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 (mh001.gms) 

...
7 * Definition of Set 
8 Set     x       project outcome /failure, success/ 
9         y       effort level    /low, high/ 
10         z(y)    preferred effort level /high/; 
11
12 * Definition of Parameters 
13 Table p(x,y)    probability of outcome by effort level 
14          low     high 
15 failure 0.9     0.2 
16 success 0.1     0.8 
17 ; 
18
19 Parameter       d(y)    disutility by efforts 
20         /low    1 
21         high    2/ 
22 ; 
23
24 Parameter       r(x) revenue from project 
25         /failure 13 
26         success  45/ 
27 ; 
28
29 * Definition of Primal Variables 
30 Positive Variable 
31                 w(x)    entrep's income 
32 ; 
33
34 Variable        U       investor's expected utility 
35 ; 
36 Equation 
37                 obj     utility function 
38                 pc(z)   participation constraint 
39                 ic(z,y) incentive compatibility constraint 
40 ; 
41
42 * Defining and Solving the Model 
43 *more active efforts 
44 obj..           U =e= sum((x,z), p(x,z)*(r(x) - w(x))); 
45 pc(z)..         sum(x,p(x,z)*sqrt(w(x)))-d(z) =g= 0; 
46 ic(z,y)..       sum(x,p(x,z)*sqrt(w(x)))-d(z) =g= 
47                 sum(x,p(x,y)*sqrt(w(x)))-d(y); 
48
49 * Setting Lower Bounds on Variables to Avoid Division by Zero 
50 w.lo(x)=0.0001; 
51
52 Model MH001  /obj,pc,ic/; 
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53 Solve MH001 maximizing U using NLP; 
54
55 Parameter 
56         u_e(x)  entrep's utility 
57         C       investors expected payment 
58         B       investors expected revenue 
59         Net     investors expected utility 
60 ; 
61
62 u_e(x)  =sqrt(w.l(x)); 
63 C       =sum((x,z), p(x,z)*w.l(x)); 
64 B       =sum((x,z), p(x,z)*r(x)); 
65 Net     =B-C; 
66 Display u_e, C, B, Net; 
67 * End of Model 

 
z =high

y =high, low

p(x,z) p(x,y)

w

7  

52–53

MH001 /…/

obj, pc, ic

MH001 ic 55–66

u_e(x), B, C, Net 

(=B C) (Display)  

(mh001.lst) SOLVE SUMMARY

126 Optimal solution

EQU

EQU pc MARGINAL 145

0 EQU ic

MARGINAL 151–152 high.low 0  

                                                      
7 high 2

 0.5 0.5( ) ( )x x x xx x
high high high highp w d p w d

 0.5 0.5( ) ( )x x x xx x
high high low lowp w d p w d  
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 (mh001.lst) 

...

99                S O L V E      S U M M A R Y 

100

101      MODEL   MH001               OBJECTIVE  U 

102      TYPE    NLP                 DIRECTION  MAXIMIZE 

103      SOLVER  CONOPT              FROM LINE  53 

104

105 **** SOLVER STATUS     1 Normal Completion          

106 **** MODEL STATUS      2 Locally Optimal            

107 **** OBJECTIVE VALUE               34.2735 

108

109  RESOURCE USAGE, LIMIT          0.046      1000.000 

110  ITERATION COUNT, LIMIT        19    2000000000 

111  EVALUATION ERRORS              0             0 

112 CONOPTD 0.1 Dec 13, 2010 23.6.3 WEX 22848.22869 WEI x86_64/MS 
Windows     

113   

114   

115     C O N O P T 3   version 3.14V 

116     Copyright (C)   ARKI Consulting and Development A/S

117                     Bagsvaerdvej 246 A

118                     DK-2880 Bagsvaerd, Denmark

119

120

121     The model has 3 variables and 4 constraints

122     with 9 Jacobian elements, 6 of which are nonlinear.

123     The Hessian of the Lagrangian has 2 elements on the diagonal,

124     0 elements below the diagonal, and 2 nonlinear variables.

125

126  ** Optimal solution. There are no superbasic variables.

...

135                        LOWER     LEVEL     UPPER    MARGINAL

136

137 ---- EQU obj           38.600    38.600    38.600     1.000       

138

139   obj  utility function 

140

141 ---- EQU pc  participation constraint 

142

143         LOWER     LEVEL     UPPER    MARGINAL 

144

145 high     2.000     2.000     +INF     -4.000       

146
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147 ---- EQU ic  incentive compatibility constraint 

148

149              LOWER     LEVEL     UPPER    MARGINAL 

150

151 high.low      1.000     1.000     +INF     -0.653       

152 high.high      .         .        +INF       .          

153

154 ---- VAR w  entrep's income 

155

156            LOWER     LEVEL     UPPER    MARGINAL 

157

158 failure 1.0000E-4     0.735     +INF       .          

159 success 1.0000E-4     5.224     +INF       .          

160

161                        LOWER     LEVEL     UPPER    MARGINAL 

162

163 ---- VAR U              -INF     34.273     +INF       .          

164

165   U  investor's expected utility 

...

177 ----     66 PARAMETER u_e  entrep's utility 

178

179 failure 0.857,    success 2.286 

180

181

182 ----     66 PARAMETER C      =     4.327  investors expected p 

183                                                            ayment 

184             PARAMETER B       =     38.600  investors expected r 

185                                                            evenue 

186             PARAMETER Net    =      34.273  investors expected u 

187                                                            tility 

...

 
0.5 0.5( ) ( )x x x xx x

high high low lowp w d p w d

high.high

w, U VAR w, VAR U LEVEL

158–159, 163  

177–187  
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u_e = 0.857  

= 2.286  

      C = 4.327 

  B = 38.600 

 Net  = 34.273 

Net U  
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 (mh002.gms)

...
7 * Definition of Set 
8 Set     x       project outcome /failure, success/ 
9         y       effort level    /low, high/ 
10         t       loop index      /1,2/; 
11 Alias (y,v); 
12 * Definition of Parameters 
13 Table p(x,y)    probability of outcome by effort level 
14         low     high 
15 failure 0.9     0.2 
16 success 0.1     0.8 
17 ; 
18
19 Parameter       d(y)    disutility by efforts 
20         /low    1 
21         high    2/ 
22 ; 
23 Parameter       r(x) revenue from project 
24         /failure 13 
25         success  45/ 
26 ; 
27 Parameter dummy(y)      dummy to enable and disable equations; 
28 dummy(y)=0; 
29 * Definition of Primal Variables 
30 Positive Variable 
31                 w(x)    entrep's income 
32 ; 
33
34 Variable        U       investor's expected utility 
35 ; 
36 Equation 
37                 obj     utility function 
38                 pc(y)   participation constraint 
39                 ic(v,y) incentive compatibility constraint 
40 ; 
41
42 * Defining and Solving the Model 
43 *more active efforts 
44 obj..           U =e= sum((x,y), dummy(y)*p(x,y)*(r(x) - w(x)));
45 pc(y)..         (sum(x,p(x,y)*sqrt(w(x)))-d(y))*dummy(y) =g= 0; 
46 ic(v,y)..       ((sum(x,p(x,v)*sqrt(w(x)))-d(v)) 
47                 -(sum(x,p(x,y)*sqrt(w(x)))-d(y)))*dummy(v) =g= 0;
48
49 * Setting Lower Bounds on Variables to Avoid Division by Zero 
50 w.lo(x)=0.0001; 
51
52 Model MH001FB  First Best Model  /obj,pc   /; 
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53 Model MH001SB  Second Best Model /obj,pc,ic/; 
54
55 Parameter 
56         w_FB(y,x)  payments 
57         u_e_FB(y,x) entrep's FB utility 
58         C_FB(y)    investor's FB expected payment 
59         B_FB(y)    investor's FB expected revenue 
60         Net_FB(y)  investor's FB expected utility 
61
62         w_SB(y,x)  payments 
63         u_e_SB(y,x) entrep's utility 
64         C_SB(y)    investor's expected payment 
65         B_SB(y)    investor's expected revenue 
66         Net_SB(y)  investor's expected utility 
67 ; 
68
69 Loop(t, 
70 dummy(y)=1$(ord(t) eq ord(y)); 
71
72 Solve MH001FB maximizing U using NLP; 
73 w_FB(y,x)       $(ord(t) eq ord(y))=w.l(x); 
74 u_e_FB(y,x)     $(ord(t) eq ord(y))=sqrt(w.l(x)); 
75 C_FB(y)         $(ord(t) eq ord(y))=sum(x, p(x,y)*w.l(x)); 
76 B_FB(y)         $(ord(t) eq ord(y))=sum(x, p(x,y)*r(x)); 
77 Net_FB(y)       $(ord(t) eq ord(y))=B_FB(y)-C_FB(y); 
78
79 Solve MH001SB maximizing U using NLP; 
80 w_SB(y,x)       $(ord(t) eq ord(y))=w.l(x); 
81 u_e_SB(y,x)     $(ord(t) eq ord(y))=sqrt(w.l(x)); 
82 C_SB(y)         $(ord(t) eq ord(y))=sum(x, p(x,y)*w.l(x)); 
83 B_SB(y)         $(ord(t) eq ord(y))=sum(x, p(x,y)*r(x)); 
84 Net_SB(y)       $(ord(t) eq ord(y))=B_SB(y)-C_SB(y); 
85
86 ); 
87
88 File sol /solution.csv/; 
89 put sol; 
90 sol.pc=5; 
91 sol.pw=32767; 
92
93
94 * Generating a solution summary file in CSV 
95 Loop(y, 
96 put "Effort Level:" y.tl /; 

97
put "First Best" "w: payment" "u: entrep's utility" "U: 
investor's utility" "B: investor's benefit" "C: investor's 
cost" /; 

98 put "" "" ""  Net_FB(y):10:3 B_FB(y):10:3 C_FB(y):10:3/; 
99 Loop(x, put x.tl w_FB(y,x):10:3 u_e_FB(y,x):10:3 /;); 
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100 put /; 
101

102
put "Second Best" "w: payment" "u: entrep's utility" "U: 
investor's utility" "B: investor's benefit" "C: investor's 
cost" /; 

103
104 put "" "" ""  Net_SB(y):10:3 B_SB(y):10:3 C_SB(y):10:3 /; 
105 Loop(x, put x.tl w_SB(y,x):10:3 u_e_SB(y,x):10:3 /;); 
106 put //; 
107
108 ); 
109
110 * End of Model 

 
y

high low  

(high) dummy(high)=1,dummy(low)=0

 

max x x x
x

 highU p r w  

subject to 

0.5 0x x
x

high highp w d  

 0.5 0.5 0,x x x x
x x

high high y y yp w d p w d  

(low)

dummy(low)=1,dummy(high)=0

Loop dummy(y)

 

mh002.gms

52 obj pc

MH001FB 53

2 ic MH001SB

 

69–86 Loop

Loop(t, … ); … t

Loop  
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Loop(t,

dummy(y)=1$(ord(t) eq ord(y)); 

…

Solve MH001FB maximizing U using NLP; 

…

Solve MH001SB maximizing U using NLP; 

);

t (=1, 2) (=1, 2) y (low,high) low

1 high 2 dummy(y) 1 0

1 dummy(low)=1, dummy(high)=0 2 dummy(low)=0, 

dummy(high)=1 1

2

 

4 SOLVE SUMMARY

Optimal solution

4

SOLVE SUMMARY 2

w 1.000  

Loop

w_FB, w_SB,

u_e_FB, u_e_SB, C_FB, C_SB B_FB, B_SB, Net_FB, 

Net_SB

CSV  
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 (mh002.lst) 

243                S O L V E      S U M M A R Y 

244

245      MODEL   MH001SB             OBJECTIVE  U 

246      TYPE    NLP                 DIRECTION  MAXIMIZE 

247      SOLVER  CONOPT              FROM LINE  79 

270  ** Optimal solution. Reduced gradient less than tolerance. 

278                        LOWER     LEVEL     UPPER    MARGINAL 

279

280 ---- EQU obj           16.200    16.200    16.200     1.000       

281

282   obj  utility function 

283

284 ---- EQU pc  participation constraint 

285

286        LOWER     LEVEL     UPPER    MARGINAL 

287

288 low     1.000     1.000     +INF     -2.000       

289

290 ---- EQU ic  incentive compatibility constraint 

291

292             LOWER     LEVEL     UPPER    MARGINAL 

293

294 low.low       .         .        +INF       .          

295 low.high    -1.000 2.4943E-7     +INF       .          

296

297 ---- VAR w  entrep's income 

298

299            LOWER     LEVEL     UPPER    MARGINAL 

300

301 failure 1.0000E-4     1.000     +INF       .          

302 success 1.0000E-4     1.000     +INF  3.5633E-8       

303

304                        LOWER     LEVEL     UPPER    MARGINAL 

305

306 ---- VAR U              -INF     15.200     +INF       .          

307

308   U  investor's expected utility 
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xw :  
 

xu : 
 
U :  

 
B : 

 
C :  

 

  
 34.60 38.60 4.00 

 4.00 2.00 
 4.00 2.00 

 34.27 38.60 4.33 
 0.74 0.86 
 5.22 2.29 

  
 15.20 16.20 1.00 

 1.00 1.00 
 1.00 1.00 

 15.20 16.20 1.00 
 1.00 1.00 
 1.00 1.00 

 

success failurew w

success failurew w w w

xw

w w

C  

B C

Net I

Net U  

2 U Net
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4.2

, 

( )IP  

4.2
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0 #0 8 

#1 #0  

success failurew w 4.000

success failurew w

#0 #1

#1 #0 SB ( , )success failurew w 5.224, 0.735

SB FB

4.000 4.327  

 

                                                      
8 ( )P (IC) (1.3)  
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u w d
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xw :  
 

xu : 
 
U :  

 
B : 

 
C :  

 

  
 36.60 38.60 2.00 

 10.00 10.00 
 0.00 0.00 

 36.60 38.60 2.00 
 0.86 0.86 
 2.29 2.29 

  
 15.20 16.20 1.00 

 1.11 1.11 
 0.00 0.00 

 15.20 16.20 1.00 
 1.11 1.11 
 0.00 0.00 

 

 

 

 (mh003b.gms) 
(mh003.gms)

9 

Solve  
w.l(x)=0;

xw 0

 

U
0

xw 1 U

 

 

 

                                                      
9 mh003b.gms Web

Web < http://r-center.grips.ac.jp/DiscussionPapersDetails/266/# > 
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xw

 
 

xw :  
 

xu : 
 
U :  

 
B : 

 
C :  

 

  
 36.60 38.60 2.00 

 0.00 0.00  
 2.50 2.50  

 36.60 38.60 2.00 
 0.00 0.00  
 2.50 2.50  

  
 15.20 16.20 1.00 

 1.11 1.11 
 0.00 0.00 

 15.20 16.20 1.00 
 1.11 1.11  
 0.00 0.00  

 

xw

 
 

xw :  
 

xu : 
 
U :  

 
B : 

 
C :  

 

 
 36.60 38.60 2.00 

 6.00 6.00  
 1.00 1.00  

 36.60 38.60 2.00 
 0.86 0.86  
 2.29 2.29  

  
 15.20 16.20 1.00 

 1.00 1.00
 1.00 1.00

 15.20 16.20 1.00 
 1.00 1.00  
 1.00 1.00  

 

C

U
 

 



121橋本日出男，濱田弘潤，細江宣裕：契約理論分析における数値計算アプローチ：モラル・ハザードの場合
4.2

#0, #1

#1 #0

 

0 #0 #0 #1

A ( , )success failurew w (2.29,0.86)

0 #0 #1

A AB  

xw

1 A ( , )success failurew w (2.29, 0.86)

#0 #1 A ) xw

0 B ( , )success failurew w (2.50,0.00)

U 36.60

 

#0

0 #0

0 #1

0

A

0
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1a

 
A: xw 1  

B: xw 0  

0a

   
C: xw 0  

D: xw 1  

 
 

D 
A 

C   

#0
#1

 2.291.00 

0.86  

1.11 

1.00  

successw2.50

A

B
 

#1 

#0 

successw  

0.86 

2.29 2.50

failurew

failurew
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xw 0 C

( , )success failurew w (0.00,1.11) , #0

xw 1 D ( , )success failurew w (1.00,1.00)

U 15.2  

 

4.2.2 2

(mh002.gms) (high) (middle) (low) 3
10 2

(success) (moderate) (failure) 3 4.2.2

A 1K k 2K

3 2

2 Set x 2 3 y 2

3

Loop 11 

 

3 3 iw

iw

2

 

1 (monotone likelihood ratio condition, MLRC)

lk liki apap / i

                                                      
10 

(median)  
11 (mh002.lst)
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12 

2 (convexity of distribution function condition, CDFC)

1,0 ka , l ma a

( 1 )k l ma a a 0, ,j N  

mjljkj aFaFaF 1 aFj
j

i ij apaF
0

 

2  

4.6 (2003, p.167)  

(a) MLRC Ka  

(b) MLRC CDFC 1, , 1k K  

ka  

3 3 ( 2)K

3 2a (a) 1a (b)

2

3  

A:  MLRC CDFC  

B:  MLRC CDFC  

C:  MLRC CDFC  

 

 

 (mh004a.gms) 

 

 x yp  

0.600 0.350 0.050
0.300 0.250 0.100
0.100 0.400 0.850

failure failure failure

moderate moderate moderate

success success success

low middle high
low middle high
low middle high

p p p
p p p
p p p

                                                      
12 

 



125橋本日出男，濱田弘潤，細江宣裕：契約理論分析における数値計算アプローチ：モラル・ハザードの場合
 yd  

2.0
2.2
3.0

low

middle

high

d
d
d

 

 xr  

13
29
45

failure

moderate

success

r
r
r

 

 

 

0.583 0.143
0.833 0.40

failure failure

failure failure

moderate moderate

moderate moderate

success success

success success

middle high

low middle

middle high

low middle

high high

middle middle

p p
p p

p p
p p
p p
p p

0
4.000 2.125

 

MLRC

 

1 0.14
1 0.15

0.001

failure failure failure

moderate moderate moderate

success success success

middle low high

middle low high

middle low high

F F F

F F F

F F F  

CDFC  

 

(mh002.gms)

3

8 moderate 9

middle 3

t 1,2,3 3  
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 (mh004a.gms) 

…
7 * Definition of Set 
8 Set     x       project outcome /failure, moderate, success/ 
9         y       effort level    /low, middle, high/ 
10         t       loop index      /1,2,3/; 
11 Alias (y,v); 
12 * Definition of Parameters 

13 Table p(x,y)    probability of outcome by effort level 

14                 low     middle  high 

15 failure         0.6     0.35     0.05 

16 moderate        0.3     0.25     0.1 

17 success         0.1     0.4     0.85 

18 ;

19
20 Parameter       d(y)    disutility by efforts 

21         /low    2 

22         middle  2.2 

23         high    3/ 

24 ;

25 Parameter       r(x) revenue from project 

26         /failure 13 

27         moderate 29 

28         success  45/ 

29 * Definition of Parameters 

…

 

(mh004a.lst) 6 SOLVE SUMMARY

2a 6

 

(2003) 4.5  

4.5 (2003, p.166)  

ka 0a  

ka la  

ic(v,y)

697

2a 2a

1a 1a 2a  



127橋本日出男，濱田弘潤，細江宣裕：契約理論分析における数値計算アプローチ：モラル・ハザードの場合
 (mh004a.lst) 

…
686 ---- EQU pc  participation constraint 

687
688         LOWER     LEVEL     UPPER    MARGINAL 

689
690 high     3.000     3.000     +INF     -6.000       

691
692 ---- EQU ic  incentive compatibility constraint 

693
694                LOWER     LEVEL     UPPER    MARGINAL 

695
696 high.low        1.000     1.413     +INF       .          

697 high.middle     0.800     0.800     +INF     -0.707       

698 high.high        .         .        +INF       .          

699
700 ---- VAR w  entrep's income 

701
702             LOWER     LEVEL     UPPER    MARGINAL 

703
704 failure  1.0000E-4     0.773     +INF       .          

705 moderate 1.0000E-4     6.100     +INF       EPS        

706 success  1.0000E-4    10.158     +INF       .          

707
708                        LOWER     LEVEL     UPPER    MARGINAL 

709
710 ---- VAR U              -INF     32.517     +INF       .          

711
712   U  investor's expected utility 

…

 

1a 1a

0a 0a

 

(2003) 4.6  

(a) MLRC 2a xw

xw
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xw :  
 

xu : 
 
U :  

 

  
17.00 

 4.00 2.00 
 4.00 2.00 
 4.00 2.00 

  
  24.86 

 3.44 1.85
 4.42 2.10 
 6.57 2.50

  
32.52 

 0.77 0.88
 6.10 2.47
 10.16 3.19

 

(b) MLRC CDFC 1a

xw  

xw

xw

2 2

 

 

 (mh004b.gms) 

 

2.0
2.5
3.0

low

middle

high

d
d
d  

MLRC yd
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xw :  
 

xu : 
 
U :  

 

  
17.00 

 4.00 2.00 
 4.00 2.00 
 4.00 2.00 

  
  21.76 

 0.61 0.78
 16.90 4.11 
 9.00 3.00

  
32.66

 2.11 1.45
 7.39 2.72
 9.76 3.12

 

1 0.025
1 0.075

0.0001

failure failure failure

moderate moderate moderate

success success success

middle low high

middle low high

middle low high

F F F

F F F

F F F  

CDFC  

 

4.6  

(a) CDFC MLRC 2a 4.6(a)

xw  

(b) MLRC CDFC 1a

xw

xw 16.90 9.00 4.6(b)

2a MLRC

xw

4.6(b)  
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2a 1a

2a

0a

 

 

 (mh004c.gms) 

3 3 C 3 3 A

 

 x yp  

0.700 0.200 0.100
0.200 0.600 0.200
0.100 0.200 0.700

failure failure failure

moderate moderate moderate

success success success

low middle high
low middle high
low middle high

p p p
p p p
p p p

 yd  

2.0
2.1
3.0

low

middle

high

d
d
d

 

 xr  

13
29
45

failure

moderate

success

r
r
r

 

 

 

0.286 0.500
3.000 0.33

failure failure

failure failure

moderate moderate

moderate moderate

success success

success success

middle high

low middle

middle high

low middle

high high

middle middle

p p
p p

p p
p p
p p
p p

3
2.000 3.500

 

MLRC  
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xw :  
 

xu : 
 
U :  

 

  
17.00 

 4.00 2.00 
 4.00 2.00 
 4.00 2.00 

  
  24.58 

 3.77 1.94
 4.59 2.14
 4.55 2.13

  
28.93

 3.48 1.87
 2.89 1.70
 12.48 3.53

 

1 0.44
1 0.04

0.001

failure failure failure

moderate moderate moderate

success success success

middle low high

middle low high

middle low high

F F F

F F F

F F F  

CDFC  

 

xw 1

xw 4.6(a) MLRC

xw MLRC

xw 2

xw 4.6(b) MLRC

CDFC xw MLRC

xw

 

2a 1a

0a 3
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1a 0a

MLRC CDFC

 

 

(2003)

(2011) (2003) 4

 

2 1

2 2 3 3

 

2 3 3 xw

3 3 MLRC CDFC

4.6 MLRC CDFC

xw MLRC

CDFC

xw MLRC

CDFC MLRC CDFC

MLRC

xw

4.6  

(2011) GAMS

GAMS

GAMS Development Corporation Web

GAMS Web GAMS Model 
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Library 13 

(2011)

 

(mh001.gms)

Loop

mh001.gms

1

 

 

                                                      
13 GAMS Development Corporation Web http://www.gams.com/ Model Library  
http://www.gams.com/modlib/modlib.htm  
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Abstract 

We develop a few numerical models to examine the moral hazard problems exemplified by Itoh 

(2003, Ch. 4), following our earlier study (Hashimoto et al. (2011)) on the adverse selection 

problems. To this end, we first model a risk-averse or risk-neutral entrepreneur who selects his 

action among two options (e.g., low effort and high effort). The results of the models, whose 

computer programs are explained in detail for novice modelers, numerically illustrate the essence of 

the contract theory analysis. Second, the similar models, applied to the case with three effort level 

options, are built with and without the assumptions often employed to simplify the theoretical 

analysis. Through these exercises the significance of such assumptions in the contract theory 

analysis would be understood clearly. 

 

Keywords:  

moral hazard, numerical approach, risk averse, risk neutral, convexity of distribution function 

condition, monotone likelihood ratio condition 
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