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(2004), Lu (2007) Pal (1998)
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Pal (1998)
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5 2

T = 2 T = 3 T ≥ 4 5.1 5.2 5.3

6 N ≥ 3

SPNE

T = 2 T ≥ 3 6.1 6.2

7



���������	��� �����������

2

2

Pal (1998)

Pal (1998) 1

N

2

Pal (1998)

2

(Proposition 3.1) 1 2

(Proposition 3.2) N ≤ 2 1 2

N ≥ 3 (Proposition 3.3)

N > 2 1 2

N ≤ 2

1 2 1 (Proposition 3.4)

3 (T ≥ 3) 1

(Proposition 4.1)

Pal (1998) Jacques (2004) Proposition 4.1

3 (T ≥ 3) N ≥ 2 Proposition 4.1

N = 1 1

Jacques (2004) Lu (2007a) Pal (1998)

Proposition 4.1 3 (T ≥ 3)

N = 1

(SPNE) SPNE

N = 1 SPNE Pal (1998)

2 De Fraja and Delbono (1989), Fjell and Pal (1996)
2

2 2

2
Pal (1998)
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Pal (1998), Jacques (2004), Lu (2007a)

Matsumura (2003)

1 1

Matsumura (2003) Pal (1998)

(leader)

(Proposition 3) Pal (1998) (follower)

Matsumura (2003)

Lu (2006)

1 n m

Pal (1998)

(Proposition 3.1, 3.2)

Matsumura (2003)

Pal (1998)

Lu (2007b) 1 Matsumura (2003)

1 N

Pal (1998)

N ≥ 3 1 2

(Proposition 3.1) N ≤ 2 1 2

(Proposition 3.2) Matsumura (2003) Proposition 3

Tomaru and Kiyono (2010)

1 1

N = 1

Pal (1998)

2
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(Proposition 3) Amir and De Feo (2007)

1 1

2

Tomaru

and Kiyono (2010)

3

3

Pal (1998)

1 N ≥ 1

(N +1) (index) i = {0, · · · ,N}
i = 0, i = 1, · · · ,N qi i q0

qi, i = 1, · · · ,N Q = ∑N
i=0 qi = q0 +∑N

i=1 qi

p = p(Q) = a−Q; a > 0 p

4

0 c > 0

a � c
5

0

0 i

π0 = (p(Q)− c)q0 = (a−Q− c)q0 (3.1)

πi = p(Q)qi = (a−Q)qi (3.2)

(q≡ qi, π ≡ πi) CS≡ ∫ Q
0 p(x)dx−

p(Q)Q = 1
2 Q2 PS ≡ ∑N

i=0 πi = π0 +Nπ = p(Q)Q−cq0

4 2

5

a c
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W ≡CS+PS =
1
2

Q2 + p(Q)Q− cq0 = aQ− 1
2

Q2 − cq0 (3.3)

Q q0

Hamilton and Slutsky (1990)

(observable delay game)

T (≥ 2) T 2

2 T

t (≤ T ) 1

s, t,u ∈ {1, · · · ,T} s < t < u s t

t u

1 0 1 (t0, t1)

1 N

(t0, t1, · · · , ti, · · · , tN) ti i

(t0, ti); ti ≡ (ti, · · · , ti) ti

ti N 6 4

1 (t0, t1) = (t, t)

t (Cournot) (t0, t1) = (t,u); t < u

t u (Stackelberg)

(t0, t1) = (u, t); t < u t

u

2 (2 stage game) 1

2

7

6 4, 5, 6 ti

7 2 1 2 (stage) 1 (first stage)
1 (first period) 2 (second period) · · · , T (T th period) (period)
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(subgame perfect Nash equilibrium: SPNE)

(backward induction) 2 1

SPNE

4 N = 1

4.1 2

4.2 T = 2 SPNE

4.3 T ≥ 3 SPNE 5

N = 2 5.1 2

5.2, 5.3, 5.4

T = 2 T = 3 T ≥ 4 SPNE 6

N ≥ 3

6.1 2

6.2 6.3 T = 2

T ≥ 3 SPNE

4 N = 1

4.1

4 N = 1

SPNE 4.1 1

1 1

2 2 2×2 = 4 2

2×2−1 = 3 4.1

1. ((t0, t1) = (t, t))

2. 0 ((t0, t1) = (t,u))

3. 1 ((t0, t1) = (u, t))

(3.3), W = aQ− 1
2 Q2 − cq0; Q = q0 +q1

(3.2), π1 = (a−Q)q1 3
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������ t

������ u

�t, t	

public firm

private firm

�t, u	 �u, t	

 � �

4.1: N = 1

4.1.1 ((t0, t1) = (t, t))

1 1

∂W
∂q0

= a−Q− c = 0 ⇔ q0 = r0(q1)≡ a− c−q1 (4.1)

∂π1

∂q1
= a−Q−q1 = 0 ⇔ q1 = r1(q0)≡ a−q0

2
(4.2)

r′0(q1) =−1 < 0 r′1(q0) =−1
2 < 0 q0 = r0(q1) (4.1)

q1 = r1(q0) (4.2) 4.1

q(t, t)0 a−2c

q(t, t)1 c
Q(t, t) a− c
p(t, t) c

π(t, t)
0 0

π(t, t)
1 c2

W (t, t) (a−c)2+2c2

2

4.1: ((t0, t1) = (t, t))

4.1.2 ((t0, t1) = (t,u))

2 (4.2)

1 q1 = r1(q0)



���������	���� �����������

1

dW
dq0

= (a−Q)(1+ r′1)− c = 0 ⇔ q0 = a−4c (4.3)

(4.3) q1 = r1(q0) q1 = 2c 4.2

q(t,u)0 a−4c

q(t,u)1 2c
Q(t,u) a−2c
p(t,u) 2c

π(t,u)
0 (a−4c)c

π(t,u)
1 4c2

W (t,u) (a−c)2+3c2

2

4.2: ((t0, t1) = (t,u))

4.1.3 ((t0, t1) = (u, t))

2 (4.1)

1 q0 = r0(q1)

Q= q0+q1 = a−c π1 = (a−Q)q1 = cq1

q1 = Q = a− c

q0 = r0(q1) (q0 = 0) 4.3

q(u, t)0 0
q(u, t)1 a− c
Q(u, t) a− c
p(u, t) c

π(u, t)
0 0

π(u, t)
1 (a− c)c

W (u, t) (a+c)(a−c)
2

4.3: ((t0, t1) = (u, t))
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4.1.4 3 ((t, t), (t,u), (u, t))

3 (t, t), (t,u), (u, t) 3
8

W (u, t) =
(a− c)2 +2(a− c)c

2
>W (t,u) =

(a− c)2 +3c2

2
>W (t, t) =

(a− c)2 +2c2

2
(4.4)

(4.4) 1. 2.

3.

3

π(u, t)
1 = (a− c)c > π(t,u)

1 = 4c2 > π(t, t)
1 = c2 (4.5)

1.

2. 3.

(4.4), (4.5) 3

SPNE

(deviation) (4.4) (4.5)

1. ((t0, t1) = (t, t))

(4.4) W (u, t) >W (t,u) >W (t, t)

(t, t) SPNE

2. ((t0, t1) = (t,u))

T = 2 W (t,u) >

W (t, t) π(t,u)
1 > π(t, t)

1 T ≥ 3

3. ((t0, t1) = (u, t))

W (u, t) π(u, t)
1

(u, t) SPNE

T (t, t) SPNE

8 a � c (4.4) a > 5
2 c (a > 2c) W (u, t) >W (t,u) (W (u, t) >W (t, t))

(4.5) a > 5c (a > 2c) π(u, t)
1 > π(t,u)

1 (π(u, t)
1 > π(t, t)

1 )
a c

a c



���������	���� �����������

4.2 T = 2

2

2 2 2 2×2 = 4 4

4.2

1. 1 ((t0, t1) = (1,1))

2. 2 ((t0, t1) = (2,2))

3. 1 2 ((t0, t1) = (1,2))

4. 1 2 ((t0, t1) = (2,1))

t ��

������

public firm

private firm

t ��

������ ������ ������
� � 	 


4.2: N = 1 T = 2

4 SPNE

4.1 SPNE

SPNE

4

1. 1 ((t0, t1) = (1,1))

(W (1,1) < W (2,1))

(π(1,1)
1 < π(1,2)

1 ) t = 2

(1,1) SPNE

2. 2 ((t0, t1) = (2,2))

(W (2,2) < W (1,2))

(π(2,2)
1 < π(2,1)

1 ) t = 1

(2,2) SPNE

3. 1 2 ((t0, t1) = (1,2))

t = 2 (W (1,2) >W (2,2)) t = 1

(π(1,2)
1 > π(1,1)

1 )

(1,2) SPNE
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4. 1 2 ((t0, t1) = (2,1))

t = 1 (W (2,1) >W (1,1)) t = 2

(π(2,1)
1 > π(2,2)

1 )

(2,1) SPNE

N = 1 T = 2 4.2

(1,1), (2,2) SPNE Pal

(1998) Proposition 3.1

(1,2) SPNE Pal (1998) Proposition 3.3, 3.4

(2,1) SPNE Pal (1998)

Proposition 3.2

4.3 T ≥ 3

3 (T ≥ 3)

1 (t = {2, · · · ,T −1}) T 3

3

1

23 = 8 3+8 = 11

4.3 t 1 < t < T t

(t = {2, · · · ,T −1}) 1 11

4.3

1. 1 ((t0, t1) = (1,1))

2. ((t0, t1) = (t, t))

3. ((t0, t1) = (T,T ))

4. 1 ((t0, t1) = (1, t))

5. 1 ((t0, t1) = (1,T ))

6. ((t0, t1) = (t,u))

7. ((t0, t1) = (t,T ))

8. 1 ((t0, t1) = (t,1))

9. 1 ((t0, t1) = (T,1))

10. ((t0, t1) = (u, t))

11. ((t0, t1) = (T, t))

11 SPNE

4.1 SPNE
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������

public firm

private firm

t ���

t �T

t ��t

�t��t� �T��T�

����t� ����T� �t��u�

t ���

t �T

t ��t

t ��u

�t��T�

�t���� �T���� �u��t�

t ���

t �T

t ��t

t ��u

�T��t�

� � 	
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4.3: N = 1 T ≥ 3

11

1. 1 ((t0, t1) = (1,1))

(W (1,1) <W (t,1))

(π(1,1)
1 < π(1, t)

1 ) t > 1

(1,1) SPNE

2. ((t0, t1) = (t, t))

(W (t, t)<W (s, t), W (t, t)<

W (u, t)) (π(t, t)
1 < π(t,s)

1 ,

π(t, t)
1 < π(t,u)

1 ) t

(t, t) SPNE

3. ((t0, t1) = (T,T ))

(W (T,T ) <W (t,T ))

(π(T,T )
1 < π(T, t)

1 ) t < T

(T,T ) SPNE

4. 1 ((t0, t1) = (1, t))

(W (1, t) <W (u, t))
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(π(1, t)
1 = π(1,s)

1 = π(1,u)
1 > π(1,1)

1 ; s > 1) u

(1, t) SPNE

5. 1 ((t0, t1) = (1,T ))

(W (1,T ) =W (t,T ) >W (T,T ))

(π(1,T )
1 = π(1, t)

1 > π(1,1)
1 )

(1,T ) SPNE

6. ((t0, t1) = (t,u))

(W (t,u) <W (v,u); u < v)

(π(t,u)
1 < π(t,s)

1 )

(t,u) SPNE

7. ((t0, t1) = (t,T ))

(W (t,T ) = W (s,T ) = W (u,T ) > W (T,T );

u < T ) (π(t,T )
1 < π(t,s)

1 ) s

(t,T ) SPNE

8. 1 ((t0, t1) = (t,1))

(W (t,1) =W (s,1) =W (u,1) >W (1,1); s> 1)

(π(t,1)
1 = π(t,s)

1 > π(t,u)
1 > π(t, t)

1 )

(t,1) SPNE

9. 1 ((t0, t1) = (T,1))

(W (T,1) = W (t,1) > W (1,1))

(π(T,1)
1 = π(T, t)

1 > π(T,T )
1 )

(T,1) SPNE

10. ((t0, t1) = (u, t))

(W (u, t) =W (x, t) =W (v, t) >W (s, t) >W (t, t);

t < x < u) (π(u, t)
1 = π(u,s)

1 = π(u,x)
1 > π(u,v)

1 >

π(u,u)
1 ; t < x < u < v) (u, t)

SPNE

11. ((t0, t1) = (T, t))

(W (T, t) =W (u, t) >W (s, t) >W (t, t))

(π(T, t)
1 = π(T,s)

1 = π(T,u)
1 > π(T,T )

1 )

(T, t) SPNE

N = 1 T ≥ 3

(1,1), (t, t), (T,T ) SPNE

Pal (1998) Proposition 4.1 Proposition 4.1 1

SPNE



���������	���� �����������

(1, t), (t,u), (t,T ) SPNE (1,T ) SPNE Pal (1998)

Jacques (2004)

(a forgotten equilibrium) (1,T ) SPNE

(t,1), (T,1), (u, t), (T, t) SPNE Pal

(1998) Proposition 4.1 (t,1), (T,1) SPNE

Lu (2007) (another forgotten equilibrium) (u, t),

(T, t) SPNE

SPNE

11 SPNE

SPNE

5 N = 2

5.1

5 N = 2

SPNE 5.1 2

1 2

3 3 33 = 27

5.1

2 1 2

1 2

8

5.1 Case A Case H 8

1. Case A: ((t0, t1, t2) = (s,s,s))

5.1 1, 14, 27

2. Case B: 1 2 ((t0, t1, t2) = (s,s, t))

5.1 2, 3, 4, 7, 15, 17

3. Case C: ((t0, t1, t2) = (s, t, t))

5.1 5, 9, 18

4. Case D: 1 2 ((t0, t1, t2) = (s, t,u))

5.1 6, 8
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�������s

�������t

�������u

�
�s, s, s�

�
�s, s, t�

�
�s, s, u�

�
�s, t, s�

	
�s, t, t�



�s, t, u�

�
�s, u, s�

�
�s, u, t�

�
�s, u, u�

������ ������ ������ ������ ������ ������ ������ ������ ������

�������s

�������t

�������u

��
�t, s, s�

��
�t, s, t�

��
�t, s, u�

��
�t, t, s�

��
�t, t, t�

�	
�t, t, u�

�

�t, u, s�

��
�t, u, t�

��
�t, u, u�

������ ������ ������ ������ ������ ������ ������ ������ ������

�������s

�������t

�������u

��
�u, s, s�

��
�u, s, t�

��
�u, s, u�

��
�u, t, s�

��
�u, t, t�

��
�u, t, u�

�	
�u, u, s�

�

�u, u, t�

��
�u, u, u�

������ ������ ������ ������ ������ ������ ������ ������ ������

5.1: N = 2

5. Case E: ((t0, t1, t2) = (t,s,s))

5.1 10, 19, 23

6. Case F: 1 2 ((t0, t1, t2) = (t,s, t))

5.1 11, 13, 21, 24, 25, 26

7. Case G: 1 2 ((t0, t1, t2) = (t,s,u))

5.1 12, 16

8. Case H: 1 2 ((t0, t1, t2) = (u,s, t))

5.1 20, 22

8 (Case A Case H) 5.2

(3.3) W = aQ− 1
2 Q2 − cq0; Q = q0 +q1 +q2

(3.2) πi = (a−Q)qi; i = 1,2 8
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�������s

�������t

�������u

�s, s, s� �s, s, t� �s, t, t� �s, t, u�
������ �����	 ������ �����


�������s

�������t

�������u

�t, s, s� �t, s, t� �t, s, u�
������ ������ �����

�u, s, t�
������

5.2: N = 2 8

5.1.1 Case A: ((t0, t1, t2) = (s,s,s))

i = 1,2 1

∂W
∂q0

= a−Q− c = 0 ⇔ q0 = r0(q1,q2)≡ a− c−q1 −q2 (5.1)

∂πi

∂qi
= a−Q−qi = 0 ⇔ qi = ri(q0,q j)≡ a−q0 −q j

2
, j 
= i (5.2)

∂ r0(q1,q2)
∂qi

=−1 < 0; i = 1,2 ∂ ri(q0,q j)
∂qk

=−1
2 < 0; k = 0, j

(5.1) (5.2) 5.1

q(s,s,s)0 a−3c

1 q(s,s,s)1 c

2 q(s,s,s)2 c
Q(s,s,s) a− c
p(s,s,s) c

π(s,s,s)
0 0

1 π(s,s,s)
1 c2

2 π(s,s,s)
2 c2

W (s,s,s) (a−c)2+4c2

2

5.1: Case A: ((t0, t1, t2) = (s,s,s))
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5.1.2 Case B: 1 2 ((t0, t1, t2) = (s,s, t))

1

2 2 (5.2)

1 q2 = r2(q0,q1)

1 1 q2 = r2(q0,q1)

1 1

∂W (q0,r2(q0,q1))

∂q0
= (a−Q)(1+

∂ r2(q0,q1)

∂q0
)− c = 0 ⇔ q0 = a−4c−q1 (5.3)

∂π1(q1,r2(q0,q1))

∂q1
= a−Q− (1+

∂ r2(q0,q1)

∂q1
)q1 = 0 ⇔ q1 =

a−q0

2
(5.4)

(5.3) (5.4) (q0,q1) = (a−8c, 4c) Case B 5.2

q(s,s, t)0 a−8c

1 q(s,s, t)1 4c

2 q(s,s, t)2 2c
Q(s,s, t) a−2c
p(s,s, t) 2c

π(s,s, t)
0 (a−8c)c

1 π(s,s, t)
1 8c2

2 π(s,s, t)
2 4c2

W (s,s, t) (a−c)2+11c2

2

5.2: Case B: 1 2 ((t0, t1, t2) = (s,s, t))

5.1.3 Case C: ((t0, t1, t2) = (s, t, t))

2

1 2 (5.2) q1 = r1(q0,q2), q2 = r2(q0,q1) q1 ≡
r1(q0) =

a−q0
3 , q2 ≡ r2(q0) =

a−q0
3 , r′1(q0) = r′2(q0) =−1

3 < 0 1

q1 = r1(q0), q2 = r2(q0) 1

dW (q0,r1(q0),r2(q0))

dq0
= (a−Q)(1+

∂ r1(q0)

∂q0
+

∂ r2(q0)

∂q0
)− c = 0 ⇔ q0 = a−9c (5.5)

(5.5) q1 = r1(q0), q2 = r2(q0) (q1,q2) = (3c, 3c) Case C 5.3
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q(s, t, t)0 a−9c

1 q(s, t, t)1 3c

2 q(s, t, t)2 3c
Q(s, t, t) a−3c
p(s, t, t) 3c

π(s, t, t)
0 2(a−9c)c

1 π(s, t, t)
1 9c2

2 π(s, t, t)
2 9c2

W (s, t, t) (a−c)2+8c2

2

5.3: Case C: ((t0, t1, t2) = (s, t, t))

5.1.4 Case D: 1 2 ((t0, t1, t2) = (s, t,u))

1 2 3

2 (5.2) q2 = r2(q0,q1) ≡ a−q0−q1
2 2

1 2 q2 = r2(q0,q1) 1

∂π1(q1,r2(q0,q1))

∂q1
= a−Q− (1+

∂ r2(q0,q1)

∂q1
)q1 = 0 ⇔ q1 =

a−q0

2
(5.6)

(5.6) q2 = r2(q0,q1) q2 =
a−q0

4 1 q1 ≡
r1(q0) =

a−q0
2 , q2 ≡ r2(q0) =

a−q0
4

9 1

dW (q0,r1(q0),r2(q0))

dq0
= (a−Q)(1+

∂ r1(q0)

∂q0
+

∂ r2(q0)

∂q0
)− c = 0 ⇔ q0 = a−16c (5.7)

(5.7) q1 = r1(q0), q2 = r2(q0) (q1,q2) = (8c, 4c) Case D 5.4

5.1.5 Case E: ((t0, t1, t2) = (t,s,s))

2

(5.1) 1 q0 = r0(q1,q2)

q0 = r0(q1,q2)⇔ Q = a−c

πi = (a−Q)qi = cqi q1 +q2 = a−c = Q

9 Case C Case D r1(q0) r2(q0)
r1(q0)

r2(q0)
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q(s, t,u)0 a−16c

1 q(s, t,u)1 8c

2 q(s, t,u)2 4c
Q(s, t,u) a−4c
p(s, t,u) 4c

π(s, t,u)
0 3(a−16c)c

1 π(s, t,u)
1 32c2

2 π(s, t,u)
2 16c2

W (s, t,u) (a−c)2+15c2

2

5.4: Case D: 1 2 ((t0, t1, t2) = (s, t,u))

q1 = q2 =
a−c

2

q0 = r0(q1,q2) (q0 = 0) Case E 5.5

q(t,s,s)0 0
1 q(t,s,s)1

a−c
2

2 q(t,s,s)2
a−c

2
Q(t,s,s) a− c
p(t,s,s) c

π(t,s,s)
0 0

1 π(t,s,s)
1

(a−c)c
2

2 π(t,s,s)
2

(a−c)c
2

W (t,s,s) (a+c)(a−c)
2

5.5: Case E: ((t0, t1, t2) = (t,s,s))

5.1.6 Case F: 1 2 ((t0, t1, t2) = (t,s, t))

1 2

2 (5.1), q0 = r0(q1,q2) (5.2),

q2 = r2(q0,q1) q0 ≡ r0(q1) = a−2c−q1, q2 = c 2

1 c 1 1

q0 = r0(q1), q2 = c q0 = r0(q1)⇔ Q = a− c

1 π1 = (a−Q)q1 = cq1 1

q1 = a−c−q2 = a−2c q0 = r0(q1)

(q0 = 0) Case F 5.6
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q(t,s, t)0 0
1 q(t,s, t)1 a−2c

2 q(t,s, t)2 c
Q(t,s, t) a− c
p(t,s, t) c

π(t,s, t)
0 0

1 π(t,s, t)
1 (a−2c)c

2 π(t,s, t)
2 c2

W (t,s, t) (a+c)(a−c)
2

5.6: Case F: 1 2 ((t0, t1, t2) = (t,s, t))

5.1.7 Case G: 1 2 ((t0, t1, t2) = (t,s,u))

1 2 3

2 (5.2) q2 = r2(q0,q1) ≡ a−q0−q1
2 2

2 q2 = r2(q0,q1)

1

∂W (q0,r2(q0,q1))

∂q0
= (a−Q)(1+

∂ r2(q0,q1)

∂q0
)− c = 0 ⇔ q0 = a−4c−q1 (5.8)

(5.8) q2 = r2(q0,q1) q2 = 2c 2 1

2c 1 1 q0 ≡ r0(q1) = a−4c−q0, q2 = 2c

q0 = r0(q1)⇔ q0 +q1 = a−2c q2 = c

Q = a− c 1 π1 = cq1 1

q1 = a−2c q0 = r0(q1) (q0 = 0) Case G

5.7

q(t,s,u)0 0
1 q(t,s,u)1 a−2c

2 q(t,s,u)2 c
Q(t,s,u) a− c
p(t,s,u) c

π(t,s,u)
0 0

1 π(t,s,u)
1 (a−2c)c

2 π(t,s,u)
2 c2

W (t,s,u) (a+c)(a−c)
2

5.7: Case G: 1 2 ((t0, t1, t2) = (t,s,u))
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5.1.8 Case H: 1 2 ((t0, t1, t2) = (u,s, t))

1 2 3

(5.1) q0 = r0(q1,q2)≡ a−c−q1 −q2 2 2

q0 = r0(q1,q2) q0 = r0(q1,q2)⇔ Q = a− c

2 π2 = cq2 2 1

q1

(q2 = a− c−q1) 1 1 q0 ≡ r0(q1) = a− c−q1 −q2

1 π1 = cq1 1

q1 = a−c 2

(q0, q2) = (0,0) Case H 5.8

q(u,s, t)0 0
1 q(u,s, t)1 a− c

2 q(u,s, t)2 0
Q(u,s, t) a− c
p(u,s, t) c

π(u,s, t)
0 0

1 π(u,s, t)
1 (a− c)c

2 π(u,s, t)
2 0

W (u,s, t) (a+c)(a−c)
2

5.8: Case H: 1 2 ((t0, t1, t2) = (u,s, t))

5.1.9 8 Case A Case H

5.1.1 5.1.8 8

W (t,s,s) =W (t,s, t) =W (t,s,u) =W (u,s, t) >W (s, t,u) >W (s,s, t) >W (s, t, t) >W (s,s,s) (5.9)

Case E = Case F = Case G = Case H > Case D > Case B > Case C >

Case A 10 1

(second-mover advantage)

(Case D, Case B)

10 a � c W (t,s,s) >W (s, t,u) ⇔ a > 17
2 c
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(Case C, Case A)

1

1

5.1 5.8 1

π(u,s, t)
1 > π(t,s, t)

1 = π(t,s,u)
1 > π(t,s,s)

1 > π(s, t,u)
1 > π(s, t, t)

1 > π(s,s, t)
1 > π(s,s,s)

1 (5.10)

1 Case H > Case F = Case G > Case E > Case D > Case C > Case B

> Case A 11 1 (Case E, Case F, Case G, Case

H) (Case A, Case B, Case C, Case D) 2

Case

F Case G Case E Case D Case C Case B Case A

1 (first-mover

advantage)

2 5.1 5.8 2

π(t,s,s)
2 > π(s, t,u)

2 > π(s, t, t)
2 > π(s,s, t)

2 > π(s,s,s)
2 = π(t,s, t)

2 = π(t,s,u)
2 > π(u,s, t)

2 (5.11)

2 Case E > Case D > Case C > Case B > Case A = Case F = Case

G > Case H 12 2 1 (Case E)

1 2

2 Case B

Case A Case D Case C 2

1

(5.9)–(5.11) 8

SPNE 1, 2

(5.9)–(5.11)

11 π(t,s,s)
1 > π(s, t,u)

1 ⇔ a > 65c.
12 π(t,s,s)

2 > π(s, t,u)
2 ⇔ a > 33c.
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1. Case A: ((t0, t1, t2) = (s,s,s))

W (t,s,s) >W (s, t, t) >W (s,s,s)

Case A SPNE

2. Case B: 1 2 ((t0, t1, t2) = (s,s, t))

W (t,s, t) > W (s,s, t) 2

Case B SPNE

3. Case C: ((t0, t1, t2) = (s, t, t))

T = 2 W (s, t, t) >

W (s,s,s) π(s, t, t)
1 > π(s,s, t)

1 SPNE T ≥ 3

4. Case D: 1 2 ((t0, t1, t2) = (s, t,u))

W (t,s, t) >W (s, t,u) 2

Case D SPNE

5. Case E: ((t0, t1, t2) = (t,s,s))

W (t,s,s) 2

π(t,s,s)
2 2 1

T = 2 π(t,s,s)
1 = π(t,s,s)

2 > π(t, t,s)
1 = π(t,s, t)

2

SPNE T ≥ 3

6. Case F: 1 2 ((t0, t1, t2) = (t,s, t))

π(t,s,s)
2 > π(t,s, t)

2 2 1

Case F SPNE

7. Case G: 1 2 ((t0, t1, t2) = (t,s,u))

π(t,s,s)
2 > π(t,s,u)

2 2 1

Case G SPNE

8. Case H: 1 2 ((t0, t1, t2) = (u,s, t))

π(t,s,s)
2 > π(u,s, t)

2 2 1

Case H SPNE

T Case A, Case B, Case D, Case F, Case G, Case H SPNE
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5.2 T = 2

2 2 3

23 = 8 2 8−2 = 6

T = 2 3 Case D,

Case G, Case H 6 5.3

1. Case A: 1 ((t0, t1, t2) = (1,1,1))

2. Case A’: 2 ((t0, t1, t2) = (2,2,2))

3. Case B: 1 2 ((t0, t1, t2) = (1,1,2))

4. Case C: ((t0, t1, t2) = (1,2,2)

5. Case E: ((t0, t1, t2) = (2,1,1))

6. Case F: 1 2 ((t0, t1, t2) = (2,1,2))

t ���

t����

��������� ��������� ���������
�	
��� �	
�� �	
���

��������� ���������
�	
��� �	
���

���������
�	
����

5.3: N = 2 T = 2

Case A, Case A’, Case B, Case F SPNE Case C, Case

E 2 SPNE

1. Case C (1,2,2)

t = 2 (W (1,2,2) >W (1,1,1)) t = 1

(π(1,2,2)
1 > π(1,1,2)

1 )

Case C SPNE

2. Case E (2,1,1)

(W 2,1,1) t = 2

(π(2,1,1)
2 > π(2,1,2)

2 )

Case E SPNE

N = 1 T = 2 5.2

(1,1,1), (2,2,2) SPNE

Pal (1998) Proposition 3.1 Case C (1,2,2) SPNE Pal (1998)

Proposition 3.3, 3.4 Case E (2,1,1) SPNE Pal (1998)

Proposition 3.2
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5.3 T = 3

3

5.1 5.1 33 = 27 T

Case A, Case B, Case D, Case F, Case G, Case H

Case C, Case E 5.4

Case C Case E 6

t����

t����

t����

�������	 ��������	

�	
��� �	
���

��������	��������	

�	
����	
���

��������	 ��������	

�	
��� �	
���

5.4: N = 2 T = 3 Case C Case E

1. Case C 3

((t0, t1, t2) = (1,2,2),(1,3,3),(2,3,3))

2. Case E: 3

((t0, t1, t2) = (2,1,1),(3,1,1),(3,2,2))

6 SPNE

1. Case C (1,2,2)

t = 3 (1,2,2) SPNE

(W (3,2,2) >W (1,2,2))

2. Case C (1,3,3)

1 t = 2 (1,3,3) SPNE

(π(1,2,3)
1 > π(1,2,2)

1 )

3. Case C (2,3,3)

1 t = 1 (2,3,3) SPNE

(π(2,1,3)
1 > π(1,2,2)

1 )

4. Case E (2,1,1)

(Wt,s,s) 2

1 (π t,s,s
2 ) (2,1,1) SPNE
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5. Case E (3,1,1)

(Wt,s,s) 2

1 (π t,s,s
2 ) (3,1,1) SPNE

6. Case E (3,2,2)

(Wt,s,s) 1 t = 1

(3,2,2) SPNE (π(3,1,2)
1 > π(3,2,2)

1 )

N = 1 T = 3

SPNE

(Case C) SPNE (Case E)

(2,1,1) (3,1,1) SPNE Pal (1998) Proposition 4.1

1

SPNE

5.4 T ≥ 4

T ≥ 4 T = 3

27 T Case A, Case B, Case D,

Case F, Case G, Case H SPNE 5.3 T = 3 Case C

SPNE Case E (2,1,1) (3,1,1) SPNE

1

(t,1,1) SPNE 5.5

t���

t��t

t��T

�t�������

���	�


5.5: N = 2 T ≥ 4 SPNE Case E

Case E (t,1,1) SPNE (Wt,s,s)

2 1 (π t,s,s
2 )

(t,1,1) SPNE

N = 1 T ≥ 4

(Case E) (t,1,1) SPNE
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Pal (1998) Proposition 4.1

6 N ≥ 3

6.1

6 N ≥ 3 SPNE 6.1

1 1

22 = 4 2 33 = 27 1 N ≥ 3

N +1 N +1

(N +1)N+1

N ≥ 3

N

3

ti ≡ (ti, · · · , ti) ti

ti N 13 6.1

1. ((t0, ti) = (t, t))

2. ((t0, ti) = (t,u))

3. ((t0, ti) = (u, t))

�������t

�������u

�t, �� �t, ��
� �

�u, ��
�

6.1: N ≥ 3

(3.3), W = aQ− 1
2 Q2 − cq0, Q = ∑N

i=0 qi

(3.2), πi = (a−Q)qi; i = 1, · · · ,N 3

13 (t)
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6.1.1 ((t0, ti) = (t, t))

i 1

∂W
∂q0

= a−Q− c = 0 ⇔ q0 = r0(
N

∑
i=1

qi)≡ a− c−
N

∑
i=1

qi (6.1)

∂πi

∂qi
= a−Q−qi = 0 ⇔ qi = ri(∑

j 
=i
q j)≡

a−q0 −∑ j 
=i,0 q j

2
(6.2)

r′0 =−1 < 0 r′1 =−1
2 < 0 qi ≡ q

(6.2)

q = r(q0)≡ a−q0

N +1
(6.3)

(6.1) (6.3) 6.1 14

q(t, t)0 a− (N +1)c
q(t, t) c
Q(t, t) a− c
p(t, t) c

π(t, t)
0 0

π(t, t) c2

W (t, t) (a−c)2+2Nc2

2

6.1: ((t0, ti) = (t, t))

6.1.2 ((t0, ti) = (t,u))

2 (6.3)

1 q = r(q0)

1

dW
dq0

= (a−Q)(1+Nr′)− c = 0 ⇔ q0 = a− (N +1)2c (6.4)

(6.4) q = r(q0) q = (N +1)c 15 6.2

14 q0 > 0 ⇔ a > (N +1)c.
15 q0 > 0 ⇔ a > (N +1)2c.
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q(t,u)0 a− (N +1)2c

q(t,u)1 (N +1)c
Q(t,u) a− (N +1)c
p(t,u) (N +1)c
π(t,u)

0 N(a− (N +1)2c)c
π(t,u) (N +1)2c2

W (t,u) (a−c)2+N(N+2)c2

2

6.2: ((t0, ti) = (t,u))

6.1.3 ((t0, ti) = (u, t))

2

(6.1) 1

q0 = r0(∑N
i=1 qi) q0 = r0(∑N

i=1 qi) ⇔ Q =

q0 +∑N
i=1 qi = a−c π = (a−Q)q = cq

q Q = a−c

q = a−c
N q0 = r0(∑N

i=1 qi)

(q0 = 0) 6.3

q(u, t)0 0
q(u, t)1

a−c
N

Q(u, t) a− c
p(u, t) c

π(u, t)
0 0

π(u, t) (a−c)c
N

W (u, t) (a+c)(a−c)
2

6.3: ((t0, ti) = (u, t))
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6.1.4 3 ((t, t), (t,u), (u, t))

6.1.1 6.1.3 3 (t, t), (t,u), (u, t)
16

W (u, t) =
(a− c)2 +2(a− c)c

2
>W (t,u) =

(a− c)2 +N(N +2)c2

2
>W (t, t) =

(a− c)2 +2Nc2

2
(6.5)

N = 1 1.

2. 3.

π(u, t) =
(a− c)c

N
> π(t,u) = (N +1)2c2 > π(t, t) = c2 (6.6)

1.

2. 3.

3 SPNE

(6.5) (6.6)

1. ((t0, ti) = (t, t))

(6.5) W (u, t) >W (t,u) >W (t, t)

(t, t)

2. ((t0, ti) = (t,u))

N T = 1,2

T ≥ 3

3. ((t0, ti) = (u, t))

W (u, t) π(u, t)
1

1 T = 2

T ≥ 3

T (t, t) SPNE

16 a � c (6.5) a > N2+2N+2
N c (a > (N+1)c) W (u, t) >W (t,u) (W (u, t) >

W (t, t)) (6.6) a > (1+N(N +1)2)c (a > (N +1)c) π(u, t)
1 > π(t,u)

1 (π(u, t)
1 > π(t, t)

1 )
a c
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6.2 T = 2

2 2

2 2×2 = 4 4

1. 1 ((t0, ti) = (1,1))

2. 2 ((t0, ti) = (2,2))

3. 1 2 ((t0, ti) = (1,2))

4. 1 2 ((t0, ti) = (2,1))

(1,1) (2,2) SPNE

(1,2) (2,1) SPNE 6.2

t����

t���

�����������

6.2: N ≥ 3 T = 2

6.2.1 6.2.2 (1,2) (2,1) SPNE

6.2.1 1 2 ((t0, ti) = (1,2))

(6.5) W (1,2) >W (2,2) t = 2

1 t = 1

(t0, t1, t−1) = (1,1,2) t−1 t1 (N −1)

(N −1) (t−1 = (t2, · · · , tN) = (t, · · · , t)) (1,2)

1 6.3

���������
t����
t����

6.3: (1,2) 1 (1,1,2)
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(1,1,2) 2 1 (q0,q1)

i = 2, · · · ,N 1

∂πi

∂qi
= a−Q−qi = 0 ⇔ qi = ri(∑

j 
=i
q j)≡

a−q0 −q1 −∑ j 
=0,1, i q j

2
(6.7)

qi ≡ q (6.7)

q = r(q0,q1)≡ a−q0 −q1

N
(6.8)

r′ ≡ ∂ r
∂qi

=− 1
N < 0 1 1 q = r(q0,q1)

1

1

∂W
∂q0

= (a−Q)(1+(N −1)r′)− c = 0 ⇔ q0 = a−N2c−q1 (6.9)

∂π1

∂q1
= a−Q− (1+(N −1)r′)q1 = 0 ⇔ q1 =

a−q0

2
(6.10)

(6.9) (6.10) q0 = a−2N2c, q1 = N2c 17 (6.7) (q0,q1) q = Nc

6.4

q(1,1,2)0 a−2N2c

1 q(1,1,2)1 N2c
i q(1,1,2) Nc

Q(1,1,2) a−Nc
p(1,1,2) Nc

π(1,1,2)
0 (N −1)(a−2N2c)c

1 π(1,1,2)
1 N3c2

i π(1,1,2) N2c2

W (1,1,2) (a−c)2+(3N2−1)c2

2

6.4: (1,2) 1 ((t0, t1, t−1) = (1,1,2))

(1,2) (1,1,2) 1

π(1,2)
1 = (N +1)2c2 ≷ π(1,1,2)

1 = N3c2 ⇔ (N +1)2 ≷ N3 (6.11)

(6.11) N = 1,2 (N+1)2 > N3 N ≥ 3 (N+1)2 < N3

N = 1,2 π(1,2)
1 > π(1,1,2)

1 1 N = 1,2 (1,2)

SPNE N ≥ 3 π(1,2)
1 < π(1,1,2)

1 N ≥ 3

17 q0 > 0 ⇔ a > 2N2c.
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(1,2) SPNE 4 5 N = 1,2

(1,2) (1,2,2) SPNE N ≥ 3 (1,2) SPNE

6.2.2 1 2 ((t0, ti) = (2,1))

(6.5) W (2,1) > W (1,1) t = 1

1 t = 2

(t0, t1, t−1) = (2,2,1) 1 6.4

���������
t����
t����

6.4: (2,1) 1 (2,2,1)

(2,2,1) 2 i = 2, · · · ,N qi

1

1 1

∂W
∂q0

= a−Q− c = 0 ⇔ q0 = r0(
N

∑
i=1

qi)≡ a− c−
N

∑
i=1

qi (6.12)

∂π1

∂q1
= a−Q−q1 = 0 ⇔ q1 = r1(

N

∑
j 
=1

q j)≡
a−∑N

j 
=1 q j

2
(6.13)

(6.12) (6.13) (q0,q1)

(q0, q1) = (a−2c−
N

∑
j 
=0,1

q j, c) (6.14)

2 1 qi, i = 2, · · · ,N q1 = c

1 i= 2, · · · ,N (6.14)

q0 = r0(∑N
i=1)⇔ Q = a− c i πi = (a−Q)qi = cqi

qi Q = a−c

1 q1 = c ∑ j 
=i q j = a−2c

(qi ≡ q) q = a−2c
N−1 q0 = r0(∑N

i=1)

(q0 = 0) 6.5
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q(2,2,1)0 0
1 q(2,2,1)1 c
i q(2,2,1) a−2c

N−1
Q(2,2,1) a− c
p(2,2,1) c

π(2,2,1)
0 0

1 π(2,2,1)
1 c2

i π(2,2,1) (a−2c)c
N−1

W (2,2,1) (a+c)(a−c)
2

6.5: (2,1) 1 ((t0, t1, t−1) = (2,2,1))

(2,1) (2,2,1) 1 18

π(2,1)
1 =

(a− c)c
N

> π(2,2,1)
1 = c2 (6.15)

(6.15) 1 (2,1) SPNE

6.2.3 T = 2

1

N ≥ 3 T = 2 6.2

Pal (1998) Proposition 3.1 (1,1) (2,2)

SPNE Pal (1998) Proposition 3.3, 3.4

(1,2) N ≤ 2 SPNE N ≥ 3 SPNE

Pal (1998) Proposition 3.2, 3.4

(2,1) SPNE Pal (1998)

(2,1)

6.3 T ≥ 3

T ≥ 3 SPNE

6.2 T = 2 (t, t) SPNE

N ≥ 3 (t,u)

18 π(2,1)
1 > π(2,2,1)

1 ⇔ a > (N +1)c.
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SPNE 19 N ≥ 3

(u, t) SPNE (u, t) 20

(6.5) W (u, t) 1

4 4 6.5

1. 1 ((u, t)→ (u,u, t))

2. 1 ((u, t)→ (u,s, t))

3. 1 ((u,s)→ (u, t,s))

4. 1 ((t,s)→ (t,u,s))

�u, u, ��

t���s

t���t

t���u

�
�u, s, ��
�

�u, t, ��
�

�t, u, ��
	

6.5: N ≥ 3 T ≥ 3 (u, t)

1 6.2 T = 2 (2,1) (2,2,1)

3

6.3.1 Case 2: 1 i ((t0, t1, t−1) = (u,s, t))

3 (6.1) q0 = r0(∑N
i=1 qi)≡ a− c−∑N

i=1 qi

2 i q0 = r0(∑N
i=1 qi),

q0 = r0(∑N
i=1 qi)⇔ Q = a− c i πi = cqi

i 1 q1

∑ j 
=0,1 q j = a−c−q1

1 1 q0 = 0, ∑ j 
=0,1 q j = a−c−q1 1

π1 = cq1 1

q1 = a−c i (q0, qi) = (0,0)

6.6

19 N = 1,2 (t,u) SPNE 4 5
20 (u, t) (t,s), (u,s)
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q(u,s, t)0 0
1 q(u,s, t)1 a− c
i q(u,s, t) 0

Q(u,s, t) a− c
p(u,s, t) c

π(u,s, t)
0 0

1 π(u,s, t)
1 (a− c)c

i π(u,s, t) 0
W (u,s, t) (a+c)(a−c)

2

6.6: Case 2: 1 i ((t0, t1, t−1) = (u,s, t))

(u, t) (u,s, t) 1 21

π(u,s, t)
1 = (a− c)c > π(u, t)

1 =
(a− c)c

N
(6.16)

(6.16) 1 (u, t) SPNE

Case 2 t = 1

(u,1); u > 1 SPNE (u, t); t 
= 1 SPNE

6.3.2 Case 3: i 1 ((t0, t1, t−1) = (u, t,s))

3 (6.1) q0 = r0(∑N
i=1 qi)≡ a−c−∑N

i=1 qi

2 1 q0 = r0(∑N
i=1 qi),

q0 = r0(∑N
i=1 qi)⇔ Q = a− c 1 π1 = cq1

1 i qi

q1 = a−c−∑ j 
=0,1 q j

1 i q0 = 0, q1 = a−c−∑ j 
=0,1 q j

i πi = cqi i 1

i Q = a− c N −1

qi =
a−c
N−1 1 (q0, q1) = (0,0)

6.7

(u, t) (u, t,s) 1

π(u, t)
1 =

(a− c)c
N

> π(u,t,s)
1 = 0 (6.17)

(6.17) 1

21 a c
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q(u, t,s)0 0
1 q(u, t,s)1 0
i q(u, t,s) a−c

N−1
Q(u, t,s) a− c
p(u, t,s) c

π(u, t,s)
0 0

1 π(u, t,s)
1 0

i π(u, t,s) (a−c)c
N−1

W (u, t,s) (a+c)(a−c)
2

6.7: Case 3: i 1 ((t0, t1, t−1) = (u, t,s))

6.3.3 Case 4: i 1 ((t0, t1, t−1) = (t,u,s))

3 (6.2) q1 = r1(∑N
j 
=i q j)≡ a−q0−∑N

j 
=0,1 q j

2

2 1 q1 = r1(∑N
j 
=i q j)

1

∂W
∂q0

= (a−Q)(1+ r′1)− c = 0 ⇔ q0 = r0(
N

∑
j 
=0,1

q j)≡ a−2c−
N

∑
j 
=0,1

q j (6.18)

(6.18) (6.17) q1 = c 1 i q0 = a−2c−∑N
j 
=0,1 q j,

q1 = c Q = q0 +q1 +∑N
j 
=0,1 q j = a− c

i πi = cqi i 1 q1 = c

i

Q = a− c q1 = c Q−q1 = a−2c N −1

qi =
a−2c
N−1 1 (q0, q1) = (0,c)

6.8

q(t,u,s)0 0
1 q(t,u,s)1 c
i q(t,u,s) a−2c

N−1
Q(t,u,s) a− c
p(t,u,s) c

π(t,u,s)
0 0

1 π(t,u,s)
1 c2

i π(t,u,s) (a−2c)c
N−1

W (t,u,s) (a+c)(a−c)
2

6.8: Case 4: i 1 ((t0, t1, t−1) = (t,u,s))
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(u, t) (t,u,s) 1 22

π(u, t)
1 =

(a− c)c
N

> π(t,u,s)
1 = c2 (6.19)

(6.19) 1

6.3.4 T ≥ 3

(u, t) 1

Case 1 Case 4 Case 2

(t,1) (u,1) SPNE

N ≥ 3 T ≥ 3 6.3

(t,1) SPNE

SPNE Pal (1998) Proposition 4.1

6.3

7

1

1

2 SPNE 2

SPNE

N

SPNE

SPNE

SPNE

Pal (1998)

22 π(u, t)
1 > π(t,u,s)

1 ⇔ a > (N +1)c.
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Pal (1998)

Lu

(2006, 2007b)

2

2

(equal footing)
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