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Introduction

In the study of Affine Algebraic Geometry, one of the our aims is to un-
derstand affine spaces over a given ground field k. For example, when an
affine algebraic k-variety X is given, we need to understand whether X
is isomorphic to A} or not, as algebraic varieties. Although this question
sounds like quite simple, it contains a lot of mysteries. In order to con-
sider this question, we often use theories of G,,-actions and G,-actions
on X. For a field k, we denote k" by the polynomial ring in n variables
over k.

First of all, we recall that theories of G,,-actions on X. It is well
known that to give a G,,-action on X = Spec B is equivalent to give a
Z-grading on B. We say a (,,-action is elliptic if the corresponding
Z-grading is positive (see Definition 1.3).

When X is a smooth affine variety over C, then we can regard X
as a topological manifold. We say X is an exotic structure on A if
it is diffeomorphic to AZ" and X ¢ AZ. The existence of an elliptic
Gyn-action on X is a strong form of contractibility as below: In this case,
the G,,-action has a unique (attractive) fixed point zo € X. If the action
is given by *x (A € C*, € X), then since all the weights of the action
are positive integers, restriction to the real interval ¢ € (0, 1] yields:

. t -
tl_l)tfrlo( r) =u1x9, YrelX.

So the requisite contracting homotopy is given by F': X x [0,1] — X,

Fla.t) = {x (t # 0>),

Zo (t:O

where

A well-known theorem of Ramanujam [64] says that a smooth affine
surface over C which is contractible and simply connected at infinity is
isomorphic to AZ. This can be used to show that any smooth affine
surface over C with an elliptic G,,-action is isomorphic to A%; see [17].
In the same paper, Ramanujam showed that any smooth contractible
affine variety over C of dimension n > 3 is diffeomorphic to AZ", and is
therefore either isomorphic to AZ or an exotic structure on Ag.
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Introduction

A well-known example of this phenomenon is the Koras-Russell three-
fold X = Spec B, that is, the coordinate ring is defined by

B =Clz,y,z1]/(z + 2%y + 2* + t°).

It is known that B is a rational UFD and it has a Z-grading defined by
deg(z,y,2,t) = (6,—6,3,2). Moreover, X is smooth and contractible,
and X %c Al. So X is an exotic structure on A. In [19, Theorem 6.2],
Freudenburg and the author showed that X does not have the stronger
form of contractibility imposed by an elliptic G,,-action, i.e., B does not
admit positive Z-gradings.

Similarly, we consider the Asanuma threefolds over a field & of positive
characteristic p > 0. In [2], Asanuma introduced the following family of
rational threefolds

Ap = klz,y, 2,t]/(2™y + f(2,1)),

where m > 1, f(z,t) € k[z,t] and k[z,t]/(f) = kM but k[z,t] # k[f]1.
Segre [69] gives such non-standard line embeddings in A, for example,
defined by
flz,t) = 27" +t+ 1%,

where s,e € Z-o and p® and sp do not divide each other; see also the
Introduction in [21]. Asanuma showed that AL 2, kM for each m > 1.
From this, it follows that A,, is a rational UFD and that each threefold
Spec A, is smooth. Furthermore, Gupta in [22] and [23] showed that
A Pr kBl when m > 2. Freudenburg and the author showed that

these also do not admit elliptic G,,-actions, which is a consequence of
the following ([19, Theorem 6.4]):

Theorem. For any field k and positive integers n,m, let X be an affine
k-variety such that X x A" 2 AP*™. Then X =, A} if and only if X
admits an elliptic G,,-action.

In the case where £k = C, in one direction of the above theorem, for
X = Spec B, the condition X x A" & AP*™ ensures that X is smooth,
affine and contractible, but does not imply that B has a positive Z-
grading. In the other direction, if B is an affine rational UFD with a
positive Z-grading and X = Spec B is smooth, then either X =¢ A or
X is an exotic structure on Ag. In [19, Section 7], we conjecture the
following characterization of affine space:

Conjecture. Let X be a factorial rational affine variety of dimension n
over an algebraically closed field k. If X is smooth and admits an elliptic
Gy, -action, then X = A}
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By [19, Corollary 4.7 and Theorem 5.1 |, the conjecture is true for n = 1
and n = 2.

Next, recall that theories of G,-actions on X. It is well known that
to give a G,-action on X = Spec B is equivalent to give a locally finite
iterative higher derivation on B, in particular, when the characteristic
of k is zero, it is equivalent to give a locally nilpotent derivation on B.
Indeed, let ¢ : G, — Aut X be a G,-action on X. Then, for A € k and
[ € B,

e =3 DX,
=0

where D = {D,}2, is a locally finite iterative higher derivation on B
(see Chapter 1.3 for details). This mapping ¢ — D gives a one-to-
one correspondence between the G,-actions on X and the locally finite
iterative higher derivations on B.

Here, we recall some characterizations of affine spaces in the terms of
Gg-actions. Denote X,, = Spec B,, by an affine variety over k of dimension
n, then the following characterizations of affine spaces are well known:

e X; 2 Al < X, admits a non-trivial G,-action.

o Xy, & A} <= X, admits a non-trivial G,-action and
By is a UFD with Bj = k*.

If B is a k-algebra, the Makar-Limanov invariant ML(B) of B is the
intersection of all invariant rings of G,-actions on B, and the Derksen
invariant D(B) of B is the subring generated by invariants of non-trivial
Gg-actions. See [18] for details.

If B2 k", then ML(B) = k and D(B) = B. Hence, by calculating
that invariants, we can understand whether X = Spec B is isomorphic
to A} or not. For example, Asanuma threefolds A,, are considered by
Gupta in [22] and [23], showing that, when m > 2, ML(A4,,) = k[z] and
D(A,,) = klz, z,t]. So A, %, kPl when m > 2. These give counterex-
amples for the cancellation problem for affine spaces in positive charac-
teristic. It is an open problem whether A; 22, k3.

By the way, in order to understand affine spaces A} over a given
ground field k, it is important to consider the automorphism group
Aut A} as algebraic varieties. In fact, since A} = Speck™ admits a
lot of G,,-actions and G,-actions, namely, Aut A7 contains many kinds
of G,, and G, as subgroups, we see that Aut A} is a huge group. For
this reason, it is difficult to understand Aut A}, especially when n > 3.
Although it is known that the structure theorem for Aut A2, several open
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problems are still left even if n = 2. For example the Jacobian conjecture
is well known.

A k-automorphism on B 22, kI is given by the n-tuple of polynomials
fi,-.., fn € B. In this thesis, we discuss about such polynomial f; and
the k-algebra k[f;]. We say that each f; is a variable (or coordinate). In
Proposition 2.1, we show that if f € B is a variable, then the k-subalgebra
k[f] is integrally closed in B. We say that such a polynomial is a closed
polynomial (see Chapter 2). Also, a pair of polynomials (f,g) is said
to be a closed-pair if k[f, g] = k2l and k[f, g] is algebraically closed in
B (see Chapter 5).

When the characteristic of k is zero, there are some constructions of
closed polynomials and closed-pairs as below. If d is a non-zero derivation
on k1 such that ker d # k, then ker d = k[f] and f is a closed polynomial
(see Theorem 3.1). If d is a non-zero locally nilpotent derivation on
kBl then kerd = k[f, g] and (f, g) is a closed-pair (see Miyanishi [51]).
Furthermore, for f,g € kM if k[f,g] = k2 and is a retract of k",
then (f,g) is a closed-pair (see Chapter 5). More preciously, the author
showed in [56] that, if A is a retract of k" of transcendence degree 2
over k, then A = k[f, g] and (f,¢g) is a closed-pair.

In this thesis, we give several characterizations and criteria of inte-
grally closed subalgebras of the polynomial ring over an integral domain.
In Chapter 1, we recall several definitions of degree functions, Z-gradings,
derivations and higher derivations. These are important methods and
techniques which are used in this thesis. By using these techniques, in
Theorem 1.1/, we give some characterizations of algebraically closed sub-
algebras of a given integral domain.

In Chapter 2, we study closed polynomials and some other concepts of
polynomials (factorially closed polynomials, univariate polynomials and
variables). In particular, these classes of polynomials have geometric
meanings as below: Let k be an algebraically closed field and let f € B\k,
where B 22, kI"l. Then we can consider the morphism

®;: A7 =) Spec B — Speck[f] =, A},

defined by the natural inclusion k[f] — B. Using this morphism &, we
show that a polynomial f € B\ k is a closed polynomial (resp. factorially
closed polynomial) if and only if a general fiber (resp. every fiber) of ®;
is irreducible and reduced (see Theorems 2.3 and 2.29). Similarly, in the
case where n = 2, we give a characterization of univariate polynomials
in Theorem 2.28.

By the way, in Theorem 2.4, we give characterizations of closed poly-
nomials over an integral domain. These characterizations are conclusions

xii
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of Theorem 1.14. In Theorem 2.11, we give some criteria of closed poly-
nomials, using techniques of Z-gradings on the polynomial ring. The
key strategy is to find an appropriate Z-grading. Since the polynomial
ring has many kinds of Z-gradings, we can find such a Z-grading. Fur-
thermore, in Chapter 2.3, by using the criteria, we give classifications of
closed polynomials in special cases (the monomials, the polynomials with
the Jacobian condition and the polynomials whose degree is prime).

In Chapter 3, we study closed polynomials, derivations and higher
derivations in the polynomial ring R[z,y] = R over an integral domain
R. In this chapter, we consider the following three cases:

e R is an arbitrary integral domain of characteristic zero.
e 1R is a UFD of characteristic zero.

e R is a field of positive characteristic.

In fact, the second case is studied by several mathematicians. See e.g.,
Nowicki [58], Nowicki and Nagata [62], Ayad [4], Arzhantsev and Pe-
travchuk [3], Kato and Kojima [32], etc. In Proposition 3.11, we show
relations between derivations and closed polynomials in R[z,y|, under
some equivalence relations. From the result, we can understand the ker-
nel of a derivation on R[z,y| by using the theory of closed polynomials.
This observation will be used in Chapter 4. The most important tool is
what is called the Jacobian derivation. This derivation makes sense if the
characteristic of R is zero. When R is a field of positive characteristic, in
Theorem 3.16, we introduce higher derivations which look like the Jaco-
bian derivation. By using the higher derivation, we give characterizations
of variables.

In Chapter 4, as an application of results on closed polynomials in
Chapters 2 and 3, we study kernels of monomial derivations on the poly-
nomial ring in two variables over a UFD. Theorem 4.2 gives a classifica-
tion of kernels of monomial derivations. Furthermore, in Theorem 4.5,
by using the argument in [63, Section 5] and Theorem 4.2, we determine
the non-zero monomial derivations d on k[z,y| such that the quotient
field of the kernel of d is not equal to the kernel of d in k(z,y).

Finally in Chapter 5, we explain definitions and some properties of
retracts and closed-pairs, and give several examples. In particular, we
consider the following question:

Question. Let k be a field of characteristic zero and let d be a non-zero
k-derivation on k. Is the kernel generated by at most two polynomials?

In Chapter 5.2, we give partial affirmative answers and examples for this
question.
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CHAPTER 1

Preliminaries

Let R be an integral domain of characteristic p > 0. For a positive integer
n > 1, we denote RI™ by the polynomial ring in n variables over R, Q(R)
by the field of fractions of R and R* by the group of units in R. For an
R-subalgebra A of B, we denote tr.degp A := tr.degq ) Q(A).

Through in this chapter, assume that B is an integral domain con-
taining R. B is referred to as an R-domain. Let A be a subring of B.
We say an element f € B is algebraic over A if there exists a non-zero
polynomial P € B!\ {0} such that P(f) = 0, especially say integral
over A if we can choose such a polynomial P € B to be monic. We say
that A is algebraically closed (resp. integrally closed) in B if there
are no algebraic (resp. integral) elements in B other than A. Also, say
A is factorially closed in B if for non-zero elements f, g € B, the con-
dition fg € A implies f € A and g € A. Here, we consider the following
three conditions.

(a) A is integrally closed in B.

(b) A is algebraically closed in B.

(c) A is factorially closed in B.
It is easy to show that the implications “(¢) = (b)” and “(b) = (a)”
hold true. When A is factorially closed in B, we have that A* = B* and

every irreducible element of A is also irreducible in B. Furthermore, the
following result holds.

Proposition 1.1. Let A be a subring of B. Then the following two
conditions are equivalent:

(i) A is integrally closed in B and Q(A) N B = A.
(i) A is algebraically closed in B.

Proof. (i) = (ii) If b € B is algebraic over A, then there exist m > 1
and ag, . .., a, € A such that agb™ + a;b™ ' 4+ --- +a,,_1b+a,, = 0. By
multiplying ao™ ! on the both sides of this equation, we see that agb is
integral over A, so apb € A. Hence b € Q(A)N B = A.

(i) = (i) It is enough to show that Q(A) N B = A. Let b €
Q(A) N B. Then b is algebraic over A, hence b € B. O

1



Chapter 1 Preliminaries

Proposition 1.2. (cf. [28, Lemma 3.2]) Suppose that B is a UFD. Let A
be a subring of B such that A* = B*. Then the following two conditions
are equivalent:

(i) Ewery irreducible element of A is also irreducible in B.
(i) A is factorially closed in B.

Proof . 1t is clear that the implication “(ii)) = (i)” holds true.

(i) = (i) Since A* = B*, A satisfies the ascending chain condition
for principal ideals of A. Hence, every element of A has an irreducible
decomposition. Taking non-zero elements f,g € B such that fg € A.
Considering an irreducible decomposition of fg in A, we have

€r

fg:ualel"'ar

for some u € A*, distinct irreducible element a; € A and e; > 1. Since
B is a UFD and each a; is irreducible in B, the above equation gives

the irreducible decomposition of fg in B. Without loss of generality, we

ex—dy di .

may assume that f = ua, ca,* "% and g = a; -a,% for some

0 < d; <e;. Therefore f € A and g € A. O

1. Degree functions and Z-gradings

Let R be an integral domain of characteristic p > 0 and let B be an R-
domain. In this section, we discus about degree functions and Z-gradings
on B. For more detail, refer to [19, Section 3].

A degree function on B is a map deg : B — Z U {—o0} such that,
for f,g € B, the following three conditions are satisfied.

(a) deg f = —o0 if and only if f =0,
(b) deg(fg) = deg f + degg,
(c) deg(f + g) < max{deg f,degg}.
Here, it is understood that (—oo) 4+ (—o0) = —oc0 and (—o0) + deg f =

—oo for any f € B. It is easy to show that the equality holds in condition
(c) if deg f # degg. The induced filtration is

B=|]JF,
deZ

where the set F; = {f € B | degf < d} is the associated degree
modules. We say deg is a degree function over R if deg(R*) = 0.

Definition 1.3. Let deg : B — Z U {—o0} be a degree function over R
on B.



1.1 Degree functions and Z-gradings

(a) deg is non-negative if F; = {0} for d < 0.
(b) deg is positive if it is non-negative and Fy = R.

When B admits a degree function over R, we have the following proper-
ties for the associated degree modules.

Proposition 1.4. Let deg : B — ZU{—oc} be a degree function over R
on B. Then the following assertions hold true.

(a) Fo is a subring of B which is integrally closed in B.

(b) Fy is an Fo-module for each d € Z.

(c) Fa is an ideal of Fy for each d < 0.

(d) If deg is non-negative, then Fy is factorially closed in B and

B* C Fo. In particular, if deg is positive, then R is factorially
closed in B.

Proof. (a) Let f,g € Fy. Then deg fg = deg f + degg < 0, hence
fg € Fo. Therefore Fj is a subring of B. Extend deg to Q(B) and let

R = {{ € Q(B) | deg{ < 0}, namely, deg(f/g) := deg f — degg for
f € Band g € B\ {0}. Then R is a valuation ring of Q(B) with the
valuation deg, and Fy = RN B. This implies that Fy is integrally closed
in B.

(b) Let a € Fyand f € F;. Thendegaf = dega+deg f < deg f < d.
Hence af € Fy.

(c) Let d <0. Then Fy C Fo. By (b), Fy is an ideal of Fy.

(d) Let f,g € B\ {0} with fg € Fo. Since deg is non-negative,
deg f > 0 and deg g > 0. Hence we have

0 <degf+degg=degfg<O0.
Therefore deg f = deg g = 0, which implies that f € Fy and g € Fy. U

Let g be a Z-grading of B over R, that is, there exist subgroups By
of (B, +) such that

(a) B =D,z Ba
(b) ByB. C Byye for all d,e € Z,
(C) R C Bo.
Definition 1.5. Let g be a Z-grading of B over R.
(a) g is non-negative if B, = {0} for d < 0.

(b) g is positive if it is non-negative and By = R.

3



Chapter 1 Preliminaries

A Z-grading g gives a degree function deg, : B — Z U {—~o0} on B over
R by the natural way. It is clear that g is non-negative (resp. positive)
if and only if deg, is non-negative (resp. positive).

For example, we shall consider the case where B is the polynomial
ring R[z1,...,z,] =g R, For wy, ..., w, € Z, define the Z-grading g,
by deg, x; = w; for each i. Then g, is non-negative (resp. positive)
if and only if w; is a non-negative (resp. positive) integer for each i.
This implies that every polynomial ring over R has a positive Z-grading,
especially has a positive degree function. Hence we have the following.

Proposition 1.6. R is factorially closed in R™ for any n > 1. In
particular, R is also factorially closed in RI™! where RIM is the formal
power series ring in n variables over R.

Proof. By the above discussion, R™ admits a positive Z-grading g over
R. Then Fy = By = R. By Proposition 1.4 (d), R is factorially closed
in RI",

In the case where B = R[] we consider ord : B — NU{—oc}, where
ord is the usual order function on B. By using the similar argument of
the proof of Proposition 1.4 (d), we see that R is factorially closed in
Rl 0

2. Properties of derivations

In this section, we explain fundamental properties of derivations over an
integral domain R of characteristic zero. Let B be an R-domain. An
R-derivation d : B — B is a map such that, for » € R and f,g € B,

(a) d(f +g) = d(f) +d(g),
(b) d(rf) =rd(f),
(c) d(fg) = gd(f)+ fd(g).

For an R-derivation d on B, we denote B? by the kernel of d. An R-
derivation d is locally nilpotent if for any f € B, there exists m > 1
such that d™(f) = 0. Denote Derg B by the set of all R-derivation on
B, LNDg B by the set of all locally nilpotent derivations on B. It is well
known that Derg B has a structure of B-modules. Remark also, although
LNDg B is a subset of Derg B, it is not necessarily closed under the sum.
For alocally nilpotent derivation d on B, we define the R-automorphism
exp(td) on B[t] =5 B as below. We extend d to an R-derivation d on

4



1.2 Properties of derivations

Bt] by the following formula:

J( > fete) = _d(fot’
/=0 £=0

for f, € B. It is clear that d is also locally nilpotent on B[t]. Then for
¢ € Bt], we define exp(td) by

exp(id)(€) = 3 7 d (€)1

whenever R contains Q. Since d is locally nilpotent, the above definition
makes sense. Moreover, it is easy to show that exp(td) o exp(—td) =
idpp and exp(—td) o exp(td) = idgy. Therefore exp(td) gives an R-
automorphism on Blt].

Properties of derivations. We denote some fundamental notations

and recall properties for derivations (P.1)—(P.8) as below. Let d be an
R-derivation on B.

(P.1) B?is an algebraically closed subring of B.
(P.2) If d is locally nilpotent, then B? is factorially closed in B.
(P.3) An element s € B satisfying d(s) = 1 is called a slice of d.

(P.4) d is irreducible if the only principal ideal of B containing the
image of d is B itself (or equivalently, if d is not of the form fd’
with f a non-unit element of B and d’ € DergB).

(P.5) If B is UFD, then there exist an irreducible R-derivation dy €
DergB and f € B\ {0} such that d = fdy, and d, is unique up
to multiplication by units of B.

(P.6) We say that f € B\ {0} is an integral element if d(f) belongs
to the ideal generated by f in B. In the case where B is the
polynomial ring over R, it is called also a Darboux polyno-
mial.

(P.7) An element t of B is called an integral factor or an eigenvalue
if there exists an integral element f € B\ {0} such that d(f) =

tf.
(P.8) We denote x4(B) by the set of all integral factors in B. Then
Xa(B) is an abelian monoid under the addition of B.
We prove only the assertion (P.8) (see [18] or [60] for more details).
5



Chapter 1 Preliminaries

Proof. (P.8) It is clear that 0 € x4(B). Let s,t € xa(B). Then there
exist f,g € B\ {0} such that d(f) = sf and d(g) = tg. Hence we have

d(fg) = d(f)g + fd(g) = fgs+ fgt = (s + 1) fg.
This implies that s +t € yq(B). O

Lemma 1.7. (cf. [52, Lemma 1.5 (1)]) Suppose that B is a UFD contain-
ing R. Let d be an R-derivation on B. Then the following two conditions
are equivalent:

(i) B? is factorially closed in B.
(i) xa(B) contains no abelian subgroups other than (0).

Proof. (i) = (ii) Suppose that B? is factorially closed in B. If y,4(B)
contains an abelian subgroup other than (0), then there exists an integral
factor ¢ € xq(B) \ {0} such that —t € x4(B). Then there exist f,g €
B\ {0} such that d(f) =tf and d(g) = —tg. We have

d(fg) =d(f)g+ fd(g) =tfg—tfg=0,

hence fg € B But d(f) # 0 and d(g) # 0, this is a contradiction.

(i) = (i) Let f,g € B\ {0} with fg € B% Then 0 = d(fg) =
d(f)g + fd(g). Without loss of generality, we may assume that f and
g have no common factors. Hence we have f | d(f) and ¢ | d(g). Then
there exists ¢ € B such that d(f) = tf and d(g) = —tg, which implies
that ¢, —t € xq(B). Since y4(B) has no abelian subgroups other than
(0), we have t = 0. So d(f) = d(g) = 0 and hence B? is factorially closed
in B. U

The following theorem is one of the most important result in the
study of locally nilpotent derivations, and is called Slice Theorem. In
1968, Rentschler [65] announced the result. Following [14], we denote
the theorem as a generalized form as below.

Theorem 1.8. (Slice Theorem) Let R be an integral domain containing
Q and let B be an R-domain. Let d be a locally nilpotent derivation on
B. Ifd has a slice s € B, then B is the polynomial ring in s over BY,
that is, B = B[s] 2pga (BY)M.

As the end of this section, we consider the case where B is the poly-

nomial ring in n variables over R. Set variables x1,...,z, of B, namely,
B = R[zy,...,1,] =g R". For an R-derivation d, we define the diver-
gence of d by
. "0
div(d) =) o —(d(z:)).
i=1 "

6



1.2 Properties of derivations

Proposition 1.9. For a locally nilpotent derivation d on B, div(d) = 0.

Proof. Set K = Q(R) and Bx = K ®r B. We use the same symbol d as
the extension of d to Bg. Clearly d € Derg By is also locally nilpotent.
We consider the K-automorphism exp(td) on Bi[t] = BgM. Without
loss of generality, we may assume det J(exp(td)) = 1, where we denote
J(exp(td)) by the Jacobian matrix with respect to exp(td), that is, set
fi = exp(td)(x;) and g = exp(td)(t), then

8(f17--'7fn7g)

J(exp(td)) = Ay, ..., Tp,t)

Then g =t and for 1 < i <n,
1
>2
Therefore the coefficient of ¢ in det J(exp(td)) is equal to div(d), which
implies that div(d) = 0. O

For fi,..., fno1 € B, let F = (f1,..., fn_1) and we define the Jaco-
bian derivation Ap with respect to fi,..., f,_1 by, for any g € B,

a(fl: I fnflvg)
8(9317...,xn) ’

Proposition 1.10. For fi,..., f,_1 € B, let F = (f1,..., fao_1). Then
the following assertions hold true.

Ar(g) = det

(a) Arp = 0 if and only if fi,..., fu_1 are algebraically dependent
over R.

(b) If Ap # 0, then BAF is the algebraic closure of R[f1,..., fa 1]
n B.

Proof . (Following [42]) (a) Suppose that fi,..., f,_1 are algebraically
dependent over R. Let A = R|[fs,..., fa_1]. Then f; is algebraic over A.
Choose a non-zero polynomial 0 # P(t) € Aft] =4 A of minimal degree
such that P(f;) = 0. Then

0= A forfur) = P (FO)Af o) = P'(f1) AR,

where P'(t) = dP(t)/dt. By the minimality of the degree of P(t), we
have P'(f1) # 0, hence Ap = 0.

Conversely, we suppose that fi,..., f,_1 are algebraically indepen-
dent over R. Here, we choose f, € B which is transcendence over
Rlf1,..., fu—1] and set A = R[f1,..., fn]. Then B is algebraic over
A, hence there exist 0 # Pi(y1,...,Yns1) € Rly1,...  Yny1] =g RN
such that P(fi,..., fo,x;) = 0 for 1 < i < n. If 9P;/0y,+1 = 0, then

7
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P, € R[y1,...,yn). This implies that fi,..., f, are algebraically depen-
dent over R. This contradicts the choice of f,,. Hence OP;/0y,+1 # 0 for
each ¢. Thus we may assume that deg,  F; is minimal.

Define the homomorphism of R-algebras ¢; : Rlyi,...,Yn+1] — B by
wi(y;) = f; for 1 <j <n and ¢;(yns+1) = x;. Then, for 1 <i,j <mn,

8 ~ dfy OP; \ Oz;

0 - i 7 .

a0 =205 ) s+ 2 (s

Let M = (¢i(0F;/0y;)h<ijen and N = =30, ©i(OF;/Oyni1)e;, wehre
e; is the standard basis for R®". Then J(F, f,,) x M = N, hence

det(J(F, f,)) det M = det N = ﬁ%(ay )
n+1

By the minimality of the degree of P; with respect to y,.+1, we have
©i(0P;/0yn+1) # 0. Thus det(J(F, f,,)) # 0, which implies that Ap(f,,) #
0, namely, Ap # 0.

(b) Suppose that Ap # 0. Then tr.degy (B2F) < n — 1. Fur-
thermore, the assertion (a) implies that fi,..., f,_1 are algebraically
independent over R. Since R 2y R[f),..., f,_1] C B”F, we have
tr.degp (B2F) = n — 1. Therefore BAF is algebraic over R[fi,. .., fo_1]-
By (P.1), BAF is algebraically closed in B, hence it is the algebraic closure
of R[f1,..., fu1] in B. O

3. Properties of higher derivations

In this chapter, we explain fundamental properties of higher derivations
over an integral domain R of characteristic p > 0. Let B be an R-domain.
Let D = {D;}2,, be a family of R-linear maps Dy : B — B for { > 0. We
say that D is a higher R-derivation on B if, for f,g € B and ¢ > 0,

(a) Do = idB,
) Di(fg) = Z Di(
i+j=~0

Note that for a higher R-derivation D = {D,}?°,, it is easy to show
that D, is an R-derivation on B. We say also, D is a rational higher
R-derivation if every D, is a homomorphism of R-modules from B to

Q(B).
For a higher R-derivation D = {D,};°, on B, we define the map
vp : B — BJ[t]], where B[[t]] is the formal power series ring in one

8



1.3 Properties of higher derivations

variable over B, by
en(f) = 3 D)
i=0

for f € B (if D is rational, then we consider ¢p : B — Q(B)[[t]]). The
above condition (b) implies that ¢p is a homomorphism of R-algebras,
condition (a) implies that ¢p(f)|i=o = f. We call the mapping ¢p the
homomorphism associated to D. We denote BP by the intersections of
the kernel of D, for ¢ > 1, that is,

BP = ﬂ ker D,.

We say that D is trivial if B = B. For a (rational) higher R-derivation
D = {D;}, on B, we have a unique higher Q(R)-derivation D =
{D/}32, on Q(B) such that Dy|p = D, for any £ > 0. We call D the
extension of D to Q(B). For more details on the construction of D, we
refer to [34, Section 1]. It is clear that Q(BP) C Q(B)".

A higher R-derivation D = {D,};°, on B is locally finite if D
satisfies

(c) for any f € B, there exists a positive integer Ny > 1 such that
Dy(f) =0 for any £ > Ny,

and is iterative if D satisfies
(d) D,L o) D] = (Z +j>D,L+‘7 for any Z,j Z 0.
J

When D = {D,}7°, satisfies the above conditions (a), (b), (c¢) and (d),
we say D is a locally finite iterative higher R-derivation.

Properties of higher derivations. We denote some fundamental no-
tations and recall properties for higher derivations (P.9)—(P.11) as below.
Let D = {D,}32, be a higher R-derivation on B.

(P.9) BP is an algebraically closed subring of B.
(P.10) If D is locally finite, then BP? is factorially closed in B.

(P.11) If p = 0 and D is locally finite and iterative, then for ¢ > 1,
0'Dy = Dy and D, is a locally nilpotent derivation on B.

Here, we prove (P.9) and (P.10).

Proof. Let D = {Dy}2, be a higher R-derivations of B and let ¢p :

B — B][t]] be the homomorphism associated to D. We note also that

BP is the ring of invariant for ¢p, namely, BY? = {b € B | pp(b) = b}.
9
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(P.9) Let f € B such that it is algebraic over BP. Then there exists
m > 1 and by, ..., b, € BP such that

bof™ + 0™ 4 ba f + b = 0.
Applying pp for the above equation, we have

boen(f)™ + biep(f)™ ' + -+ 4 bu—19p(f) + b = 0.

Then ¢p(f) € BJ[t]] is algebraic over B. By Proposition 1.6, we have
©op(f) € B, which implies that op(f) = f. Thus f € BP.

(P.10) Since D = {D,}?2, is locally finite, the image of ¢p is con-
tained in B[t]. Here, we define the degree function with respect to D

degp : B — Z U {—o00}

by deg, f := deg,(op(f)) for f € B. It is easy to show that deg,, gives
a non-negative degree function on B and Fy = B?. By Proposition 1./
(d), BP is factorially closed in B. O

4. Algebraically closed subalgebras

This section is based on [37, Section 2] and [55, Section 3|. Let R be an
integral domain of characteristic p > 0 and let B be an R-domain. The
aim of this section is to prove Theorem 1.1/ which gives some character-
izations of algebraically closed R-subalgebras of B.

We denote the set of R-subalgebras of B whose transcendence degree
r over R by &(r, B), that is,

S(r,B) :={A | Ais an R-subalgebra of B of tr.degp A = r}.

Here, this set &(r, B) is ordered by partial inclusion. First of all, we

prove three lemmas (Lemmas 1.11, 1.12 and 1.13) needed later. From
now on, we set K := Q(R), Ax := K ®g A and Bg := K Qg B.

Lemma 1.11. Let A be an R-subalgebra of B such that Q(A) N B = A.
Then the following two conditions are equivalent:

(i) A is integrally (resp. algebraically) closed in B.
(i) Ak is integrally (resp. algebraically) closed in By .

Proof. (i) = (ii) Suppose that A is integrally closed in B. If 5 € Bk
is integral over Ay, then there exist m > 1 and aq,...,q,, € Ax such
that

BT+ a1+t 1 B+ o = 0.
10



1.4 Algebraically closed subalgebras

We choose elements a,b € R\ {0} with ae; € A and b5 € B for any
1 <i<m and set c:=ab € R. Then we have

(eB)™ + car(cB)™ 4+ -+ " a1 (cf) + ™ay, = 0.

Since c'oy; € A and ¢ € B, ¢f3 is integral over A, and so ¢8 € A. Hence
b e Agk.

(i) = (i) Suppose that Ag is integrally closed in Byx. If b € B
is integral over A, then it is also integral over Ax as an element of By.
Hence b € Ax N B C Q(A) N B = A. Therefore A is integrally closed in
B. O

Lemma 1.12. Suppose that the characteristic of R equals zero and B is
finitely generated over R. For an R-subalgebra A of B, the following two
conditions are equivalent:

(i) There exists an R-derivation d on B such that B = A.

(i) Q(A)NB = A and there exists a K -derivation § of Bk such that
(Bk)’ = Ak.

Proof. We may assume that B is generated by by,...,b, € B over R.

(i) = (ii)) Let d be an R-derivation on B such that B? = A.
By (P.1), A is algebraically closed in B. By Proposition 1.1, we have
Q(A) N B = A. We denote di by the natural extension of d to B.
It is clear that A is contained in (Bg)™. On the other hand, if § €
(Bg)™ C By, then r3 € B for some r € R\ {0} and

0 =rdr(B8) = dx(rp) = d(rp).
Therefore 73 € B = A, hence 5 € Ag.
(i) = (i) We suppose that Q(A) N B = A and there exists a K-
derivation ¢ on By with (BK)5 = Ax. We can take a non-zero element
r € R\ {0} such that r§(b;) € A for 1 < i < r. Here, we define the

R-derivation d on B by d := rd. By the construction of d, we have
Bl = A. O

Lemma 1.13. Suppose that B =g R is the polynomial ring in n vari-
ables over R. Let A be an R-subalgebra of B. Then the following condi-
tions are equivalent:

(i) A is algebraically closed in B and Q(B) is separably generated
over Q(A).

(i) There exists a rational higher R-derivation D on B such that
A= BP and Q(B)P = Q(A), where D denotes the extension of
D to Q(B).

11
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Proof. (i) = (i) By (P.1), A is algebraically closed in B. Since D
is a higher K-derivation on Q(B) with Q(A) = Q(B)P, it follows from
[26, Theorem (2.3)] that Q(B)/Q(A) is a regular field extension. In
particular, the field extension Q(B)/Q(A) is separable.

(i) = (ii) Since Bk is normal and A is algebraically closed in B,
we know that QQ(A) is algebraically closed in Q(B). So Q(A)/Q(B) is a
regular field extension. It follows from [73, Theorem 1] that there exists
a higher K-derivation D = {D,;}2, on Q(B) such that Q(B)ﬁ = Q(A).
Set D, = 5g|B for each non-negative integer ¢ and set D = {5g}§io.
Then D is a rational higher R-derivation on B and A C BP. Since

B c QB®Y)NBc QB)’NB=Q(A)NB = A4,
we have A = BP.

We claim that D = D. Indeed, let 5+ Q(B) — Q(B)[[t]] be the
homomorphism associated to D. For f/g € Q(B) with f,g € B and

g # 0, we have
(1) = vi(f)
P\g) w9

because ¢z is a homomorphism of K-algebras. Since ¢z(f) = ¢p(f)
and ¢5(9) = ¢p(g), we know that ¢5(f/g) = ¢p(f/g) by the definition
of the extension D of D to Q(B). So ¢35 = ¢p and hence D = D.

Therefore Q(A) = Q(B)P = Q(B)? O

The following is the main result in this section.

Theorem 1.14. Let R be an integral domain of characteristic p > 0 and
let B be an R-domain of transcendence degree n over R. For 1 <r <mn
and A € &(r, B), the following conditions are equivalent:

(i) A is algebraically closed in B.
(i) A is integrally closed in B and Q(A) N B = A.

(i) A is a mazimal element of &(r, B).

If the characteristic of R equals zero and B is finitely generated over R,
then the condition (i) is equivalent to the following condition (iv):

(iv) There exists an R-derivation d of B such that B4 = A.
If B =, R and Q(B) is separably generated over Q(A), then the con-
dition (i) is equivalent to the following condition (v):
(v) There exists a rational higher R-derivation D on B such that
BP = A and Q(B)5 = Q(A), where D denotes the extension of
D to Q(B).

12
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Proof. The part “(i) <= (ii)” follows from Proposition 1.1. When B =g
R and Q(B) is separably generated over Q(A), the part “(i) <= (v)”
follows from Lemma 1.15.

(i) = (iii) Let A be any element of &(r, B) containing A. Since A
and A have the same transcendence degree over R, the ring extension A
over A is algebraic. Hence A= A, which implies A is a maximal element
of &(r, B).

(i) = (i) We denote A by the algebraic closure of A in B. Then
A is an element of &(r, B). Since A C A and A is a maximal element of
&(r, B), we have A = A.

Next, in order to prove the equivalence of (i) and (iv), we assume
further that the characteristic of R equals zero and B is finitely generated
over R.

(i) = (iv) By Lemma 1.11, Ak is integrally closed in Bk. Since
K is a field, it follows from [60, Theorem 5.4] that there exists a K-
derivation & of By such that (Bg)’ = Ag. By Lemma 1.12 and the
assumption on A, we have an R-derivation d of B satisfying B¢ = A.

(iv) = (ii) Suppose that there exists an R-derivation d on B with
B? = A. By Lemma 1.12, Q(A)N B = A and there exists a K-derivation
0 of Bx such that (BK)5 = Ag. Then A is integrally closed in Bg. By
Lemma 1.11, A is integrally closed in B. U
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CHAPTER 2

Closed polynomials in polynomial rings

In this chapter, we assume that B =z R is the polynomial ring in
n variables over an integral domain R of characteristic p > 0. Set a
system of variables of B by x1,...,z,, that is, B = R[zy,...,x,]. A
polynomial f € B is a closed polynomial over R if f ¢ R and the
ring R[f] is integrally closed in B. A polynomial f € B is called a
variable (or coordinate) over R if there exist go, ..., g, € B such that
R[f,g2,...,9,) = B, or equivalently, there exists an R-automorphism ¢
of B such that p(z) = f.

Proposition 2.1. If f € B s a variable over R, then it is a closed
polynomial over R.

Proof. 1t is clear that f is non-constant. Take ¢s,..., g, € B such that
R[f,g2,...,92] = B. Define the Z-grading g on B by deg, f = 0 and
deg, g; = 1. Then deg, gives a positive degree function on B over R|[f].
By Proposition 1.4 (d), R[f] is factorially closed in B. Therefore, f is a
closed polynomial over R. U

We denote the set {R[f] | f € B\ R} of R-subalgebras of B by
S(1,B). It is clear that the set is partially ordered by inclusion, and
S(1,B) € &(1,B). From now on, we set K := Q(R), Ax = K ®p A
and Bx := K ®p B =, K for an R-subalgebra A of B.

Lemma 2.2. Let S € &(1,Bg). If S is mazimal in &(1, Bg), then
S € S(1, Bk). In particular, the set of mazimal element of S(1, By) and
the set of mazimal element of &(1, Bx) are coincide.

Proof. Let S € &(1, Bi) be a maximal element of &(1, Bg). By Theo-
rem 1.14, S is algebraically closed in By, and has transcendence degree
1 over K. Since B is a normal domain, S is a Dedekind K-subalgebra
of the polynomial ring Bx = KM, It follows from [75, Theorem 8] that
there exists f € Bi \ K such that S = K|[f]. Hence S € S(1, Bk) and it
is maximal as an element of S(1, Bg).

Conversely, let K[f] € S(1, Bk) be a maximal element of S(1, Bg).
Let S = K[f] be the algebraic closure of K[f]in Bg. Then S € &(1, Bk).
Since S is algebraically closed in B, by Theorem 1.14, S is a maximal
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element of &(1, Bg). From the above discussion, S = K|g| for some g €
Bk \ K. Then we have K[f] C S = K|[g]. However, since S € S(1, Bg),
we have K[f] = S, which implies that K[f] is a maximal element of
&(1, By). O

1. Characterizations of closed polynomials over do-
mains

Let k be a field and let k[X] 2%, k" be the polynomial ring in n variables
over k. In this case, closed polynomials in k[X] are studied by several
mathematicians. Historically, in 1988, Nowicki and Nagata [62] intro-
duced the notation of closed polynomials for understanding derivations
and their kernels. Around the same time, in 1989, Stein [71] announced
the concepts about the total reducibility order of a polynomial. This con-

cept is essentially the same as closed polynomials. However, his approach
was differ from [62]. After that, in 2007, Arzhantsev and Petravchuk [3]
improved these results as below.

Theorem 2.3. (cf. [3, Theorem 1)) Let k be a field and let k[X] = k"
be the polynomial Ting in n variables over k. Denote k by an algebraically
closed field containing k. For a non-constant polynomial f € k[X] \ k,
the following conditions are equivalent:

(i) f is a closed polynomial over k.
(i) k[f] is @ mazimal element of S(1, k[X]).

If the characteristic of k equals zero, then the condition (1) is equivalent

to the following condition (iii):
(i) There exists a k-derivation d on k[X] such that k[X]|? = k[f].

If k is a perfect field, then the condition (i) is equivalent to the following
conditions (iv) and (v):

(iv) f — X is irreducible over k for all but finitely many X € k.

(v) #{\ € k| f— X is reducible } < deg f, where deg is the standard
degree function on k[X].

The condition (iv) in Theorem 2.3 gives a geometrical meaning for closed
polynomials over an algebraically closed field k. Let f € k[X]\ k and let

®; 1 A} = Spec k[X] — Spec k[f] = A},
16



2.1 Characterizations of closed polynomials

be the surjective morphism defined by the natural inclusion k[f] — k[X].
Then the condition (iv) in Theorem 2.3 implies that f is a closed poly-
nomial if and only if general fibers of ®; are irreducible and reduced.

The following is the main result in this section, which is based on [37,
Sections 3 and 4]. This theorem is a generalization of Theorem 2.3 in
the case where the coefficient ring of the polynomial ring is an arbitrary
integral domain.

Theorem 2.4. Let R be an integral domain and B = R™ the poly-
nomial ring in n variables over R. Let f € B\ R be a non-constant
polynomial such that K[f]N B = R[f]. Then the following conditions (i)
and (i) are equivalent:

(i) f is a closed polynomial over R.

(i) K[f] is a mazimal element of S(1, Br).

Moreover, if the characteristic of R equals zero (resp. if the field extension
Q(B)/Q(R][f]) is separable), then the condition (i) is equivalent to the
following condition (iii) (resp. (iv)):

(ii) There exists an R-derivation d on B such that B* = R|f].

(iv) There exists a rational higher R-derivation D on B such that
BP = R[f] and Q(R[f]) = Q(B)”, where D denotes the exten-
sion of D to Q(B).

Proof. The assertions follow from Theorem 1.14 and Lemma 2.2. O

We give a sufficient condition for a non-constant polynomial f € B\ R
over an integral domain R to be satisfied K[f] N B = R[f]. Later, in
Lemma 2.18, we shall give a necessary and sufficient condition in the case
where R is a UFD.

Example 2.5. Let R and B be the same as in Theorem 2.J. Let f €
B\ R. If the ideal generated by the coefficients of f — f(0,...,0) in R
equals R, then K[f] N B = R|[f].

Proof . 1t follows from [68, Lemma 2.6.1] that K(f) N B = R[f]. Since
R[f] Cc K[f]n B C K(f)N B, we have K[f]N B = R[f].
U

We give some remarks and examples on Theorem 2.4. Let R, K =
Q(R) and B be the same as in Theorem 2.4. Let f € B\ R be a non-
constant polynomial. We know that the part “(i) = (ii)” of Theorem
2.4 remains true without assuming K[f] N B = R[f] (see the proof of

(37, Theorem 3.1]). However, in order to prove the part “(i) = (i)”
17



Chapter 2 Closed polynomials

of Theorem 2.4, we need the hypothesis K[f] N B = R[f]. We give an
example below.

Example 2.6. Let k be a field and set k[y] = kU, R = k[y?,9°] and
B = Rlr] 2z RW. Set f = y?>x € B\ R. Then K[f] = K|x], where
K = Q(R), and so K[f] is a maximal element of S(1, Bx) and K[f]NB 2
R[f]. However, for g = y3x € B\ R[f], we have ¢g> — y?f? = 0. So g is
integral over R[f]. Therefore f is a not closed polynomial over R.

Here we prove the following result.

Proposition 2.7. Let f € B\ R such that K[f] N B = R[f]. Then the
following assertions hold true.
(a) If K[f] is a maximal element of S(1, Bx), then R[f] is a mawi-
mal element of S(1, B).

(b) Suppose that R is a UFD. Then R[f] is a maximal element of
S(1, B) if and only if K[f] is a mazimal element of S(1, Br).

Proof. (a) Let R[g] be any element of S(1, B) containing R[f]. By the
hypothesis, K[f] = K|g|]. Then R[f] = Klg] " B 2 Rlg] and hence
R[f] = RJg]. This proves the assertion.

(b) It suffices to prove the “only if” part. It follows from [32,
Theorem 1.1] that f is a closed polynomial over R. Then it is also
closed over K and hence, by Theorem 2.3, K|[f] is a maximal element of

S(1, By). O

In Proposition 2.7, the converse of the assertion (a) does not hold true
in general. We give an example below.

Example 2.8. Let k£ be a field of characteristic p > 0. Set R =
k[zP, 2Pt C klz] = kM) Rz, y] =g R? and f = a? + 2Py? € R[x,y)].
Then R is not normal and K := Q(R) = k(z). The following assertions
hold true.

(a) R[f] = K[f]N R[z,y].
(b) R[f] is a maximal element of S(1, R[x,y]).

(

(d) f is not a closed polynomial over R.

Proof. (a) The ideal generated by the coefficients of f — f(0,0) (as a
polynomial over R) in R equals (1, 2P) = R. By Ezample 2.5, we see that
R[f] = K[f]N R[z,y]

(b) It suffices to show that f is irreducible as a polynomial over
R. Let g,h € R[z,y] \ {0} be polynomials such that f = gh. Suppose

18
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that deg g and deg h are positive, where we consider the standard degree
function on R[z,y] over R. Since f = (z + zy)? as a polynomial in
klx,y, 2] = kP, we know that g = a(z + 2y)%°89 and h = B(z + zy)dee"
for some «, 8 € k*. However, since 0 < deg g, deg h < p, we have

alr + zy)%89 & Rlx,y], Bz + 2y)*e" & Rlx,y].

This is a contradiction. Therefore f is irreducible as a polynomial over
R.

(c) The assertion follows from K[f] C K[z + zy].

(d) The assertion follows from Theorem 2.4 (Of course, we can prove
the assertion directly). O

The author has not yet given an example of f € B\ R such that K[f]N
B = R|[f], R[f] is a maximal element of S(1, B) and f is not closed in
B, where B = R is the polynomial ring in n variables over an integral
domain R of characteristic zero.

2. Criteria of closed polynomials

This section is based on [54, Sections 3 and 4]. Let B =y R[ be
the polynomial ring in n variables over an integral domain R of char-
acteristic p > 0. Set a system of variables of B by zq,...,x,, that
is, B = R|x1,...,2,] and set K = Q(R). For polynomials f,g € B,
we write f ~pg ¢ if there exists r € R\ {0} such that f = rg. For
w = (wy,...,w,) € N" we consider the Z-grading g, on B with respect
to w by deg, z; = w; for 1 < i < n, and set deg,, = deg, . We de-
note simply deg by the standard degree function on B. Since each w; is
non-negative, deg,, gives a non-negative degree function on B.

Let gw be a non-negative Z-grading on B for some w € N". A
homogeneous polynomial f € B for g, is decomposable with respect
to gw if there exists a homogeneous polynomial g € B for g,, such that
f ~gr g™ for some m > 2, also say f is primitive with respect to g, if
it is not decomposable with respect to gy .

For a polynomial f € B, we define f € Bk by

fri=gcd(fur, - fun)s

where f,, is the partial derivative of f with respect to z; and we take
the greatest common divisor of f,,,..., f;, as polynomials in Bk, hence
f € Bg.
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Chapter 2 Closed polynomials

Definition 2.9. Let f € B and w € N". Assume that deg,, f > 2.
Then we denote by LDy (f) the smallest positive prime integer dividing

deg, f-

The number LDy (f) is the most important concept for Theorem 2.11.
We give some examples as below.

Example 2.10. For f = 2° 4+ 25y? + 2%y* € Z[z,y] =z 72 we can easily
see that:
(a) for u = (1,1), deg, f =deg f =9 and LD, (f) = 3,

(b) for v =(0,1), deg, f =4 and LD (f) = 2,
(c) for w = (1,2), deg,, f = 11 and LD (f) = 11.

As seeing the above examples, it is clear that if deg,, f is a prime number,
then deg,, f = LDw(f). The aim of this section is to prove the following
theorem.

Theorem 2.11. Let B =i RI™ be the polynomial ring in n variables
over an integral domain R. Let f € B\ R be a non-constant polynomial
such that K[f] N B = R[f]. Then the following assertions hold true.
(a) Suppose that f is homogeneous for some Z-grading gvw, w € N™.
Then f is a closed polynomaial if and only if it s primitive in
B ®pr Kwith respect to gy .

(b) Suppose that the characteristic R is zero. If there exists w € N"
such that degy, f =1 or, deg,, f > 2 and

LDW(f) —1
TTDu(f) deg,, f,

then f is a closed polynomial.

deg,, f <

First of all, we prove three lemmas (Lemmas 2.12, 2.13 and 2.1/ ) needed
later.

Lemma 2.12. Let f € B\ R such that K[f]N B = R[f]. For g € B
such that f ~g g, we have R[f] = R[g].

Proof . Since f ~pg g, there exists r € R\ 0 such that f = rg, hence
R[f] C R[g]. On the other hand,

Rlg] € K[g]n B = K[f]N B = R[f].
Therefore R[f] = R|[g]. O

Lemma 2.13. Let f € B\ R. Assume that f is homogeneous for some
gw of deg,, f > 0, where w € N*. For g € B such that f € R[g] and
g(0,...,0) =0, the following assertions hold true.
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(a) g is homogeneous for gy
(b) f ~g g™ for some positive integer m > 1.

Proof. Since f is homogeneous for g, of deg,, f > 0, we see that f(0,...,0) =
0. Hence we can write f as

f - U(g) - Zum—igiv
=1

where u; € Ryug # 0 and m > 1. Set g = Z:il Um—ig"t. Then
f = 9g:1. Since f is homogeneous, g and g; are also homogeneous for g.
This completes the proof of the part (a).

Next, we look at the constant term of g;. The term is g1(0,...,0) =
Um—1, and deg, g1 = (m — 1)degy, g > 0. If m = 1, then f = ugg and
hence f ~gr g. If m > 2, then we have u,, 1 = 0 and g; = ggs, where
g2 = > it Um—ig" 2. By the above argument, g, is also homogeneous.
Using the same argument repeatedly, we have f = wugg"™, which implies
f~rg™ 0

Lemma 2.14. Let w € N" and let f,g € B\ R with f € R[g]. Assume
that deg,, f > 0 and f = u(g) for a polynomial u(t) € R[t] = RY of
degree m > 1. Then the following assertions hold true.

(a) deg,, f = mdeg, g, hence m divides deg,, f.
(b) If the characteristic of R equals zero, then

deg,, [.

m—1

deg,, f >

Proof. (a) We write f = u(g) as follows:

f=ulg) =uog™ +urg™ "+ F Upno1g + Un,
for ug € R\ {0} and wy,...,u, € R. Since deg,, f > 0, deg,, g > 0. This
implies that deg,, ¢* > deg,, ¢’ if © > j. So,

deg,, f = deg,, (u(g)) = degy, (uog™) = mdeg,, g.

(b) Since f = u(g), fr;, = v (9)gs, for 1 < i < n, where u/(t) =
du/dt. This implies that each f,, is divided by u/(g), so u/(g) divides f
as a polynomial over K. Since deg,, is non-negative, this implies that
deg,, f > deg,, (v/(g)). On the other hand, since the characteristic of R
equals zero, mugy # 0. Therefore deg,, u/(g) = (m —1) deg,, g, so we have

—1
=" degy, f.

degy, f > degy, (W/(g)) = (m — 1) deg,, g =
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Now, we start the proof of Theorem 2.11.

Proof of Theorem 2.11. (a) Suppose that f is homogeneous for some
Z-grading gw, w € N". It is clear that, if f is not primitive for g, then
f is not a closed polynomial over R.

Conversely, we suppose that f is primitive in B&g K for gy . Accord-
ing to Theorem 2.4, it suffices to prove the maximality of the ring K[f] in
S(1, Bgk). Let g € Bk \ K be any polynomial such that f € K[g]. With-
out loss of generality we may assume that ¢(0,...,0) = 0. By Lemma
2.13 (a) and (b), g is homogeneous for gy and f ~ g™ for some posi-
tive integer m > 1. Since f is primitive, we have m = 1, hence f ~k g.
By Lemma 2.12, we have K[f] = K|g]. Therefore, K[f] is a maximal
element of S(1, Bg).

(b) By Theorem 2.4, it is enough to show the maximality of the ring
K[f]in S(1, Bk). Let g € Bx \ K with f € KJg]. Since f € K][g|, there
exists u(t) € K|[t] of degree m such that f = wu(g). We write u(t) as

u(t) = upt™ + ugt™ 4 A U b+ U,

for some w; € K and uy # 0. By Lemma 2.14 (a), deg,, f = mdeg,(g).
It is enough to show that m = 1. Indeed, if m = 1, then f = ugg + uy.
This implies g € K[f], so K[f] = K]lg].

If deg,, f = 1, then obviously m = 1. On the other hand, we suppose
that w € N” satisfies deg,, f > 2 and

LDy (f) — 1
LDy (f)

Since the characteristic of R equals zero, by Lemma 2.14 (b),

deg,, f > deg,, f-

By comparing the above two inequalities, we have LDy (f) > m. By

deg,, f < deg,, f.

m—1

using Lemma 2.1/ (a) again, we see that m divides deg, f. But the
number LDy, (f) is the smallest positive prime number dividing deg,, f,
hence m = 1. Therefore f is a closed polynomial over R. U

By using Theorem 2.11 (b), we have the following. This is a gener-
alization of [4, Proposition 14].

Corollary 2.15. Let f € B\ R such that K[f|NB = R[f]. Suppose that
the characteristic of R 1s zero. If there exists 1 < i < j < n such that
for 70, fo, 0 and f € R[x;], then [ is a closed polynomial over R.

Proof. If f € R, then degwf < 0 for any w € N". Hence the inequality
in Theorem 2.11 (b) is satisfied for any w € N™.
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Suppose that f € R[]\ R. Set w;; = (wy,...,w,) € N", where
w, = 0, w; = 2 and w, = 1 for £ # 4,j5. Then degwiﬂjf = 0 and
degy,, | f > 2. Then the inequality in Theorem 2.11 (b) is satisfied for
Wi Therefore f is a closed polynomial over R. U

We give some remarks on Theorem 2.11 (b). In the case where R
is a field, the assumption “K[f] N B = R[f]” is satisfied for any f € B
automatically. Furthermore, in Lemma 2.18, we will give a necessary and
sufficient condition for a polynomial f to be satisfied “K[f]N B = R[f]”
when R is a UFD. For this reason, we can confirm that almost all a given
polynomial is to be a closed polynomial. However, there are examples
of closed polynomials which do not satisfy the assumption on Theorem
2.11 (b) for any w € N™ as below:

Example 2.16. Let f = 25y* + 2% € Qz,y] =p QP. Then f is
a closed polynomial over QQ, but it does not satisfy the assumption on
Theorem 2.11 (b) for any w € N2

Proof. 1t is clear that f is primitive and homogeneous for the standard
Z-grading. By Theorem 2.11 (a), f is a closed polynomial.
On the other hand, for any w = (w;, ws) € N?, we have

deg,, [ = max{6w; + 4wy, 4w; + 6wy }.

Hence deg,, f is divided by at least 2, which implies that deg,, f > 2 and
LDw(f) = 2. We may assume that deg,, f = 6w; + 4wy. Also, we can
see easily that f = 23y3, hence deg,, f = 3(w; + wy). Then
LDw(f) —1 £
et AC L | — 3wy 4 2wy < 3wy + 3wy = deg. f.
LDW(f) egw f w1 + 2wy < oWy + oWsy €8w f

Therefore f does not satisfy the assumption on Theorem 2.11 (b) for any
w € N2 O

Also, in the case where the characteristic of R is positive, Theorem 2.11
(b) and Corollary 2.15 do not hold true in general. We give two examples
below.

Example 2.17. Let k be a field of characteristic p > 0 and let k[z, y] =,
k1. The following two polynomials are not closed.

() f=a?+y +(z+y .

(b) g=aP +y"+zx+y.
Indeed, for (a), we can see easily that f = (z 4+ y)?~2. Hence deg,, f
satisfies the assumption on Theorem 2.11 (b) for w = (1,1). However,
k[f] € k[x + y], which implies that f is not a closed polynomial.
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Also, for (b), we see that § = 1. Hence deg,, g satisfies the assumption
on Corollary 2.15. However, k[g] € k[x + y|, which implies that ¢ is not
a closed polynomial.

Finally, we give a necessary and sufficient condition for a polynomial
f to be satisfied “K[f]NB = R[f]” when R is a UFD. This is a refinement
of the statement in Ezample 2.5.

Lemma 2.18. Suppose that R is a UFD. For f € B\ R, we denote
c(f) € R by the greatest common divisor of the coefficients of f. Then
the following two conditions are equivalent:

Q) e(f — £(0,...,0)) € R*.
(i) K[f]nB = R[f].

Proof. Without loss of generality, we may assume that f(0,...,0) = 0.
Then c(f — f(0,...,0)) = c(f). We note also c(gh) = c(g)c(h) for
g,h € B.

(i) = (ii) Suppose that ¢(f) € R*. Let g € K[f] N B. Then there
exist ug, U1, ..., u, € K such that

g=uof™ +urf" T+ U1 f + U
Since f(0,...,0) = 0 and g € B, we see that ¢(0,...,0) = u,, and
un, € R. Now, we choose r € R\ {0} with ru; € R for 0 < i <
m. Let g1 :== r(g — uy)/f € B, namely, g, = ZZEI TUpm—1—if*. Then
c(g1) = re(f)te(g — um) € TR. Hence g; € 7B, especially, ru,, | =
91(0,...,0) € rR. This implies u,,_; € R. Next, let

(g = umaf — um)
92 ‘=
Iz
By the same augment, we have u,,_s € R. Using the same augment
inductively, we have u; € R for 0 <i <m, so g € R[f].
(i) = (i) Suppose that ¢(f) ¢ R*. Let f* := f/c(f) € B. Then
R[f] € R[f*] and K[f] = K[f*]. Since ¢(f*) € R*, by the consequence
of “(i) = (i)”, K[f*] N B = R[f*]. Therefore

RIf) € RIf*) = K[f*)n B = K[f]n B = R[f].

This is a contradiction. O

€ B.
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3. Closed polynomials in special cases

This section in based on [33, Section 2]. Let B =~z R be the polynomial
ring in n variables over an integral domain R of characteristic p > 0. Set a
system of variables of B by z1, ..., x,, that is, B = R[x1,...,z,] and set
K = Q(R). For w = (wy,...,w,) € N*, we define deg,, by deg,, z; = w;
and deg by the standard degree function on B.

In this section, we study closed polynomials in the following cases:

e Monomials (Ezample 2.19).
e Polynomials with the Jacobian condition (Proposition 2.20).
e Polynomials whose degree is prime (Theorem 2.22).

The following example gives a classification of monomials which are
closed polynomials.

Example 2.19. Let uz(™ - - - " be a monomial of B. Then the following
two conditions are equivalent:

(1) wx]™ --- 2™ is a closed polynomial over R and K|[f|NB = R[f].
(i) w € R* and ged(myq,...,m,) = 1.

Proof. Let f =ux(™ -2 and let d = ged(my, ..., m,).

n

(i) = (i) If u ¢ R*, then
R[f] = K[f]N B = R[z{" - --a;"] 2 R[f].

n

This is a contradiction. Suppose that v € R* and d > 2. For 1 <1 < n,
let £; = m;/d € N. Then v f = (2 - 2t so 24 .- 2l ¢ R[f], but
it is integral over R[f]. This is a contradiction.

(i) = (i) Since u € R*, we have K[f]NB = R[f]. Furthermore, the
condition ged(my, ..., m,) =1 implies that f is primitive in Bk for the
standard Z-grading. By Theorem 2.11 (a), f is a closed polynomial. [

For polynomials fi,...,f, € B, let F' := (f1,...,f.). We denote
J(F) by the Jacobian matrix of F' with respect to variables xy, ..., x,,
namely, J(F) = (8fi/8xj)19,j§n.

Proposition 2.20. Suppose that the characteristic of R is zero. Let
F:=(f1,..., fn) for polynomials f, ..., f, € B. Assume that detJ(F') €
R\ {0} and K[f;] " B = R[fi] for 1 < i < n. Then these polynomials
fi,- -+, fn are closed polynomials. In particular, for g € B\ R satisfying
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Klg|N B = Rlg], if ¢ = ged(gay, -+, 92,) € R\ {0}, then it is a closed
polynomial over R.

Proof . Suppose that detJ(F') € R\ {0}. Then there exist g;; € By such
that, for 1 <4,7 <mn,

ofi _
a_xj = Gij fi-

Here, we note that fz is a polynomial over K. We have

axa(a) Oara(n)

oESy
= Z Sgn(a)gla(a)fl U gna(n)fn
oES
= (fl T fn) ) Z Sgn(a)gla(a) ** Gno(n),

oESy

where 5, is the symmetric group on n elements. For each permutation
o € Sy, sgn(o) denotes the signature of o. Since detJ(F) € R\ {0}, we
have fl € K*. Hence deg fz =0 for 1 < i < n. Therefore each f; satisfies
the assumption on Theorem 2.11 (b) for w = (1,...,1). This implies
that f; is a closed polynomial for 1 < i < n. O

In the case where R is a field of characteristic zero, the above proposition
gives a relation between the Jacobian conjecture and closed polynomials.
Let k be a field of characteristic zero and let k[X] = k[z1, ..., z,] = kM
be the polynomial ring in n variables over k. For fi,..., f, € k[X], let
F=(f1,..., fn). We can regard F as a k-endomorphism on k[X]. Here,
we consider the following two conditions (a) and (b).

(a) F is a k-automorphism on k[X].
(b) det J(F) € k*.

It is easy to show that the implication “(a) = (b)” holds true. The
Jacobian conjecture says that the converse implication “(b) = (a)”
holds true, namely, the above two conditions (a) and (b) are equivalent.
Let f € k[X] be a polynomial. We say that f satisfies the Jacobian
condition if there exist fo,..., f, € k[X] such that F' = (f, fo,..., fn)
satisfies the condition (b). We denote JC(k[X]) by the set of polyno-
mials satisfying the Jacobian condition. Then it is well known that the
Jacobian conjecture is equivalent to the following assertion (c) (see e.g.,
6)):
(c) Every f € JCi(k[X]) is a variable.
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In fact, Proposition 2.20 implies that every f € JCi(k[X]) is at least a
closed polynomial.

As the end of this section, we consider polynomials of degree prime.
We prove the following lemma needed later.

Lemma 2.21. Suppose that the characteristic of R is zero. For f € B\R,
the following conditions are equivalent:
(i) deg f = deg f — 1.

(i) There exist ry,...,r, € K with (rq,...,7m,) # (0,...,0) such
that f € K[rixy + -+ 4 rpzy).

Proof. (i) = (ii) Let d = deg f. There exist r1,...,r, € By such that
fo; =1if for 1 <¢ <n. We may assume that f,, # 0. Then

d—1=degf <degf, <d—1

so we have deg f,, =d—1=deg f and r; € R\ {0}. For 1 < i < n such
fz; # 0, using the same argument, we have r; € K*. On the other hand,
for 1 < ¢ < n with f,, = 0, we have r; = 0. So 7; is either a non-zero
constant polynomial or 0 for 1 <1 <n. Set g := rixy+---+r,z,. Since
deg g = 1, we see easily that g is a closed polynomial in By. By Theorem
2.4, there exists a K-derivation § on By such that ker 6 = K|g|. Then

= (x1)r 1f+---+5(xn)rnf
5(9)f
= 0.
Therefore f € kerd = K]g].

(i) = (i) Letd =deg fand g :=rizy+---+7r,x,. Since f € Klg|,
there exists u(t) € K[t] of degree d with f = u(g). Then f,, = r;u/(g)
for 1 <i < n, where v/ (t) = du(t)/dt. Then degu'(g) = d — 1 and u/(g)
divides f. So we have

degu/(g) < degf<d—1.
Therefore deg f = d — 1. O

Using Lemma 2.21, we give a necessary and sufficient condition for
polynomials of degree prime to be a closed polynomial.

Theorem 2.22. Let B =5 R" be the polynomial ring in n variables
over an integral domain R of characteristic zero. For a non-constant
polynomial f € B\ R of prime degree such that K[f] N B = R|[f], the
following conditions are equivalent:
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(i) f is a closed polynomial.

(i) deg f < deg f — 1.

Proof. (i) = (ii) Suppose that deg f = deg f — 1. By Lemma 2.21,
there exist r1,...,7, € K such that (r,...,7r,) # (0,...,0) and f €
K|g|, where g := rmx; + -+ + r,x,. Since deg f is prime, especially
deg f > 2, we have K[f] C Klg]. By Theorem 2.4, f is not a closed
polynomial.

(i) = (i) Suppose that deg f < deg f — 1. Since deg f is prime,
LDw(f) =deg f > 2, where w = (1,...,1). Then

——— 2 deg f=———degf=deg f — 1.
LDy, (f) deg f
Therefore we have
A LDW(f) —1
deg f <degf —1=——-——degf.
LDy (f)
By Theorem 2.11 (b), f is a closed polynomial. O

4. Other classes of polynomials

This section is based on [55, Section 2] and a part of [33, Section 2]. Let
B =5 R be the polynomial ring in n variables over an integral domain
R of characteristic p > 0. Set K = Q(R) and By = B®r K = K", For
w = (wy,...,w,) € N* we define deg,, by deg, r; = w; and deg by the
standard degree function on B.

A non-constant polynomial f € B\ R is univariate over R if there
exists a variable v € B such that f € Rlv]. Also f is said to be a
factorially closed polynomial over R if R|f] is factorially closed in B.
So far, we have the following four classes of polynomials:

CLRg(B) := the set of closed polynomials over R in B.
FCLRg(B) := the set of factorially closed polynomials over R in B.
UVg(B) := the set of univariate polynomials over R in B.

VAR(B) := the set of variables over R in B.

It is easy to show that CLg(B) D FCLg(B) D VAg(B) and UVg(B) D
VAg(B). Furthermore, it follows from Theorem 2.4 that VAg(Bg) =
UVg(Bg) N CLg(Bg). We show some examples as below.

Example 2.23. Let B = R[z,y,21,. .., 2n_2] =r R" for n > 2. Then
the following assertions hold true.
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(a) If R is not a field, then ax € UVg(B) N CLg(B) for a prime
element a € R. However, ax is not a variable.

(b) zy € CLg(B), but it is not factorially closed.
(c) 22 + y* € FCLR(B), but it is not a variable.

Proof. (a) It is clear that ar is univariate and is not a variable. Let
f € B such that f is integral over R[az|. Then there exist m > 1 and
P; € R such that

™+ Pl(ax)fm_l + -+ Pp_i(ax)f + Py(ax) = 0.

For A € R, let g» = f(1,y,21,...,20-2) € Rly,z1,...,2,_2]. Applying
x = A for the above equation, g, is integral over R, hence g, € R for any
A € R. Since R is an infinite set, this implies that f € R]x].

If f ¢ R[az], then there exists £ > 1 such that a‘f € Rlax] and
a*“'f ¢ Rlax]. Multiplying a“™ on the both side of the equation, we
have

(a'f)" = —a(a" " Piaz) (@ f)" "' + - + a7 Py (ax)),

hence (a‘f)™ € aR[az]. Since aR[az] is a prime ideal of R[az], we have
a‘f € aRlax]. Then we have a‘~'f € R[az], however, this contradicts
to the choice of ¢. Hence f € Rlaz], which implies that ax is a closed
polynomial over R.

(b) Tt is clear that zy is not a factorially closed polynomial. It follows
from Ezample 2.19 that xy € CLg(B).

(c) Tt is clear that 2 + y3 is not a variable. It follows from Ezample
4.9 (see Chapter 4) that 22 + ¢ € FCLr(B). d

As seeing the above examples, if n > 2, then we have
o CLg(B) 2 FCLg(B) 2 VAR(B),
o UVg(B) 2 VAr(B),
e VAR(B) # UVg(B) N CLg(B),

for an arbitrary integral domain R which is not a field.
In the rest of this section, we assume that k is a field and B =2, k™
is the polynomial ring in n variables over k.

Lemma 2.24. Let f € B\ k. Then the following two conditions are
equivalent:

(1) k[f] is algebraically closed in B.

(i) k[f] is integrally closed in B.
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Proof. “(i) = (ii)” is clear. “(ii) = (i)” follows from k(f)N k" = k[f]
and Proposition 1.1. O

We denote k[f] by the algebraic closure of k[f] in B. Then k[f] is a
Dedekind subring of B containing k. It follows from [75, Theorem §]
that there exists “'f € B\ k such that k[f] = k[*'f] and (f)(0,...,0) = 0.
Furthermore, °'f is unique up to multiplication by k*. Then the following

holds true.

Lemma 2.25. With the above notations, the following two conditions
are equivalent:

(i) f is univariate.
(i) 'f is a variable.

Proof. The part “(ii) = (i)” is obvious. We prove the converse im-
plication. Suppose that f is univariate. Then there exists a coordinate
u € k™ such that f € k[u]. Since k['f] C k[u] and k[/f] is algebraically
closed in B, k['f] = k[u]. Hence °'f is a variable. O

In the case where n = 2, there are some criteria of a polynomial
f € k@ to be a variable. The following theorem is proved by Abhyankar
and Moh ([1]). There are several algebraic proofs of this theorem, see
e.g., Richman [66], Kang [31], Makar-Limanov [44], Nowicki [61] and
Essen [15, Theorem 5.4.1].

Theorem 2.26. Let k be a field of characteristic p > 0 and let k[t] =, k1
be the polynomial ring in one variable over k. Let f,g € k[t] \ {0} such
that k[ f, g] = k[t] and p does not divide ged(deg f, deg g) whenever p > 0.
Then either deg f divides deg g or deg g divides deg f.

Although the statement of the above theorem is very simple, it has a
lot of applications for the study of the polynomial ring in two variables.
Among them, the most famous result is the following, and it is called the

Abhyankar-Moh-Suzuki Theorem.
Theorem 2.27. (cf. Abhyankar-Moh [1], Suzuki [72]) Let k be a field of

characteristic zero and let & € k[z,y] =, kP, Then € is a variable if and

only if klz,y]/Eklz, y] = kY.

Proof. The “only if” part is clear. We prove the “if” part. Suppose that
klz,y]/€klx,y] = kM. Let f,g € k[t] be the image of x, y respectively.
We can define the surjective homomorphism of k-algebras
o k[z,y] — k[t]
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by ¢(x) = f and p(y) = g. Here, we define degy := deg f + degg. If
degp = 1, then we may assume that deg f = 1 and degg = 0, that is,
f=at+band g = c for some a,c € k* and b € k. Then

Eklz,y] = ker o = (y — c)k[z, y],

hence € is a variable.

Assume that deg ¢ > 2. Since k[f, g] = kl[t], by Theorem 2.27, we may
assume that deg g is divided by deg f, namely, degg = ddeg f for some
d > 1. We can choose a € k* such that degg > deg(g — af?). Here, we
define the k-automorphism E on k[z,y] by F(x) = x and E(y) = y—az®.
Then deg(p o E) < deg ¢ and

klf.g —af’] = k[f.g] = K[t].
By the induction hypothesis, we see that £ is a variable. U

When £ is an algebraically closed field of characteristic zero, the above
theorem says that, for f € k[z,y], f is a variable if and only if every fiber
of ®; : Spec k¥ — Spec k[f] is isomorphic to A}.

By using the Abhyankar-Moh-Suzuki Theorem, we give characteriza-
tions of univariate polynomials in k[x,y] = k% as below.

Theorem 2.28. Let k be an algebraically closed field of characteristic
zero, let f € kP\ k be a non-constant polynomial and let ®; : Spec kR —
Speck[f] be the morphism associated to the inclusion k[f] — kPl Let

m be the degree of field extension Q(k[f]) over k(f). Then the following

three conditions are equivalent:
(1) f is univariate.
(i) Ay is locally nilpotent.
(i) For any closed point P € Speck[f],

o N(P) =) miF,
=1

where F; ¢ A for 1 <i<r and Y ,_,m; =m.

Proof. The part “(i) <= (ii)” follows from Rentschler’s Theorem (see
e.g., [18, Corollary 4.6]). We show the equivalence of (i) and (ii).
First of all, we give some arguments. By the discussion preceding

the statement of Lemma 2.25, we have k[f] = k['f]. Now, we consider
the morphism ¥ : Spec k[?'f] — Spec k[f] with respect to the inclusion
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Chapter 2 Closed polynomials

k[f] — K['f], that is, we consider the following diagram:

A2 =, Spec klz.yl — = Spec k
L —k Dpec [%?J] pec [f]

T I

Spec k[f].

Let m > 1 be the degree of field extension k(°'f) over k(f). Then for any
closed point P € Spec k[f],

UHP) = ZT:miQh

where each Q; is a distinct closed point of Spec k[f] and Y ;_, m; = m.
Therefore

<I>J71(P) = (I)c_l;(zmz‘@i) = Zmzq)c_lfl(Ql)
i=1 i=1

(i) = (iii) By Lemma 2.25, if f is univariate, then °f is a variable.
It follows from Theorem 2.27 that (IDC_I;(QZ) is isomorphic to A} for any
1 < ¢ < r. Therefore we have the assertion.

(i) = (i) It is enough to show that f is a variable. Since °f

is a closed polynomial, it follows from Theorem 2.3 that there exists
Qo € Spec k[f] such that @;}(Qo) is irreducible and reduced. Put P :=
U(Qo) € Spec k[f]. By the assumption, @;I(P) =Y., m;F; with F; =,
A}, where Y7 m; = m. Since @;;(QO) C ®;'(P) and @;J}(Qo) is
irreducible, there exists 1 < i < r such that @;}(QO) C F, 2, A}. Since
the dimension of @;}(QO) is one, @;}(QO) ~, A}. By using Theorem
2.27 again, we see that °'f is a variable. O

Next, we give characterizations of factorially closed polynomials in
B =2, k" where k is an algebraically closed field of characteristic p > 0.
Let f € B\ k and let

®;: A7 = Spec B — Speck[f] =, A},
be the surjective morphism defined by the natural inclusion k[f] — B.

Theorem 2.29. Let k be an algebraically closed field. For a non-constant
polynomial f € B =4 k" the following conditions are equivalent:

(i) f is a factorially closed polynomial.
(i) f — X is irreducible for any A € k.

(i) Ewvery fiber of @ is irreducible and reduced.
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Proof. The part “(ii) <= (iii)” is obvious. We show the equivalence of
(i) and (ii).

(i) = (ii)) Suppose that k[f] is a factorially closed in B. If there
exists A € k such that f — X is reducible, then f — A = gh for some
g,h € B\ k. Then gh € k[f — A\] = k[f], however, since deg g and deg h
are less than deg(f — \), g € k[f] and h & k[f]. This is a contradiction.

(i) = (i) Let g,h € B\ {0} such that gh € k[f]. Since k is an
algebraically closed field, there exist Ay,...,A\s € k and € € k* such that

gh = €H(f — i)

By reordering A, ..., As € k if necessary, we have g = e [[;_,(f — \))
and h = ey [[_. ., (f = Aj) for e1,e2 € k*. Then g,h € k[f], so k[f] is
factorially closed in B. O

Later in Chapter 4.3, by using the above theorem, we give some examples
of factorially closed polynomials.

As the end of this section, we show a relation between factorially
closed polynomials and Darboux polynomials (see (P.6)) in the case
where n = 2.

Proposition 2.30. Let k be an algebraically closed field of characteristic
zero and let [ € klx,y] = kP If f is a factorially closed polynomial,
then Ay has no Darbouz polynomials any other than elements of the
kernel of Ay.

Proof. We define a morphism ®¢ : Speck[z,y] — Speck|[f] by the in-
clusion k[f] C k[z,y]. By Theorem 2.29, every fiber of ®; is irreducible
and reduced, in particular it gives a fibration. By [12, Corollary 2.4],
ged(fe, f,) = 1, so Ay is irreducible. Moreover k(z,y)2/ contains k(f).
Therefore f and A satisfy the assumptions of [52, Lemma 2.4]. By [52,
Lemma 2.4 (2)], Xa, = 0, which means that if g is a Darboux polynomial
of Ay, then g € k[x,y]*. O
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CHAPTER 3

Dimension two

In this chapter, we study derivations, higher derivations and closed poly-
nomials in the polynomial ring in two variables over an integral domain.
Let R be an integral domain of characteristic p > 0 and let R[z,y] =5 R
be the polynomial ring in two variables x,y over R. When R is a UFD,
the following result is important.

Theorem 3.1. Let R be a UFD of characteristic p > 0. Then the
following two assertions hold true.

(a) Suppose that p = 0. For any non-zero R-derivation d on R|x,y],
Rlz,y|* = R[f] for some f € Rlx,y].

(b) For any non-trivial higher R-derivation D = {D;}7°, on R[z,y],
Rlz,y)P = R[] for some f € Rlz,y).

When R is a field of characteristic zero, Theorem 3.1 (a) is proved by
Nowicki and Nagata [62] in 1988. After that, this result is generalized
by Berson [7] in 1999 or El Kahoui [13] in 2004, when R is a UFD of
characteristic zero. Furthermore, in 2011 Kojima and Wada [38] proved
the assertion in Theorem 3.1 (b) and Wada [74] gave a simple proof. The
remarkable point of Wada’s proof is what he only used Liiroth’s theorem
and some elementary discussions to prove the assertion. For this reason,
his proof makes sense for the assertion (a).

On the other hand, when R is not necessarily a UFD, Theorem 3.1
dose not hold in general.

Example 3.2. (cf. [18, Example 4.4]) Let k be a field of characteristic
zero and let k[t] = kY. Set R = k[t%,#%]. Here, we define the R-
derivation d on R[z,y] =g R by

0 0

d=t"— +1_—.
3ZL‘+ dy

Then R[z,y| = R[f™? | m > 1], where f =tz —y ¢ R[z,y]. Therefore
the kernel is not finitely generated, especially, is not generated by one
polynomial.
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Chapter 3 Dimension two

1. Over an integral domain of characteristic zero

This section is based on [37, Section 3| and [54, Section 2]. By using
Theorem 2.4, we generalize some of Nowicki’s results in [58, Section 2].
The aim of this section is to show Theorem 3.7. When R is a UFD of
characteristic zero, by Theorem 3.1 (a), we know already that, for every
non-zero R-derivation on R[z,y], its kernel is generated by one element
over R. However, as seen in Fxample 3.2, it does not hold over an integral
domain which is not necessarily a UFD. When R is an integral domain
containing Q, in Theorem 3.7, we give a necessary and sufficient condition
for kernels of derivations to be generated by one polynomial over R.

Through in this section, we assume that R is an integral domain of
characteristic zero, K = Q(R) and R[z,y] =z RP. First of all, we
consider derivations of Jacobian type, that is, it has the form d = Ay for
some f € R[z,y|.

Lemma 3.3. For f € Rlx,y], the following two assertions hold true.
(a) R[z,y]*f = R[z,y] if and only if f € R.

(b) Rz, y]* = R[f] if and only if f is a closed polynomial over R
and K]0 Rz, ] = R[f).

Proof. (a) If f € R, then f, = f, = 0 and so R[z,y]*/ = R[x,y|.
Suppose that f ¢ R. Since the characteristic of R is zero, f, # 0 or
fy # 0, which means that Ay # 0. Hence R[z,y]" # R[z,y].

(b) Suppose that R[z,y]*f = R[f]. Since the characteristic of R
is zero, by (a) and (P.1), R[f] is algebraically closed in R[z,y]. By
Proposition 1.1, R[f] is integrally closed in Rz, y] and K(f) N R[z,y] =
R[f]. Therefore, f is a closed polynomial over R and K[f] N R[z,y] C
K(f) N Rlz,y) = RIf]. Hence K[f] N Rlz,y] = R[],

Conversely, we suppose that f is a closed polynomial over R and
K[f]N R[x,y] = R[f]. By Proposition 1.1, R[f] is algebraically closed in
R[z,y]. It follows from Theorem 1.14 that R|[f] is a maximal element of
&(1, R[z,y]). Since R[z,y]* € &(1, Rlx,y]) and R[f] C Rlx,y]>7, we
have R[f] = R[z,y]?/. O

As seeing in Theorem 2.29, we give a characterization of univariate
polynomials in the terms of Jacobian derivations. Similarly, we can char-
acterize the closed polynomials in the terms of Jacobian derivations as
below.
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3.1 Over an integral domain

Proposition 3.4. Let f € Rlx,y] \ R such that K[f] N R[x,y| = R[f].
Then the following conditions are equivalent:

(i) f is a closed polynomial over R in R|x,y].

(i) The ring K[f] is a mazimal element of S(1, R[z,y]).

(i) The ring K[f] is a mazimal element of S(1, Rz, y]).
)

R[z,y]* = RI[f].

(iv

Proof. The part “(iv) = (i)” is a fundamental fact of derivations (see
(P.1)). The equivalence of (i), (i) and (ii) follows from Theorem 2.4.
Furthermore, the part “(i) = (iv)” follows from Lemma 3.3 (b). O

When R contains Q, the following lemma is useful to find an element
of the kernel of a derivation on R[x,y]. Although this result follows
from [60, Lemma 2.5.3], we write its proof more kindly as below. The
remarkable point is what we can construct such an element whenever
div(d) = 0. This construction is also used in the next chapter.

Lemma 3.5. Suppose that R contains Q. Let d be a non-zero R-
derivation on Rx,y]. Then div(d) = 0 if and only if there ezists a
non-constant polynomial f € R[z,y]\ R such that d = Ay. In particular,
if one of the above equivalent conditions holds, then R[z,y]¢ # R.

Proof . If there exists f € R[z,y] \ R such that d = Ay, then it is clear
that div(d) = 0.

Suppose that div(d) = 0. Set p := d(x) and ¢ := d(y). Then we can
write p, g as below:

p= Z [m,n],z™y", ¢= Z [m, n],z™y",

m,n>0 m,n>0
where [m, n|,, [m,n], € R. Then

0
8_5 - Z m[m’n]p$m_1yn: Z m[m n_l] m— 1yn_1’

m>1,n>0 m,n>1

0
a—Z = Z n[m,n]a™y" ! = Z nfm — 1,n],2™ 'yt

m>0,n>1 m, n>1

Since 0 = div(d) = dp/dx + 0q/0y, we have that, for m,n > 1,

—n"m,n — 1], = m[m — 1,n),
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Chapter 3 Dimension two

Here, we define a polynomial f € R[z,y] by
0

(
m,nly = <m™m—-1,0], (m
(m

3

I

o = 3

s = |l

II:?/
= 2

AVARLY,
v

—n"m,n —1],

Therefore we have,

1 1
f= Z —[m —1,0],2™ + Z ——=[m,n — 1],x2™y".
m>1 m m>0,n>1 n
Then f, = ¢ =d(y) and f, = —p = —d(z), hence we have d = Ay. Since
a(f) = 0, Rz, )" £ R 0

We prove the following result.

Lemma 3.6. For f € R[x,y]\ R, the following two conditions are equiv-
alent:

(i) R[x,y]** = R[g] for some g € R[z,y] \ R.

(i) There exists g € R[x,y]\ R such that f € R[g| and g is a closed
polynomial over R in R[z,y] with K[g] N R[x,y] = R[g].

Proof . (i) = (ii) Let g € R[z,y]\ R such that R[z,y]*f = R][g]. Since
R]g] is algebraically closed in R[z,y], we see that g is a closed polynomial
over R and K[g] N R[z,y| = R[g].

(i) = (i) By Proposition 1.1, R|g| is algebraically closed in Rz, y].
By Proposition 1.10 (b), R[z,y]?/ is the algebraic closure of R[f] in
R[z,y]. Since R[f] C R|g], we have R[z,y]* = R[g]. O

For a non-zero R-derivation on Rz, y|, by Lemma 3.5, if div(d) = 0, then
we can find f € R[z,y] \ R such that d = Af. Furthermore, assuming
£(0,0) = 0, such polynomial is uniquely determined. In this case, we
denote the polynomial by Py, that is, P; € R[z,y]\ R such that P,;(0,0) =
0 and d = Apd.

Theorem 3.7. Let R be an integral domain containing Q. Let d be a
non-zero R-derivation on R[x,y| with div(d) = 0. Then the following
two conditions are equivalent:

(i) R[z,y]* = R[f] for some f € Rz,y]\ R.

(i) There exists f € R[z,y|\ R such that Py € R[f] and f is a closed
polynomial over R in R[z,y] with K[f] N R[z,y] = R[f].

Proof . Since div(d) = 0, according to the previous discussion of Theorem
3.7, we can write d = Ap,. By applying Lemma 3.6 for Ap,, we have
the assertion. O

38



3.2 Over a UFD

We consider again the derivation d = t20, + t*0, in Ezample 3.2. We
see that div(d) = 0 and P; = t3z — t?y. Since the standard degree with
respect to x and y of P; is one, there are no polynomials f such that
P, € R[f] any other than P; up to multiplication by k*. However, we
have

K[P)N Rz, y] = R(tx —y)"t* | m > 1] 2 R[P).

Therefore d does not satisfy the condition (i) in Theorem 3.7.

2. Over a UFD of characteristic zero

This section is based on a part of [37, Section 3] and [54, Section 2|. In
this section, we study derivations on R[z,y] =z R in the case where R
is a UFD of characteristic zero.

Proposition 3.8. Let f,g € R[z,y] \ R. Suppose that Af(g) = 0. Then
the following assertions hold true.

(a) Rlz,y|* = R[x,y]%.

(b) There exist h € Rlx,y] and u(t),v(t) € R[t] =z RY such that
f=u(h) and g = v(h).

Proof. (a) By the assumptions on g, we see that
R ¢ Rz, y]* ¢ Rlz,y).

Hence R[x,y]?s € &(1, R[x,y]). Since R is a UFD, by Theorem 3.1,
there exists h € R[z,y] \ R such that R[z,y]*s = R[h]. Then we can
write g € Rz, y]*? = R[h] as

g =aoh™ + a k™ ' 4 4 a1 b+ a,

where ag,a1,...,a, € R and ag # 0. Applying A; for the both side of
the above equation, we have

(magh™ ' + (m — 1)a;h™ > + -+ + aym_1)As(h) = 0.
Since h ¢ R, magh™ ' + -+ +an—1 # 0, hence Ay(h) = 0. Therefore we
have R[z,y|*s = R[h] C R[z,y]*7, hence Rz, y]> = R[z,y]?.
(b) By the proof of the assertion (a), we have R[x,y|*f = R[x,y]"s =

RIh] for some h € R[z,y|\ R. Hence f and g are written as polynomials
with respect to h over R. U

For d,0 € Derg R|x,y|, we write d ~ ¢ when fd = gé for some
f,9 € R[z,y] \ {0}. In the rest of this section, we assume further R
contains Q.
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Theorem 3.9. Let R be a UFD containing Q and let d be a non-zero
R-derivation on R[x,y| =g R Then the following two conditions are
equivalent:

(i) Rlz,y* # R.
(i) There exists an R-derivation § with div(0) = 0 such that d ~ 9.

Proof. (i) = (i) If d ~ §, then R[z,y]¢ = R[z,y]°. Hence it follows
from Lemma 3.5 that R[x,y]? # R.

(i) = (ii) Suppose that R[z,y]? # R. Since R[z,y]¢ = R[z,y]" for
any non-zero polynomial h € R[z,y|\ {0}, we may assume that d(z) and
d(y) are relatively prime. Let f € R[z,y|?\ R and set h = ged(f., f,) # 0.
Then f, = Ph and f, = Qh for some P, € R[z,y| which are relatively
prime. We have

d(x)P +d(y)Q = 0.
Therefore we have d(x) = —@Q and d(y) = P, hence d = hAy, that is,
d ~ Ay and div(Ay) = 0. O

Theorem 3.10. Let R be a UFD containing Q and let d and § be R-
derivations of Rlx,y] =r R such that R[z,y]* # R and R[z,y]° # R.
Then Rz, y|* = Rlz,y]° if and only if d ~ 6.

Proof. The “if” part is obvious. We prove the “only if” part.

If R[z,y]Y = R[z,y]° = R[x,y], then d = § = 0 and hence d ~ 4.
Hence we may assume that d # 0 and 6 # 0. It follows from Lemma 3.5
and Theorem 3.9 that d ~ Ay and § ~ A, for some f,g9 € R[z,y] \ R.
Then

R[z,y]* = Rlz,y)" = Rz, y]’ = Rlz,y]*.
By Proposition 3.8 (b), there exists h € R[z,y| and u(t),v(t) € R[t] =g
RM such that f = u(h) and g = v(h). Then

Ay = —f,0; + [20, = W (h)(—hy0y + hy0,) = u'(h) Ay,

where «'(t) = du(t)/dt. Similarly, we have also A, = v'(h)A},. Therefore
we have Ay ~ Ay, which implies that d ~ 4. O

Suppose that R is a UFD containing Q. Let d € Derg R[z,y]\ {0}. Then
there exists f € R[x,y] such that R[z,y]? = R[f]. If R[f] # R, then f is
a closed polynomial. For f, g € R[x,y], we write f = g if f = ag+ b for
some a € R* and b € R. Clearly, f = g if and only if R[f] = R[g]. Here,
we define the following:
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3.3 Over a field of positive characteristic

DerpR[z, y] := the set of equivalence classes of Derg R[z, y] \ {0},
CLRR[z,y] := the set of equivalence classes of CLgr(R[z,y]),
KDergR|[z,y| := { R[z,y]? | d € Derg R[z,y] \ {0} }.

By Theorem 3.10, we have the following result:

Proposition 3.11. We define o : DergRx,y] — CLrR[z,y] U {1} by,
for [d] € DetgR|x,y],

w2 [ R = R £ R
1 if Rlz,y]? =R,

where we denote [d] by the equivalence class of d € Derg R[z,y]. Then «
15 a well-defined bijective mapping.

Proof. The above map « factors through KDerg R[x, y] as below:
f: KDergRz,y] — €LrR[x,y] U {1},

where 3 is defined by B(R[x,y]?) = f if R # R[z,y]* = R[f], otherwise
B(R[z,y]?) = 1. It is clear that 3 is injective. By Theorem 2.4, (3
is surjective, hence [ is bijective. Furthermore, by Theorem 3.10, the
Jd

natural mapping [d] — Rz, y]* is bijective. Therefore, « is bijective. [

Suppose that R is a UFD containing Q. For a given d € Derg R|x, y]\{0},
it is important to determine the generator of R[z,y|?. By Proposition
3.11, it is enough to understand closed polynomials up to “=”. We al-
ready have some criteria and partial classifications of closed polynomials
(see e.g., Chapter 2). By using these ideas, we classify the kernel of a
monomial derivation on R[z,y| and k(z,y) in Chapter 4.

3. Over a field of positive characteristic

The aim of this section is to define higher derivations of Jacobian type
(see Definition 3.14) and observe them. By using this kind of higher
derivations, we show Theorem 3.16 which gives a characterization of
variables of the polynomial ring in two variables over a field of positive
characteristic. This is a generalization of [14, Proposition 2.3] in the case
where the characteristic of the ground field is positive.

Let k be a field of characteristic p > 0 and let B = k[x,y] = kP
For a given polynomial f € B, we denote HDy 5B by the set of higher
derivations on B whose kernels contain k[f]. When p = 0, we know that
the set HDy[;B has a non-trivial element. Indeed, it is enough to take
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Chapter 3 Dimension two

D = {é!_lAfe}g’iO. However, when p > 0, E!_lAfg does not make sense
for £ > p. For this reason, we do not know whether the set HDy ;B
contains a non-trivial element or not. Proposition 3.15 gives a partial
answer for this question.

First of all, we prepare some notation and results of general commu-
tative ring theory (see [25] or [45]). Let A be a commutative ring and let
B be a commutative A-algebra via a homomorphism ¢ : A — B. We say
that B is smooth over A if for any A-algebra C' with g : A — C, an ideal
N C C with N? = 0 and homomorphism of A-algebras u : B — C/N,
there exists a homomorphism of A-algebras v : B — C such that vor = u,
where 7 : C'— C/N is the natural homomorphism. That is, v commutes
the following diagram:

B~ C/N
|
) N ™
AN
A——C.
9
For p € Spec A, we denote the residue field by x(p) = A,/pA,.

Proposition 3.12. Let ¢ : A — B be a homomorphism of commutative
rings. For p € Spec A, let v, : K(p) — B ®4 k(p) be the natural homo-
morphism of A-algebras. If ¢ is smooth, then v, is also smooth for any

p € Spec A.

Proof. Let p € Spec A. Let C be a r(p)-algebra with g : k(p) — C, let
N be an ideal of C with N? = 0 and let u : B ®4 r(p) — C/N be a
homomorphism of k(p)-algebras. Then we have the following diagram:

B —"> B®y4 k(p) — C/N

A

A ; K(p) C,

g

where p : B — B ®4 k(p) and f : A — k(p) are the natural homo-
morphisms. When we regard C' as an A-algebra via g o f, we can re-
gard uop : B — C/N as a homomorphism of A-algebras. Since ¢
is smooth, there exists a homomorphism vg : B — C as A-algebras
such that m o vg = w o p. Here, we define v : B ®4 k(p) — C by
v(b®a) = vy(b)g(a) for b € B and a € k(p). Then v is a homomorphism
of k(p)-algebras satisfying v o m = u. Therefore ¢, is smooth. O

Example 3.13. Let k be a field of characteristic p > 0 and let k[z, y] =
k. Then the following assertions hold true.
(a) The natural inclusion k& — k[x,y| is smooth.
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3.3 Over a field of positive characteristic

(b) For a variable f € k[x,y], the natural inclusion k[f] — k[z,y] is
smooth.

(c) For zy € k[x,y|, the natural inclusion ¢ : k[zy] — k[z,y] is not
smooth.

Proof. (a) and (b) are obvious. We prove the assertion (c).
Assume to the contrary that ¢ : k[zy] — k[z,y] is smooth. By Propo-
sition 3.12, the O-fiber of ¢ is also smooth, that is,

to k=g £(0) = Kl y] @npey) £(0) = Klz, 9/ (2y)
is smooth. Set C' = k[t]/(t?) and N = t2C, where k[t] =, k. Then
N2 = 0. Here, we define u : k[z,y]/(zy) — C/N by u(z) = u(y) = t.
Since (g is smooth, there exists a homomorphism v : k[z,y|/(xy) — C

of k-algebras such that m o v = u, namely, v commutes the following
diagram:

ke, )/ (ay) = C/N

Then v(x) =t + at? and v(y) = t + bt* for some a,b € k. However,

0= v(zy) = v(z)v(y) =12,
which is a contradiction. O

From now on, let k be a field of positive characteristic p > 0 and let
B = k[z,y] = k1@ be the polynomial ring in two variables over k.

Definition 3.14. A higher derivation D = {D,}2, on B is of Jacobian
type if there exists f € k[z,y| such that

(a) f € klz,y]",

(b) For 0 < ¢ <p—1, Dg—%pf and Dy = Ay
Note that the above condition (a) is equivalent to ¢p(f) = f, where
¢p : B — B[[t]] =5 B is the homomorphism associated to D. That
is, ¢p is a homomorphism as k[f]-algebras.
The following proposition guarantees the existence of higher deriva-
tions of Jacobian type in the special case.

Proposition 3.15. Let f € B\ k[zP,y?]. If the natural inclusion k[f] —
B is smooth, then there exists a higher derivation D on B of Jacobian
type with respect to f.
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Proof . Define Dy = idp and Dy = Ay(# 0). Let B[t] 2 BlY. Here, we
define a map ¢, : B — Blt]/(#*!) by, for g€ Band 1 </ <p—1,

¢
1

=D A/ (o)

1=0
Then ¢, is a homomorphism of k[f]-algebras such that ¢,(g)|i=o = g for
any g € B.

For r > 0, let C,. = B[t]/(#**") and N, = t?"""1C,. Then N? = 0

and C,/N, =g B[t]/(tP™""1). Since k[f] — B is smooth, there exists a

homomorphism ¢,., : B — C, of k[f]-algebras such that m, o ¢, =
©pt+r—1, that is, we have the following diagram:

B2 Bl () =GN,
~ « Jpp+r Tﬂ'
> A

Klf] —— BIf/(t7*) C,.

Moreover ¢,1,(g)|t=o = g for any g € B. For 0 < ¢ < r — 1, by using
©ptr, We define a homomorphism of k-modules D,.;, : B — B by the
following formula:
p— 1 r—1
l +i
Ppr(9 Z g_ gt + ; Dyii(g)t?
for ¢ € B. By constructing such homomorphisms inductively, we have
a homomorphism of k[f]-algebras ¢ = ¢ : B — B[[t]] =5 B! such
that, for g € B, ¢(g)|1=0 = g and
-1
SDIRIVITES SR
= =0
Set Dy = (1" Ay for 0 < £ < p—1and D = {D;},. By the construction
of each Dy, we see that D is a higher derivation on B of Jacobian type
with respect to f. U

The following is the main result in this section which is a generaliza-
tion of [14, Proposition 2.3] in the case where the characteristic of the
ground field is positive.

Theorem 3.16. Let k be a field of characteristic p > 0 and let f € B =,

k2. Then the following conditions are equivalent:

(i) f is a variable.

(i) There exists a locally finite iterative higher derivation D on B
such that BP? = k[f].
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3.3 Over a field of positive characteristic

(i) There exists a locally finite iterative higher derivation D on B
of Jacobian type with respect to f such that BY = k[f].

In order to prove Theorem 3.16, we introduce some definitions as
below. For a positive integer £ > 1, we write ¢! = p*“m, where p
does not divide m. Let ¢ > 1 and f € B. For a non-zero derivation
d € Dery, B, we say that ¢17'd’ is defined at f if there exists f, € B such
that d’(f) = p°® f, and define the value by 1" 'd*(f) = m~'f,. When
¢'7'd" is defined at any f and ¢ > 1, we consider the map Exp(td) : B —
B[[t]] 25 B defined by

I
(e
|+~
&
=
~
o~

Exp(td)(f) :

By the definition of Exp(td), it is a homomorphism of k-algebras and
Exp(td)(f)|li=o = f for f € B. In order to check whether the map
Exp(td) is defined or not, it is enough to see that ¢!~ 'd* is defined at
and y for any ¢ > 1.

Example 3.17. Let B = Fj[z,y] =y, ]F[;}. Set d; = y°0, + 0, and
dy = y0, + x0,. Then Exp(td;) is defined, but Exp(td;) is not defined.
Indeed, for dy, it is clear that ¢!71d;* is defined at y for £ > 1. Also, it
is defined at x for £ > 1 as the following table. Therefore Exp(td;) is
defined.

] om | dif(@) |0 (2)

1 1 b 5

2 P 3y°

3 3! 0 0

4 4! 0 0

5 4! 5 - 2y? 3y?

6 6 - 4! 5-4y Y

7 7-6-4! 5-4 3
(>88-7-6-4! 0 0

On the other hand, for ds,

0y’ () = y (¢ isodd),
x (¢ iseven),

hence #!71d,¢ is not defined at 2 when ¢ > 2.

Remark 3.18. Let d € Dery, B be a non-zero derivation. We consider
Auty B as a subgroup of Auty B[[t]] by o(t) = t for 0 € Auty B. If
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Chapter 3 Dimension two

Exp(td) can be defined, then Exp(¢-%d) can be defined for any o € Auty, B,
where % := 07! o d o o. In particular, the following holds:

Exp(t-°%d) = 0~ o Exp(td) o 0.
Here, we prove Theorem 3.16.

Proof of Theorem 3.16. The part “(ii) == (ii)” is obvious. The impli-
cation “(ii) = (i)” follows from [35, Theorem 1]. So, we prove the part
“(1) = (i)”.

Since f is a variable, f ¢ k[zP,y?] and there exists g € B such that
k[f,g] = B. Define the k-automorphism o : B — B by o(x) = f and
o(y) = g. We may assume that A¢(g) = 1. Then °A; = 0,. It is clear
that Exp(t9,) can be defined, hence Exp(t - °Af) = o~ o Exp(t9,) o 0.
This implies that E!_lAfe is defined at any h € B and ¢ > 1. Set
D = {0I"'A;*}22,. Then D is a locally finite iterative higher derivation
on Jacobian type with respect to f such that BP = k[f].

O
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CHAPTER 4

Applications and examples

In this chapter, as an application of results on closed polynomials, we
study kernels of monomial derivations on the polynomial ring in two
variables over a UFD (see Theorem 4.2). Also, by using the argument in
(63, Section 5] and Theorem 4.2, we determine the non-zero monomial
derivations d on k[z,y] = k) such that the quotient field of the kernel
of d is not equal to the kernel of d in k(z,y) (see Theorem 4.5). Fur-
thermore, we give observations for important three kinds of polynomials;
Vénéreau polynomial, Danielewski surface and Koras-Russell threefold.

1. Kernels of monomial derivations on R[z,y]

This section is based on [33, Section 3]. Let R be a UFD containing Q
and K = Q(R). In this section, we study the kernels of R-derivations
on the polynomial ring R[z,y] in two variables x and y over R. A non-
zero R-derivation d on R|x,y| is said to be monomial if d(z) and d(y)
are monomials, here we assume that a monomial may not be monic.
Using results on closed polynomials in Chapters 2 and 3, we determine
generators of the kernel of monomial derivations on R[z, y].

In the case where R is a UFD, the kernel of a non-zero derivation on
Rz, y] is generated by one polynomial (see Theorem 3.1 (a)) and it is
integrally closed in R[z,y]. Thus, if R[z,y]? # R, then it is generated
by a closed polynomial. Therefore, in order to determine a generator
of the kernel of a derivation on R[z,y]|, it is sufficient to find a closed
polynomial which is vanished by the derivation (see Proposition 3.11).
Indeed, the following holds true.

Lemma 4.1. Let R be an integral domain (not necessarily a UFD) of
characteristic zero and let d be a non-zero R-derivation on Rlx,y|. If
there exist a closed polynomial f € R[x,y] \ R such that d(f) = 0 and
K[f]0 Rlz,y| = R[f], then Rlx,y]" = R[f].

Proof . Since R[f] is integrally closed in R[z,y|] and K[f] N R[x,y] =
R[f], by Theorem 1.14, R[f] is a maximal element of &(1, R|x,y]). Since
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d(f) = 0, we have that R[f] C R[x,y]? and R[z,y]? € &(1, R[z,y]). By
the maximality of R[f], we have R[f] = R[xz, y|%. O

The following is the main result in this section, which gives the clas-
sification of kernels of monomial derivations on R[z,y].

Theorem 4.2. Let d be a non-zero R-derivation on the polynomial ring
Rz, y] in two variables over a UFD R containing Q. Assume that d(z)
and d(y) are monomial, ged(d(z),d(y)) = 1 and d is none of the following
(a)(c):

(a) O, or 0,

(b) ay™0, + bx™0,, where m,n € N and a,b € R\ {0},

(¢) nxd, — myd,, where m and n are positive integers.

Then Rz, y]? = R.

In order to prove Theorem 4.2 we show the following two lemmas.
By the following lemma, we see that for derivations as in Theorem 4.2
(a)—(c), their kernels are generated by a closed polynomial.

Lemma 4.3. For the derivations as in Theorem 4.2 (a), (b) and (c), the
following assertions hold true.

(a) dy := 0,. Then Rz, y]" = Rly].

(b) dy := ay™0, + bz"0,, where m,n € N and a,b € R\ {0} with
ged(a,b) = 1. Then Rlz,y]® = R[b(m+1)z"™ —a(n+1)y™].

(c) d3 := nx0, —myd,, where m and n are relatively prime positive
integers. Then R[z,y|® = R[z™y"].

Proof. (a) Obvious.
(b) Since div(ds) = 0, by Lemma 3.5, there exists f € R[z,y] \ R
such that do(f) = 0. By the proof of Lemma 3.5, we can write f as
_ 1 n+1 1 m—+1
f= n—be — m—Hay .
By Lemma 2.18, we see that K[f] N R[z,y] = R[f]. Moreover, we can
check easily that ged(fs, f,) = 1. By Proposition 2.20, f is a closed
polynomial, also (m+1)(n+1)f is a closed polynomial. Thus R[z,y]% =
R[(m+1)(n+1)f].

(c) Let g = 2™ "1 € R[z,y]. Then div(gds) = 0. By Lemma
3.5, we can construct a polynomial h € R|x,y] such that gds(h) = 0 by
h = —z™y". By Lemma 2.18, we have K[h] N R[x,y] = R[h|. Since m
and n are relatively prime, by FExample 2.19, h is a closed polynomial.
Thus R[z,y|® = R[z,y| = R[h] = R[z™y"]. O
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4.1 Monomial derivations on R[z,y]

Next, we show the following lemma. This gives some types of deriva-
tions whose kernels have only constant polynomials.

Lemma 4.4. For g € R[z,y]\ {0}, let d = 0, + g0,. Ifdeg, g > 1, then
R[z,y]* = R.

Proof. Let g = byy**8v9+ (the lower y-degree terms), for by € R[z]\ {0}.
We take any element h € R[z,y] \ {0} and put

h=awy® +ay* '+ +a, 1y +as,
where s = deg, h(> 0), ag, ...,a, € R[r] and ag # 0. Then
d(h) = (d(ao)y” + -+ + d(as)) + g(saoy™" + -+ + as1).

Since deg, g > 1, we have s < s — 1 + deg, g.

Now, we suppose that d(h) = 0. If s < s — 1+ deg, g, then by
comparing the coefficients of 3* in the equation d(h) = 0, we obtain the
equality agbps = 0, so s = 0. Then 0 = d(h) = d(ag) = 9.(ag), hence
h = ag € R. On the other hand, if s = s — 1 + deg, g, then we obtain
the equality d(ag) 4+ agbps = 0. Since deg, d(ag) < deg, ag < deg, apby,
we have s = 0. Hence h = q¢ € R. O

Now, we shall prove Theorem 4.2.

Proof of Theorem 4.2. From now on, we assume that d is none of (a)-
(c) of Theorem 4.2 and prove that R[x,y|? = R. We denote dx by the
K-derivation on K|[z,y| which is the natural extension of d. In order to
prove R[z,y]¢ = R, it is enough to show that K[z, y|? = K. Therefore
it is enough to show that, for the following K-derivation d, the kernel of
that is equal to K:
d=x"0, + ay"0,,

where a € K*, m,n € N. If m = 0 and n > 1, then d is the form in
Lemma 4.4. So we know already that the kernel is K. Therefore we may
assume that n > m > 1. Let ¢ be the greatest common divisor of m — 1
and n — 1 as integers, m' := (m — 1)/¢ and n’ := (n — 1)/¢, here we
assume m' =n' = 1if m =n =1. We set w := (n/,m’) and consider
the Z-grading gy on K|[z,yl, that is, deg, (z) = n’ and deg,, (y) = m’ .
Then we can see easily that if f € K|z, y] is homogeneous for g, then so
is d(f).

Let f € K[z,y]¢\ {0}. In order to prove K[z,y]Y = K, we may
assume that f is homogeneous for g,,. Then we have (o, 8y) € N? such
that

f: Z Cixao-&-im’yﬁo—in” (*)
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where ¢; € K. Since f € K[z, y]?, we have
0=d(f)

_ Z ¢ <(C¥0 + im/)xaiyﬁofin’ + (/80 . in/)a$a0+im/y’8i) ’ (**)
>0
Bo—in’>0

where o; = ag +im' +m — 1 and 5; = By — jn’ +n — 1. Here we set the
following subsets A and B of N?:

A= {(ozo—i—im’—i—m—l,ﬂo—in') | 1 ZO,BO—z'n’ZO},

B = {(ag +jm, o —jn' +n —1) | j > 0,8 — jn' > 0}.
Suppose that AN B = (). Then, by taking i = 0 in A, we see from
(#x) that cpay = 0. So, ap = 0. Similarly, we have fy = 0. Hence
f=cox® =cy € K.

Suppose that AN B # (). Then there exist 4,7 € N such that
ag+im' +m—1= a9+ jm/,
Bo—wn' =Py —jn' +n—1,

50 —an/ Z 07

ﬁo - jn’ > 0.
Then (j —i)m’ =m—1 and (j —i)n’ = n — 1. Here we may assume that
j > 1. Then j—i = ¢. We consider the cases n > 2 and n = 1 separately.

Case: m > 2. Then j > i. By considering the term ¢ = 0 in (xx), we
have coBpa = 0. So By = 0. Since f = cpr® € K|z, y|?, we have o = 0.
Therefore, f = ¢y € K.

Case: n=1. Then m' =n' =1 and so i = j. By (*x*), we have

coxg + coPBoa = 0,
01(040 + 1) + Cl(ﬁo — 1)(1 = O,

0/30_1(@0 + 60 — 1) + cﬂo_la = O,
0,30(040 + 60) + cg,a = 0.

Since ¢g # 0, we have ag + Soa = 0. If Sy > 0, then a = —/Fy € Q.
So d is (c) of Theorem 4.2. If 5y = 0, then ag = 0 and hence f € K. O

We note here that the condition “R is a UFD” is necessary. Even if d
is a monomial derivation, the kernel may not be finitely generated over
R in the case where R is not a UFD (see e.g., Example 3.2). Indeed,
the derivation d in Fxample 3.2 is a monomial derivation, however, that
kernel is not generated by one polynomial, in particular, it needs infinite
generators.
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4.2 Monomial derivations on k(z,y)

2. Kernels of monomial derivations on k(zx,y)

This section is based on [33, Section 4]. Let k[z,y] = k2 be the polyno-
mial ring in two variables over a field k of characteristic zero and k(x,y)
its quotient field. For a k-derivation d on k[, y|, we denote the same nota-
tion d by the k-derivation on k(x,y) which is the natural extension of the
original d, and its kernel is denoted by k(z,y)?. In this section, by using
the argument in [63, Section 5] and Theorem 4.2, we determine the non-
zero monomial derivations d on k[z,y] such that Q(k[z,y]?) # k(x,y)%.

Let d be a monomial k-derivation on k[x, y]. In order to study k(z,y)?,
by switching the role of x and y, we may assume that the following
conditions are satisfied:

(i) d(x) is monic.

(i) ged(d(x),d(y)) = 1.
(ii) degd(x) < degd(y) provided d(y) # 0.

The following is the main result in this section.

Theorem 4.5. Let d be a non-zero monomial k-derivation on the poly-
nomial ring k[x,y] in two variables over a field k of characteristic zero.
Assume that d satisfies the above three conditions (i)—(ii), k[z,y]? = k
and k(z,y)? # k. Then d is one of the following (a)—(c).

(a) d =9, + az™y" 19, where m € N, n € Z~y and a € k*.
(b) d = 2™ 0, 4+ay™*19,, where m,n € Zso withm < n anda € k*.

(c) d =20, + ayd,, where a is a positive rational number.

Let d be a k-derivation on k[z,y|. If k[z,y]? # k, then Q(k[z,y]?) =
k(z,y)¢. See [77, Theorem], which is generalized in [5] and [34]. So
Theorem 4.5 also gives the classification of the monomial k-derivations
d on k[z,y] such that Q(k[x,y]?) # k(x,y)".

In order to prove Theorem 4.5 we show the following two lemmas.

Lemma 4.6. Let d = 0, +ax™y" 0, where m,n € N and a € k*. Then
k(z,y)? =k if and only if n = 0.

Proof . If n > 1, then na™ ™ + (m + 1)a "ty € k(z,y)? \ k. We assume
that n = 0. By Lemma 4.4, klz,y]* = k. Let f € k[z,y] \ k be a

51



Chapter 4 Applications

non-constant polynomial and put
f=asy’ + a1y’ + -+ ay + ao,

where s = deg, f(> 0), ao,...,as € k[z] and a, # 0. Assume that
g:=d(f)/f € k[z,y], namely, f is a Darboux polynomial of d.
Assume further that ag # 0, i.e., y ff. Since f is non-constant and

d(f)=gf, g # 0. We have
s > deg, d(f) = deg, g +deg, f = deg, g + s.

This implies g € k[z]. Comparing the constant terms with respect to y
in the equation d(f) = gf, we have aj = gag, where aj, is the derivative
of ag with respect to x, which is a contradiction. Hence ag = 0.

The argument in the previous paragraph implies that f can be ex-
pressed as f = fiy', where t € Z~g, f1 € k[z,y] and y Af;. By [63,
Proposition 2.4], f; is also a Darboux polynomial of d and so f; € k*.
Therefore, f can be expressed as f = asy®, where as € k*. We infer from
(63, Proposition 2.5] that k(x,y)? = k. O

Lemma 4.7. Assume that d = ™0, +ay"™0,, where a € k*, m,n € N
and m < n, and that k(x,y)¢ # k. Then one of the following conditions
(a) and (b) holds true.

(a) m,n > 0.

(b) m=n=0 and a € Q\ {0}.

Proof . If d satisfies the condition (a) (resp. (b)), then ma=ly™"—nz=™ €
k(z,y)?\ k (resp. zPy~? € k(x,y)?\ k, where p and ¢ are relatively prime
integers such that a = p/q). We consider the following cases separately.

Case: m =n =0 and a € Q. By Theorem 4.2, B* = k. Let f € R\ k
be a non-constant polynomial and put

f=ay’ + a1y’ + -+ ary + ao,

where s = deg, f(>0), ao,...,as € k[z] and a, # 0. Assume that f is a
Darboux polynomial and set g = d(f)/f.

Assume further that ag # 0, i.e., y ff. Since f is non-constant and
d(f) =gf, g # 0. We have deg, d(f) = deg, g + s. Since deg, d(f) < s,
g € k[z] and xay = gag. So, ng := g = deg, ap € Z=o and ag = bz™ for
some b € k*. Assume further that s > 0. Comparing the highest terms
with respect to y in the equation d(f) = nof, we have za), = (ng — sa)as.
Then ng—sa = deg, as and so a € Q. This is a contradiction. Therefore,
s =0, ie., f=bz".
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Assume next that ag = 0. We set as f = fiy!, where t € Z~q, fi € B
and y ffi. Then f; is also a Darboux polynomial of d. So the argument
in the previous paragraph implies that f; = bz /1 for some b € k*.

Therefore, f can be expressed as bx'y’ for some 7,5 € N and b € k*.
Since a € Q, we infer from [63, Proposition 2.5] that k(z,y)¢ = k.

Case: n =0, m > 1. Set d; = 9, + ax™*'yd,, where m and a are the
same as in d. By Lemma 4.6, k(z,y)® = k. Let o : k(z,y) — k(z,y)
be the k-automorphism defined by o(r) = 7! and o(y) = y—1. Then
d = —a""lodyo~!. Hence k(z,y)? = k.

Case: m = 0, n > 1. By using the same argument as in the previous
case, we have k(z,y)? = k.
The proof of Lemma 4.7 is thus verified. O

Theorem 4.5 is a consequence of Theorem 4.2, Lemmas 4.6 and 4.7.

3. Examples

In this section, by using Theorem 2.29, we give some examples of closed
polynomials and factorially closed polynomials. Let R be an integral
domain of characteristic p > 0, K = Q(R) and let B =5 RI".

Lemma 4.8. Let f € B\ R such that K[f]N B = R[f]. Then the

following assertions hold true.

(a) The following two conditions are equivalent:

(i) f is factorially closed over R.
(i) f is factorially closed over K.

(b) If there exist a field L such that L/ K is Galois extension and f
1s factorially closed over L, then f is factorially closed over K.

Proof . For a field L containing R, denote B, = B ®p L =, L.

(a) (i) = (ii) Take g,h € Bg \ {0} with gh € K[f]. Without loss
of generality, we may assume that g, h € B. Since gh € K|[f], there exist
ag, .., 4y € R and by, ..., b,, € R\ {0} such that

Qg o A1 1 Qm—1 A,
[ —— bl om.
gh = I T T

Set b:=[]",b; and ¢; :== b(a;/b;) € R for 0 < i < m. Then
bgh = cof™ 4+ -+ cm_1f + cm € R[f].
Since f is factorially closed over R, we have g,h € R[f] C K[f].
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(i) = (i) Take g,h € B\ {0} with gh € R[f]. Since gh € K|f]
and f is factorially closed over K, we have that g, h € K[f] N B = R[f].

(b) Let G be the Galois group of L over K. Here, G acts on a
polynomial of By by acting on its coefficients. Then we can see easily
that L[f]¢ = K[f], where L[f]¢ is the ring of G-invariant of L|[f].

Take g, h € Bg \ {0} with gh € K|[f]. Since K[f] C L[f] and f is
factorially closed over L, g € L[f] and h € L[f]. Hence

g.h € LIf]N Bx = L[f]% = K[f].
Therefore f is a factorially closed polynomial over K. U
We give an example of factorially closed polynomials below.

Example 4.9. Suppose that the characteristic of R is zero. Let f € B
such that K[f]NB = R[f]. Assume that f— X is irreducible in B&g L for
any A € L, where L is an algebraic closure of K. Then f is a factorially
closed polynomial over R.

Proof . This assertion follows from Theorem 2.29 and Lemma 4.8. U

As the end of this section, we give observations for important three
kinds of polynomials; Vénéreau polynomial, Danielewski surface and
Koras-Russell threefold over C. For f € Clay, ..., z,] =¢ C", we define
the Makar-Limanov invariant for f by

ML(f) := ﬂ(c[ffh e azn]/<f))d7

where d runs through the non-zero locally nilpotent derivations on the
C-algebra Clzy,...,2,]/(f). We can easily see that if f is a variable,
then ML(f) = C. By using this fact, we get the following examples:

Example 4.10. Let R = C[z] ¢ CMand B = R|y, 2,t] = Clz,y, 2,1] =¢
CH. For n > 1, let

vy =y + 2" (zz +y(yt + 2%)) € B.

This is called the n-th Vénéreau polynomial. If n > 2, then it is
known to be a variable over R, however, we do not know whether v is
a variable over R or not (see [18, Example 3.18] and [39, Corollary 14]).
Here, we can show that v is a closed polynomial over R (of course, v, is
a closed polynomial for n > 2).

Proof . Since c(v; — v1(0,0,0)) = ged(1,22, 2') = 1, by Lemma 2.18,
Q(R)[v1] N B = R[vq]. Tt is easy to show that

01 = ged((v1)y, (01, (v1)e) = 1.
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By Corollary 2.15, vy is a closed polynomial over R. In other words,
Clx, v] is integrally (especially algebraically) closed in B = Clz,y, z, t].
O

Example 4.11. (a) (Danielewski surface). Let Clz,y,2] =¢ CPl. The
Danielewski surface is the polynomial in C[x,y, z] defined by

f=a"z—y* —y,
where n > 2. Then f is a factorially closed polynomial, but is not a
variable.

(b) (Koras-Russell threefold). Let Clz,y, z,t] =¢ C*. The Koras-
Russell threefold is the polynomial in C|x,y, z, t] defined by

g:=x+ 2%y + 22+ 17
Then g is a factorially closed polynomial, but is not a variable.

Proof. (a) For A € C, let f, := f — A. We assume that f\, = gh for
some g, h € Clz,y, 2] \ {0}. Computing the z-degree of f\ = gh, we may
assume that deg, g = 1 and deg, h = 0. Here, we write g = g1z + ¢» for
g1, 92 € Clz,y]. Then we have 2" = g;h and —y*> —y — X\ = goh. Hence
deg, h = deg, h = 0, which means h € C*. Therefore fy is irreducible for
any A € C. By Theorem 2.29, f is a factorially closed polynomial. On the
other hand, it follows from [18, Theorem 9.2] (see also [43, Proposition
(i)]) that ML(f) = C[z]. So, f is not a variable.

(b) For A € C, let g\ := g — A. We assume that g, = pq for some
p,q € Clx,y,zt] \ {0}. Computing the y-degree of gy = pg, we may
assume that deg, p = 1 and deg, ¢ = 0. Here, we write p = p1y + pa for
p1,p2 € Clz, 2,t]. Then we have x* = p1q and z+2°+¢3>—\ = pyq. By the
first equation, we have deg, ¢ = deg, ¢ = 0 and ¢ is a component of 2. If
x divides ¢, then this contradicts the second equation. Thus deg, ¢ = 0,
so ¢ € C*. By Theorem 2.29, g is a factorially closed polynomial. On
the other hand, it follows from [18, Theorem 9.9] (see also [41, Section
1]) that ML(g) = Clz]. So, g is not a variable. O
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CHAPTER 5

Partial theories for higher dimensional cases

Let k be a field and let B = k[zy,...,2,] = k[ be the polynomial
ring in n variables over k. For 1 < r < mn, let fi,..., f, € B such that
they are algebraically independent over k and the ring k[fi,..., f.] is
algebraically closed in B, and let F' = (fi,..., f.). Here we consider the
dominant morphism

O A} = Spec B — Speck[f1, ..., fr] = AL

associated by the natural inclusion k[fi, ..., f.] = B. When k is an alge-
braically closed field, by the first Bertini theorem (see e.g., [70, Theorem
1, p.139]), we see that general fibers of ®p are irreducible and reduced.
This is a natural generalization of theories of closed polynomials (see e.g.,
Theorem 2.3). As a first step, we will discuss the case where r = 2.

Let f,g € B. A pair of polynomials (f, ¢) is said to be a closed-pair
if f and g are algebraically independent over k, and the ring k[f, g] is
algebraically closed in B. Clearly, if n = 2, then a closed-pair (f,g) is
a system of variables of B =, k2 that is, k[f, g] = B. For this reason,
the concept of closed-pair makes sense for the polynomial ring having at
least three variables.

In this chapter, we construct several examples of closed-pairs and
give some observations for them. In particular, we consider the following
situation:

Drg Az — Specklf, g] =k Ai,

wehre f,g € B =, kBl and k[f, g] = k.
First of all, we show the following result. This is a characterization
of closed-pairs (see also Proposition 3.4).

Proposition 5.1. Let k be a field of characteristic zero, B =, kBB and
let f,g € B. Then the following conditions are equivalent:
(i) (f,9) is a closed-pair.

(i) B0 = k[f, g].

Proof. (i) = (ii) Suppose that (f,g) is a closed-pair. By Proposition
1.10 (a) and (b), we have A(;,) # 0 and B2ta) = k[f, g].
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Chapter 5 Higher dimensional cases

(i) = (i) Similarly, if BA%9) = k[f, ], then Ay # 0. By Propo-
sition 1.10 (a), f and g are algebraically independent over k. Therefore
(f,g) is a closed-pair. 0

Remark 5.2. A pair of closed polynomials is not necessarily a closed-
pair. For example, in Q[x,y, 2] =g Q¥ consider polynomials 2 and x +
y. Then these polynomials are closed polynomials which are algebraically
independent over Q. However, Q[zy, z + y] € Q|z, y], which implies that
there exists f € Qx,y,z] \ Qzy,z + y] such that f is algebraic over
Q[zy, x + y]. Thus, (xy,z + y) is not a closed-pair.

1. Retracts of polynomial rings

Let R be an integral domain. Let B be an R-algebra and let A be an R-
subalgebra of B. We say that A is a retract of B if there exists an ideal
I of B such that B 2z A& I as R-modules. There are some equivalent
conditions of retracts as below.

Lemma 5.3. The following conditions are equivalent:

(i) A is a retract of B.

(i) There exists a homomorphism ¢ : B — A of R-algebras such
that the following sequence of R-modules is exact and split:

0= kerg - B5 A—0.
(i) There exists a homomorphism ¢ : B — A of R-algebras such
that SO|A = ldA
Proof. Obvious. O

The homomorphism ¢ : B — A in (i) is called a retraction. The
followings are basic properties of retracts.

Proposition 5.4. (cf. [11, Section 1]) Let A be a retract of B. Then the
following assertions hold true.

(a) If B is an integral domain, then A is algebraically closed in B.
(b) If B is a UFD, then A is also a UFD.

(c) If B is regular, then A is also reqular.

Corollary 5.5. Suppose that the characteristic of R is zero and B is
finitely generated R-domain. For every retract A of B, there exists an
R-derivation on B such that A = BY.
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5.1 Retracts of polynomial rings

Proof. By Proposition 5.4 (a), A is algebraically closed in B. It follows
from Theorem 1.14 that A = B? for some R-derivation d. O

In [11], Costa asks us the following interesting question.

Question 5.6. Let k be a field and let B =2, k™. Is every retract of B
a polynomial ring over k7

If n < 2, then the above question is affirmative and proved by Costa
([11, Theorem 3.5]). On the other hand, it is well known that Question
5.0 is related to Zariski’s cancellation problem as below.

Proposition 5.7. Let k be a field. If Question 5.6 holds for n+ 1, then
Zariski’s cancellation problem has an affirmative answer for Ay, that is,
for an affine variety X over k, X x AL = AT implies X =%, A}.

Proof. Suppose that Question 5.6 holds for n + 1. Let X be an affine
variety over k such that X x A} 22 A7*! and let A be the coordinate
ring of X. Then AM 2, kP*1 and tr.deg, A = n. Let B = A[t] =4
Al 2=, [+ Define the homomorphism of k-algebras

p:B=At] - A

by ¢(t) = 0 and ¢(a) = a for a € A. Then ¢ is a retraction. By the
assumption, A 2, k", which implies that X 22 A} U

It is well known that if n < 2, then Zariski’s cancellation problem holds
true for any field (see Fujita [20], Miyanishi-Sugie [53] and Russell [67]).
On the other hand, when the characteristic of k is positive, Gupta in [22]
and [23] proved that Zariski’s cancellation problem does not hold for A}
if n > 3. Therefore Question 5.6 does not hold in the case where k is a
field of positive characteristic and n > 4. So, the remaining cases are:

e the characteristic of k is positive and n = 3,
e the characteristic of k is zero and n > 3.

In [56], the author gave an affirmative answer for Question 5.6 in the
case where k is a field of characteristic zero and n = 3.

Let k be a field of characteristic zero. We consider retracts of the
polynomial ring B 22, k", Since B is a UFD and regular, by Proposition
5.4, every retract of B has the same properties. Furthermore, it follows
from [56, Theorem 2.5] that if A is a retract of B =, k" of transcendence
degree 2 over k, then there exist f,g € B such that A = k[f, g] = k2.
By Proposition 5.4 (a), the pair (f,g) is a closed-pair. In this way, we
can find closed-pairs.
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Chapter 5 Higher dimensional cases

Example 5.8. Let B = k[z,y, 2] = k¥ be the polynomial ring over a
field k of characteristic zero. Let f = x + 2%z and g = y + y?z. Then
k[f,g] is a retract of B. In particular, k[f, g] = B2 and (f,g) is a
closed-pair.

Proof . Define the homomorphism of k-algebras ¢ : k[z,y, 2] — k[f, g] by
o(x) = f, ¢(y) = g and ¢(z) = 0. Then ¢ is a retraction. Since Ay 4 #
0, by Proposition 1.10, we have that k[f, g] =, k% and k[f, g] = B2¢9.
Hence (f, g) is a closed-pair. O

2. Closed-pairs and kernels of derivations on k[z,y, 2]

Let k be a field of characteristic zero and let B 22, k" be the polynomial
ring in n variables over k. For a derivation d € Dery B, we define the
corank of d by the maximal integer ¢ such that there exists a partial
system of variables {z1,...,2z;} of B contained in B¢ and denote it by
corank(d). The rank of d is defined by

rank(d) := n — corank(d),

in particular, rank(d) € {0,1,...,n}. By definition, the rank and corank
are invariants of d.

We know already that the kernel of a derivation on k! is finitely gen-
erated over k (see Zariski’s Theorem [76]). Also, if d is a locally nilpotent
derivation on kP, then the kernel is generated by two polynomials (see
Miysnishi [51]). Then the following is the natural question.

Question 5.9. Let d € Dery, kP be a non-zero derivation. Is the kernel
generated by at most two polynomials?

In the rest of this section, we consider the above question. From now on,
we assume that B = k[x,y, 2] =, kBl Let d € Dery, B\ {0} be a non-zero
k-derivation on B.

Lemma 5.10. If tr.deg, B? < 1, then B¢ = k[f] for some k € B.

Proof . If tr.deg,, B =0, then B = k. So B? = k[1]. If tr.deg, B? =1,
then B is a maximal element of &(1, B). By Lemma 2.2, there exists
f € B\ k such that B¢ = k[f]. O

Proposition 5.11. If tr.deg, B? = 2 and rank(d) < 2, then there exists
a closed-pair (f,g) such that B¢ = k[f, g].

Proof . Since rank(d) < 2, we may assume that z € B% Set R = k[z].
Then we can regard d as an R-derivation on R[z,y] =g R?. By Theorem
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5.2 Closed-pairs and kernels of derivations

3.1 (a), BY = R[z,y]¢ = R[f] for some f € R[xz,y|. Since tr.deg, B? = 2,
we have f & R. Therefore B = k[f, 2] =, k), which implies that (f, 2)
is a closed-pair. Il

We give a necessary condition for kernels of derivations to be isomor-
phic to k2 as follows (see also Theorem 5.9).

Proposition 5.12. (cf. [42, Lemma 6]) Assume that B = k[f, g] =, k2
for some f,g € B. Then d ~ Ay, that is, there exist §,n € B such
that nd = fﬁ(ﬁg).

Proof . By Proposition 1.10 (b), B29 is the algebraic closure of k[f, g] =
B?in B. Choose h € B such that d(h) # 0. Then h is transcendental
over k[f,g]. Hence Ay g)(h) # 0. Let n = Ay g (h) and £ = d(h). Then
we have nd = £A(s,4) on the subalgebra k[f, g, h] C B. Since the exten-
sion B/k[f, g, h] is algebraic, it follows from [18, Proposition 1.14] that
nd = A on B. O

By Lemma 5.10 and Proposition 5.11, it is enough to consider the
case where rank(d) = 3 and tr.deg, A = 2. We introduce some kinds of
types for derivations as below.

Definition 5.13. For d € Dery B, let A = B?. Assume that rank(d) = 3
and tr.deg, A = 2. Then we say d is

e of type I if d is locally nilpotent and A is not a retract,
e of type II if d is not locally nilpotent and A is a retract,
e of type Il if d is not locally nilpotent and A is not a retract.

See also the following table:

type H locally nilpotent ‘ retract ‘ A= B4

I yes no kP2
i no yes kP2
m no no 77

In [40], Liu and Sun announced the following result.

Proposition 5.14. Let A be a retract of B. If A is the kernel of a
non-zero locally nilpotent derivation on B, then there exist a system of

variables s,t,u € B such that A = klu,v] and B = Afw].

Corollary 5.15. If d is a locally nilpotent derivation of rank 3, then B?
1s not a retract. In particular, d is of type I.
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Chapter 5 Higher dimensional cases

Proof. Assume to the contrary that A = B is a retract of B. Then A
is a retract and the kernel of the non-zero locally nilpotent derivation

A(s,g)- By Proposition 5.14, there exists a system of variables u, v, w of
B such that A = k[u,v] and B = A[w]. This is a contradiction. O

According to Corollary 5.15, we know that there are no derivations d such
that d is locally nilpotent of rank 3 and B? is a retract. The following is
an example of derivations of type I.

Example 5.16. (Derivations of type 1) Let f = 2z — ¢y? and g =
zf*+ 227y f + 2. Then Ay, is locally nilpotent and rank(As)) = 3.
Furthermore, A = B®(9 is not a retract of B. Hence Ay, is of type L.
In particular, (f,g) is a closed-pair.

Proof . 1t follows from [18, Theorem 5.23] that Ay is locally nilpotent
and rank(As,q)) = 3. Hence, by Corollary 5.15, A,q) is of type 1.~ [

Next, we give two examples of derivations of type II.

Example 5.17. (Derivations of type II) Define d = 20, + y9, — 20..
Then A = B? = klxz,yz|, rank(d) = 3, d is not locally nilpotent and
A is a retract of B. Hence d is of type II. In particular, (xz,yz) is a
closed-pair.

Proof . Tt is easy to show that d is not locally nilpotent, k[zz,yz] = kZ
and k[xz,yz] C A. Define the homomorphism ¢ : B — A of k-algebras
by ¢(z) = zz, p(y) = yz and ¢(z) = 1. Then ¢|4 = id4. Therefore A is
a retract of B, hence A = k[zz,yz|. It is clear that A does not contain
variables, that is, rank(d) = 3. 0

Example 5.18. (Derivations of type II) Define d = 20, +20,+y0,. Then
A= B = k[zy — xz,y? — 2%, rank(d) = 3, d is not locally nilpotent and
A is a retract of B. Hence d is of type II. In particular, (zy — zz,y? — 2?)
is a closed-pair.

Proof . Tt is easy to show that d is not locally nilpotent, k[zy — zz,y* —
2?] =, k2 and klvy — 2z,y* — 2?] € A. Define the homomorphism
¢ : B — A of k-algebras by p(z) = zy — xz and
1 1
oly) = 50" =22+ 1), 0(z) = 5" = 2" = 1),
Then |4 = id4. Therefore A is a retract of B, hence A = k[zy —x2,y? —
2?]. Tt is clear that A does not contain variables, that is, rank(d) = 3. O

As seeing the above table, we know already that the kernel of a derivation
of type I or II is isomorphic to k2. However, the author has not yet given
an example of derivations of type IIL.
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Finally, we give another example of closed-pair.

Example 5.19. Let d = 20, + 2y0.. Then d is locally nilpotent and
B? = k[z,rz — y*. Hence B? is factorially closed in B, in particular,
(z,22 — y?) is a closed-pair. However, B? is not a retract of B.

Proof. Let A = BY. Assume to the contrary that A is a retract of B.
Then there exists a homomorphism ¢ : B — A such that p|4 = ida.
Then ¢(z) = x and

zz—y* = p(zz — ) = zp(2) — (y)*.

Note that p(y), p(z) € A. Set s = x and t = xz—y?. Since A = k[s,t] =,
kP we can consider the standard degree function on A with respect to
s and t. By the above equation, we have t = ¢(z)s — ¢(y)?. Comparing
the t-degree of the both side, we have a contradiction. U
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