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Artz, Heywood, and
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Nakamura and Inoue (2007) 2

Ouattara (2015) Nakamura and Inoue (2007) 2

Kamijo and

Nakamura (2009)

Méndez-Naya

(2008) Artz, Heywood, and McGinty (2009)

2 2

Méndez-Naya (2008) 2 2

2 Artz, Heywood, and McGinty (2009) 2

Perry and Porter (1985) 2

2

2

2 4 2 k = 1 Méndez-Naya (2008)
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2

2

2

3

4 2

3

4 2

5

2

2

De Fraja and Delbono (1989)

(n+1)

(public firm) 1

(private firms) n(≥ 2) (index) i = 0

i = {1,2, · · · ,n}
3 qi i

3
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q0 qi q ≡ qi, i = {1, · · · ,n}
Q ≡ q0+∑n

i=1 qi = q0+nq p

p = p(Q) = a−Q; a > 0

2 4

2

2

Ci(qi) = F + ciqi,F ≥ 0,ci > 0

0 (F = 0)

ci ≡ c, ∀i = {1, · · · ,n}
c0 > c Δc ≡ c0 −c > 0

a � c0

2

De Fraja and Delbono (1989)

2

2

C(qi) = F + k
2
q2

i ,F ≥ 0,k > 0 k

F = 0

i πi = p(Q)qi −Ci(qi)

π ≡ πi, i = {1, · · · ,n} CS ≡ ∫ Q
0 p(x)dx− p(Q)Q = 1

2
Q2

PS ≡ π0 + nπ = p(Q)Q−∑n
i=0Ci(qi) W ≡ CS+PS =

aQ− 1
2
Q2 −∑n

i=0Ci(qi) n 5

1 1

(n+ 1) n

M qM πM

4 2
5



���������	��� ������������

α ∈ [0,1] (1−α)

WM ≡ αW +(1−α)πM α

α

α = 1/2

c0 c β ∈ [0,1]

β β

cM ≡ βc0+(1−β )c = c+βΔc, cM ∈ [c,c0]

β = 0

(before merger) (after merger)

B, A 3.6 4.6

m ∈ [2,n]

n (n−m+1)

3

3 c0 c (c0 > c)

cM ≡ c+βΔc, β > 0,Δc > 0

3.1

1 n (n+1)



��������	
�������������

W q0 1

∂W
∂q0

= a−Q− c0 = 0 ⇔ q0 = r0({qi}n
i=1)≡ a− c0 −

n

∑
i=1

qi (3.1)

i qi 1

∂πi

∂qi
= a−Q− c−qi = 0 ⇔ qi = ri(q0,{q j} j 	={0,i})≡

a− c−q0 −∑ j 	={0,i} q j

2
(3.2)

qi ≡ q, ∀i = {1, · · · ,n}

q = r(q0)≡ a− c−q0

n+1
(3.3)

(3.1) (3.3) 6

q0 = a− (n+1)c0 +nc = a− c0 −nΔc (3.4)

q = c0 − c = Δc (3.5)

3.1

q0B a− c0 −nΔc
qB Δc
QB a− c0

pB c0

π0B 0

πB (Δc)2

WB
1
2
(a− c0)

2 +n(Δc)2

3.1:

a− c0 − nΔc > Δc ⇔ Δc < a−c
n+2

6

Δc < a−c
n+1

Δc < a−c
n+2

(q0B > qB) Δc ∈ ( a−c
n+2

, a−c
n+1

)

(q0B < qB)

Δc < a−c
n+2

6 a−c0 −nΔc = a−c− (n+1)Δc > 0 ⇔ Δc < a−c
n+1

a � c0
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3.2

1 1 7 1 (n−1)

n

WM ≡ αW +(1−α)π qM

cM ≡ βc0 +(1−β )c 1

∂WM

∂qM
= α(a−Q− cM)+(1−α)(a−Q− cM −qM) = 0

⇔ qM = rM({qi}n
i=2)≡

a− cM −∑n
i=2 qi

2−α
(3.6)

i 1

∂πi

∂qi
= a−Q− c−qi = 0 ⇔ qi = ri(qM,{q j} j 	={M,i})≡

a− c−qM −∑ j 	={M,i} q j

2
(3.7)

qi ≡ q, ∀i = {2, · · · ,n}

q = r(qM)≡ a− c−qM

n
(3.8)

(3.6) (3.8) 8

qM =
a+(n−1)c−ncM

n(1−α)+1
(3.9)

q =
(1−α)a− (2−α)c+ cM

n(1−α)+1
(3.10)

3.2

qMA � qA ⇔ Δc � α(a−c)
β (n+1)

α β α = β Δc < a−c
n+1

qMA > qA

7 0 1 (merger) i = M
i = {2, · · · ,n}

8 (Δc < a−c
n+1 ) (qMA > 0)
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qMA
a+(n−1)c−ncM

n(1−α)+1

qA
(1−α)a−(2−α)c+cM

n(1−α)+1

QA
(n−(n−1)α)a−(1−α)(n−1)c−cM

n(1−α)+1

pA
(1−α)a+(1−α)(n−1)c+cM

n(1−α)+1

πMA (1−α)q2
MA

πA q2
A

WA
(3−2α)q2

MA+2(n−1)qMAqA+(n2−1)q2
A

2

3.2:

3.3

3.2

α β α

α

1 0

β

β 1 0

(α,β )

3.3.1 α

(α,β ) α 3.3

9

∂qMA
∂α = n(a+(n−1)c−ncM)

(n(1−α)+1)2 = nqMA
n(1−α)+1

> 0

∂qA
∂α =−a+(n−1)c−ncM

(n(1−α)+1)2 =− qMA
n(1−α)+1

< 0

∂QA
∂α = a+(n−1)c−ncM

(n(1−α)+1)2 = qMA
n(1−α)+1

> 0
∂ pA
∂α =− ∂QA

∂α < 0
∂πMA

∂α = n(1−α)−1

n(1−α)+1
q2

MA � 0 ⇔ α � n−1
n

∂πA
∂α = 2qA

∂qA
∂α < 0

∂WA
∂α = qMA[n(1−α)qMA−(n−1)qA]

n(1−α)+1
� 0 ⇔ n(1−α)qMA � (n−1)qA

3.3: α

α α

9 A.1
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(
∂qMA
∂α > 0,

∂qA
∂α < 0, ∂QA

∂α > 0,
∂ pA
∂α < 0, ∂πA

∂α < 0 )

∂πMA
∂α � 0 ⇔ α � n−1

n n = 1

α ≥ n−1
n = 0 α n = 1

n ≥ 2 α

α ( n−1
n ∈ (0,1)) α

α

α ∈ (0,1)

∂WA
∂α � 0 ⇔ n(1−α)qMA � (n− 1)qA

n = 1 n(1−α)qMA ≥ 0 α ( ∂WA
∂α ≥ 0)

α = 1

(α = 1)

∂WA
∂α � 0 ⇔ β (n2(1−α)+n−1)Δc � (1−α)(a−c) A.1

β = 0

∂WA
∂α ≥ 0 α = 1 β = 0

α∗ = 1

β > 0 n ≥ 2

α

α , β n α = 1 ∂WA
∂α

∣∣
α=1

< 0

α = 1 α α = 0 ∂WA
∂α

∣∣
α=0

� 0 ⇔
β (n2 +n−1)Δc � a−c β > 0 Δc < a−c

β (n2+n−1)
∂WA
∂α

∣∣
α=0

> 0

α∗ Δc > a−c
β (n2+n−1)

α ∈ [0,1] ∂WA
∂α < 0 α∗ = 0 10

β 0 Δc < a−c
β (n2+n−1)

α

(Δc)

10 α 2 ( ∂ 2WA
∂α2 )

A.1
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1.

(i) n = 1

α∗ = 1

(ii) n ≥ 2 β (n2 +n−1)Δc < a− c

α∗ ∈ (0,1)

(n2 +n−1)βΔc ≥ a− c α∗ = 0

(iii) (β = 0)

α∗ = 1

.

1(ii) n ≥ 2

(α = 1)

1(ii)

Proposition 1(ii)

Matsumura (1998)

1

Matsumura (1998) 1

1 1

1
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α WA

11 a = 10, c0 = 1, c = 0 (Δc = 1) β = 0.5 1 β = 0

2 1 2 cM = 0.5 cM = 0

1

2

n = 1,2,5 1

2 α 3.1 3.2

��

���

���

���

3.1: WA 1

(a = 10, c0 = 1, c = 0, β = 0.5)

��

���

���

���

3.2: WA 2

(a = 10, c0 = 1, c = 0, β = 0)

1. 1(i) 1 2 n = 1

α∗ = 1 2. 1(ii) 1 n = 2

α∗ n = 5 α∗ = 0 3. 1(iii) 2

n α∗ = 1

3.3.2 β

β 3.4 12

β β

(
∂qMA

∂β < 0,
∂qA
∂β > 0, ∂QA

∂β < 0,
∂ pA
∂β > 0, ∂πMA

∂β ≤ 0, ∂πA
∂β > 0)

12 cM β β

11 WA WA A.1
12 ∂cM

∂β = Δc > 0
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∂qMA
∂β =− nΔc

n(1−α)+1
< 0

∂qA
∂β = Δc

n(1−α)+1
> 0

∂QA
∂β =− Δc

n(1−α)+1
< 0

∂ pA
∂β =− ∂QA

∂β > 0
∂πMA

∂β = 2(1−α)qMA
∂qMA

∂β ≤ 0
∂πA
∂β = 2qA

∂qA
∂β > 0

∂WA
∂β = [−(2n(1−α)+1)qMA+(n−1)qA]Δc

n(1−α)+1
� 0 ⇔ (2n(1−α)+1)qMA � (n−1)qA

3.4: β

β

∂WA
∂β � 0 ⇔ (2n(1−α)+1)qMA � (n−1)qA

n= 1 (3−2α)qMA > 0 β n≥ 2

α , β n A.1 ∂WA
∂β � 0 ⇔ [(n+1)(1−α)+

1](a−c)� β [2n2(1−α)+2n−1]Δc β = 0 [(n+1)(1−α)+1](a−c)> 0

∂WA
∂β

∣∣
β=0

< 0 β = 1 ∂WA
∂β

∣∣
β=1

� 0 ⇔ Δc � [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

n = 1,2 ∂WA
∂β

∣∣
β=1

< 0. n ≥ 3 Δc < [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

∂WA
∂β

∣∣
β=1

< 0, Δc ∈ ( [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

, a−c
n+1

) ∂WA
∂β

∣∣
β=1

> 0 WA β

n = 1,2 β = 0 WA n ≥ 3

∂WA
∂β

∣∣
β=0

< 0 ∂WA
∂β

∣∣
β=1

> 0 WA
∣∣
β=0

>WA
∣∣
β=1

β = 0

WA
13

2.

n α (β ∗ = 0)

.

13 A.1
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2 (β = 0)

β

β

n ≥ 3 Δc ∈ ( [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

, a−c
n+1

) ∂WA
∂β

∣∣
β=1

> 0

WA β β = 1 β

Δc Δc

(crowding out effect)

14

β WA a = 10,

c0 = 1, c = 0 (Δc = 1) α = 0.5 3

α = 0.5

3 n = 1,2,5

β 3.3

��

���

���

���

3.3: WA 3

(a = 10, c0 = 1, c = 0, α = 0.5)

2 n β = 0

WA β

14 Lahiri and Ono (1988)
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3.3.3 α = β

α = β α

β α β

α = β

3.3.1 3.3.2 α β dWA(α,β )
dα

∣∣
α=β =

∂WA(α,β )
∂α

∣∣
α=β +

∂WA(α,β )
∂β

∣∣
α=β α = β α

3.3.1 3.3 3.3.2 3.4 α = β

α β 2 α = β

α 2 2

α

15

α = β α 3.5

dqMA
dα

∣∣
α=β = n(qMA−Δc)

n(1−α)+1
= n(a−c−(n+1)Δc)

(n(1−α)+1)2 > 0

dqA
dα

∣∣
α=β =− (qMA−Δc)

n(1−α)+1
=− (a−c−(n+1)Δc)

(n(1−α)+1)2 < 0

dQA
dα

∣∣
α=β = qMA−Δc

n(1−α)+1
= a−c−(n+1)Δc

(n(1−α)+1)2 > 0
d pA
dα

∣∣
α=β =−dQA

dα
∣∣
α=β < 0

dπMA
dα

∣∣
α=β = [(n(1−α)−1)qMA−2n(1−α)Δc]qMA

n(1−α)+1
� 0 ⇔ (n(1−α)−1)qMA � 2n(1−α)Δc

dπA
dα

∣∣
α=β =−2qA(qMA−Δc)

n(1−α)+1
=−2(a−c−(n+1)Δc)qA

(n(1−α)+1)2 < 0

dWA
dα

∣∣
α=β = [n(1−α)(a−c)−(n2(1−α)(2−α)+3n(1−α)+1)Δc]qMA−(n−1)(a−c−(n+1)Δc)qA

(n(1−α)+1)2 � 0

⇔[n(1−α)(a−c)−(n2(1−α)(2−α)+3n(1−α)+1)Δc]qMA�(n−1)(a−c−(n+1)Δc)qA

3.5: α = β α

α = β α α

(
dqMA
dα

∣∣
α=β > 0,

dqA
dα

∣∣
α=β < 0, dQA

dα
∣∣
α=β > 0,

d pA
dα

∣∣
α=β < 0, dπA

dα
∣∣
α=β < 0 )

3.3.1 3.3.2 α

β α β

α = β

α n
dπMA

dα
∣∣
α=β � 0 ⇔ (n(1−α)−1)qMA � 2n(1−α)Δc

n = 1 −αqMA < 2(1−α)Δc dπMA
dα

∣∣
α=β < 0 πMA α

15 α = β cM = c+αΔc
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n ≥ 2 dπMA
dα

∣∣
α=β α n α = 1

−qMA < 0 dπMA
dα

∣∣
α=β < 0 α n

∂WA
∂α

∣∣
α=β 3.5

3.3.1 3.3.2 α β

α = 1 ∂WA
∂α

∣∣
α=β=1

< 0

Δc > 0 α n

α = 0

n

β = 0

α

α = β α WA

a = 10, c0 = 1, c = 0 (Δc = 1) α = β 4

n = 1,2,5 α 3.4

��

�

���

���

���

3.4: WA 4

(a = 10, c0 = 1, c = 0, α = β )

3.4 WA 3.1 3.3 WA

n WA α n

α β
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3.4

3.1 3.1 3.2 3.2

3.6

q0B � qMA ⇔ Δc � n(1−α)(a−c)
(n+1)(n(1−α)+1)−nβ

qB � qMA ⇔ Δc � a−c
n(1−α+β )+1

qB � qA ⇔ Δc � (1−α)(a−c)
n(1−α)+1−β (α 	= 1, β 	= 1)

QB � QA ⇔ Δc � (1−α)(a−c)
n(1−α)+1−β (α 	= 1, β 	= 1)

π0B ≤ πMA ⇔ α ≤ 1

πB � πMA ⇔ Δc � (1−α)
1
2 (a−c)

n(1−α)+nβ (1−α)
1
2 +1

πB � πA ⇔ Δc � (1−α)(a−c)
n(1−α)+1−β (α 	= 1, β 	= 1)

WB �WA ⇔ Y (α,β )≡ (1−α)2(a− c)2 +X1(a− c)Δc−X2(Δc)2 � 0

3.6:

(X1 = X1(α,β )≡ 2β (n+2− (n+1)α)−2(n(1−α)+1)2,

X2 = X2(α,β )≡ β 2(2n2(1−α)+2n−1)− (2n+1)(n(1−α)+1)2)

3.6 Δc

q0B

qMA α = 1 q0B < qMA α 0

16 qB qMA

α ≥ β qB < qMA

qB qA α = 1, β 	= 1 qB > qA

α = β = 1 qB = qA = Δc α ≤ β qB ≤ qA
17

QB QA qB � qA ⇔ QB � QA

α = 1, β 	= 1 QB < QA, α = β = 1 QB = QA = a− c0 α ≤ β

QB ≥ QA

π0B = 0 α 	= 1

(π0B = 0 < πMA) πB πMA

α = 1 πB > πMA πB πA

16 1
1+n >

n(1−α)
(n+1)(n(1−α)+1)−nβ Δc < a−c

n+1

17 1
n+1 ≤ 1−α

n(1−α)+1−β Δc < a−c
n+1 Δc < 1−α

n(1−α)+1−β
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qB � qA ⇔ πB � πA α = 1, β 	= 1 πB > πA, α = β = 1 πB = πA = (Δc)2

α ≤ β πB < πA

(a,c,Δc,n,α,β )

3.6 (α,β ,n)

(α,β ) 2

3.3 α = β α > 0 β = 0 2

3.4.1 α = β

α = β

α β

α

β 2

α = β = 1

(WB >WA)

α = β = 0

Δc A.2

α = β = 0.5

α = β = 0.5

Δc A.2 1.

(Δc < a−c
x+ ) (WB >WA) 2.

( a−c
x+ < Δc < a−c

x− ) (WB <WA) 3.

( a−c
x− < Δc(< a−c

n+1
)) (WB >WA)

α = β = 0.5 WA 4 3.3.3 3.4

4 (a = 10,c0 = 1,c = 0,Δc = 1, α = β ) n = 1,2,5

WB WA 3.5 A.1 n = 1 α = β

WB >WA n = 2,5 WB WA

α = β α = β = 0.5 WB <WA
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�

�� �� ��

��

(a) n = 1

�

�� ��

��

��

(b) n = 2

�

�� ��

��

��

(c) n = 5

3.5: 4

(a = 10, c0 = 1, c = 0, α = β )

3.4.2 α > 0, β = 0

α > 0, β = 0

18 3.4.1 α

α = 1, β = 0

(WB <WA) α = 0, β = 0

Δc A.2 dWA
dα ≥ 0

WA α α = 0.5, β = 0

Δc 1.

(Δc < a−c
y+ ) 2.

(Δc ∈ ( a−c
y+ , a−c

n+1
))

α = 0.5, β = 0 WA 2 3.3.1

3.2 (a = 10, c0 = 1, c = 0, Δc = 1, β = 0) n = 1,2,5

WB WA 3.6 A.1 α = β = 0.5

n = 1,2,5 α = 0.5

3.4.1 3.4.2 α = β = 0.5 α = 0.5, β = 0

3.7 β = 0

Δc

18 (β = 1)
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�� ��

��

��

(a) n = 1

�� ��

��

��

(b) n = 2

�������������

��

�	

�


��

��

�� ��

��

��

(c) n = 5

3.6: 2

(a = 10, c0 = 1, c = 0, β = 0)

�a�c��y�
�

α�β���	

α���	
�β��

WB>WA WB>WA

WB<WA

WB<WA

WB>WA

c

�a�c���n��

�a�c��x��a�c��x�
�a�c��y�

3.7:
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3.5

WA WB

WB ≤WA 3.4

α = β = 0.5 α = 0.5, β = 0

3.7 Δc WB ≤ WA

π0B +πB πMA (π0B +πB ≤ πMA)

0 (π0B = 0)

(πB ≤ πMA) 3.1 3.2 πB ≤ πMA ⇔ Δc ≤ (1−α)
1
2 qMA

πB

α 1−α

πB ≤ (1−α)πMA πB ≤ (1−α)πMA ⇔ Δc≤ (1−α)qMA

α = β = 0.5 (WA ≤ WB)

πB ≤ πMA

n = 1,2 WB ≤WA πB ≤ πMA n ≥ 3

WB ≤ WA

πB ≤ 1
2
πMA n = 1 WB ≤WA

πB ≤ 1
2
πMA n ≥ 2 WB ≤WA

α = 0.5, β = 0 πB ≤ πMA

n ≥ 2 πB ≤ πMA πB ≤ 1
2
πMA

n WB <WA

3.8

3.6

3 3.1

πB = (Δc)2 m

n (n−m+1)

πB = (Δc)2

n πB(n),
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�

WB>WA WB>WAWB<WA

c

�a�c���n���

�a�c��x��a�c��x�
�a�c��v�a�c��w

πB<πMA

πB<���	�πMA

(a) α = β = 0.5

�a�c��y� �a�c��y��

WB<WAWB>WA

c

�a�c���n���
�a�c��v�a�c��w

πB<πMA

πB<�����πMA

(b) α > 0, β = 0

3.8: 2

(a) α = β = 0.5 Δ ∈ ( a−c
x+ , a−c

x− ) WB <WA; Δc < a−c
v πB < πMA; Δc < a−c

w πB < 1
2 πMA

(b) α > 0 β = 0 Δ ∈ ( a−c
y+ , a−c

y− ) WB <WA; Δc < a−c
v πB < πMA; Δc < a−c

w πB < 1
2 πMA

x+, x−, y+, y−, v, w A.2

πB(n−m+1) πB(n) = πB(n−m+1) = (Δc)2

(mπB(n)≤ πB(n−m+1)

4 2

4

2 C(qi) =
k
2
q2

i ,k > 0 3

2

2

β

2

2

2
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4.1

1 n (n+1)

1

∂W
∂q0

= a−Q− kq0 = 0 ⇔ q0 = r0({qi}n
i=1)≡

a−∑n
i=1 qi

k+1
(4.1)

i 1

∂πi

∂qi
= a−Q−qi − kqi = 0 ⇔ qi = ri(q0,{q j} j 	={0,i})≡

a−q0 −∑ j 	={0,i} q j

k+2
(4.2)

qi ≡ q, ∀i = {1, · · · ,n}

q = r(q0)≡ a−q0

n+ k+1
(4.3)

(4.1) (4.3) 19

q0 =
(k+1)a

(k+1)2 +nk
(4.4)

q =
ka

(k+1)2 +nk
(4.5)

4.1

q0B
(k+1)a

D
qB

ka
D

QB
(nk+k+1)a

D

pB
k(k+1)a

D

π0B
k(k+1)2a2

2D2

πB
k2(k+2)a2

2D2

WB
[(k+1)3+nk(k2+4k+2+nk)]a2

2D2

4.1:

(D ≡ (k+1)2 +nk)

4.1

(q0B > qB)

19 2
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4.2

1 1 1 (n−1)

n WM ≡ αW +(1−α)π

qM 1

∂WM

∂qM
= α(a−Q− kqM)+(1−α)(a−Q−qM − kqM) = 0

⇔ qM = rM({qi}n
i=2)≡

a−∑n
i=2 qi

k+2−α
(4.6)

i 1

∂πi

∂qi
= a−Q−qi − kqi = 0 ⇔ qi = ri(qM,{q j} j 	={M,i})≡

a−qM −∑ j 	={M,i} q j

k+2
(4.7)

qi ≡ q, ∀i = {2, · · · ,n}

q = r(qM)≡ a−qM

n+ k
(4.8)

(4.6) (4.8)

qM =
(k+1)a

(k+1)(n+ k+1)− (n+ k)α
(4.9)

q =
(k+1−α)a

(k+1)(n+ k+1)− (n+ k)α
(4.10)

4.2

qMA
(k+1)a

E

qA
(k+1−α)a

E

QA
(n(k+1)−(n−1)α)a

E

pA
(k+1)(k+1−α)a

E

πMA
(k+1)2(k+2−2α)a2

2E2 (= k+2−2α
2

q2
MA)

πA
(k+2)(k+1−α)2a2

2E2 (= k+2
2

q2
A)

WA
(k+3−2α)q2

MA+2(n−1)qMAqA+(n−1)(n+k+1)q2
A

2

4.2:

(E ≡ (k+1)(n+ k+1)− (n+ k)α)

(qMA > qA)
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4.3

4.2 α

α

α

4.3.1 α

α 4.3

dqMA
dα = (n+k)(k+1)a

E2 > 0
dqA
dα =− (k+1)a

E2 < 0
dQA
dα = (k+1)2a

E2 > 0
d pA
dα =−dQA

dα < 0
dπMA

dα = (k+1)(n−1−(n+k)α)a
E2 qMA � 0 ⇔ α � n−1

n+k
dπA
dα = (k+2)qA

dqA
dα < 0

dWA
dα = (k+1)[(n+k)(1−α)qMA−(n−1)qA]a

E2 � 0 ⇔ (n+ k)(1−α)qMA � (n−1)qA

4.3: α

α α

(
dqMA
dα > 0,

dqA
dα < 0, dQA

dα > 0,
d pA
dα < 0, dπA

dα < 0)

dπMA
dα � 0 ⇔ α � n−1

n+k

n = 1 dπMA
dα ≥ 0 α

n ≥ 2 α ( n−1
n+k )

WA α

α α ∈ (0,1)

dWA
dα � 0 ⇔ (n+ k)(1−α)qMA � (n−1)qA

n = 1 (1+ k)(1−α)qMA ≥ 0 α ( dWA
dα ≥ 0)

α = 1 n ≥ 2 α

α n dWA
dα � 0 ⇔ α � (k+1)2

k(n+k+1)+1
α

WA α n ≥ 2

α = 1 dWA
dα |α=1 < 0 (α = 1)

n ≥ 2 α = 0 ∂WA
∂α |α=0 > 0

α∗
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Matsumura (1998)

α

3.

2

(i) n = 1

α∗ = 1

(ii) n ≥ 2

α∗ ∈ (0,1)

.

3

3(i)

3(ii)

3 1 β

2

α WA a = 10, k = 1

n = 1,2,5 α

4.1 4.1 1 n = 1

α∗ = 1 n = 2,5

α∗ ∈ (0,1)
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4.1: WA

(a = 10, k = 1)

4.4

4.1 4.1 4.2 4.2

4.4

q0B � qMA ⇔ α � n
n+k

qB < qMA ⇔ k(n+ k)α +(k+1)2 > 0

qB < qA ⇔ α < (k+1)2

2k+1

QB > QA ⇔ α < (k+1)2

2k+1

π0B � πMA ⇔ kE2 � (k+2−2α)D2

πB � πMA ⇔ k2(k+2)E2 � (k+1)2(k+2−2α)D2

πB < πA ⇔ α < (k+1)2

2k+1

WB �WA ⇔ H(α,k)� 0

4.4:

(H(α,k)≡ (k+1)3[k4 +2(n+2)k3 +(n2 +3n+6)k2 − (n2 −n−4)k+1]
−2(k+1)2[k4 +2(n+2)k3 +(n2 +3n+6)k2 − (n2 −2n−4)k+1]α

+[2k5 +4(n+2)k4 +(2n2 +8n+13)k3 +(8n+11)k2 − (n2 −3n−5)k+1]α2)

q0B qMA

q0B � qMA ⇔ α � n
n+k ∈ (0,1) α q0B α q0B

α = 1 q0B < qMA α = 0 q0B > qMA

qB

(qB < qMA)
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1

qB qA

(qB < qA) qMA > qB

2

QB QA

(QB > QA) (qB < qMA,

qB < qA)

π0B πMA

π0B � πMA ⇔ kE2 � (k+2−2α)D2 ⇔ G1(α,k)� 0 20 G1(α,k) (α,k)

n α = 0 G1(0,k) n ≤ 4 π0B < πMA

(n,k) α = 1 G1(1,k) < 0 π0B < πMA

(α,k) n πB

πMA πB � πMA ⇔ k2(k+2)E2 � (k+1)2(k+2−2α)D2 ⇔ G2(α,k) � 0

A.3 G2(α,k)< 0 ∀α ∈ [0,1]

(πB < πMA) 21 πB

πA (πB < πA)

(a, k, n, α)

H(α,k) (α,k) n

α 0, 0.5,1

α = 1 H(1,k) > 0

WB >WA α = 0

H(0,k) (n,k) k

n WB < WA n = 1,2 H(0,k) > 0

WB >WA

(α = 0.5) H(0.5,k) (n,k)

k = 1 H(0.5,1)> 0 WB >WA n = 1,2 H(0.5,k)> 0

20 G1(α,k)≡−[2k4+2(n+4)k3+4(n+3)k2−(n+2)(n−4)k+2]+2[2k3+(n+5)k2−(n2−n−4)k+1]α+k(n+k)2α2.

G1(0,k) = −[2k4 + 2(n+4)k3 + 4(n+ 3)k2 − (n+ 2)(n− 4)k+ 2] n ≤ 4 G1(0,k) < 0. G1(1,k) =
−k2[2k2 + k(2n+3)+2]< 0.

21 G2(α,k)≡−(k+2)(k+1)3[2k2+(2n+3)k+1]+2(k+1)[2k4+(n+8)k3−(n2−4n−10)k2+(2n+5)k+1]α +k2(k+
2)(n+ k)2α2.
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WB >WA n = 5 k < 0.0441 k > 0.3275 H(0.5,k)> 0

k ∈ (0.0441,0.3275) H(0.5,k) < 0 k

WB <WA

a = 10, k = 1 n = 1,2,5 WB WA

4.2 A.4 k = 1 α = 0.5 n = 1,2,5

�������������

��

��

�


��

��

�� �� ��

��

(a) n = 1

�������������

��

�����

����

�����

�� �� ��

��

(b) n = 2

�������������

�����

����

�����

��

�����

�� �� ��

��

(c) n = 5

4.2: α
(a = 10, k = 1)

α = 0.5 k a = 10, α = 0.5

k n = 5,10,20 WB WA

WB �WA ⇔ H(0.5,k)� 0 H(0.5,k) 4.3

A.4

������������������

�

�

�

�

�

�

�����	�


(a) n = 5

�

�

�����	�


(b) n = 10

��
����������

��

��

��

�

��

��

��

��

�

�

�����	�


(c) n = 20

4.3: k
(a = 10, α = 0.5; WB �WA ⇔ H(0.5,k)� 0)

k WB >WA k WB <WA

k

k

k

k
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4.3 k

4.5

WA WB

WB ≤WA 4.4 α = 0.5

WB WA H(0.5,k)≤ 0

π0B +πB πMA

(π0B +πB ≤ πMA) π0B +πB ≤ πMA ⇔ I1(α,k) ≤ 0 (α,k) n

πB

α 1−α πB ≤ (1−α)πMA

πB ≤ (1−α)πMA ⇔ I2(α,k) ≤ 0 (α,k) n
22

a = 10, α = 0.5 n = 1,2,5,10,20 k 2

4.4

π0B+πB ≤ πMA ⇔ I1(0.5,k)≤ 0 I1(0.5,k)

πB ≤ (1−α)πMA ⇔ I2(0.5,k)≤ 0 I2(0.5,k)

n

k

22 I1(α,k) I2(α,k) A.4
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(a) n = 1

�

������	�


��	���

������	�


(b) n = 2

�

������	�


��	���

������	�


(c) n = 5

������������������

���

���

���

���

��

� �

������	�


��	���

������	�


(d) n = 10

�

������	�


��	���

������	�


(e) n = 20

4.4: k
(a = 10, α = 0.5; π0B +πB ≤ πMA ⇔ I1(0.5,k)≤ 0; πB ≤ (1−α)πMA ⇔ I2(0.5,k)≤ 0)

4.6

4 4.1

πB = k2(k+2)a2

2D2 ; D ≡ (k+1)2+nk m ∈ [2,n]

n (n−m+1)

n πB(n), πB(n−m+1)

πB(n−m+1) = k2(k+2)a2

2D̂2
; D̂ ≡ (k+1)2 +(n−m+1)k

mπB(n)≤ πB(n−m+1)⇔√
mD̂ ≤ D ⇔ n ≤ m+

√
m− (k+1)2

k
(4.11)

(4.11) m = n

(4.11) n ≥ (k+1)4

k2

k m = n−1

(4.11) n ≥ (k+1)4

k2 +2( (k+1)2

k +1)> (k+1)4

k2

n

m = 2 (4.11) n ≤ 2+
√

2− (k+1)2

k

n = 2,3
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2

m+
√

m > n k

m+
√

m ≤ n
23

(n+1) π(n+1) =

a2

(k+n+2)2 (1+
k
2
) m(≥ 2) n−m+1 π(n−m+1) =

a2

(k+n−m+3)2 (1+
k
2
) m

mπ(n)≤ π(n−m+1)⇔√
m(3+k+n−m)≤ 2+k+n ⇔ n ≤ m+

√
m−k−2

n+2 ≤ m+
√

m k

1 n

n < m+
√

m (n+1)

n+2 < m+
√

m (n+1)

5

2

1.

2. 2

23 A.5
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A

A.1

� ∂πMA
∂α

� πMA = (1−α)q2
MA

∂πMA
∂α =−q2

MA +2(1−α)qMA
∂qMA

∂α .
∂qMA

∂α = nqMA
n(1−α)+1

� ∂WA
∂α

� ∂WA
∂α = QA

∂QA
∂α + n(1−α)−1

n(1−α)+1
q2

MA +2(n−1)qA
∂qA
∂α

∂qMA
∂α = nqMA

n(1−α)+1
,

∂qA
∂α =− qMA

n(1−α)+1
,

∂QA
∂α = qMA

n(1−α)+1

� n(1−α)qMA � (n−1)qA qMA, qA

(1−α)(a− c−n2βΔc)� (n−1)βΔc ⇔ β (n2(1−α)+n−1)Δc � (1−α)(a− c).

� ∂ 2WA
∂α2

� 3.3
∂WA
∂α = qMA[n(1−α)qMA−(n−1)qA]

n(1−α)+1
. α

∂WA
∂α =

(
∂qMA

∂α [n(1−α)qMA−(n−1)qA]+qMA[n(−qMA+(1−α)
∂qMA

∂α )−(n−1)
∂qA
∂α ])(n(1−α)+1)+nqMA[n(1−α)qMA−(n−1)qA]

(n(1−α)+1)2 .

∂qMA
∂α = nqMA

n(1−α)+1
,

∂qA
∂α =− qMA

n(1−α)+1

∂WA
∂α = (2n2(1−α)−1)qMA−2n(n−1)qA

(n(1−α)+1)2 qMA

∂WA
∂α � 0 ⇔ (2n2(1−α)−1)qMA � 2n(n−1)qA (2n2(1−α)−1)qMA 2n(n−1)qA

∂WA
∂α

∣∣
α=1

< 0 α = 1

� ∂WA
∂β

� ∂WA
∂β = QA

∂QA
∂β +2(1−α)qMA

∂qMA
∂β +2(n−1)qA

∂qA
∂β

∂qMA
∂β =−n ∂qA

∂β ,
∂QA
∂β =− ∂qA

∂β ,

∂qA
∂β = Δc

n(1−α)+1
> 0

� (2n(1−α)+1)qMA � (n−1)qA qMA qA
∂WA
∂β � 0 ⇔ [(n+1)(1−α)+1](a− c)� β [2n2(1−α)+2n−1]Δc.

� β = 0 [(n+1)(1−α)+1](a− c)> 0
∂WA
∂β

∣∣
β=0

< 0.

� β = 1 [(n+1)(1−α)+1](a− c)� [2n2(1−α)+2n−1]Δc ⇔ Δc � [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

.

[(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

� a−c
n+1

⇔ (n2 −2n−1)(1−α)+n−2 � 0.

n = 1,2 (n2 −2n−1)(1−α)+n−2 < 0 Δc < a−c
n+1

< [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

.

n = 1,2 ∂WA
∂β

∣∣
β=1

< 0.

n ≥ 3 (n2 −2n−1)(1−α)+n−2 > 0
[(n+1)(1−α)+1](a−c)

2n2(1−α)+2n−1
< a−c

n+1
.

n ≥ 3 Δc < [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

∂WA
∂β

∣∣
β=1

< 0.

Δc ∈ ( [(n+1)(1−α)+1](a−c)
2n2(1−α)+2n−1

, a−c
n+1

) ∂WA
∂β

∣∣
β=1

> 0.

� ∂ 2WA
∂β 2

� 3.4
∂WA
∂β = [−(2n(1−α)+1)qMA+(n−1)qA]Δc

n(1−α)+1
. β

∂ 2WA
∂β 2 =

[−(2n(1−α)+1)
∂qMA

∂β +(n−1)
∂qA
∂β ]Δc

n(1−α)+1
.

∂qMA
∂β = − nΔc

n(1−α)+1
,

∂qA
∂β = Δc

n(1−α)+1

∂ 2WA
∂β 2 = (2n2(1−α)+2n−1)(Δc)2

(n(1−α)+1)2 > 0 WA β
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� WA
∣∣
β=0

WA
∣∣
β=1

� 3.2 qMA = a+(n−1)c−ncM
n(1−α)+1

, qA = (1−α)a−(2−α)c+cM
n(1−α)+1

, WA =
(3−2α)q2

MA+2(n−1)qMAqA+(n2−1)q2
A

2
.

β = 0 qMA = a−c
n(1−α)+1

, qA = (1−α)(a−c)
n(1−α)+1

WA

WA
∣∣
β=0

= (n−(n−1)α)((n+1)(1−α)+1)(a−c)2

2(n(1−α)+1)2 .

β = 1 qMA = a−c−nΔc
n(1−α)+1

, qA = (1−α)(a−c)+Δc
n(1−α)+1

WA

WA|β=1 =
(n−(n−1)α)((n+1)(1−α)+1)(a−c)2−2((n+1)(1−α)+1)(a−c)Δc+(2n2(1−α)+2n−1)(Δc)2

2(n(1−α)+1)2 .

WA
∣∣
β=0

>WA
∣∣
β=1

⇔ 2((n+1)(1−α)+1)(a− c)> (2n2(1−α)+2n−1)Δc

⇔ Δc < 2((n+1)(1−α)+1)(a−c)
2n2(1−α)+2n−1

.

a−c
n+1

< 2((n+1)(1−α)+1)(a−c)
2n2(1−α)+2n−1

⇔ 2(2n+1)(1−α)+3 > 0

Δc < a−c
n+1

Δc < 2((n+1)(1−α)+1)(a−c)
2n2(1−α)+2n−1

.

WA
∣∣
β=0

>WA
∣∣
β=1

� dWA
dα

∣∣
α=β

� dWA
dα

∣∣
α=β = ∂WA

∂α
∣∣
α=β + ∂WA

∂β
∣∣
α=β = [n(1−α)qMA−(2n(1−α)+1)Δc]qMA−[(n−1)qMA−(n−1)Δc]qA

n(1−α)+1

qMA qA
dWA
dα

∣∣
α=β = [n(1−α)(a−c)−(n2(1−α)(2−α)+3n(1−α)+1)Δc]qMA−(n−1)(a−c−(n+1)Δc)qA

(n(1−α)+1)2 � 0

⇔[n(1−α)(a−c)−(n2(1−α)(2−α)+3n(1−α)+1)Δc]qMA�(n−1)(a−c−(n+1)Δc)qA.

� α = 1
dWA
dα

∣∣
α=β=1

< 0 ⇔−ΔcqMA < (n−1)(a− c− (n+1)Δc)qA.

α n

� WB WA

WB = (a−c)2−2(a−c)Δc+(2n+1)(Δc)2

2
(A.1)

WA = ((n−(n−1)α)a−(1−α)(n−1)c−cM)2+2(1−α)(a+(n−1)c−ncM)2+2(n−1)((1−α)a−(2−α)c+cM)2

2(n(1−α)+1)2 (A.2)

� WB WA

� a = 10, c0 = 1, c = 0 WB = n+ 81
2

◦ n = 1 WB = 41.5; n = 2 WB = 42.5; n = 5 WB = 45.5

� 1 (β = 0.5) WA = (10(n−(n−1)α)−0.5)2+2(1−α)(10−0.5n)2+2(n−1)(10(1−α)+0.5)2

2(n(1−α)+1)2

◦ n = 1 WA = 135.38−90.25α
(2−α)2

◦ n = 2 WA = 381.38−486α+150α2

(3−2α)2

◦ n = 5 WA = 1722.4−2876.3α+1200α2

(6−5α)2

� 2 (β = 0) WA = 50[(n−(n−1)α)2+2(1−α)+2(n−1)(1−α)2]
(n(1−α)+1)2

◦ n = 1 WA = 50(3−2α)
(2−α)2

◦ n = 2 WA = 50(2−α)(4−3α)
(3−2α)2

◦ n = 5 WA = 50(5−4α)(7−6α)
(6−5α)2

� 3 (α = 0.5) WA = (10(n−0.5(n−1))−β )2+(10−nβ )2+2(n−1)(5+β )2

2(0.5n+1)2

◦ n = 1 WA = (10−β )2

2.25

◦ n = 2 WA = 375−50β+7β 2

8

◦ n = 5 WA = 1200−80β+34β 2

24.5
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� 4 (α = β ) WA = (10(n−(n−1)α)−α)2+2(1−α)(10−nα)2+2(n−1)(10(1−α)+α)2

2(n(1−α)+1)2

◦ n = 1 WA = (3−2α)(10−α)2

2(2−α)2

◦ n = 2 WA = 800−1080α+371α2−8α3

2(3−2α)2

◦ n = 5 WA = 3500−5940α+2579α2−50α3

2(6−5α)2

A.2

� α = β

� WB = (a−c)2−2(a−c)Δc+(2n+1)(Δc)2

2

� WA = (n+2−(n+1)α)(n−(n−1)α)(a−c)2−2α(n+2−(n+1)α)(a−c)Δc+α2(2n2(1−α)+2n−1)(Δc)2

2(n(1−α)+1)2

� WB �WA ⇔ Y (α,α) = (1−α)2(a− c)2 −2(1−α)X1(α,α)(a− c)Δc+X2(α ,α)(Δc)2 � 0

X1(α,α) = (n+1)2 − (n2 +n+1)α ,

X2(α,α) = 2n2α3 +(n+1)(n−1)(2n−1)α2 −2n(n+1)(2n+1)α +(n+1)2(2n+1)

� α = 1 Y (1,1) = X2(1,1)(Δc)2 = 2(Δc)2 > 0.

(α = β = 1)

(WB >WA)

� α = 0 Y (0,0) = (a− c)2 −2(n+1)2(a− c)Δc+(n+1)2(2n+1)(Δc)2

= (a− c− (n+1)(2n+1)Δc)(a− c− (n+1)Δc)� 0.

Δc � a−c
(n+1)(2n+1) ⇔WB �WA.

� dWA
dα

∣∣
α=β = Z(α)

(n(1−α)+1)3 ;

Z(α)≡(1−α)(a−c)2−[(n+1)(n+2)−(n2+2n+2)α](a−c)Δc+α[n3α2−3n2(n+1)α+(n+1)(2n2+2n−1)](Δc)2

dWA
dα � 0 ⇔ Z(α)� 0.

◦ α = 1 Z(1) =−(n(a− c)− (n2 +n−1)Δc)Δc < 0 ⇔ dWA
dα < 0.

α = 0 Z(0) = (a− c− (n+1)(n+2)Δc)(a− c)� 0 ⇔ dWA
dα � 0.

� α = β = 0.5 WA = (0.5)2[(n+1)(n+3)(a−c)2−2(n+3)(a−c)Δc+(n2+2n−1)(Δc)2]
2(0.5n+1)2 .

� WB �WA ⇔ Y (0.5,0.5) = (a− c− x−Δc)(a− c− x+Δc)� 0;

x+ ≡ n2 +3n+1+(n+2)
√

n2 −1, x− ≡ n2 +3n+1− (n+2)
√

n2 −1.

n = 1 x ≡ x+ = x− = n2 +3n+1 Y (0.5,0.5) = (a− c− xΔc)2 > 0 ⇔WB >WA.

n ≥ 2 x+ > x− > n+1 Δc < a−c
x+ Δc ∈ ( a−c

x− , a−c
n+1

) WB >WA.

Δc ∈ ( a−c
x+ , a−c

x− ) WB <WA.

� α > 0, β = 0

� WB = (a−c)2−2(a−c)Δc+(2n+1)(Δc)2

2

� WA = (n+2−(n+1)α)(n−(n−1)α)(a−c)2

2(n(1−α)+1)2

� WB �WA

⇔ Y (α ,0)≡ (1−α)2(a− c)2 −2(n(1−α)+1)2(a− c)Δc+(2n+1)(n(1−α)+1)2(Δc)2 � 0.

� α = 1 Y (1,0) =−(2(a− c)− (2n+1)Δc)Δc < 0 WB <WA.

� α = 0 Y (0,0) = (a− c− (n+1)Δc)(a− c− (n+1)(2n+1)Δc)� 0.

Δc � a−c
(n+1)(2n+1) ⇔WB �WA.

� dWA
dα = (1−α)(a−c)2

(n(1−α)+1)3 ≥ 0 α = 1

WA α
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� α = 0.5, β = 0 WA = (0.5)2(n+1)(n+3)(a−c)2

2(0.5n+1)2 .

� WB �WA ⇔ Y (0.5,0) = (a− c− y−Δc)(a− c− y+Δc)� 0;

y+ ≡ (n+2)2 +(n+2)
√

n2 +2n+3, y− ≡ (n+2)2 − (n+2)
√

n2 +2n+3.

y+ > n+1 > y− Δc < a−c
y+ WB >WA. Δc ∈ ( a−c

y+ , a−c
n+1

) WB <WA.

� n ≥ 2 y− < n+1 < x− < x+ < y+

�

� 1 πB ≤ πMA ⇔ Δc ≤ (1−α)
1
2 qMA ⇔ Δc ≤ a−c

v(α ,β ) , v(α,β )≡ n(1−α)+nβ (1−α)
1
2 +1

(1−α)
1
2

.

� 2 πB ≤ (1−α)πMA ⇔ Δc ≤ (1−α)qMA ⇔ Δc ≤ a−c
w(α ,β ) , w(α,β )≡ n(1−α)(1+β )+1

1−α .

v(α,β )≤ w(α,β ) α = 0

� α = β = 0.5

◦ πB ≤ πMA ⇔ Δc ≤ a−c
v(0.5,0.5) ; v(0.5,0.5) = (0.5+0.5

1
2 )n+0.5−

1
2 ≈ 1.207n+1.414(> n+1).

Δc ≤ a−c
v(0.5,0.5) πB ≤ πMA.

◦ πB ≤ 1
2
πMA ⇔ Δc ≤ a−c

w(0.5,0.5) ; w(0.5,0.5) = 1.5n+2(> n+1).

Δc ≤ a−c
w(0.5,0.5) πB ≤ 1

2
πMA.

◦ x+,x− v(0.5,0.5), w(0.5,0.5)
x+ > w(0.5,0.5)> v(0.5,0.5)
x− � v(0.5,0.5)⇔ n � 2.518.

n = 1,2 x− > v(0.5,0.5); n ≥ 3 x− < v(0.5,0.5).
n = 1,2 WB <WA πB ≤ πMA

n ≥ 3 WB <WA 1

x− � w(0.5,0.5)⇔ n � 1.25.

n = 1 x− > w(0.5,0.5); n ≥ 2 x− < w(0.5,0.5).
n = 1 WB <WA πB ≤ (1−α)πMA

n ≥ 2 WB <WA 2

� α = 0.5, β = 0

◦ πB ≤ πMA ⇔ Δc ≤ a−c
v(0.5,0) ; v(0.5,0) = 0.5

1
2 (n+2)≈ 0.707n+1.414.

Δc ≤ a−c
v(0.5,0) πB ≤ πMA.

n ≥ 2 v(0.5,0)< n+1 Δc < a−c
n+1

πB ≤ πMA

◦ πB ≤ 1
2
πMA ⇔ Δc ≤ a−c

w(0.5,0) ; w(0.5,0) = n+2(> n+1).

Δc ≤ a−c
w(0.5,0) πB ≤ 1

2
πMA.

◦ y+,y− v(0.5,0), w(0.5,0)
y+ > w(0.5,0)> v(0.5,0)
y− � v(0.5,0)⇔ n � 2.268.

n = 2 y− > v(0.5,0); n ≥ 3 y− < v(0.5,0).
n+1 n WB <WA

πB ≤ πMA
y− < n+1 < w(0.5,0) n WB <WA
2
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A.3 2

� dπMA
dα

� πMA = k+2−α
2

q2
MA

dπMA
dα =−q2

MA +(k+2−α)qMA
dqMA

dα .
dqMA

dα = (n+k)(k+1)a
E2

� dWA
dα

� dWA
dα = QA

dQA
dα + dπMA

dα +(n−1) dπA
dα

dQA
dα = (k+1)2a

E2 ,
dπMA

dα = (k+1)(n−1−(n+k)α)a
E2 qMA,

dπA
dα = (k+2)qA

dqA
dα

� (n+ k)(1−α)qMA � (n−1)qA qMA, qA α � (k+1)2

k(n+k+1)+1
.

n ≥ 1
(k+1)2

k(n+k+1)+1
≤ 1 n = 1

� πB < πMA

� πB � πMA ⇔ k2(k+2)E2 � (k+1)2(k+2−2α)D2 ⇔ G2(α,k)� 0.

� G2(α,k) ≡ −(k + 2)(k + 1)3[2k2 + (2n+ 3)k + 1] + 2(k + 1)[2k4 + (n+ 8)k3 − (n2 − 4n− 10)k2 +
(2n+5)k+1]α + k2(k+2)(n+ k)2α2.

� G2(0,k) =−(k+2)(k+1)3[2k2 +(2n+3)k+1]< 0,

G2(1,k) =−k[2k5 +2(n+4)k4 +(n2 +6n+12)k3 +2(2n+5)k2 +2(n+2)k+1]< 0.

� α = 0 G2(0,k)< 0 πB < πMA α = 1 G2(1,k)< 0 πB < πMA

� G2(α,k) 2 α 2 G2(0,k)< 0 G2(1,k)< 0

α ∈ [0,1] G2(α,k)< 0 πB < πMA

� WB WA

WB = [(k+1)3+nk(k2+(n+4)k+2)]a2

2((k+1)2+nk)2 (A.3)

WA = [n(k+1)2(n+k+2)−2(k+1)(n(n+k+1)−1)α−(1−n)(n+k+1)α2]a2

2((k+1)(n+k+1)−(n+k)α)2 (A.4)

� WB WA

� (a = 10, k = 1) WB = 50(n2+7n+8)
(n+4)2 , WA = 100[4n(n+3)−4(n(n+2)−1)α−(1−n)(n+2)α2]

2(2(n+2)−(n+1)α)2

◦ n = 1 WB = 32, WA = 100(2−α)
(3−α)2

◦ n = 2 WB = 36.111, WA = 200(10−7α+α2)
(8−3α)2

◦ n = 5 WB = 41.975, WA = 1722.4−2876.3α+1200α2

(6−5α)2

A.4 2

�

� (A.3), (A.4) WB �WA ⇔ H(α ,k)� 0;

H(α,k)≡(k+1)3[k4+2(n+2)k3+(n2+3n+6)k2−(n2−n−4)k+1]

−2(k+1)2[k4+2(n+2)k3+(n2+3n+6)k2−(n2−2n−4)k+1]α+[2k5+4(n+2)k4+(2n2+8n+13)k3+(8n+11)k2−(n2−3n−5)k+1]α2.

� α = 0 H(0,k) = (k+1)3[k4 +2(n+2)k3 +(n2 +3n+6)k2 − (n2 −n−4)k+1].
H(0,k) (n,k)
k n H(0,k)< 0 H(0,k)> 0.

n = 1,2 H(0,k)> 0 WB >WA.

� α = 1 H(1,k) = k2[k5 +(2n+5)k4 +(n2 +5n+11)k3 +(6n+13)k2 +2(n+4)k+2]> 0.

WB >WA.
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� α = 0.5 H(0.5,k) =
4k7+8(n+3)k6+2(2n2+14n+31)k5+4(n2+10n+22)k4−(2n2−24n−73)k3−(2n+5)(2n−7)k2−(n2+n−9)k+1

4

◦ k = 1 4H(0.5,1) = n2 +103n+296 > 0

◦ n = 1 4H(0.5,k) = 4k7 +32k6 +94k5 +132k4 +95k3 +35k2 +7k+1 > 0

◦ n = 2 4H(0.5,k) = 4k7 +40k6 +134k5 +184k4 +113k3 +27k2 +3k+1 > 0

◦ n = 5 4H(0.5,k) = 4k7 +64k6 +302k5 +388k4 +143k3 −45k2 −21k+1

k < 0.044 k > 0.328 H(0.5,k)> 0;

k ∈ (0.044,0.328) H(0.5,k)< 0.

◦ n = 10 4H(0.5,k) = 4k7 +104k6 +742k5 +888k4 +113k3 −325k2 −101k+1

k < 0.0096 k > 0.569 H(0.5,k)> 0;

k ∈ (0.0096,0.569) H(0.5,k)< 0.

◦ n = 20 4H(0.5,k) = 4k7 +184k6 +2222k5 +2488k4 −247k3 −1485k2 −411k+1

k < 0.0025 k > 0.728 H(0.5,k)> 0;

k ∈ (0.0025,0.728) H(0.5,k)< 0.

�

� 1 π0B +πB ≤ πMA ⇔ k((k+1)2 + k(k+2))E2 ≤ (k+1)2(k+2−2α)D2

⇔ I1(α,k)≡4(k+1)3[k4+(2n+1)k3+(n2+2n−4)k2+(n2−2n−6)k−2]

−8(k+1)[k5+(2n+1)k4+(n−1)(n+5)k3+3(n2−3)k2+(n2−n−5)k−1]α+4k(n+k)2[(k+1)2+k(k+2)]α2 ≤ 0.

k n
◦ α = 0.5 π0B +πB ≤ πMA

⇔ I1(0.5,k) =4k7+4(2n+3)k6+2(2n2+12n+1)k5+4(3n2+5n−9)k4

+(10n2−67)k3+2(2n2−5n−28)k2+(n2−4n−24)k−4 ≤ 0.

� 2 πB ≤ (1−α)πMA ⇔ k2(k+2)E2 ≤ (1−α)(k+1)2(k+2−2α)D2

⇔ I2(α,k)≡ −4(k+2)(k+1)3[2k2+(2n+3)k+1]

+4(k+1)[k6+(2n+7)k5+(n+4)(n+6)k4+(3n2+20n+46)k3+(22n+45)k2+(8n+21)k+4]α
−4[2k6+(4n+11)k5+2(n2+7n+14)k4+(3n2+20n+40)k3+2(8n+15)k2+4(n+3)k+2]α2 ≤ 0.

◦ α = 0.5 πB ≤ (1−α)πMA ⇔ I2(0.5,k)
=2k7+2(2n+3)k6+(2n2+12n−1)k5+6(n2+n−4)k4+(3n2−8n−42)k3−2(6n+17)k2−2(2n+7)k−2 ≤ 0.

� (a = 10, α = 0.5)

◦ n = 1 I1(0.5,k) = 4k7 +20k6 +30k5 −4k4 −57k3 −62k2 −27k−4

I2(0.5,k) = 2k7 +10k6 +13k5 −12k4 −47k3 −46k2 −18k−2

◦ n = 2 I1(0.5,k) = 4k7 +28k6 +66k5 +52k4 −27k3 −60k2 −28k−4

I2(0.5,k) = 2k7 +14k6 +31k5 +12k4 −46k3 −58k2 −22k−2

◦ n = 5 I1(0.5,k) = 4k7 +52k6 +222k5 +364k4 +183k3 −6k2 −19k−4

I2(0.5,k) = 2k7 +26k6 +109k5 +156k4 −7k3 −94k2 −34k−2

◦ n = 10 I1(0.5,k) = 4k7 +92k6 +642k5 +1364k4 +933k3 +244k2 +36k−4

I2(0.5,k) = 2k7 +46k6 +319k5 +636k4 +178k3 −154k2 −54k−2

◦ n = 20 I1(0.5,k) = 4k7 +172k6 +2082k5 +5164k4 +3933k3 +1344k2 +296k−4

I2(0.5,k) = 2k7 +86k6 +1039k5 +2496k4 +998k3 −274k2 −58k−2

A.5 2

�

� m = n
m+

√
m = n+

√
n > n

� m = n−1 n−m+1 = 2 (n ≥ 3)

m+
√

m = n−1+
√

n−1 > n ⇔√
n−1 > 1.

n = 2
√

n−1 = 1 m = n−1 = 1

n ≥ 3
√

n−1 > 1 2
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� m = n−2 n−m+1 = 3 (n ≥ 4)

m+
√

m = n−2+
√

n−2 > n ⇔√
n−2 > 2.

n > 6
√

n−2 > 2 3

� m = n−3 n−m+1 = 4 (n ≥ 5)

m+
√

m = n−3+
√

n−3 > n ⇔√
n−3 > 3.

n > 12
√

n−3 > 3 4

� m = 3 n−m+1 = n−2 (n ≥ 3) 3+
√

3 > n.

n = 3,4 m = 2

3,4

� m = 2 n−m+1 = n−1 (n ≥ 2) 2+
√

2 > n.

n = 2,3 m = 2

2,3

� m n
n
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