, : By — C by

Ax(f) = (L)), [ e By

As Ti is pointwise 2-local in GWC, for any f,g € Bj, there exists
T} 42 € GWC such that

AL (f) = (Ta(f))(2)
=Ttg2([)(@) = Brga(®) + afga(z)[fo 7rf’g7x]5f,g,z(x) (2)
and
Az(g9) = (T1(9))(z)
= T}.9.:(9)(2) = Brou(®) + afgu(x)g 0 mp g0l P o= (2).
We infer that

Au(f) = Dulg) = apga(@)[(f = g) 0 Tpgal T (2).
If x € e;’;’z(l), we have
[(f = 9) 0 Mgl T D (@) = (f = 9)(7pga(x)) € 0(f — 9).
If x € e;;’z(—l), we have
[(f = 9) 0 Mgl TP (@) = (f = 9) (s ga(x)) € To(f — g).
Therefore we get

Am(f)_Am(g> eTU(f_g>7 f7g€Bl‘
By (2.4), we have A,(0) = T1(0)(z) = 0. Applying Theorem A.2,

we obtain A, is complex linear or conjugate linear and A,(1)A, is
multiplicative. As A,(1) = T1(1)(z) = 1 by (2.4), we conclude that
A, is multiplicative. In addition A,(1) = 1 implies that A, # 0.
Therefore for any x € My, one of the following (i) and (ii) occurs:

(i) A, is a non-zero multiplicative complex-linear functional,

(ii) A, is a non-zero multiplicative conjugate linear functional.
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In the case (i), by Gelfand theory, there exists 7(x) € M; such that
A(f) = f(m(x)), [fe€ B

In the case (ii), A, is non-zero multiplicative complex-linear functional.
Thus there exists w(x) € M; such that

Ay(f) = f(n(x)), [e€Bi,
hence

Au(f) = f(x(@)), f€ By
Recall that A, (f) = (T1(f))(x), we have

om(x), (A, is complex-linear
T(f)(r) = LT (Do complexclinear)
fom(z), (A, is conjugate linear).
We define a map € : My — {1} by
(2.5) () = L, (A %s conTplex—lin'ear)
—1, (A, is conjugate linear).

Then we conclude that

Ti(f)(x) = [fon]™(x), fE€ By, x€ M.

Let
K, = {x € Ms; A, is complex-linear}
and
K_1 ={x € My; A, is conjugate linear}.
Rewriting (2.5), we have

)L (x € Ky)
«(z) = {—1, (xeK_y).

Claim 2. We have K; = {z € My; A, (i) =i} and K_; = {z €
Ma; AL (i) = —i}. In addition My = KTUK 4, KiNK_ 1 =0 and K,
and K_1 are closed subset of Ms.

PROOF. Since for any x € My, A, is complex-linear or conjugate
linear, it is clear that My = K; U K_;. By the definition of K; and
A1) =1, if v € Ky, then z € {x € My; A, (i) = i}. Suppose that
r € {x € Ms;AL(i) = i}. Then A,(i) = iA,(1). This implies that
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x € K;. We conclude that Ky = {x € My; A,(i) = i}. We can also
prove that K 1 = {z € My;A,(i) = —i} in the similar argument.
Therefore it is easy to see that K1 NK_; = 0. Let {x,} C K7 be a net
with x, — g € My. We get

i = Ag, (1) = (T1(4))(wa) — (T1(2))(w0) = Agy (4).
This implies that A, (1) = ¢ and xy € K;. We have K is closed in
M. We also get K_; is closed in the same way. 0

Claim 2 shows that € : My — {£1} is continuous.

Claim 3. We have w : My — M is continuous.

PrROOF. Let {x,} C My be a net with x, — o € M. By Claim
2, K, and K_; are closed and K; N K_; = (). Thus there is no loss of
generality to assume that

(i) {za} C Ky and zp € K,
(i) {zo} € K_1 and xy € K_;.

First, we consider the case (i). Then we have

Ti(f)(za) = Ta(f)(x0), f € By,
hence
(fom)(za) = (fom)(zo), [ € B
This implies that m(z,) — 7(x¢) with the Gelfand topology. For the

case (ii), we have

Ti(f)(wa) = T1(f)(20), f € Bu,

and

(fem)(za) = (fom)(zo), f€ B
Thus we get m(x,) — m(xo) with the Gelfand topology. We conclude
that 7 is continuous. U

CONTINUATION OF PROOF OF THEOREM A.5. By (2.3), we get
To =To(1)Ty. As Ty =T —T(0) and Claim 1, we have

T(f) = Ty(f) + T(0)
— Ty(V)TL(f) +T(0)
— Ty(1)[f o 7] +T(0), f€ By
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Putting f = 1, we have Ty(1) = T7(1) — T'(0) and
T(f) = (TQQ) =TO)[f o 7]+ T(0).

In addition, by (2.2), we have |T(1)| = 1. We obtain that Tp(1) =
T(1) — T(0) is a unimodular element in Bs. O

REMARK A.6. Even though a map 7' € M(By, Bsy) is a 2-local
map in GWC, it is not always the case that 7 : My — Mj is a

homeomorphism. In fact, the map Ty in [38, Theorem 2.3] is a 2-local

automorphism, hence 2-local in Isoc(C'(K), C(K)). On the other hand,
the corresponding continuous map is not injective, hence it is not a

homeomorphism.

COROLLARY A.7. Suppose that T € M (B, Bs) is a pointwise 2-

local in GWC and T is injective. Then m(My) is a uniqueness set for
By, i.e. if g€ By and g =0 on (M), then g = 0.

PROOF. Suppose that g € By and g = 0 on w(M). Substituting g
in (2.1), we get
T(g)=T(0)+(T(1)=T(0))[gon]*=T(0)+(T(1) —T(0))[0]° = T(0).
Since T is injective, we have that g = 0. Hence m(My) is a uniqueness

set for Bj. O

Let

WCc = {T € M (B, By); there exists
an o € By with o] =1 on Mo,
and a continuous map 7 : My — M,
such that T'(f) = af ox for every f € B, }.
Then WCc¢ is a set of weighted composition operators. We see that a

pointwise 2-local weighted composition operator is a weighted compo-

sition operator.

COROLLARY A.8. Suppose that T € M(By, By) is pointwise 2-local
m WC¢. Then T € WCcg.
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PrOOF. Let T' € M(Bj, B2) be pointwise 2-local in WC¢. Since
WCe € GWC, we see by Theorem A.5 that there exist a continuous
map 7 : My — M, and a continuous map € : My — {£1} such that

(2.6) T(f) =T0)+(TQ) =T()[forl", [ B,

where T'(1) — T'(0) is a unimodular element in By. Since any map in
WCc is complex-linear, we infer by a simple calculation that 7°(0) = 0
and 7" is homogeneous with respect to complex scalar. We see by (2.6)
that

T(f)=T@)fom, [fe€B,
where 7'(1) is a unimodular function. Thus 7' € WCkc. O

3. Applications

In this section we study 2-local isometries on several function spaces
by applying Theorem A.5.

3.1. Uniform algebras. We say that A is a uniform algebra on X
if A is a uniformly closed subalgebra of C'(X) which contains constant
functions and separates the points of X. As the Gelfand transformation
on a uniform algebra is an isometric isomorphism, a uniform algebra
is isometrically isomorphic to its Gelfand transform. We may suppose
that X is a subset of the maximal ideal space M 4, and A is a uniform
algebra on M 4. The Banach algebra C'(X) is a uniform algebra on X
whose maximal ideal space is X. By Theorem 2.1 and Corollary 3.4
in [37] we have the following. We denote the maximal ideal space of a
uniform algebra A; by M, for j =1,2.

THEOREM A.9. Let A; be a uniform algebra on a compact Hausdorff
space X; for j = 1,2. Suppose that U : A; — As is a surjective
isometry from Ay onto Ay. Then there exists a homeomorphism m :

My — My, a unimodular function o € Ay, and a continuous map
€: My — {£1} such that

(3.1) U(f)=U()+al[for], [feA.

If A; = C(X;), the map U defined by (3.1) is a surjective isometry
from C'(X;) onto C(Xy).
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By Theorem A.9 we see that
Iso(A;, Ay) € GWC

for uniform algebras A; and A,. A direct consequence of Theorem A.5
we have Corollary A.10, which is a generalization of Theorem 3.10 of
[75].

COROLLARY A.10. Let A; be a uniform algebra on a compact Haus-
dorff space X; for j =1,2. Suppose that T € M (A, Ay) is pointwise 2-
local in Iso(Ay, Ay). Then there ezist a continuous map ©: My — My
and a continuous map € : My — {£1} such that

() =T0) +(TA) =TO)[for] [fe A,

where T'(1) — T'(0) is a unimodular function.
We have the following.

COROLLARY A.11. Let X; be a first countable compact Hausdorff
space for j = 1,2. Suppose that T € M(C(X;),C(Xz)) is 2-local in
Iso(C(X1),C(X2)). Then we have T € Iso(C(X1), C(X2)).

PROOF. Let T be a 2-local in Iso(C(X;),C(X3)). By Corollary
A.10, there exist a continuous map 7 : Xy — X; and a continuous map
€ : Xo — {£1} such that

(32)  T(f)=T0O)+(TQ)=T()[fer]’ fel(Xy)

We prove 7 is an injection. Suppose that 3y, ys € X5 such that w(y;) =
m(y2) = v € Xy. Since X is first countable there exists g € C(X))
such that ¢='(0) = {z}. Since T} = Ty(1)T; for Ty = T—T(0) is 2-local
in Iso(C(X1),C(X2)), we have

0 =T1(0) =Ty 4(0)

= Bog + @04[0 0 7] = Lo,
and
Ti(g9) = To4(9)
= Bo,g + @0,4lg © 0,47
Hence we see that

T (g) = Qg [g o 7TO,g]eo’g'



3. APPLICATIONS 225
We have
(T1(g))~1(0) = (g o mog) ' (0) = my 4 ().

Since 7 4 is homeomorphism, the set 7, ; (x) is a singleton. Moreover

applying (3.2) we have

Ti(g) = [g o 7]".

Thus we obtain

(T1(9) "' (0) = (gom)~'(0) = 7 *(x) > {y1, 52}

As we have already proved that the set (Ti(g))~'(0) = W(I;(x) is a
singleton, we infer that y; = yo. Thus 7 is injective. Since 7' is a 2-
local isometry, T' is an isometry by the definition of a 2-local isometry.
Hence T is injective. By Corollary A.7, w(X3) is a uniqueness set for
C(Xy), which is X itself. As X; is compact Hausdorff space, we infer
that 7 is a homeomorphism. It follows that 7" € Iso(C(X;),C(X)) O

Corollary A.11 gives an affirmative answer to the problem men-
tioned by Molnar. Mori proved the same statement in [93, Theorem
4.6] by a different argument applying theory of linear operators.

Next we consider the disk algebra.

COROLLARY A.12. Suppose that U is a surjective isometry from

the disk algebra A(ID) onto itself. Then there exists a Mdobius transfor-
mation ¢ on D and a unimodular constant o such that

U(f)=U0) +afop, feAD)
U(f)=U(0) +afop, feAD).

Conversely if one of the above equations holds, then U s a surjective

isometry from the disk algebra onto itself.

PRrROOF. Applying Theorem A.9 we have a homeomorphism 7 :

D — D, a unimodular function o € A(D), and a continuous map
€ : D — {41} such that

(3.3) U(f)=U(0) +af[for], fecAD).
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Due to the maximum modulus principle for analytic functions, « is a

unimodular constant. Since I is connected, e = 1 on D, or e = —1 on
D. Letting f = Id, the identity function, in (3.3) we have

(3.4) a(U(Id)-U(0)) =7ife=1,

(3.5) a(U(Id) = U(0)) =7 if e = —1.

Suppose that ¢ = 1. Then 7 is analytic on D by (3.4). As 7 is a
homeomorphism, we conclude that 7 is a Mobius transformation. In

the same way, 7 is a Mobius transformation if e = —1. Letting o =7
ife=1,and ¢ =7 if e = —1, ¢ is a Mobius transformation. It follows
that
U(f)=U(0)+afop, [fe€AD)
if e=1 and
U(f)=U(0)+afop, feAD)
if e=—1.
The converse statement is trivial. U

By Corollary A.12 we see that

Iso(A(D), A(D)) € GWC
for the disk algebra A(D).

COROLLARY A.13. Suppose that T € M(A(D), A(D)) is 2-local in

Iso(A(D), A(D)). Then T € Iso(A(D), A(D)).
Proor. Corollary A.10 asserts that there exist a continuous map
7:D — D and a continuous map € : D — {#£1} such that

(36)  T(f)=T(0)+(T(Q)=TO)[fon], feAD),

where T'(1) — T'(0) is a unimodular function. By the same way as
the proof of Corollary A.12 we see that 7'(1) — 7°(0) is a unimodular
constant. We also see that ¢ = 1 on D or ¢ = —1 on D because D is
connected and € is continuous. Letting f = Id in (3.6), we have that 7

is analytic on D if e = 1, and 7 is analyticon D if e = —1. Put o =7

ife=1land p=7mife=—1. Put Ty =T(1) = T(0)(T — T(0)). Then
Ti(f)=foy, fe€AD)
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if e=1, and

Ti(f)=fop, feAD)

if e = —1. Since T} is 2-local in Iso(A(D), A(D)), there exists a Mdbius

transform g, u € A(D), and a unimodular constant « such that
o =T(Id) = u+ agpp and 0 = T71(0) = w.

It follows that ¢ = apg. As |a] = 1, we infer that ¢ is a Mdbius trans-
formation on . We infer by Corollary A.12 that T’ € Iso(A(D), A(D)).
O

3.2. Lipschitz algebras.

COROLLARY A.14. Let (X;,d) be a compact metric space for j =
1,2. Let || - ||; be any norm on Lip(X;). We do not assume that || - ||
is complete. Suppose that

(3.7) Tso(Lip(X1), | - [h), (Lip(Xa), | - [12)

= {T € M(Lip(X1), Lip(X2));

there exist § € Lip(Xs), a € T,

a surjective isometry m: X9 — X1, and e = £1
such that T(f) = B+ a[f o x| for every f € Lip(X;)}.

Suppose that T € M((Lip(Xy),| - |l1), (Lip(Xa), || - [|2)) s 2-local in
Iso((Lip(X1), || - l), (Lip(Xa), || - [l2)).  Then T € Tso((Lip(Xy), || -
1), (Lip(X2), || - [l2))-

PROOF. Suppose that T is 2-local in Iso((Lip(X1), ||-]]1), (Lip(X2), ||-
ll2)). The equality (3.7) implies that Iso((Lip(X1), || - [|1), (Lip(X2), || -
ll2)) € GWC. Applying Theorem A.5, there exists a continuous map
7 : Xy — X and a continuous map € : Xo — {£1} such that
(3.8) T(f) =T(0)+(T(1) =T(0)[f ox], f € Lip(Xy).

Recall that T} = WTO for Ty = T — T(0). Since Ty is 2-local, we
have
To(1) = By1 + a1l omyq] L,
and
0="To(0) = By1 +agql0omq]el =5,1.
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It follows that 7'(1) — T(0) = Tp(1) is a unimodular constant. Thus
Ty = To(1)Th is 2-local in Iso((Lip(Xy), || - |l1), (Lip(Xa2), || []2)). We get
0 == Tl (O) - T()’l(())

= Bo,i + [0 0 mo ;] = B,

and

Ty (7) = To,(7)

= Bo,; + il o T ]
We get
T1(7) = o 4]t 0 mo,] .
Since ap; is a unimodular constant and €,; = 1, so we obtain 77 ()
is a constant. Moreover applying (3.8), we have
Ti(i) = [i o 7]“.

Thus we conclude that e =1 or e = —1. As T' is a 2-local isometry, T’
is an isometry, hence 7' is injective. Corollary A.7 asserts that w(X3) is
a uniqueness set for Lip(X;). Thus we have 7(X5) = X;. This implies
that 7 is surjective. Finally we shall prove that 7 is an isometry. Let
xo € X5. We define a Lipschitz function g on X; by

g(x) =d(z,m(xg)), x€ X;.

As Ty is 2-local in Iso((Lip(Xy), || - ||1), (Lip(X2), || - |l2)), there exists
apg € T and w4 : Xo — X is a surjective isometry such that

0 =T1(0) =Tp4(0)
= Bo,g + 0,4[0 0 704 = Bo,g,
and
Ti(g) = To4(9)

= Bo.g + Q0,4]g © 0,4 = Bo,g + 0,49 © To g,
because g is a real-valued function. If follows that

(T1(9))(2) = a0,49(mo,4(2)), 2 € Xo.
By (3.8), for any z € X,

(3.9) d(m(2),m(w0)) = [g(m(2))]*
= (T1(9))(2) = 0,49(m0,(2)) = 0,4d(m0,4(2), T(20))-
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We may suppose that X is not a singleton. (Suppose that it is so.
Then X is a singleton since 4 is a surjective isometry. Then 7 is
automatically surjective isometry.) Hence there exists zp € X5 such
that d(mo 4(20), m(xo)) # 0. By (3.9) with z = 2y we have

_d(w(2), m(x0))
%9 d(mo,g(20), (o))

> 0,

we obtain ag, = 1. Hence by (3.9) we have
(3.10) d(m(z),m(x0)) = d(mo,4(2), m(20)), 2z € Xo.
Putting z = ¢ in (3.10), we have

0 = d(m(x0), w(20)) = d(mo,s(x0), 7(x0)).

It follows g 4(xo) = m(x0). By (3.10)

d(m(z), m(20)) = d(mo,4(2), m(20)) = d(m0,4(2), T04(0)) = d(2, o)

since m 4 is an isometry. As z and x( are arbitrary, we conclude that
7 is an isometry. This completes the proof. U

For an arbitrary compact metric space X; for j = 1,2, [42, Theorem
6] shows that Iso((Lip(X3), ||-]|s), (Lip(X2), ||-||s)) fulfills the condition
of Corollary A.14. Thus we have the following.

COROLLARY A.15. Suppose that T € M (Lip(Xy),Lip(Xs)) is 2-
local in Iso((Lip(X1), |[-|ls), (Lip(X2), [I-]l2)). Then T € Iso((Lip(Xy), ||
I2), Lip(X2), || - [Is)).

Corollary A.15 generalizes Theorem 8 in [42], where the case X; =
Xy = [0, 1] is proved.

3.3. The algebra of continuously differentiable functions.
We have the following corollary.
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COROLLARY A.16. Let || ||; be any norm on C*([0,1]) for j =1,2.

We do not assume that || - ||; is complete. Suppose that

(3'11) ISO((OI<[O7 1])7 H ’ Hl)a (Ol<[07 1])7 H ’ HQ))

= {T < M(Cl<[07 1])701([07 1]));

there exist B € C*([0,1]), a € T,

m=Idorm=1-1d and e = £1

such that T(f) = B + al[f o 71| for every f € C'([0,1])}.
Suppose that T € M(C([0,1]), C*([0,1])) is 2-local in Iso((C*([0,1]), ||-
1), (CH([0, 1)), [ - [|2)). Then T € Iso((C([0, 1)), || - [11), (C*([0, 1)), ||
12))-
PROOF. Let T be 2-local in Iso((C1([0,1]), ||-]l1), (C*([0, 1]), |- |l2))-

By (3.11), Iso((C*([0,1]), | - ||1), (C*([0,1]),] - ||2)) € GWC. Theorem

A5 asserts that there exists a continuous map = : [0, 1] — [0,1] and a
continuous map € : [0, 1] — {£1} such that

(3.12)  T(f) =T(0) +(T(Q) = T(0)[f o], f€CH[0,1]).
Since e : [0,1] — {£1} is continuous and [0, 1] is connected, we conclude
that ¢ = £1. As T is a 2-local isometry, we get T is an isometry.
This implies that 7 is injective. Corollary A.7 asserts that w([0,1])
is a uniqueness set for C*([0, 1]), which is [0,1]. Thus we have 7 is
surjective. To complete the proof we shall prove that 7 is an isometry.
Let zg € [0,1]. We define the function g(x) = z — w(z) € C[0,1].
Define Ty = Ty(1)Tp for Ty = T — T(0). It is easy to see that Tj is
2-local in Iso((C1([0,1]), ]| - []1), (C1([0,1]), ]| - []2)), we have
To(1) = By1 +apq[lo 7To,l]eo’la
and
0=To(0) = By1 +agql0omq]ol =5,1.
It follows that T(1) — T'(0) = Tp(1) is a unimodular constant. We
have T} = Ty(1)Ty is 2-local in Iso((C([0,1]), |- |l1), (C([0,1]), || - [|2))-
Hence we get
0 = T3(0) = To, (0)
= Bo,g + ao,g[0 0 o) = Bog,
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and
T1(g) = To,(9)

= Bo,g + aog[g © 70,4
It follows that
(T1(9))(2) = o,glg 0 04| (2) = 0 4[g(m04(2))], 2z €[0,1].
Thus by (3.12), we have for any z € [0, 1] that
[m(2) = (o)) = [9(m(2))]° = (T1(9))(2)
= 0,4[g(mo,(2))]* = agg[mog(2) — m(0)]™,

where o, € T and 7y 4y = Id or my, = 1 — Id. Putting z = zy, we have
0 = [m(z0) — m(20)]” = apg[mog(xo) — m(20)] .

It follows that 7o 4(z) = m(zo). Thus we have

[m(2) =m(x0)]” = a0 g[mog(2) =m(20)]** = a0 g[m0,4(2) = T0,4(20)] 7,
and
[7(2) = 7 (o) = I70,(2) = Mo g(w0)| = [2 = 2ol
As z and =z are arbitrary, we conclude that 7 is an isometry. This

completes the proof. O

In [60, 84|, they gave a characterization for surjective isometries
on C'([0,1]) with respect to various norms. There are many norms
with which the groups of surjective isometries on C''([0,1]) satisfys the
condition of Corollary A.16. We present one of them.

COROLLARY A.17. Suppose that

T e M((CH([0,1]), ] - lI5). (€ ([0, 1]), ]| 1))

and T is 2-local in Iso((CH([0,1]), || - II), (C*([0,1]), ]| - |Is)). We con-
clude that T € Iso((C*([0, 1]), ]| - [lx), (C*([0, 1)), I - [|s))-

Corollary A.17 has been shown in [42, Theorem 9] in a different

way.
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3.4. The algebra S™(D). Let
$*(D) = {f € HD): f' € H*(D)},

where H (D) is the linear space of all analytic functions on D and H>°(ID)
is the algebra of all bounded analytic functions on ID. The algebra
S*°(D) equipped with the norm || f||s = sup,ep | f(2)] + supyep | f/ ()|
for f € S™(D) is a unital semi-simple commutative Banach algebra.
As is described in [83], S™(ID) coincides with the space of all Lipschitz
functions in the linear space of all analytic functions on D and each
f € S>°(D) is continuously extended to the closed unit disk D. Hence
we may suppose that S*(ID) is a unital subalgebra of the disk algebra
on . Trivially all analytic polynomials are in S*°(ID).

THEOREM A.18. The mazximal ideal space My, of S*(D) is home-
omorphic to the closed unit disk D.

PROOF. For each p € D, the point evaluation on S(ID) which takes
the value at p is a nontrivial complex homomorphism. Hence we may
suppose that D C M. To prove D = M., suppose that fi,..., f,
be an arbitrary finite number of functions in S*(ID) such that

Z|f]| > 0 on D.
j=1

If we prove that there exist the same number of ¢,...,g, € S™(D)

such that
Z fjgj = 17
j=1

then a general result assures that D = M. We prove the existence
of such g1,...,g, € S®(D). It is well known that the maximal ideal

space of the disk algebra A(D) is D. As f1,..., f, € S¥(D) C A(D),
there exists hy, ..., h, € A(D) such that

> fihi=1.
j=1

As functions in A(D) are uniformly approximated by analytic poly-

nomials, there exists a sequence of polynomials {p%)}%"zl such that
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||P£f;) — hjllec = 0 as m — oo for every j = 1,...,n. Hence for suffi-
ciently large my we have

<1/2.

-3 )
j=1

In particular, Z?Zl fjp% has no zeros on D. Then 1/ Z?Zl fjp% c
S*(D). Put ¢g; = p%/zyzl fjp% for j =1,...,n. Then 9; € S*(D)
and Z?Zl fjg; = 1 by a simple calculation. It follows that D = M.

]

Miura [83, Theorem1] showed the form of the surjective isometry
on S*(D).

THEOREM A.19 (Miura [83]). Suppose that U : S*(D) — S*(D) is
a surjective isometry with respect to the norm || - ||s. Then there exists

unimodular constants o, \ € C such that
U(f) =U(0)+af(r\), feSTD)

or

U(f) =U(0) +af(X), fes=D).
Conversely, each of the above form is a surjective isometry from S (D)
onto S (D).

As we stated in the beginning of Section 2, for some Banach algebras
B;, a pointwise 2-local map in Iso(B;, By) is not always a surjective
isometry. But applying Theorem A.5 and Theorem A.19 we deduce
that a pointwise 2-local map in Iso(S* (D), S*(ID)) is always a surjective

isometry.

COROLLARY A.20. Suppose that T € M(S*(D),S™(D)) is point-
wise 2-local in Iso(S™ (D), S*(D)). Then T € Iso(S™(D), S*(D)).

PrROOF. Let T' € M(S™(D),S*(D)) be a pointwise 2-local map
in Iso(S* (D), S*(D)). By Theorem A.19 Iso(S*(D),S*(D)) ¢ GWC.
Then Theorem A.5 asserts that there exist a continuous map 7 : D — D

and a continuous map € : D — {1} such that

T(f)=T0)+alfon], [feS™(D),
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where v = T'(1) — 7T'(0) is a unimodular constant since T7'(1) — 7'(0) is
unimodular function and it is analytic on . Furthermore ¢ = 1 on D
or e=—1onD. Put T} = a(T — T(0)). Then
lefOTl'7 fESOO(D)

if e =1, and

Ti(f)=fom feS8™(D)
if e = —1. Letting f = Id, the identity function, we see that 7 € S™(ID)
ife=1landmeS*D)ife=—1. Pt p=mife=1,and p = 7 if
e = —1. Then we have that ¢ € S*(D) and

Ti(f) = foyp, [eS*D)

if e=1, and
Ti(f)=fop, [fesS*D)
if e = —1. In particular, we have
(3.13) Ti(Id) = ¢
either for ¢ = 1 and for ¢ = —1. Since 77 is pointwise 2-local in

Iso(S®(D), S>°(D)) by the definition of T}, for every x € D there exists
u, € S°°(D) and unimodular constant a,, A, such that

(T1(1d)) () = ug(x) + oy Id(A\2)

and
0= (T2(0))(2) = ua(2),
(T1(1d)) () = ug(x) + a ld(Apx) = ug(z) + o Id(Apx)
and

0 = (T1(0))(x) = ua(2).

In any case we have
(3.14) (T1(1d)) () = az A,z
Combining (3.13) and (3.14) we have

o(x) = azA\x
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for every z € D. Then we have ¢(0) = 0, and |p(z)| = || for every
r € D. Since ¢ : D — D is analytic in D, the Schwartz lemma asserts
that there is a unimodular constant Ay such that

o(x) = Az, xe€D.
It follows that
T(f) =T0)+(T(A) =T(0))f(Xo), feS5*(D)

or

T(f) =T0)+(TA) =T0)f(A), [ e5*(D).
By Theorem A.19 we conclude that T' € Iso(S™ (D), S*(DD)). O

4. Iso-reflexivity

Many literatures study isometries from the point of view of how
they are determined by their local actions [3, 25, 51, 85, 91, 92, 100].
By Theorem A.5 we have that several 2-local maps are linear, hence
they are local maps. In this section we prove that a local isometry in
Isoc (B, Be) is 2-local in Iso(By, By). Applying Theorem A.23 we see
the reflexivity of Isoc(By, By) for several Banach spaces of continuous

functions.
DEFINITION A.21. Put
Mc(By, By) ={T € M(By, Bs); T is complex-linear }

Isoc(By, Ba) = {T € Iso(Bj, B2); T is complex-linear }.

Recall that T' € Mc(By, Bs) is local in Isoc(By, Bs) if for every f € By,
there exists Ty € Isoc(B1, Bs) such that

T(f) = T ())-

We say that Isoc(Bj, Be) is iso-reflexive if every local map in Isoc(By, Bo)
is an element in Isoc(B1, Bs).

PROPOSITION A.22. Suppose thatT € Mc(By, Bs) is local in Isoc(By, Bs).
Then T is 2-local in Iso(By, By).
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PRrROOF. Let f,g € B; be arbitrary. Then there exists Ty, €
Isoc(By, Bs) such that

T(f—9)=Tpe(f —9)

As T and T}, are complex-linear, we have

(4.1) T(f) =T(g) = Trg(f) = Tr4(9)-
Put
hig=T(f) = Trq(f)-
By (4.1) we have
T(f) = hyg+ Try(f),
T(g) = hyg +Tyo(9)-
It is easy to see that hy, + T (-) € Iso(By, Bs). It follows that T is
2-local in Iso(By, Bs). O

THEOREM A.23. Suppose that every 2-local map in Iso(By, Bs) is
an element in Iso(By, Bs). Then Isoc(By, Bs) is iso-reflexive.

PROOF. Suppose that 7" € Mc(Bi, Bs) is local in Isoc(Bj, Bs).
Then by Proposition A.22, T is 2-local in Iso(Bj1, By). By assumption,

we have T € Iso(Bi, By). Since T is complex-linear, we infer that
T e ISO(C(Bl, BQ) O

Applying Corollaries A.11,A.13,A.15,A.17 and A.20, we see that
Isoc(C(X7),C(X2)) for first countable compact Hausdorff spaces X;

and Xo, Isoc(A(D), A(D)), Isoc(Lip(X1), Lip(X3)), Isoc(C[0, 1], C*0, 1])
and Isoc(S™ (D), S™ (D)) are iso-reflexive.



