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3

3

Pal and White (1998)

1 1 1 3
7

(index) i = {0,h, f}
i = 0, (home) i = h, (foreign) i = f

qi i

q0, qh, q f Q ≡ q0 +qh +q f

p = p(Q) = a−Q; a > 0 p

C(qi) = (k/2)q2
i +F ; k > 0,F ≥ 0 k F

0 (F = 0)

8

s(≥ 0) 1 t(≥ 0) 1

5.1 5.4

4

i = 0,h f

πi = p(Q)qi − k
2

q2
i + sqi = (a−Q+ s)qi − k

2
q2

i , i = 0,h (3.1)

π f = p(Q)q f − k
2

q2
f − tq f = (a−Q− t)q f − k

2
q2

f (3.2)

CS ≡ ∫ Q
0 p(x)dx− p(Q)Q = 1

2 Q2

PS ≡ π0 +πh = (p(Q)+ s)(q0 +qh)− k
2(q

2
0 +q2

h)

7 Pal and White (1998) 1 n m
1 1

8
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W ≡CS+PS− s(q0 +qh)+ tq f =
1
2

Q2 + p(Q)(q0 +qh)− k
2
(q2

0 +q2
h)+ tq f (3.3)

(3.3)

W s

2 (2 stage game) 1

s t 2

(subgame perfect Nash equilibrium: SPNE)

(backward induction) 2

1 2

B (before) A (after)

4 2

(s, t) 5

5.1

5.2

SPNE 5.3 SPNE 5.4

SPNE

4 2

4.1

1 (s, t) 2

(s, t) 3

(3.3) W = 1
2 Q2+(a−Q)(q0+qh)−

k
2(q

2
0 +q2

h)+ tq f ; Q = q0 +qh +q f
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1

∂W
∂q0

= Q+(a−Q)− (q0 +qh)− kq0 = a− (q0 +qh)− kq0 = 0

⇔ q0 =
a−qh

k+1
(4.1)

qh q f

s

(3.1) π0 = (a−Q+ s)q0 − k
2 q2

0

1

∂π0

∂q0
= (a−Q+ s)−q0 − kq0 = 0

⇔ q0 =
a+ s−qh −q f

k+2
(4.2)

(qh,q f )

s

(3.1) πh = (a−Q+ s)qh − k
2 q2

h

1

∂πh

∂qh
= (a−Q+ s)−qh − kqh = 0

⇔ qh =
a+ s−q0 −q f

k+2
(4.3)

(4.2) (4.3)

(3.2) π f = (a−Q− t)q f − k
2 q2

f

1

∂π f

∂q f
= (a−Q− t)−q f − kq f = 0

⇔ q f =
a− t −q0 −qh

k+2
(4.4)

s

t
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4.2

(4.1), (4.3), (4.4)

4.1

q0B
(k+1)(k+2)a−(k+2)s−t

(k+1)(k2+4k+2)

qhB
ka+(k+2)s+t

k2+4k+2

q f B
k(k+1)a−ks−(k2+3k+1)t

(k+1)(k2+4k+2)

QB
(3k+2)a+ks−(k+1)t

k2+4k+2

pB
k(k+1)a−ks+(k+1)t

k2+4k+2

π0B
[k2(k+1)a+(2k+1)(k+2)2s+(2k+1)(k+2)t][(k+1)(k+2)a−(k+2)s−t]

2(k+1)2(k2+4k+2)2

πhB
(k+2)(ka+(k+2)s+t)2

2(k2+4k+2)2

π f B
(k+2)(k(k+1)a−ks−(3k+k2+1)t)2

2(k+1)2(k2+4k+2)2

WB
1
2 Q2

B +π0B +πhB − s(q0B +qhB)+ tq f B

4.1: 2

1 1.

qhB = q f B +
s+t
k+1

2.

pB + s = (k+1)qhB, pB − t = (k+1)q f B

3. π0B = 1
2 [2(k+1)qhB − kq0B]q0B, πhB = k+2

2 q2
hB, π f B = k+2

2 q2
f B

4.

CSB = 1
2 Q2

B, PSB = π0B +πhB

5. qhB = q f B+
s+t
k+1 (s, t)≥ (0,0)

qhB ≥ q f B (qhB = q f B) (s, t) = (0,0)

6. q0B ≷ qhB ⇔ a ≷ (k+2)((k+2)s+t)
2(k+1) , q0B ≷ q f B ⇔ a ≷ 2s−k(k+3)t

2(k+1)

(s, t)

7. πhB = k+2
2 q2

hB

π f B = k+2
2 q2

f B (s, t)≥ (0,0) πhB ≥ π f B (s, t) = (0,0)

8. π0B πhB π f B (s, t)

4.1 9. (s ⇑) (q0B ⇓,
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qhB ⇑, q f B ⇓, QB ⇑, pB ⇓, πhB ⇑, π f B ⇓, CSB ⇑) π0B WB

10. (t ⇑)
(q0B ⇓, qhB ⇑, q f B ⇓, QB ⇓, pB ⇑, πhB ⇑, π f B ⇓, CSB ⇓) π0B WB

4.3

(4.1), (4.3), (4.4)

(4.1) q f qh = a− (k+1)q0 q f (4.3)

(4.4) q f = a+ s−q0 − (k+2)qh q f =
a−t−q0−qh

k+2 (q0,qh,q f )

3 4.1 9 B

4.1 2 4.2

(a) (q0,qh,q f )> (q0B,qhB,q f B) (b) (q0,qh,q f ) = (+,−,+)

4.1:

9 3 (reaction curve)
2
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q�

qh

� a��k���

a�t��k�	�qfB

a

�q�B
qhB�

�����

����

�����

a�t��k�	�qfB
a�s�qfB

�a�s�qfB���k�	�
B

(a) q f = q f B

q�

qf

� a�qhB��k���

�q�B�qfB�

�	
��

�	
��

�	
	�

a�t�qhB

a�s��k���qhB

a�s��k���qhB

�a�t�qhB���k���
B

(b) qh = qhB

qh

qf

� a��k���q�B

�qhB�qfB�

�����

�����

�����

a�s�q�B

a�t�q�B

�a�t�q�B���k���

�a�s�q�B���k���

B

(c) q0 = q0B

4.2:

4.4

4.1 (4.2), (4.3),

(4.4)

4.2

q0A = qhA
(k+1)a+(k+2)s+t

(k+1)(k+4)

q f A
(k+1)a−2s−(k+3)t

(k+1)(k+4)

QA
3a+2s−t

k+4

pA
(k+1)a−2s+t

k+4

π0A = πhA
(k+2)((k+1)a+(k+2)s+t)2

2(k+1)2(k+4)2

π f A
(k+2)((k+1)a−2s−(k+3)t)2

2(k+1)2(k+4)2

WA
1
2 Q2

A +2πhA −2sqhA + tq f A

4.2: 2

1. qhA = q f A + s+t
k+1 .

0 2. pA + s = (k + 1)qhA,

pA − t = (k+1)q f A. 3. π0A = πhA = k+2
2 q2

hA, π f A = k+2
2 q2

f A.

4. CSA = 1
2 Q2

A, PSA = 2πhA. 5. qhA = q f A+
s+t
k+1

(s, t)≥ (0,0) qhA ≥ q f A (s, t) = (0,0) 6. πhA = k+2
2 q2

hA

π f A = k+2
2 q2

f A (s, t) ≥ (0,0) πhA ≥ π f A (s, t) = (0,0)

4.2 7. (s ⇑) (q0A = qhA ⇑, q f A ⇓, QA ⇑,

pA ⇓, π0A = πhA ⇑, π f A ⇓, CSA ⇑) WA 8.

(t ⇑) (q0A = qhA ⇑, q f A ⇓, QA ⇓, pA ⇑, π0A = πhA ⇑, π f A ⇓,

CSA ⇓) WA
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4.5

(4.2), (4.3), (4.4)

q f (4.2), (4.3), (4.4) q f = a+s−(k+2)q0−qh,

q f = a+ s−q0 − (k+2)qh, q f =
a−t−q0−qh

k+2 (q0,qh,q f ) 3

4.3 A 4.3

2 4.4

(a) (q0,qh,q f )> (q0A,qhA,q f A) (b) (q0,qh,q f ) = (+,−,+)

4.3:

q�

qh

�

a�t��k�	�qfA

�q�A�qhA�

���	�

����������

a�t��k�	�qfA
a�s�qfA

�a�s�qfA���k�	�

a�s�qfA

�a�s�qfA���k�	�

A

(a) q f = q f A

q�

qf

�

�q�A�qfA�

�����

�����

�����
a	t	qhA

a
s	�k
��qhA

a
s	�k
��qhA

�a	t	qhA���k
��

a
s	qhA

�a
s	qhA���k
��

A

(b) qh = qhA

qh

qf

�

�qhA�qfA�

�����

���	�

�����
a�t�q�A

a�s��k�	�q�A

a�s��k�	�q�A

�a�t�q�A�	�k�	�

a�s�q�A

�a�s�q�A�	�k�	�

A

(c) q0 = q0A

4.4:
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4.6

4.1 4.3

(4.3) (4.4)

4.1 4.3

(line of intersection)

4.1 4.3

(4.3) (4.4)

−(k+1)q0 +(k+1)a− s− (k+2)t
(k+1)(k+3)

= qh − s+ t
k+1

= q f (4.5)

⇔

⎡
⎢⎢⎣

q0

qh

q f

⎤
⎥⎥⎦= x

⎡
⎢⎢⎣

−(k+3)

1

1

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

a− s+(k+2)t
k+1

s−t
k+1

0

⎤
⎥⎥⎦ (4.6)

x (q0,qh,q f )≥ (0,0,0) (4.5) (4.6)

(4.5) (4.6) 4.1 4.3

4.1 q f

3

4.3 q f

(qh,q f )

(s, t) q0B > q0A

(strategic substitutes)

qhB < qhA q f B < q f A

3

1 n m

4.1 B 4.3

A (4.6) (4.5) BA

BA α ∈ [0,1]

α α = 1

α = 0 α BA
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5

5.1

4

5.1 5.2 5.3 5.4 SPNE 10 5.1

Fjell and Pal (1996)

(s, t) = (0,0) 2

4.2 4.1 4.4 4.2 (s, t) = (0,0)

5.1

q0B
(k+2)a

k2+4k+2 q0A
a

k+4

qhB
ka

k2+4k+2 qhA
a

k+4

q f B
ka

k2+4k+2 q f A
a

k+4

QB
(3k+2)a
k2+4k+2 QA

3a
k+4

pB
k(k+1)a
k2+4k+2 pA

(k+1)a
k+4

π0B
k2(k+2)a2

2(k2+4k+2)2 π0A
(k+2)a2

2(k+4)2

πhB
k2(k+2)a2

2(k2+4k+2)2 πhA
(k+2)a2

2(k+4)2

π f B
k2(k+2)a2

2(k2+4k+2)2 π f A
(k+2)a2

2(k+4)2

WB
(2k3+13k2+12k+4)a2

2(k2+4k+2)2 WA
(2k+13)a2

2(k+4)2

5.1:

(qB ≡ qhB = q f B)

(πB ≡ πhB = π f B)

3 (qA ≡ q0A = qhA = q f A)

(πA ≡ π0A = πhA = π f A)

(q0B > qB)

10 1
1



���������	���� �����������

(π0B = πB)

WB = 1
2 Q2

B +π0B +πB WA = 1
2 Q2

A +2πA

5.1 1.

(q0B > q0A)

2.

(qB ≡ qhB = q f B < qA ≡ qhA = q f A)

3.

(QB > QA, pB < pA)

4.

(π0B < π0A) 5.

(πB < πA)

6.

(CSB >CSA) (PSB < PSA)

(q0,qh,q f ) 3 5.1

(a) B (b) A

(a) SPNE (b) SPNE

5.1: SPNE

5.1 B A

(4.3) (4.4)

(a) (b) (qh,q f )

5.1 1. (q0B > q0A)

2. (qB < qA)
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B A 0 3.

(QB > QA, pB < pA)

1.

WB = (2k3+13k2+12k+4)a2

2(k2+4k+2)2 >WA = (2k+13)a2

2(k+4)2

. (2k3+13k2+12k+4)a2

2(k2+4k+2)2 > (2k+13)a2

2(k+4)2 ⇔ k3 +4k2 +2k+3 > 0.

Fjell and Pal (1996)

1

De Fraja and Delbono (1989)

WB =CSB+PSB >WA =CSA+PSA CSB >CSA

PSB < PSA

1

1

5.2 5.3
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Fjell and Pal (1996) Pal and White (1998)

1

5.2

1

s

s∗ 2

4.1 4.2 (s, t) = (s∗,0) SPNE

5.2.1 SPNE

1 2

4.1

WB =
1
2

Q2
B +π0B +πhB − s(q0B +qhB) (5.1)

t = 0 4.1 q0B = (k+1)(k+2)a−(k+2)s
(k+1)(k2+4k+2) , qhB = ka+(k+2)s

k2+4k+2 , QB =
(3k+2)a+ks

k2+4k+2 , π0B = (k+1)qhBq0B − k
2 q2

0B = [k2(k+1)a+(2k+1)(k+2)2s][(k+1)(k+2)a−(k+2)s]
2(k+1)2(k2+4k+2)2 , πhB = k+2

2 q2
hB =

(k+2)(ka+(k+2)s)2

2(k2+4k+2)2 s dq0B
ds =− k+2

(k+1)(k2+4k+2) < 0, dqhB
ds =

k+2
k2+4k+2 > 0, dQB

ds = k
k2+4k+2 > 0, dπ0B

ds =(k+1)(qhB
dq0B

ds +q0B
dqhB

ds )−kq0B
dq0B

ds = (k+2)[(k2+3k+1)q0B−(k+1)qhB]
(k+1)(k2+4k+2) ,

dπhB
ds = (k+2)qhB

dqhB
ds > 0 s∗B 1

dWB

ds
= QB

dQB

ds
+

dπ0B

ds
+

dπhB

ds
− (q0B +qhB)− s(

dq0B

ds
+

dqhB

ds
) = 0

⇔ s =
QB

dQB
ds +(k+1)(qhB

dq0B
ds +q0B

dqhB
ds )− kq0B

dq0B
ds +(k+2)qhB

dqhB
ds − (q0B +qhB)

dq0B
ds + dqhB

ds

= k(k+1)QB+(k+1)(k+2)(−qhB+(k+1)q0B)+k(k+2)q0B+(k+1)(k+2)2qhB−(k+1)(k2+4k+2)(q0B+qhB)
k(k+2)

=
(k+1)QB +q0B − (k+1)qhB

k+2
=

(k+2)q0B +(k+1)qhB − s
k+2

=
(2k2 +5k+4)[(k+1)a− s]
(k+1)(k+2)(k2 +4k+2)

⇔ s∗B =
(k+1)(2k2 +5k+4)a

k4 +7k3 +18k2 +19k+8
=

(k+1)(2k2 +5k+4)a
XB

(5.2)

XB ≡ k4 +7k3 +18k2 +19k+8 = (k+1)(k+2)(k2 +4k+2)+(2k2 +5k+4)

4.1 s∗B SPNE 5.2
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s∗B
(k+1)(2k2+5k+4)a

XB

q0B
(k+1)(k+2)2a

XB

qhB
(k3+5k2+7k+4)a

XB

q f B
k(k+1)(k+2)a

XB

QB
(3k3+13k2+17k+8)a

XB

pB
k(k+1)2(k+2)a

XB

π0B
(k+1)2(k+2)2(k+4)(k2+2k+2)a2

2X2
B

πhB
(k+2)(k3+5k2+7k+4)2a2

2X2
B

π f B
k2(k+1)2(k+2)3a2

2X2
B

WB
(2k3+11k2+15k+8)a2

2XB

5.2: SPNE

(q0B > qhB > q f B)

(π0B > πhB > π f B)

2

5.2.2 SPNE

1 2

4.2

WA =
1
2

Q2
A +2πA −2sqA (5.3)

qA ≡ q0A = qhA πA ≡
π0A = πhA t = 0 4.2 qA = (k+1)a+(k+2)s

(k+1)(k+4) , QA = 3a+2s
k+4 ,
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πA =
k+2

2 q2
A =

(k+2)((k+1)a+(k+2)s)2

2(k+1)2(k+4)2 s dqA
ds = k+2

(k+1)(k+4) > 0,
dQA
ds = 2

k+4 > 0, dπA
ds = (k+2)qA

dqA
ds > 0 s∗A

1

dWA

ds
= QA

dQA

ds
+2

dπA

ds
−2qA −2s

dqA

ds
= 0

⇔ s =
QA

dQA
ds +2(k+2)qA

dqA
ds −2qA

2 dqA
ds

= (k+1)QA+(k+2)2qA−(k+1)(k+4)qA
k+2

=
(k+1)QA − kqA

k+2
=

(2k+3)qA − s
k+2

=
(k+1)(2k+3)a+(k2 +2k+2)s

(k+1)(k+2)(k+4)

⇔ s∗A =
(k+1)(2k+3)a

k3 +6k2 +12k+6
=

(k+1)(2k+3)a
XA

(5.4)

XA ≡ k3 +6k2 +12k+6 = (k+1)(k+2)(k+4)− (k2 +2k+2)

4.2 s∗A SPNE 5.3

s∗A
(k+1)(2k+3)a

XA

qA
(k+1)(k+3)a

XA

q f A
k(k+2)a

XA

QA
(3k2+10k+6)a

XA

pA
k(k+1)(k+2)a

XA

πA
(k+2)(k+1)2(k+3)2a2

2X2
A

π f A
k2(k+2)3a2

2X2
A

WA
(2k2+9k+6)a2

2XA

5.3: SPNE

qA ≡ q0A = qhA

(qA > q f A)

(πA ≡ π0A = πhA)

(πA > π f A)

5.2.3

3 5.2

(a) (b)

5.2
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(a) SPNE (b) SPNE

5.2: SPNE

(4.3) 5.1

B A (4.3) (4.4)

(4.4)

(4.4)

2. (Pal and White (1998), Proposition 3.1 (p.271))

s∗B = (k+1)(2k2+5k+4)a
XB

> s∗A = (k+1)(2k+3)a
XA

. (k+1)(2k2+5k+4)a
XB

> (k+1)(2k+3)a
XA

⇔ k(k2 +4k+5)> 0.
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3. (Pal and White (1998), Proposition 3.2 (p.272))

(1)

q0B > qA, qhB > qA, q f B < q f A

(2)

QB > QA, pB < pA, CSB >CSA

(3)

π0B > πA, πhB > πA, π f B < π f A

(4)

π0B − s∗Bq0B < πA − s∗AqA, πhB − s∗BqhB < πA − s∗AqA

(5)

s∗B(q0B +qhB)> 2s∗AqA

. (1) q0B > qA ⇔ (k+2)2XA > (k+3)XB ⇔ k(k2 +5k+7)> 0.

qhB > qA ⇔ (k3 +5k2 +7k+4)XA > (k+1)(k+3)XB ⇔ k > 0.

q f B < q f A ⇔ (k+1)XA < XB ⇔ k+2 > 0.

(2) QB > QA ⇔ (3k3 +13k2 +17k+8)XA > (3k2 +10k+6)XB ⇔ k(k+1)(k+2)2 > 0.

p CS Q

(3) π0B > πA ⇔ (k+2)(k+4)(k2 +2k+2)X2
A > (k+3)2X2

B ⇔k(2k6+25k5+134k4+389k3+638k2+551k+192)>0.

πhB > πA ⇔ k+2
2 q2

A > k+2
2 q2

hB. π f B < π f A ⇔ k+2
2 q2

f A < k+2
2 q2

f B.

(4) π0B − s∗Bq0B = k2(k+1)2(k+2)3a2

2X2
B

, πhB − s∗BqhB = k2(k2+3k+3)(k3+5k2+7k+4)a2

2X2
B

, πA − s∗AqA = k(k+3)(k+1)3a2

2X2
A

.

π0B − s∗Bq0B < πA − s∗AqA ⇔ k(k+2)3X2
A < (k+3)(k+1)X2

B

⇔4k7+53k6+298k5+911k4+1616k3+1643k2+880k+192>0.

πhB − s∗BqhB < πA − s∗AqA ⇔ k(k2 +3k+3)(k3 +5k2 +7k+4)X2
A < (k+3)(k+1)3X2

B

⇔2k9+32k8+224k7+900k6+2284k5+3794k4+4126k3+2839k2+1120k+192>0.

(5) 2 s∗B > s∗A. q0B > qA, qhB > qA s∗B(q0B +qhB)> 2s∗AqA.
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2

3 5.1

5.1

5.1

5.2

(4.3)

(4.4)

5.2 (a) (b) (4.4) SPNE

(4.4) (4.1)

(4.2) q f

(4.4)

(q f B < q f A) (q0B > qA, qhB > qA)

5.2

4. (Pal and White (1998), Proposition 3.3 (p.272))

WB = (2k3+11k2+15k+8)a2

2XB
<WA = (2k2+9k+6)a2

2XA

. WB <WA ⇔ (2k3 +11k2 +15k+8)XA < (2k2 +9k+6)XB

⇔ (2k2 +9k+6)XB − (2k3 +11k2 +15k+8)XA = k2 > 0.

De Fraja and Delbono (1989)

Fjell and Pal (1996) 1

Pal and White (1998) 4
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4 WB =CSB +PSB − s∗B(q0B +qhB) <WA =CSA +PSA −
2s∗AqA 3 CSB > CSA π0B − s∗Bq0B < πA − s∗AqA πhB − s∗BqhB < πA − s∗AqA

1 1 4

4

5.3

1 t

t∗

2 4.1 4.2 (s, t) = (0, t∗)

SPNE

5.3.1 SPNE

1 2

4.1

WB =
1
2

Q2
B +π0B +πhB + tq f B (5.5)

s= 0 4.1 q0B =
(k+1)(k+2)a−t
(k+1)(k2+4k+2) , qhB =

ka+t
k2+4k+2 , q f B =

k(k+1)a−(k2+3k+1)t
(k+1)(k2+4k+2) ,

QB = (3k+2)a−(k+1)t
k2+4k+2 , π0B = (k+ 1)qhBq0B − k

2 q2
0B = [k2(k+1)a+(2k+1)(k+2)t][(k+1)(k+2)a−t]

2(k+1)2(k2+4k+2)2 , πhB = k+2
2 q2

hB =
(k+2)(ka+t)2

2(k2+4k+2)2 t ∂q0B
∂ t = − 1

(k+1)(k2+4k+2) < 0, ∂qhB
∂ t =

1
k2+4k+2 > 0, ∂q f B

∂ t = − k2+3k+1
(k+1)(k2+4k+2) < 0, ∂QB

∂ t = − k+1
k2+4k+2 < 0, ∂π0B

∂ t = (k + 1)(qhB
∂q0B

∂ t + q0B
∂qhB

∂ t )−
kq0B

∂q0B
∂ t = (k2+3k+1)q0B−(k+1)qhB

(k+1)(k2+4k+2) , ∂πhB
∂ t = (k+2)qhB

∂qhB
∂ t > 0

t∗B 1
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∂WB

∂ t
= QB

∂QB

∂ t
+

∂π0B

∂ t
+

∂πhB

∂ t
+q f B + t

∂q f B

∂ t
= 0

⇔ t =−QB
∂QB
∂ t +(k+1)(qhB

∂q0B
∂ t +q0B

∂qhB
∂ t )− kq0B

∂q0B
∂ t +(k+2)qhB

∂qhB
∂ t +q f B

∂q f B
∂ t

=
−(k+1)2QB+(k2+3k+1)q0B+(k+1)2qhB+(k+1)(k2+4k+2)q f B

k2+3k+1

=
kq0B +(k+1)(k2 +3k+1)qhB − (k2 +3k+1)t

k2 +3k+1
=

kq0B

k2 +3k+1
+(k+1)qhB − t

⇔ 2t= kq0B
k2+3k+1 +(k+1)qhB = k(k+1)(k3+4k2+5k+3)a+(k4+5k3+8k2+4k+1)t

(k+1)(k2+3k+1)(k2+4k+2)

⇔ t∗B =
k(k+1)(k3 +4k2 +5k+3)a

2k5 +15k4 +39k3 +42k2 +20k+3
=

k(k+1)(k3 +4k2 +5k+3)a
YB

(5.6)

YB ≡ 2k5 +15k4 +39k3 +42k2 +20k+3

4.1 t∗B SPNE 5.4

t∗B
k(k+1)(k3+4k2+5k+3)a

YB

q0B
(k+1)(2k+3)(k2+3k+1)a

YB

qhB
k(2k3+8k2+8k+3)a

YB

q f B
k2(k+1)(k+3)a

YB

QB
(5k4+23k3+31k2+17k+3)a

YB

pB
k(k+1)(2k3+8k2+8k+3)a

YB

π0B
k(k+1)2(2k+3)(k2+3k+1)(2k3+7k2+5k+3)a2

2Y 2
B

πhB
k2(k+2)(2k3+8k2+8k+3)2a2

2Y 2
B

π f B
k4(k+2)(k+1)2(k+3)2a2

2Y 2
B

WB
[5k4+24k3+31k2+17k+3]a2

2YB

5.4: SPNE

(q0B > qhB > q f B)

(π0B > πhB > π f B)

5.2

2
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5.3.2 SPNE

1 2

4.2

WA =
1
2

Q2
A +2πA + tq f A (5.7)

qA ≡ q0A = qhA, πA ≡ π0A = πhA

s = 0 4.2 qA = (k+1)a+t
(k+1)(k+4) , q f A = (k+1)a−(k+3)t

(k+1)(k+4) , QA = 3a−t
k+4 , πA =

k+2
2 q2

A = (k+2)((k+1)a+t)2

2(k+1)2(k+4)2 t ∂qA
∂ t = 1

(k+1)(k+4) > 0, ∂q f A
∂ t =

− (k+3)
(k+1)(k+4) < 0, ∂QA

∂ t =− 1
k+4 < 0, ∂πA

∂ t = (k+2)qA
∂qA
∂ t > 0

t∗A 1

∂WA

∂ t
= QA

∂QA

∂ t
+2

∂πA

∂ t
+q f A + t

∂q f A

∂ t
= 0

⇔ t =−QA
∂QA
∂ t +2(k+2)qA

∂qA
∂ t +q f A

∂q f A
∂ t

=
−(k+1)QA +2(k+2)qA +(k+1)(k+4)q f A

k+3
=

(k2 +4k+5)qA

k+3
− t

⇔ t =
(k2 +4k+5)qA

2(k+3)

⇔ t∗A =
(k+1)(k2 +4k+5)a
2k3 +15k2 +34k+19

=
(k+1)(k2 +4k+5)a

YA
(5.8)

YA ≡ 2k3 +15k2 +34k+19 = 2(k+1)(k+3)(k+4)− (k2 +4k+5)

4.2 t∗A SPNE 5.5

t∗A
(k+1)(k2+4k+5)a

YA

qA
2(k+1)(k+3)a

YA

q f A
(k2+4k+1)a

YA

QA
(5k2+20k+13)a

YA

pA
2(k+1)2(k+3)a

YA

πA
2(k+2)(k+1)2(k+3)2a2

Y 2
A

π f A
(k+2)(k2+4k+1)2a2

2Y 2
A

WA
(5k2+24k+17)a2

2YA

5.5: SPNE
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qA > q f A

(πA > π f A)

5.3.3

3 5.3

(a) (b)

(a) SPNE (b) SPNE

5.3: SPNE

5.3

(4.4) (4.3)

(4.3)

5. (Pal and White (1998), Proposition 5.1 (p.274))

t∗B = k(k+1)(k3+4k2+5k+3)a
YB

< t∗A = (k+1)(k2+4k+5)a
YA

. k(k+1)(k3+4k2+5k+3)a
YB

< (k+1)(k2+4k+5)a
YA

⇔ k(k3 +4k2 +5k+3)YA < (k2 +4k+5)YB

⇔ 5k5 +37k4 +92k3 +96k2 +55k+15 > 0.
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5.2 2

2

6. (Pal and White (1998), Proposition 5.2 (p.274))

(1)

q0B > qA, qhB < qA, q f B < q f A

(2)

QB > QA, pB < pA, CSB >CSA

(3)

π0B < πA, πhB < πA, π f B < π f A

(4)

π f B + t∗Bq f B < π f A + t∗Aq f A

(5)

t∗Bq f B < t∗Aq f A

. (1) q0B > qA ⇔ (2k+3)(k2 +3k+1)YA > 2(k+3)YB ⇔ 6k5+57k4+197k3+298k2+185k+39>0.

qhB < qA ⇔ k(2k3 +8k2 +8k+3)YA < 2(k+1)(k+3)YB ⇔ 6k5+50k4+141k3+164k2+87k+18>0.

q f B < q f A ⇔ k2(k+1)(k+3)YA < (k2 +4k+1)YB ⇔ k5+13k4+49k3+68k2+32k+3>0.

(2) QB >QA ⇔ (5k4+23k3+31k2+17k+3)YA > (5k2+20k+13)YB ⇔ (k+1)(6k5+50k4+141k3+164k2+87k+18)>0.

p CS Q

(3) π0B < πA ⇔ k(2k+3)(k2 +3k+1)(2k3 +7k2 +5k+3)Y 2
A < 4(k+2)(k+3)2Y 2

B

⇔ 36k11+700k10+5861k9+27662k8+81011k7+153156k6+189510k5+153766k4+81719k3+28356k2+6147k+648>0.

πhB < πA ⇔ k+2
2 q2

hB < k+2
2 q2

A. π f B < π f A ⇔ k+2
2 q2

f B < k+2
2 q2

f A.

(5) 5 t∗B < t∗A. 6 (1) q f B < q f A. t∗Bq f B < t∗Aq f A.
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(4) (5) 5 (3) π f B < π f A π f B + t∗Bq f B < π f A + t∗Aq f A.

5.3

(4.4) (4.3)

5.3 (a) (b)

(4.1) (4.2) q f

(4.4) A B

(q f B < q f A) (q0B > qA)

7. (Pal and White (1998), Proposition 5.3 (p.275))

WB = [5k4+24k3+31k2+17k+3]a2

2YB
>WA = (5k2+24k+17)a2

2YA

. WB >WA ⇔ [5k4 +24k3 +31k2 +17k+3]YA > (5k2 +24k+17)YB

⇔ 3k5 +9k4 +3k2 +13k+6 > 0.

7

1. De Fraja and

Delbono (1989) 2. Fjell and

Pal (1996) 1

Pal and White (1998)

3. 4

4. 7

4 7

WB =CSB+PSB+ t∗Bq f B >WA =CSA+PSA+ t∗Aq f A 6 CSB >CSA, PSB < PSA,

t∗Bq f B < t∗Aq f A
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2

7

5.3.4

5.2 5.3

Pal and White (1988,

p.279)

k

5.2 5.2 W s
B = (2k3+11k2+15k+8)a2

2XB
5.3

5.4 Wt
B = [5k4+24k3+31k2+17k+3]a2

2YB
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1.

k

W s
B ≷Wt

B ⇔ k ≶ k ≈ 1.6069

5.2 5.3 W s
A = (2k2+9k+6)a2

2XA
5.3

5.5 Wt
A = (5k2+24k+17)a2

2YA

2.

k

W s
A ≷Wt

A ⇔ k ≶ k =
√

3 ≈ 1.7321

1 2 k

k

k

k

5.4

1 s

1 t

(s∗∗, t∗∗) 2

4.1 4.2 (s∗∗, t∗∗) SPNE

Yu and Lee (2011)
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5.4.1 SPNE

1 2

s∗∗B t∗∗B 4.1

WB =
1
2

Q2
B +π0B +πhB − s(q0B +qhB)+ tq f B (5.9)

4.1 q0B = (k+1)(k+2)a−(k+2)s−t
(k+1)(k2+4k+2) , qhB = ka+(k+2)s+t

k2+4k+2 , q f B = k(k+1)a−ks−(k2+3k+1)t
(k+1)(k2+4k+2) ,

QB = (3k+2)a+ks−(k+1)t
k2+4k+2 , π0B = (k+1)qhBq0B− k

2 q2
0B, πhB = k+2

2 q2
hB s

∂q0B
∂ s =− k+2

(k+1)(k2+4k+2) < 0, ∂qhB
∂ s = k+2

k2+4k+2 > 0, ∂q f B
∂ s =− k

(k+1)(k2+4k+2) < 0, ∂QB
∂ s = k

k2+4k+2 > 0,
∂π0B

∂ s = (k+1)(qhB
∂q0B

∂ s +q0B
∂qhB

∂ s )− kq0B
∂q0B

∂ s , ∂πhB
∂ s = (k+2)qhB

∂qhB
∂ s > 0 t

∂q0B
∂ t =− 1

(k+1)(k2+4k+2) < 0, ∂qhB
∂ t = 1

k2+4k+2 > 0, ∂q f B
∂ t =− k2+3k+1

(k+1)(k2+4k+2) < 0, ∂QB
∂ t =− k+1

k2+4k+2 < 0,
∂π0B

∂ t = (k+ 1)(qhB
∂q0B

∂ t + q0B
∂qhB

∂ t )− kq0B
∂q0B

∂ t , ∂πhB
∂ t = (k+ 2)qhB

∂qhB
∂ t > 0

s∗∗B 1

∂WB

∂ s
= QB

∂QB

∂ s
+

∂π0B

∂ s
+

∂πhB

∂ s
− (q0B +qhB)− s(

∂q0B

∂ s
+

∂qhB

∂ s
)+ t

∂q f B

∂ s
= 0

⇔ s =
QB

∂QB
∂ s +(k+1)(qhB

∂q0B
∂ s +q0B

∂qhB
∂ s )− kq0B

∂q0B
∂ s +(k+2)qhB

∂qhB
∂ s − (q0B +qhB)+ t ∂q f B

∂ s
∂q0B

∂ s + ∂qhB
∂ s

= k(k+1)QB+(k+1)(k+2)(−qhB+(k+1)q0B)+k(k+2)q0B+(k+1)(k+2)2qhB−(k+1)(k2+4k+2)(q0B+qhB)−kt
k(k+2)

=
(k+1)QB +q0B − (k+1)qhB − t

k+2
=

(k+2)q0B +(k+1)qhB − (s+2t)
k+2

=
(2k2 +5k+4)[(k+1)a− s]− (2k3 +9k2 +11k+5)t

(k+1)(k+2)(k2 +4k+2)

⇔[k4 +7k3 +18k2 +19k+8]s+(2k3 +9k2 +11k+5)t = (k+1)(2k2 +5k+4)a

⇔XB × s+(2k3 +9k2 +11k+5)t = (k+1)(2k2 +5k+4)a (5.10)

XB ≡ k4 +7k3 +18k2 +19k+8 = (k+1)(k+2)(k2 +4k+2)+(2k2 +5k+4)
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t∗∗B 1

∂WB

∂ t
= QB

∂QB

∂ t
+

∂π0B

∂ t
+

∂πhB

∂ t
− s(

∂q0B

∂ t
+

∂qhB

∂ t
)+q f B + t

∂q f B

∂ t
= 0

⇔ t =−QB
∂QB
∂ t +(k+1)(qhB

∂q0B
∂ t +q0B

∂qhB
∂ t )− kq0B

∂q0B
∂ t +(k+2)qhB

∂qhB
∂ t − s( ∂q0B

∂ t + ∂qhB
∂ t )+q f B

∂q f B
∂ t

=
−(k+1)2QB+(k2+3k+1)q0B+(k+1)2qhB+(k+1)(k2+4k+2)q f B−ks

k2+3k+1

=
kq0B +(k+1)(k2 +3k+1)qhB − (k2 +4k+1)s− (k2 +3k+1)t

k2 +3k+1

=
kq0B − (k2 +4k+1)s

k2 +3k+1
+(k+1)qhB − t

⇔ 2t= kq0B−(k2+4k+1)s
k2+3k+1 +(k+1)qhB = k(k+1)(k3+4k2+5k+3)a−k(2k3+9k2+11k+5)s+(k4+5k3+8k2+4k+1)t

(k+1)(k2+3k+1)(k2+4k+2)

⇔k(2k3 +9k2 +11k+5)s+[2k5 +15k4 +39k3 +42k2 +20k+3]t = k(k+1)(k3 +4k2 +5k+3)a

⇔k(2k3 +9k2 +11k+5)s+YB × t = k(k+1)(k3 +4k2 +5k+3)a (5.11)

YB ≡ 2k5 +15k4 +39k3 +42k2 +20k+3 (5.10) (5.11)

(5.10), (5.11) (s, t) (s∗∗B , t∗∗B )

(s∗∗B , t∗∗B ) =
( (k+1)(2k+3)a

2k3 +9k2 +12k+6
,

k(k+1)2a
2k3 +9k2 +12k+6

)
=
((k+1)(2k+3)a

ZB
,

k(k+1)2a
ZB

)
(5.12)

ZB ≡ 2k3+9k2+12k+6 4.1 (5.12) (s∗∗B , t∗∗B )

SPNE 5.6

(q0B > qhB > q f B)

5.2 5.3

(π0B > πhB > π f B)

5.2 5.3
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s∗∗B
(k+1)(2k+3)a

ZB

t∗∗B
k(k+1)2a

ZB

q0B
(k+1)(2k+3)a

ZB

qhB
(2k2+4k+3)a

ZB

q f B
k(k+1)a

ZB

QB
(5k2+10k+6)a

ZB

pB
2k(k+1)2a

ZB

π0B
(2k+3)(k+1)2(2k2+5k+6)a2

2Z2
B

πhB
(k+2)(2k2+4k+3)2a2

2Z2
B

π f B
k2(k+2)(k+1)2a2

2Z2
B

WB
(5k2+9k+6)a2

2ZB

5.6: SPNE

5.4.2 SPNE

1 2

s∗∗A t∗∗A 4.2

WA =
1
2

Q2
A +2πA −2sqA + tq f A (5.13)

4.2 qA = (k+1)a+(k+2)s+t
(k+1)(k+4) , q f A = (k+1)a−2s−(k+3)t

(k+1)(k+4) , QA = 3a+2s−t
k+4 , πA =

(k+2)((k+1)a+(k+2)s+t)2

2(k+1)2(k+4)2 s ∂qA
∂ s = k+2

(k+1)(k+4) > 0, ∂q f A
∂ s =− 2

(k+1)(k+4)

< 0, ∂QA
∂ s = 2

k+4 > 0, ∂πA
∂ s = (k+ 2)qA

∂qA
∂ s > 0 t ∂qA

∂ t = 1
(k+1)(k+4) > 0,

∂q f A
∂ t =− k+3

(k+1)(k+4) < 0, ∂QA
∂ t =− 1

k+4 < 0, ∂πA
∂ t = (k+2)qA

∂qA
∂ t > 0

s∗∗A 1
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∂WA

∂ s
= QA

∂QA

∂ s
+2

∂πA

∂ s
−2qA −2s

∂qA

∂ s
+ t

∂q f A

∂ s
= 0

⇔ s =
QA

∂QA
∂ s +2(k+2)qA

∂qA
∂ s −2qA + t ∂q f A

∂ s

2 ∂qA
∂ s

=
(k+1)QA +(k+2)2qA − (k+1)(k+4)qA − t

k+2

=
(k+1)QA − kqA − t

k+2
=

(2k+3)qA − s−2t
k+2

=
(k+1)(2k+3)a+(k2 +2k+2)s− (2k2 +8k+5)t

(k+1)(k+2)(k+4)

⇔[k3 +6k2 +12k+6]s+(2k2 +8k+5)t = (k+1)(2k+3)a

⇔XA × s+(2k2 +8k+5)t = (k+1)(2k+3)a (5.14)

XA ≡ k3 +6k2 +12k+6 = (k+1)(k+2)(k+4)− (k2 +2k+2)

t∗∗A 1

∂WA

∂ t
= QA

∂QA

∂ t
+2

∂πA

∂ t
−2s

∂qA

∂ t
+q f A + t

∂q f A

∂ t
= 0

⇔ t =−QA
∂QA
∂ t +2(k+2)qA

∂qA
∂ t −2s ∂qA

∂ t +q f A
∂q f A

∂ t

=
−(k+1)QA +2(k+2)qA +(k+1)(k+4)q f A −2s

k+3

=
(k2 +4k+5)qA − (k+5)s

k+3
− t

⇔2(2k2 +8k+5)s+[2k3 +15k2 +34k+19]t = (k+1)(k2 +4k+5)a

⇔2(2k2 +8k+5)s+YA × t = (k+1)(k2 +4k+5)a (5.15)

YA ≡ 2k3 +15k2 +34k+19 = 2(k+1)(k+3)(k+4)− (k2 +4k+5)

(5.14), (5.15) (s, t) (s∗∗A ,s∗∗A )

(s∗∗A , t∗∗A ) =
( 2(k+1)a

2k2 +7k+4
,

k(k+1)a
2k2 +7k+4

)
=
(2(k+1)a

ZA
,

k(k+1)a
ZA

)
(5.16)

ZA ≡ 2k2 +7k+4 4.2 (5.16) (s∗∗A , t∗∗A )

SPNE 5.7

(qA > q f A)

(πA > π f A)
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s∗∗A
2(k+1)a

ZA

t∗∗A
k(k+1)a

ZA

qA
2(k+1)a

ZA

q f A
ka
ZA

QA
(5k+4)a

ZA

pA
2k(k+1)a

ZA

πA
2(k+2)(k+1)2a2

Z2
A

π f A
k2(k+2)a2

2Z2
A

WA
(5k+4)a2

2ZA

5.7: SPNE

5.4.3

3 5.4

(a) (b)

5.4

(s∗∗, t∗∗) (4.3)

(4.4)

(s∗∗B , t∗∗B ) (s∗∗A , t∗∗A )

(4.1)

(4.2)

8.

s∗∗B = (k+1)(2k+3)a
ZB

> s∗∗A = 2(k+1)a
ZA

, t∗∗B = k(k+1)2a
ZB

< t∗∗A = k(k+1)a
ZA

. (k+1)(2k+3)a
ZB

> 2(k+1)a
ZA

⇔ (2k+3)ZA > 2ZB ⇔ (2k+3)ZA −2ZB = k(2k+5)> 0.
k(k+1)2a

ZB
< k(k+1)a

ZA
⇔ (k+1)ZA < ZB ⇔ ZB − (k+1)ZA = k+2 > 0.



���������	
����������������������� !�

(a) SPNE (b) SPNE

5.4: SPNE

5.2 5.3

2
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9.

(1)

q0B > qA, qhB > qA, q f B < q f A

(2)

QB > QA, pB < pA, CSB >CSA

(3)

π0B > πA, πhB > πA, π f B < π f A

(4)

π0B − s∗∗B q0B < πA − s∗∗A qA, πhB − s∗∗B qhB < πA − s∗∗A qA, π f B + t∗∗B q f B < π f A + t∗∗A q f A

(5)

s∗∗B (q0B +qhB)> 2s∗∗A qA, t∗∗B q f B < t∗∗A q f A

. (1) q0B > qA ⇔ (2k+3)ZA > 2ZB ⇔ k(2k+5)> 0.

qhB > qA ⇔ (2k2 +4k+3)ZA > 2(k+1)ZB ⇔ k > 0. q f B < q f A ⇔ (k+1)ZA < ZB ⇔ k+2 > 0.

(2) QB > QA ⇔ (5k2 +10k+6)ZA > (5k+4)ZB ⇔ 2k(k+1)(k+2)> 0.

p, CS Q

(3) π0B > πA ⇔ (2k+3)(2k2 +5k+6)Z2
A > 4(k+2)Z2

B ⇔ k(2k2 +9k+8)(6k2 +23k+18)> 0.

πhB > πA ⇔ k+2
2 q2

hB > k+2
2 q2

A. π f B < π f A ⇔ k+2
2 q2

f B < k+2
2 q2

f A.

(4) π0B − s∗∗B q0B = k(2k+1)(2k+3)(k+1)2a2

2Z2
B

, πhB − s∗∗B qhB = k(2k2+4k+1)(2k2+4k+3)a2

2Z2
B

, πA − s∗∗A qA = 2k(k+1)2a2

Z2
A

.

π0B − s∗∗B q0B < πA − s∗∗A qA ⇔ (2k+1)(2k+3)Z2
A < 4Z2

B ⇔ 20k4 +132k3 +301k2 +280k+96 > 0.

πhB − s∗∗B qhB < πA − s∗∗A qA ⇔ (2k2 +4k+1)(2k2 +4k+3)Z2
A < 4(k+1)2Z2

B

⇔16k6+136k5+464k4+828k3+829k2+440k+96>0.

π f B < π f A (5) t∗∗B q f B < t∗∗A q f A π f B + t∗∗B q f B < π f A + t∗∗A q f A

(5) 8 s∗∗B > s∗∗A , t∗∗B < t∗∗A . q0B > qA, qhB > qA s∗∗B (q0B +qhB)> 2s∗∗A qA.

q f B < q f A t∗∗B q f B < t∗∗A q f A.

9 5.2

3 9 (1) (5)

3 (1) (5) 5.3

6 9 3 6

3 qhB > qA
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6 qhB < qA

9 qhB > qA

5.4

(4.3)

(4.4) B

A O (4.1)

(4.2) (4.2) q f

(q0B > qA, qhB > qA, q f B < q f A)

10. (Yu and Lee (2011), Proposition 1 (p.58))

WB = (5k2+9k+6)a2

2ZB
<WA = (5k+4)a2

2ZA

. WB <WA ⇔ (5k2 +9k+6)ZA < (5k+4)ZB ⇔ (5k+4)ZB − (5k2 +9k+6)ZA = k2 > 0.

10

WB =CSB +PSB − s∗∗B (q0B +qhB)+ t∗∗B q f B <WA = CSA +PSA −
2s∗∗A qA+t∗∗A q f A 9 CSB >CSA, PSB >PSA, −s∗∗B (q0B+qhB)<−2s∗∗A qA, t∗∗B q f B < t∗∗A q f A

2

2
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5.3

4 7 10

10

5.4.4

5.2 5.3 5.4

3.

s∗

s∗∗

s∗B = (k+1)(2k2+5k+4)a
XB

> s∗∗B = (k+1)(2k+3)a
ZB

, s∗A = (k+1)(2k+3)a
XA

> s∗∗A = 2(k+1)a
ZA
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. s∗B > s∗∗B ⇔ (2k2 +5k+4)ZB > (2k+3)XB ⇔ k(k+1)(2k3 +9k2 +11k+5)> 0.

s∗A > s∗∗A ⇔ (2k+3)ZA > 2XA ⇔ k(2k2 +8k+5)> 0.

4.

t∗ t∗∗

t∗B = k(k+1)(k3+4k2+5k+3)a
YB

> t∗∗B = k(k+1)2a
ZB

, t∗A = (k+1)(k2+4k+5)a
YA

> t∗∗A = k(k+1)a
ZA

. t∗B > t∗∗B ⇔ (k3 +4k2 +5k+3)ZB > (k+1)YB ⇔ (2k+3)(2k3 +9k2 +11k+5)> 0.

t∗A > t∗∗A ⇔ (k2 +4k+5)ZA > kYA ⇔ 4(2k2 +8k+5)> 0.

3 4 1

1

2

1

5.2 5.3 5.4

1

5.

W (s∗,0)
B = (2k3+11k2+15k+8)a2

2XB
<W (s∗∗, t∗∗)

B = (5k2+9k+6)a2

2ZB
, W (s∗,0)

A = (2k2+9k+6)a2

2XA
<W (s∗∗, t∗∗)

A = (5k+4)a2

2ZA

. W (s∗,0)
B <W (s∗∗, t∗∗)

B ⇔ (2k3 +11k2 +15k+8)ZB < (5k2 +9k+6)XB ⇔ k2(k+1)4 > 0.

W (s∗,0)
A <W (s∗∗, t∗∗)

A ⇔ (2k2 +9k+6)ZA < (5k+4)XA ⇔ k2(k+1)2 > 0.

6.

W (0, t∗)
B = [5k4+24k3+31k2+17k+3]a2

2YB
<W (s∗∗, t∗∗)

B = (5k2+9k+6)a2

2ZB
, W (0, t∗)

A = (5k2+24k+17)a2

2YA
<W (s∗∗, t∗∗)

A = (5k+4)a2

2ZA
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. W (0, t∗)
B <W (s∗∗, t∗∗)

B ⇔ [5k4+24k3+31k2+17k+3]ZB < (5k2+9k+6)YB ⇔ k(k+1)2(2k+3)2 > 0.

W (0, t∗)
A <W (s∗∗, t∗∗)

A ⇔ (5k2 +24k+17)ZA < (5k+4)YA ⇔ 8(k+1)2 > 0.

5 6

6

3 3

(q0,qh,q f )

0.

(De Fraja and Delbono (1989))

1. 1

Fjell and Pal (1996) 2.

4 (Pal and

White (1998)) 3. 7

4 7

4. 10

(Yu and Lee (2011))

1

1

n m

(m,n)� (1,1) Pal and White (1998)

‘available from the authors’

Yu and

Lee (2011) (m,n) = (1,1)
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3 3

(m,n)� (1,1) 3

n m

2

3

α ∈ [0,1]

α

SPNE 5.1, 5.2, 5.3, 5.4 (a) (b)

(a) (b) α [0,1]

3

(discriminatory

subsidy)

(privatization neutrality theorem)
11

11 Hamada (2014, 2015)
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2013 2014 2

2014

2

2015 5

Yu and Lee (2011)
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