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8

i = 1,2

i qi

q1 = q2 ≡ qd Q

Q = 2qd p = p(Q)

c > 0

(p′ < 0) (p′+ p′′Q < 0 ∀Q > 0)

(p(0)> c)

CS(Q) ≡ ∫ Q
0 p(x)dx− p(Q)Q Q c

PS(Q,c)≡ (
p(Q)−c

)
Q

Q c

W (Q;c)≡CS(Q)+PS(Q,c) =
∫ Q

0
p(x)dx− cQ. (3.1)

πd ≡ (
p(2qd)− c

)
qd

PS(2qd ,c)≡ 2πd W (2qd;c) =
∫ 2qd

0 p(x)dx−2cqd

2

θ

θ < c

q(θ)

θ

θ

θ θ

[θ ,θ ] f (θ) F(θ) θ

f (·) F(·) θ θ ∈ [θ ,θ ] f (θ)> 0

p(0)> θ (monotone hazard rate condition:

MHRC) (F/ f )′ ≥ 0

(common knowledge)

πm ≡ [
p
(
q(θ)

)−θ
]
q(θ) (πm = PS

(
q(θ),θ

)
)

8
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W
(
q(θ);θ

)
=

∫ q(θ)
0 p(x)dx−θq(θ)

9

CS PS

CS+αPS α ∈ [0,1]

(revelation principle) (direct truth-telling mechanism)

θ

θ

(transfer)

3

θ̂ (menu

contract)
(
r(θ̂),q(θ̂), t(θ̂)

)
r(θ̂) θ̂

0 ≤ r(θ̂)≤ 1 r = 1 r = 0

q(θ̂)≥ 0

t(θ̂)

1(
r(θ̂),q(θ̂), t(θ̂)

)
2

θ̂

3

9 Laffont and Tirole (1993)
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4

4.1

θ

(individual rationality constraint)

θ(
r f b(θ),q f b(θ), t f b(θ)

)
p
(
q f b(θ)

)
= θ , (4.1)

r f b(θ) =

⎧⎨⎩ 1 if W
(
q f b(θ);θ

)≥W (2qd;c),

0 if W
(
q f b(θ);θ

)
<W (2qd;c),

(4.2)

t f b(θ) =−2r f b(θ)πd . (4.3)

W (q f b(θ);θ)≥W (2qd ;c) r f b(θ)= 1

r f b(θ) = 0 dW
(
q f b(θ);θ

)
/dθ =−q f b < 0 r f b(θ) θ

π(θ) = 2πd p(θ) = θ

2 t(θ) = r(θ)
(

p(θ)−θ
)
q(θ)+2

(
1−r(θ)

)
πd −π(θ)

(4.3)

4.2

1
(
r(θ̂),q(θ̂), t(θ̂)

)
2

2

θ θ̂

π(θ̂ |θ) θ

θ̂ = θ π(θ) ≡ π(θ |θ)
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π(θ) π(θ̂ |θ), θ̂ 	= θ

π(θ) = r(θ)︸︷︷︸ × (
p(θ)−θ

)
q(θ)︸ ︷︷ ︸ +

(
1− r(θ)

)︸ ︷︷ ︸ × 2πd︸︷︷︸ − t(θ)︸︷︷︸ , (4.4)

π(θ̂ |θ) = r(θ̂)× (
p(θ̂)−θ

)
q(θ̂)+

(
1− r(θ̂)

)×2πd − t(θ̂). (4.5)

(incentive compatibility constraint)

π(θ) = max
θ̂

π(θ̂ |θ), ∀θ ∈ [θ ,θ ]. (4.6)

1

π ′(θ) =−r(θ)q(θ)≤ 0. (4.7)

(4.7) 2

dr(θ)q(θ)
dθ

= r′(θ)q(θ)+ r(θ)q′(θ)≤ 0. (4.8)

r(θ) q(θ) θ (4.8) (4.7)

θ

π(θ) = π(θ)+
∫ θ

θ
r(θ̃)q(θ̃)dθ̃ . (4.9)

π(θ)≥ 2πd , ∀θ ∈ [θ ,θ ]. (4.10)

(4.9) (θ = θ ) (4.10) (π(θ)≥ 2πd)

(4.10) θ ∈ [θ ,θ ]
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∫ θ

θ

[
r(θ)CS

(
q(θ)

)
+

(
1− r(θ)

)
CS(2qd)+ t(θ)

]
f (θ)dθ . (4.11)

∫ θ

θ
π(θ) f (θ)dθ . (4.12)

∫ θ

θ

[
r(θ)CS

(
q(θ)

)
+

(
1− r(θ)

)
CS(2qd)+ t(θ)

]
f (θ)dθ +α

∫ θ

θ
π(θ) f (θ)dθ . (4.13)

(4.4) (4.13)

∫ θ

θ

[
r(θ)W

(
q(θ);θ

)
+
(
1− r(θ)

)
W (2qd ;c)

]
f (θ)dθ − (1−α)

∫ θ

θ
π(θ) f (θ)dθ . (4.14)

(4.9) (4.14)

∫ θ

θ

[
r(θ)W

(
q(θ);v(θ)

)
+

(
1− r(θ)

)
W (2qd ;c)

]
f (θ)dθ − (1−α)π(θ), (4.15)

v(θ)≡ θ +(1−α)
F(θ)
f (θ)

≥ θ . (4.16)

v(θ) (virtual marginal cost)

(MHRC) θ (v′(θ) =

1+(1−α)(F/f )′ > 0)

4.1.
(
r∗(θ),q∗(θ), t∗(θ)

)
p
(
q∗(θ)

)
= v(θ), (4.17)

r∗(θ) =

⎧⎨⎩ 1 if W
(
q∗(θ);v(θ)

)≥W (2qd ;c)

0 if W
(
q∗(θ);v(θ)

)
<W (2qd ;c)

, (4.18)

t∗(θ) = (1−α)r∗(θ)q∗(θ)
F(θ)
f (θ)

−2r∗(θ)πd −
∫ θ

θ
r∗(θ̃)q∗(θ̃)dθ̃ . (4.19)
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. (4.15) 1

W
(
q(θ);v(θ)

)
q∗(θ) 1 ∂W

(
q(θ);v(θ)

)
/∂q

= p
(
q∗(θ)

)
= v(θ) v(θ) θ θ (4.17)

p′q′(θ) = v′(θ) q∗(θ) θ

W
(
q∗(θ);v(θ)

)≥W (2qd ;c)

(4.15) 1 1 (r∗(θ) = 1)

0 (r∗(θ) = 0)

dW
(
q∗(θ);v(θ)

)
/dθ = −v′q∗ < 0 r∗(θ) θ

q∗(θ) r∗(θ) θ

(4.9) (4.10) t∗(θ)

π(θ) = 2πd (4.9) π(θ) = 2πd +
∫ θ

θ r(θ̃)q(θ̃)dθ̃

t(θ) = r(θ)
(

p(θ)−θ
)
q(θ)+

(
1− r(θ)

)×2πd −π(θ) π(θ)

t∗(θ) (4.19)

4.1

v(θ)

q∗(θ)

π(θ) θ

4.1

4.1.

. α = 1 v(θ) = θ

(4.1) (4.17) θ

q f b(θ) = q∗(θ) (4.2) (4.18)

t f b(θ) =−2πd

t∗(θ) =−2πd −
∫ θ̂

θ q(θ̃)dθ̃ θ̂ W
(
q f b(θ̂); θ̂

)
=W (2qd ;c)

θ
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4.1

4.1

α ∈ [0,1)

θ̂ f b

θ̂ ∗

W
(
q f b(θ̂ f b); θ̂ f b

)
=W

(
q∗(θ̂ ∗);v(θ̂ ∗)

)
=W (2qd;c) (4.2)

(4.18) θ ≤ θ̂ f b

θ ≤ θ̂ ∗ 2

θ̂ f b θ̂ ∗

4.2. 2
(
θ̂ f b, θ̂ ∗ ∈ (θ ,θ)

)
θ̂ ∗ < θ̂ f b

. θ̂ f b ≤ θ̂ ∗ (4.1)

(4.17) p
(
q f b(θ̂ f b)

)
= θ̂ f b ≤ θ̂ ∗ < v(θ̂ ∗) = p

(
q∗(θ̂ ∗)

)
q f b(θ̂ f b)> q∗(θ̂ ∗)

q ≤ q f b(θ̂ f b) W (q;θ) q

W (q;θ) θ θ < v(θ) W
(
q f b(θ̂ f b);θ

)
>W

(
q∗(θ̂ ∗);θ

)
>

W
(
q∗(θ̂ ∗);v(θ)

)
θ̂ f b ≤ θ̂ ∗

θ 2 W
(
q f b(θ̂); θ̂

)
= W

(
q∗(θ̂ ∗);v(θ̂ ∗)

)

4.2

4.2
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5

p = a−bQ; a > 0,b > 0

θ [θ ,θ ]

Δθ ≡ θ −θ > 0

a > θ

f (θ) = 1/Δθ F(θ) = (θ −θ)/Δθ

c 2

5.1

qd = a−c
3b

pd = a+2c
3

πd = bq2
d = (a−c)2

9b

CSd =CS(2qd) =
2(a−c)2

9b

Wd =W (2qd ;c) = 4(a−c)2

9b

5.1:

(4.1), (4.2), (4.3)

5.2

θ̂ f b ∈ [θ ,θ ] 10

10 θ̂ f b ∈ [θ ,θ ]⇔ (3−2
√

2)a+2
√

2c−3Δθ
3 ≤ θ ≤ (3−2

√
2)a+2

√
2c

3 .
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q f b(θ) = a−θ
b

p f b(θ) = θ

r f b(θ) =

{
1 if W

(
q f b(θ);θ

)≥W (2qd;c)⇔ θ ≤ θ̂ f b ≡ (3−2
√

2)a+2
√

2c
3

0 if W
(
q f b(θ);θ

)
<W (2qd;c)⇔ θ > θ̂ f b ≡ (3−2

√
2)a+2

√
2c

3

t f b =−2πd =−2(a−c)2

9b if θ ≤ θ̂ f b

π f b = 0− t f b = 2πd = 2(a−c)2

9b if θ ≤ θ̂ f b

CS f b =CS
(
q f b(θ)

)
= (a−θ)2

2b if θ ≤ θ̂ f b

W f b =W
(
q f b(θ);θ

)
=CS f b +π f b + t f b = (a−θ)2

2b if θ ≤ θ̂ f b

5.2:

F/f = θ − θ θ

v(θ) = θ +(1−α)(F/f ) =

(2−α)θ − (1−α)θ 4.1 (4.17), (4.18), (4.19)

5.3 θ ∈ [θ ,θ ] α ∈ [0,1]

q∗(θ)> 0 a > θ +Δθ

θ̂ ∗ ∈ [θ ,θ ] 11

q∗(θ) = a+(1−α)θ−(2−α)θ
b

p∗(θ) = v(θ) = (2−α)θ − (1−α)θ

r∗(θ) =

⎧⎨⎩ 1 if W
(
q∗(θ);v(θ)

)≥W (2qd ;c)⇔ θ ≤ θ̂ ∗ ≡ (3−2
√

2)a+2
√

2c+3(1−α)θ
3(2−α)

0 if W
(
q∗(θ);v(θ)

)
<W (2qd ;c)⇔ θ > θ̂ ∗ ≡ (3−2

√
2)a+2

√
2c+3(1−α)θ

3(2−α)

t∗(θ) = q∗(θ)(1−α)F
f −π∗(θ)

=
(2−α)

{
(2α−1)θ 2+2[a−(2α−1)θ−Δθ ]θ+[(2α−1)θ−2a]θ+(Δθ)2

}
−2(a−θ)Δθ

2b − 2(a−c)2

9b if θ ≤ θ̂ ∗

π∗(θ) = 2πd +
∫ θ

θ q∗(θ̃)dθ̃ = 2(a−c)2

9b + (θ+Δθ−θ)[2a−αθ−(2−α)(Δθ−θ)]
2b if θ ≤ θ̂ ∗

CS∗ =CS
(
q∗(θ)

)
= [a+(1−α)θ−(2−α)θ ]2

2b if θ ≤ θ̂ ∗

W ∗ =W
(
q∗(θ);v(θ)

)
= [a+(1−α)θ−(2−α)θ ]2

2b if θ ≤ θ̂ ∗

5.3:

θ > θ̂ ∗ r∗(θ) = 0

π∗(θ) = 2πd

(t∗(θ) = 0)

θ̂ f b θ̂ ∗

11 θ̂∗ ∈ [θ ,θ ]⇔ (3−2
√

2)a+2
√

2c−3(2−α)Δθ
3 ≤ θ ≤ (3−2

√
2)a+2

√
2c

3 .
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5.1:

α = 1 4.1 α ∈ [0,1)

θ < θ̂ f b θ̂ f b > θ̂ ∗

4.2

a = 1, b = 1 c = 1/2

θ = 0, θ = 1/2 θ ∈ [θ ,θ ] = [0,1/2]

α ∈ [0,1)

q f b(θ) q∗(θ) 5.1

5.2 5.3 q f b(θ) = 1−θ q∗(θ) = 1− (2−α)θ

θ α = 1

q f b(θ) = q∗(θ) α ∈ [0,1)

θ = θ = 0 q f b(θ)> q∗(θ)

θ̂ f b θ̂ ∗ c

5.2 12 4.2 θ̂ ∗ < θ̂ f b

12 θ̂ f b =
(3−2

√
2)+2

√
2c

3 > θ̂∗ = 2[(3−2
√

2)+2
√

2c]
9 .
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5.2:

c

θ ≤ θ̂ f b W f b =W
(
q f b(θ),θ

)
θ > θ̂ f b θ W d

θ ≤ θ̂ ∗ W ∗ =W
(
q∗(θ),v(θ)

)
θ > θ̂ ∗ W d θ

5.3

5.1

6
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5.3:

4.1

4.1

4.2

5
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