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Abstract

In this paper, we attempt to examine whether or not mergers are profitable in a hierarchical
Stackelberg model under quantity competition. Under general demand function, a significant
result cannot be obtained with regard to whether or not mergers are profitable. Instead,
we show that mergers are always profitable, regardless of any curvature of demand under
a specified demand structure. This result supports the intuition that mergers are always

profitable in a hierarchical Stackelberg model.
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1 Introduction

This paper attempts to examine whether or not mergers are profitable in a hierarchical Stackel-
berg model under quantity competition. Under the hierarchical Stackelberg model (henceforth
HSM), multiple firms choose outputs sequentially under Stackelberg quantity competition. In
a representative paper on the analysis of the HSM, Boyer and Moreaux (1986) show that com-
petitive equilibrium can be seen as the limit of some hierarchical game in which the rights (or
information) of the players can be strictly ordered. Vives (1988) reexamine the relationship be-
tween potential competition, industry structure, and welfare in a market, subject to a sequential
entry threat where firms can make quantity commitments and have access to a constant returns
technology. It is shown that, provided the entry is not blocked, the incumbent(s) will either
prevent entry or allow all the potential entrants in. Anderson and Engers (1992) compare an
n-firm Cournot model with an n-hierarchical Stackelberg model and they showed that the Stack-
elberg equilibrium price is lower, total surplus is higher, and total profits are lower. However,
the existing literature has paid scant attention to the profitability of mergers in a HSM. In this
paper, we investigate in more details the profitability of mergers in the HSM.

As a well-known result, Salant, Switzer, and Reynolds (1983) show that mergers are not
profitable if the market share of the merged firm does not exceed over 80% under Cournot
quantity competition. Daugherty (1990) and Huck, Konlad, and Miiller (2001) independently
present the similar extensive results under the two-stage Stackelberg quantity competition. They
showed that any merger between a leader and a follower is profitable. We extend the existing
analyses on profitable mergers to an n-hierarchical Stackelberg model and examine the profit of
mergers under the HSM.

We focus on the analysis of an m-hierarchical Stackelberg equilibrium, applying the same
setting as in the HSM in Anderson and Engers (1992) and attempt to examine whether or not
mergers are profitable. It is simply shown that when the demand curve is linear, any merger is
profitable in a HSM. Likewise, we may anticipate that any merger is profitable in a HSM, even
if demand structure is in a more general form. So far, however, it has not yet been clarified
that any merger is profitable in a HSM. Therefore, we attempt to examine whether or not any

merger is profitable in a HSM. Unfortunately, a significant result cannot be obtained under
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general demand function, with regard to whether or not any merger is profitable, although we
would expect this result to be satisfied as a conjecture. Instead, we focus on analyzing a specified
form of demand function, which takes the curvature of the more general demand function into
consideration, including that the functions are linear, concave and convex.

We show that any merger is profitable, regardless of any curvature of the demand curve
under this specified demand function. This result supports the intuition that any merger is
profitable in a hierarchical Stackelberg model, although the result is accompanied with some
loss of generality on the functional form of demand.

The remainder of the paper is organized as follows. Section 2 describes the model and derives
firms’ outputs and profits in the equilibrium. Section 3 examines whether or not mergers are
profitable under general demand structure. Section 4 specifies the form of demand function and

presents the main results. Section 5 contains concluding remarks.

2 The Model

In Section 2, we describe a situation where n firms choose output sequentially in a HSM. The
Stackelberg equilibrium is the subgame perfect outcome that arises when firms choose their
outputs sequentially according to some exogenously determined order of moves. We shall assume
that firms that supply perfect substitutes are identical, except for the order of moves.

The output level of firm ¢ = 1,2,---,n is denoted by ¢;. The total output and the price
of homogeneous goods are denoted by @ = Y7 | ¢; and P, respectively. The market demand
function is denoted by @ = Q(P). The demand function is a strict monotone decreasing function
of P and it is assumed to be more than twice differentiable for all P > 0. That is, Q'(P) < 0
is satisfied for all P > 0. Thus, the inverse demand function exists and it is given by P =
P(Q), P'(Q) < 0. P(Q) is more than twice differentiable for all @ > 0. The demand specification
that we consider in Section 2 is a general one. Later on, in Section 4, we specify the demand
function. Therefore, the inverse demand function is allowed to be convex, P”(Q) > 0, or concave,
P"(Q) < 0, and it is linear when P"(Q) = 0.

It is assumed that the second-order conditions for profit maximization for all firms are

satisfied. In particular, 2P’ + P"q; < 0,Vq; is assumed. It is presumed that the output levels
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for all firms in the equilibrium are the interior solution. Furthermore, in order to satisfy the
condition that the best reply functions of all firms are strictly downward-sloping and as a result,
the equilibrium is unique and stable, it is assumed that the usual downward-sloping marginal
revenue condition is satisfied: as MRi(qi;@,i) = P + P'q; where @,i = Zj# 4 % =
P+ P'q; < 0Vg.

For simplification of analysis, it is assumed that the marginal cost is constant and it is
denoted by ¢. Firm i’s profit is denoted by m;(q;) = [P(¢: + Q—s) — c|qi, where Q_; = D i

The solution concept under the HSM is the subgame perfect equilibrium, which can be
obtained by backward induction. In the following subsection, we derive outputs and profits of

firms in the equilibrium by solving the profit maximization problems from firm n to firm 1 in

backward sequence.

2.1 The Final Firm

First, we solve the profit maximization problem of the final firm (firm n) in a HSM. Firm n’s
profit is denoted by Wn(qm an) = [P(Qn + an) - C]qm Q_n = Z?;ll QG =q1+--- +Qn7101 The

f.o.c. is as follows:
om 1Q_
Il Q) _ p(g) 1 P(Q)gy —c =0, (1)
an
By assumption, the s.o.c. is satisfied.
From (1), the best reply function of firm n is obtained. It is denoted by ¢, = r,(Q_y).

Substituting g, = r,(Q—,) into (1), the following identity is satisfied:

_ P(ra(Q@-n) +Q-n) —c
Tn(Q—n) - Pl('f’n(an) +Q7n) . (2)

Totally differentiating (2) with regard to @ _,,, we can obtain the slope of the best reply function

of firm n as follows: , .

v = —% <. (3)
By assumption, the best reply function of firm n is strictly downward-sloping. Also it is shown
that 1+ 7/, > 0 by assumption, which guarantees the uniqueness and the stability of the equi-
librium. From (3), if P” = 0, then r}, = —1.

! Note that Q_; = Z;;Il q; is different from O_; = Zﬁéi qj. It is satisfied that O_i=Q_i+ Z;L:H_l qj. The

reaction functions of firm ¢ depends on Q—;.
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2.2 The Penultimate Firm

Next, we solve the profit maximization problem of the penultimate firm (firm n — 1) in a HSM.

This problem is described as follows:

an%j;( Wn—l(Qn—ﬁ qn;s Q—(n—l)) - [P(QH—l +aqn + Q—(n—l)) - C]Qn—ly (4)

subject to g, = r(Q—p),

where Q_¢,_1) = Z?:_f ¢ =q1+ -+ gn—2. The f.o.c. is as follows:

Omn—1 (Qn—ﬁ Tn(Q—n)v Qf(nfl))

=P+ P x(1+7)g1—c=0. (5)
Qanl

By assumption, the s.o.c. of this problem is satisfied and the marginal revenue of firm n — 1 is
downward-sloping. The best reply function of firm n — 1 can be obtained by (5). It is denoted
by gn—1 = rn-1(Q—(n—1)). Substituting ¢,,—1 = rn—1(Q_(,—1)) into (5), the following identity is

satisfied:
P(r,— —(n— +n + @ -
’f’n*l(Q—(n—l)) = (T 1(Q ( 1)) 1 Q ( 1)) ‘ ) (6)
p/(rn—l(Qf(nfl)) +an + Qf(nfl))(l + Tv/z)
where ¢, = r,(Q—n) = rn(gn-1+ Qf(nfl)) = Tn(rnfl(Qf(nfl)) + Qf(nfl))' Thus it is satisfied

dan . .
that 3Q:§n71) =7 (1+7r]_,) is satisfied.

Totally differentiating (6) with regard to () (n—1), We obtain the following equation:

oo (PP +P"x (L4+7))rn—1)(1+7,)+ Prlr,_1 )
LT QP+ P (L4 ) (A +7L) 4 Plrllr, 1

Comparing (1) with (5), we obtain the following equation:
P/

o o oy 4dn—1- 8
2P + Prg, It (8)

qn = (1 + ry/m)Qn—l =

By (3) and (8), it is satisfied that g, = (1 4+ 7},)gn—1 < gn—1-

In advance, we assume that /,_; < 0. If P” =0, then r/,_; = —

D=

2.3 The Antepenultimate Firm

We proceed to solve the profit maximization problem of the antepenultimate firm (firm n — 2).

This problem is described as follows:

max Tp—2(¢n—2; {qn: dn-1}, @—(n—2)) = [P(@n—2 + d—1 + @n + Q_(n_2)) — lgn—2,  (9)

n—2

st. qgn = rn(an) and gn—1 = Tnfl(Q—(n—l))-
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The f.o.c. is as follows:

Omn—2(Gn—2;{qn>n-1}, Qf(n72))
OGn—2

=P+ P x(1+r)1+7r,_1)gn—2—c=0. (10)

By assumption, the s.o.c. of this problem is satisfied and the marginal revenue of firm n — 2 is
downward-sloping. The best reply function of firm n—2, ¢,,_o = rn_Q(Q_(n_g)), can be obtained
from (10), and the slope is assumed to be downward-sloping.

Substituting gn—2 = 1,—2(Q_(n—2)) into (10), the following identity is satisfied:

P(Tn Q(Qf(nf2)) +qn + -1+ Q7(7L72>) —C
(Tn Q(Q (n— 2)) +qn +qn-1+ Qf(n72))(1 + T’IFL)(l + 7‘;71)’

rn72(Q—(n—2)) = (11)

where g, = 7, (Tn—2(Q_(n—2)) + Tn-1(rm—2(Q_(n-2)) + Q_(n-2)) + @_(n_2)) and
Gn-1=rn-1("n-2(Q—(n-2)) + Q—(n-2)) + @—(n-2))- Note that aQ?(fZ,Q) =rp(L+r, ) (147, )
and % =rpa(l+m, o)

Comparing (5) with (10), we obtain the following equation:

Gn-1 = (1 +77_1)qn—2. (12)
By (12) and 7/,_y <0, gn—1 = (L +7),_1)qn—2 < qn—2 is satisfied.

2.4 The Intermediate Firm

By inducing backward in turn, we can deal with the profit maximization problem of the inter-

mediate firm (firm 7). This problem is as follows:

max (55 {gns Gn1,- 61}, Qi) = [Plai + Y, a5+ Q) — g, (13)
’ j=it+1
ste qn =10(Q-n)y Gn-1="n-1(Q_(n-1)), = s Gi+1 = Ti+1(Q_(i41))-

The f.o.c. is as follows:

P+P [ A+r))g—c=0. (14)
j=i+1
By assumption, the s.o.c. is satisfied and the marginal revenue of firm i is downward-sloping.

The best reply function of firm i, ¢; = 7;(Q—;), can be obtained from (14), and the slope is

assumed to be downward-sloping, 7/ < 0.2

2 When i = n, the f.o.c. can be calculated as the product term in (14) is unity, [T (A +r)) =1
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Substituting ¢; = ;(Q—;) into (14), the following identity is satisfied:

_ P—c
ri(Q-i) = *m (15)

Note that %‘g—t’j =Tiim H;’lzi-&-m-&-l(l + ré)

2.5 Comparison of Outputs and Profits in the Equilibrium

We compare the output levels and firms’ profits in the equilibrium under the HSM. As we
assume —1 < 7} < 0 Vi, the interior solution for all firms is guaranteed in the subgame perfect
equilibrium. The assumption, 1 + 7} > 0, implies that the self-effect of the output on the
profit function exceeds over the cross-effect and guarantees the uniqueness and the stability of
equilibrium.

First, the following proposition can be derived with regard to the firms’ outputs in the HSM.

Proposition 1. The output of the firm moving fast is always greater than that of the firms

moving late, under general demand function. That is,
Q>qe> >4 > i1 > > -1 > e (16)

Proof. The result is immediately derived by comparing the two adjoining first-order conditions

between firm ¢ and ¢ 4+ 1. The margins of firm ¢ and ¢ + 1 are by f.o.c. as follows:

n n
P—c=-P ] G+ra=-P [] O +r)as. (17)
Jj=i+1 J=t+2

By (17), the following equation is satisfied:
(1 +7i41)¢ = Gi+1 Vi. (18)
By (18) and 7}, <0, ¢; > (1 + 7}, 1)q;i = giy1 is satisfied. O

Second, the following proposition can be obtained with regard to the firms’ profits in the

HSM.

Proposition 2. The profit of the firm moving fast is always greater than that of the firms

moving late, under general demand function. That is,

ML > > e > > Wig] > 00 > M1 > T (19)
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Proof. The result is immediately derived from Proposition 1. By the first-order conditions of

firms ¢ and i + 1, (17), the profits of firm ¢ and 7 + 1 are rewritten as follows:

n

m o= (P-oga=-P [[ Q+r)d, (20)
=it
n
T = (P=cgm=-P [[ @+ (21)
j=it2

By (20) and (21), m; > w11 if and only if (1 +7],1)¢? > ¢Z,;. This inequality holds because if
(L4 7/1)¢ = gi1, then (1+7],1)q? > (14 rl,)%¢? = ¢7,, is satisfied by (17). O

By Propositions 1 and 2, it is shown that the faster the order of move of the firm is, the
greater the output and the profit of the firm are, regardless of demand structure. As a well-
known fact, when the demand function is linear, P” = 0, 7} = —% holds. Therefore, g; 11 = %qi

and Ti4+1 = %ﬂ'i hold.

3 Merger Profitability

In this section, we examine whether or not a merger is profitable under the HSM. We denote
the output of firm ¢ and the total output under the n-HSM by ¢;(n) and Q(n) = > ¢;(n),
respectively.

Comparing the total output of the n-hierarchy with that of the n — 1-hierarchy, the following

proposition can be derived.

Proposition 3. (i) The monopoly output is always less than the total output of any n-hierarchy
and it is always greater than a final firm’s output of any n-hierarchy. That is, Q(1) < Q(n) and
q1(1) > gn(n) ¥n > 2.

(i) If and only if the total output of the n-hierarchy is always lower than that of the (n + 1)-
hierarchy, the output of the final firm is always greater under the n-hierarchy than under the

(n+ 1)-hierarchy. That is, Q(n) < Q(n + 1) if and only if go(n) > gni1(n + 1).

Proof. Rewriting the f.o.c. of firm 4, (17), with regard to the numbers of hierarchies, n, the

following equation is obtained:

n

P(Q(n) + P'(Qn)) [T (1 +rj(m)ai(n) —c=0. (22)

j=it1
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(i) Q(1) and Q(n) Vn > 2 satisfy the following equations. Note that when n =1, Q(1) = ¢1(1)

is the monopoly output.

PQ() +P(Q(1)Q(L) —c =0, (23)
P(Q(n)) + P(Q(n))gn(n) — c = 0. (24)

By (24), it is satisfied that P(Q(n)) + P'(Q(n))Q(n) —c < 0;Q(n) = > | ¢i(n) > gu(n). As

2P" 4+ P"q; < 0 Vq; is satisfied by the s.o.c., Q(1) < Q(n) Vn > 2 is immediately satisfied.

OMR(q:) — OP(@Q)+P'(Q)ai _
90 90

—1i

By the assumption that the marginal revenue is downward-sloping,
P'(Q) + P"(Q)g; < 0Yg;, P(q1(1)) + P'(q1(1))q1(1) —c = 0> P(Q(n)) + P'(Q(n))q1(1) — c is
satisfied by (23). In order to satisfy (24), ¢1(1) > ¢n(n) must be satisfied.

(ii) From (22), the outputs of the final firm n in a n-hierarchy and that of firm n+ 1 in a

(n 4 1)-hierarchy satisfy the following equations respectively.

P(Q(n)) + P'(Q(n))gn(n) — c=0, (25)
P(Q(n+1)) + P(Q(n+1))gn1(n+1) —c=0. (26)

First, we show that if Q(n) < Q(n+ 1), then g,(n) > ¢n+1(n+1). Under the downward-sloping
marginal revenue, P'(Q)+ P"(Q)q; < 0Vq;, if Q(n) < Q(n+1), P(Q(n))+ P'(Q(n))gn(n)—c =
0> P(Q(n+1))+ P(Q(n+1))gn(n) — c is satisfied from (25) by the assumption, P'(Q) +
P"(@Q)q; < 0 Vg;. In order to satisfy (26), ¢,(n) > ¢u+1(n + 1) must be satisfied by the same
logic as part (i). Second, we show that if g,(n) > gp+1(n + 1), then Q(n) < Q(n +1). By (25)
and P’ < 0, P(Q(n))+ P (Q(n))gn,(n) —c=0 < P(Q(n)) + P'(Q(n))gnt1(n+ 1) — ¢ is satisfied,
if g, (n) > gn+1(n +1). In order to satisfy (26), @Q(n) < Q(n + 1) must be satisfied under the
assumption, P'(Q) + P"(Q)q; < 0 Vg;. Thus, Q(n) < Q(n+1) & gn(n) > gur1(n+1). O

Part (i) in Proposition 3 implies that the monopoly output is less than the total output
under multi-stage Stackelberg quantity competition and it is greater than that of the Stackelberg
follower. Part (ii) implies that if and only if the output of the final firm of n-HSM is less than that
of (n+1)-HSM, the total output of n-hierarchical Stackelberg model exceeds that of (n+1)-HSM.

Note that Proposition 3 does not imply that Q(n) < Q(n + 1) is satisfied. Whether or not

Q(n) < Q(n+1) is satisfied depends on the details of demand structure and it is indeterminate
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under general demand structure. Therefore, we cannot compare Q(n) with Q(n + 1) without
further presumption.

Assuming Q(n) < Q(n + 1) Vn in this section, we proceed to examine the total profits of
firms. If Q(n) < Q(n + 1) Vn, the price in the equilibrium is always higher under n-HSM than
that under (n 4+ 1)-HSM by P’ < 0, that is, P(Q(n)) > P(Q(n + 1)) ¥n. We denote firm 4’s
profit and the total profits under the n-HSM by m;(n) and II(n) = > | m(n), respectively.
Comparing the total profits under the n-HSM with those under the (n + 1)-HSM, the following

proposition can be derived.

Proposition 4. Suppose that Q(n) < Q(n + 1) Vn.

(i) The total profit of the n-hierarchy is always greater than that of the (n + 1)-hierarchy.

That is, II(n) > I(n + 1) Vn.

(i1) The profit of the final firm of the n-hierarchy is always greater than that of the (n + 1)-
hierarchy. That is, m,(n) > m,41(n + 1) Vn.

Proof. (i) Since Il(n) = 371 mi(n) = (P(Q(n))—c)Q(n), arg max, Il(n) = (P(Q(n))—c)Q(n) =
1, because (1) is the monopoly output. That is, the f.o.c., P(Q(1)) + P (Q(1))Q(1) — ¢ = 0,
is satisfied. Since the s.o.c. 2P’ + P"Q < 0, is satisfied by assumption, the larger the total
output @ grows, the smaller the total profit IT decreases. Therefore, if Q(n) < Q(n + 1), then
II(Q(n)) > TI(Q(n + 1)) is satisfied.

(ii) if Q(n) < Q(n + 1), then P(Q(n)) > P(Q(n + 1)). From part (ii) in Proposition 3, g,(n) >
Gn+1(n + 1) is also satisfied. Since the output of the final firm is m,(n) = (P(Q(n)) — ¢)gn(n),

n(n) > mpe1(n + 1) immediately follows. O

Part (i) in Proposition 4 implies that if the total output is larger under n-HSM than that
under (n + 1)-HSM, the total profits is also larger under n-HSM than that under (n + 1)-HSM,
even if the equilibrium price decreases, P(Q(n)) > P(Q(n + 1)). The reason is because the
increase of total output involves more intensified competition under the HSM and ends in the

decline in the whole industrial profit. See Figure 1 and Figure 2.

By rewriting I1(Q(n)) > I(Q(n + 1)), the following equation is obtained:

If Q(n) < Q(n+ 1) Vn, then

7{'1(1) >7T1(2)+7T2(2)>7T1(3)+7T2(3)+7T3(3) >7T1(4)+7T2(4)+7Tg(4)+7r4(4)> ------ . (27)
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PO)
P(O(2))
P(QB3))

c

0 \\\\ — 0
o(1) 9(2) Q@3) -

Cc

Figure 1: Total outputs and total profits under the demand curve

If Q(n) < Q(n+1), then P(Q(n)) > P(Q(n+ 1)) and II(n) > II(n + 1).

11
1) 1
11(3)
3(3) |
(1) 3)|
0\
16 H
0 ‘ ‘ ‘ - 0
0()<0(2)<0(3)

Figure 2: Total profit function with regard to total output

If Q(n) < Q(n+ 1), then II(n) > I(n+ 1) and m,(n) > mpr1(n+1).

11
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Furthermore, part (ii) in Proposition 4 implies that the final firm acquires less profit, as the
number of hierarchies is larger. The reason is that as total output increases, the price becomes
reduced and the residual demand of the final firm under HSM also becomes smaller. By rewriting

Tn(n) > mhi1(n + 1), the following equation is obtained:
If Q(n) < Q(n+1)Vn, then (1) > ma(2) > m3(3) > ma(4) > -+ . (28)

However, it is worth noting that Proposition 4 does not mention any other relationships among
firms’ profits. For example, we cannot say that m;(n) > m;(n+1) Vi < n, even if Q(n) < Q(n+1)
from Proposition 4.

Now we proceed to examine whether or not a merger is profitable. Suppose that a merged
firm produces in firm i’s order of move after the merger. If the profit of the merged firm is
greater than the sum of profits of the two adjoining firms before the merger, it is better for two
firms to choose to merge each other. In other words, if the inequality, m;(n—1) > m;(n)+m11(n),
is satisfied, mergers by adjoining firms are always profitable regardless of the form of demand
function. See Figure 3.

before merger after merger

i=1 i=1
(1) m(n—1)

i=2 i=2
?ﬂ'z(ﬂ) ?7‘(’2(7[— 1)

o oL
?m(n) /7? m(n—1)

i+1 +
(? i1 (1) l
i=n— 10
i=nQ T (n—1)
(1)
n-hierarchy (n— 1)-hierarchy

Figure 3: Firm’s profit before and after merger

If wi(n — 1) > mi(n) + mi+1(n), the adjoining merger is profitable.

In order to compare m;(n — 1) with m;(n) + m11(n), applying (17) and (18), we obtain the
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following equations:

mi(n) + miyi(n) = —P(Q(n)){ H (1 +75(n)g; (n) + H (1+7)(n)g; 1 (n)}
j=i+1 j=i+2
= —PQn) [] @+7r(n)2+rii(n)g(n). (29)
j=i4+1
n—1
mn—1) = —P'Qmn-1) [ @ +rjn-1)¢n-1). (30)
j=i+1

By using the above two equations, (29) and (30), and adapting the result of Proposition 4,
can we compare 7;(n — 1) with m;(n) +m;11(n)? Unfortunately, we cannot make any comparison
between the sum of profits of two adjoining firms before merger and firm’s profit after merger
under general demand structure, without further detailed assumptions. The reason why this
comparison cannot be made is because the sizes of slopes of best reply functions, 7(n), and
also the output sizes of firm ¢ in the n-hierarchy, ¢;(n), cannot be determined explicitly under
the general demand function. As a result, any explicit result on whether or not a merger is
profitable cannot be obtained.

At a first glance, this comparison seems to be easy to calculate and such result that mergers
are profitable seems to be satisfied. However, it is necessary to solve a very complicated calcu-
lation and it is too hard to present the calculating result in practice. If Q(n) < Q(n + 1) Vn, it
seems to be satisfied that m;(n —1) > m;(n) + m;41(n) with regard to any firms’ profits, such that
that is concluded in Proposition 4. In reality, although only (1) > 71 (2) + m2(2) is necessarily
satisfied, any other relationships, for example, m1(2) > m1(3) + m2(3) and m2(2) > m2(3) + m3(3),
are not necessarily satisfied such that that is shown in Figure 2. As a result, whether or not
a merger is profitable, m;(n — 1) > m;(n) 4+ m+1(n), cannot be shown under general demand
structure.

In this section, we could not make a comparison and present a fruitful result on whether or
not a merger is profitable in a HSM in the end, despite our best endeavors. In the following
section, we specify the functional form of demand and answer the question on whether or not

any merger is certainly profitable regardless of the curvature of demand function explicitly.
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4 Specification of the Demand Function

In this section, we specify the functional form of demand, although this specification of function
is accompanied with some loss of generality, and present the main result that any merger is
profitable in a HSM.

Suppose that the demand function is given by Q(P) = 1 — P*, a > 0. The inverse demand
function is denoted by P(Q) = (1 — Q)% The demand curve is always downward-sloping and
includes to be convex (0 < o < 1) or concave (o > 1). If @ = 1, the demand function is linear,
P =1-—@Q. It is assumed that the constant marginal cost is normalized as zero, ¢ = 0, for

analytical simplification. See Figure 4 with regard to the form of the demand functions.

P
1.

0.8

(1 — /e
" PQ) =(1—0)

0.4

0.2 1

Figure 4: Specified demand function form: P(Q) = (1 — Q)i

When a = %7 1, and 2, the demand curve is convex, linear, and concave respectively.

Firm 4’s output in the equilibrium can be determined as the solution to max, P(Q_; + ¢; +

Z;‘l:i+1 qj)ql7 Q*i = 23;11 qj7l = 17 27 N

When i = n, ¢, = r(Q_y) = % is obtained by solving the f.o.c. of the final firm,

a(lfo(nfl))
1+«

(1). Inducing backward, when i =n —1, g,-1 = rn1(Q_(n—1)) = is obtained by

3 By a change of units, we can always reduce a demand function of the form Q = a —bP%,a > 0,b > 0 to the

form of Q@ =1 — P, so that our demand specification is a generalization of linear demand.
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solving the f.o.c. of the penultimate firm, (5).* Likewise, by calculating the f.o.c. of firm i, (14),
the best reply function of firm i is obtained as follows:

qi = ri(Q-i) = (1113_1 P Qi = qu B

@—; is the output produced by all preceding firms.

Solving (31) yields
a

Tr o =1,---,n. (32)

qi =

sothat @ =37 | ¢; = 1—(1+a)™" by the sum of finite geometric progression. The Stackelberg
equilibrium price is

P(Q)=(1+a) a. (33)

Combining (33) with (32) yields firm 4’s profit as
mi(n) = P(Q) X g5 = a(l+a) 570, i= 1,0+, (34)

For the linear demand case o = 1, the equilibrium price is 27" and output combination,

(q1(n),q2(n), -, q;(n), -, qn(n)), are (1/2,1/4,---,27% ... 27"). Note that ¢; 1(n) = %qz(n)

Thus, under linear demand, each firm earns half the profit of its immediate predecessor, that is,

mir1(n) = %m(n)

4.1 All Mergers Are Profitable

We examine whether or not mergers between firms are profitable under the above specification
of demand curve in the HSM. Suppose that when firm ¢ and j, ¢ < j merge in the n-hierarchy,
the merged firm produces in firm i’s order of move after merger in the (n — 1)-hierarchy.

We compare the sum of firms’ profits before merger with the profit of the merged firm after
merger. As the profits of firm i and j before merger are respectively m(n) = a(1 4+ a)"a " and

n_;

mj(n) = a(1+a)~a 77, the joint profit of the pre-merged firms is m;(n) +j(n) = a(1+a) "«

n

al+a) a7 =a(l+a) a(l+a) +(1+a) ) =al+a) a(1+a)7((1+a)7 +1).

4 Substituting 147, = 1+_a into (5) and arranging it, P+P’(1+r},)gn—1 = (1— Q)7 -1(1-Q) ’_1(1+7n)qn 1=
0& = (1 Q! 1+a gn—1 = 1 is obtained. Since 1 -Q = 1—gn —gn-1—Q_(n—1) = % is obtained by

(lQ

substituting ¢, = substltutmg (1 — Q)" into the above equation, we obtain g,—; = Tn-1(Q—(n-1)) =

2(1-Q_(n—1))
1+a .
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As the number of firms decreases by mergers, the post-merged firm corresponds to firm i in
_n=1l_g

the (n — 1)-hierarchy. The profit of the post-merged firm is m;(n — 1) = (1 + «)

We obtain the following proposition by tedious calculation.

Proposition 5. All mergers in a HSM are profitable, independent of the curvature of the demand
curve. That is,

mi(n —1) > m(n) + m;(n). (35)

n - 1
=

Proof. mi(n) +mi(n) < mn—1) < al+a) a(l+a) +(1+a)7) <all+a) 5 "o
I+a)+(1+a)7 < (1+ a)%fi <1< (14 a)E — (1 +a)J. We prove that 1 <
(1+ a)é —(1+ ). When j=i+1, (14+a)"7, i < jis the maximum. Thus, it is sufficient
to prove that 1 < (1 —i—oz)i —(1+a)™ ! because (1+a)™ ' > (1+a) 7 i<j#i+]l.

The following equivalence is satisfied: 1 < (1—1—04)% —(l+a) e %ig (1 —&—a)% S 24+a<
(14 a)a 2t o In(2+a) < 221+ a).

Let us define =1 >0 (% = a). We aim to prove that the inequality, In(2+a) < 22 In(1+
) & In(2+4) < (148) In(1+4), is satisfied. It is defined that f(8) = (1+3) In(1+5)—In(2+4).
If f(8) > 0 is satisfied, then 1 < (1 + oz)% — (14 )71 is satisfied.

Since f(f) = (ﬁlﬁtlﬁj—;ﬁi (14+8)In(1+3) — f1In B —In(1+20), the limit as 5 approaches 0
is limg_o f(B) = 1-0—1limg_o(81n 3)—0 = 0, because limg_o(31n B) = limg_o(In 3%) = In0° =
In1 = 0. Note that 8 approaches 0 if and only if o approaches +o00. The limit as [ approaches
+o0 is limg_, oo f(B) = limg_ 400 In( lgﬁ) (fj;é) = limg_ 4 oo In(1 + ﬁ)ﬁ x limg_ 4o In 1+2ﬂ6 =
In(exp) —In2 =1 —1n2 > 0. Note that § approaches +co if and only if o approaches 0.

By tedious calculation, f/(8) =In(1+3) —Infg — ﬁ and f"(08) = —m < 0 are
satisfied. As limg_ f'(3) = 400 and limg_ 4o f/(8) = 0, when § > 0, it is always satisfied
that f/(8) > 0. Therefore, f(8) > 0 and 1 < (1 + a)é — (14 a)~! are satisfied. As a result,

mi(n—1) > m(n) + mj(n). O

Proposition 5 implies that any merger in a HSM is profitable, regardless of the curvature of
the demand curve. Although the demand function is specified, the result is applied to broad
classes of demand functions including linear demand. Thus, we show that although the intuition
that mergers are profitable in the HSM requires some conditions with loss of generality, this

intuition is true under broad classes of demand functions.
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5 Concluding Remarks

This paper attempted to show that mergers always yield profits in a HSM, regardless of forms
of demand function. Under the general demand function, general results on whether or not
mergers are profitable has not been obtained, although such result that any merger is profitable
has been commonly recognized under the linear demand function.

The reason why mergers are profitable under the linear demand in the HSM is as follows: In
the linear Stackelberg model, each firm behaves as the monopolist that takes over the residual
demand from the firms whose orders of move are faster. Therefore, the output of each firm is
independent of the number of successor firms in the HSM. As merger decreases the number of
firms and increases the price, the profit of a merged firm necessarily exceeds the sum of the
profits of the pre-merged firms. Unfortunately, a significant result could not be obtained under
general demand function, with regard to whether or not any merger is profitable, although
we would expect this result to be satisfied. Instead, we showed that any merger is profitable,
regardless of any curvature of demand under a specified demand structure. This result supports
the intuition that any merger is profitable in a HSM, although the result is accompanied with
some loss of generality on the functional form. Moreover, our result contrasts with that of
Cournot competition that is primarily shown by Salant, Switzer, and Reynolds (1983), where

merger is often not profitable. In the HSM, merger always yields profits.
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