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Abstract

The antitrust regulator often imposes a merger remedy on a horizontally merged firm in
order to remove the anti-competitive effect of the merger. From the economic viewpoint, a
merger remedy is a kind of regulatory constraint. This paper analyzes how various kinds
of regulatory constraints affect the merged firm’s profit in the linear demand model. We
show that various forms of regulatory constraints are replaced by the simple total supply
constraint. We graph the relationship between regulatory constraints and the corresponding

total supply constraint.
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1 Introduction

In the drastic change to the current economic environment caused by globalization, borderless
mergers and acquisitions (M&As) have tended to increase since the 1990s, and antitrust regu-
lators have been concerned about their anticompetitive effect. In many cases, in exchange for
permission for multiple firms in the same market to merge horizontally, the antitrust authority
implements a merger remedy in order to remove the anti-competitive effect of the merger.

Merger remedies are structural and behavioral means available to the antitrust authority
to remedy competitive detriments resulting from mergers. If the merged firm obeys merger
remedies under which the same competitive conditions as before can be guaranteed, the merger
is conditionally allowed by the antitrust authority.

In real accepted practices for horizontal mergers, there are many cases in which the antitrust
authority imposes merger remedies. For example, the Japanese Fair Trade Commission (FTC,
Kousei-torihiki-iinkai) has publicly revealed several issues it raised regarding mergers from 1998
to 2006. Out of a total of 27 cases, 6 merger plans were not approved and 21 cases were permitted
with implementation of a merger remedy.

A representative example of the implementation of merger remedies is the merger between
JAL (Japan Airlines) and JAS (Japan Air System) in the Japanese airline industry. In October
2002, an announcement of the implementation plan for management integration between JAL
and JAS was presented. If this merger is realized, the three flag carriers in the Japanese airline
industry will decrease to two, including another flag carrier, ANA (All Nippon Airways), and
Japan’s international airline market becomes a duopoly. The Japanese FTC notified both parties
to the merger that it may possibly infringe on antitrust laws (Dokusen-kinshi-hou). In response
to the notification, JAL and JAS jointly proposed the following improvement plan to the FTC

in order to avoid the competition-reducing effect of the merger.

1. To reduce the normal fares of all main airlines by a uniform 10% and to freeze price

increases for at least three years

2. To expand the number of airline routes in which discount fares are applied by advance

purchase of discount fares
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The above improvement plan consists of two merger remedies. The first remedy prevents
price increases, and the second prevents the reduction of airline routes. Scrutinizing this im-
provement plan, the FTC judged that there was no need for apprehension about substantial
competitive restriction, and the FTC approved the merger. In this M&A, although the firms
devised a voluntary improvement plan to avoid competitive restrictions, the firms could never
merge if they had not submitted a proper and substantial improvement plan to the FTC. Thus,
it is a necessary condition for the merging firms to submit merger remedies in order to allow the
FTC to integrate the firms.

In another case in the international airline industry, although not a horizontal merger, the
FEuropean Commission approved the alliance between Austrian Airlines and Lufthansa by im-
plementing merger remedies in May 2001. This was similar to the improvement plan imposed
on JAL and JAS. The Commission Notice of the European Commission guides merger remedies
in the EU. In the US, the Horizontal Merger Guidelines of the Department of Justice (DOJ)
and Federal Trade Commission (FTC) guide merger remedies. In almost all countries where
the post-merger firm carries out merger remedies, horizontal mergers that might restrict market
competition are approved by the competition authority.!

From the economic viewpoint, a merger remedy is a kind of regulatory constraint. As most
actual merger remedies are status quo provisions, we can regard the merger remedy as a welfare
constraint on the post-merger firm, under which the level of social welfare that existed before
the merger is guaranteed. We examine how the merger approval under the welfare constraint
affects the merged firm’s profit in the linear demand model.

In general, the antitrust authority imposes various forms of regulatory constraints on the
merged firm, because it has additional concerns besides social welfare. In the case of the merger
between JAL and JAS, price regulation and quantity constraint are imposed in order to maintain
airfares and service levels for passengers. As the consumer’s surplus must be maintained at
least the level before the merger, this merger remedy is considered as a status quo provision
regarding consumer surplus. The form of the merger remedies or regulatory constraints that the
competition authority implements will influence the decisions of firms that attempt to integrate

as well as the merged firm’s profits. We analyze how various forms of regulatory constraints affect

! See Motta (2004, Ch.5) for the survey and case studies on merger remedies in the US and the EU.
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the merged firm’s profit in the linear demand model. We show that various forms of regulatory
constraints are replaced by the simple total supply constraint. We graph the relationship between
the regulatory constraints and the corresponding total supply constraint.

The remainder of this article is organized as follows. Section 2 describes the model. Section
3 presents the Cournot-Nash equilibria under the pre-merger, the post-merger without any
regulatory constraint, and the post-merger with the total supply constraint. In Section 3, we
make the comparison between the pre-merger equilibrium and the post-merger one. Section 4
examines how various regulatory constraints affect the firm’s profit and social welfare in the

post-merger equilibrium. Section 5 presents the concluding remarks.

2 The Model

In this section, we present a model for a horizontal merger under the Cournot-quantity competi-
tion, using standard oligopoly theory. Suppose there is a market for a homogeneous product with
n identical firms.? Firms engage in market competition in the form of the Cournot-quantity com-
petition. When a horizontal merger occurs, the number of firms that participate in the merger
is denoted by k € [2,n].

Let us specify notations. ¢; denotes firm ’s individual output and @ = >_"" | ¢; is the total
supply. It is assumed that the demand function and the cost function are linear. Suppose that
the utility level of the representative consumer in the market is defined by U(Q) = aQ — %QQ;
a > 0,b > 0. The inverse demand function is denoted by p(Q) = a — bQ. 3

The firms have identical linear cost functions, C;(¢;) = cg;, where ¢ is the constant marginal
cost and we assume a > ¢. There is no fixed cost; that is, there is no economy of scale for firms.

Firm 4’s profit is denoted by mi(¢;) = (p(Q) — ¢)¢;, where Q_; = >>,,;¢j = @ — ¢;- The
consumer’s surplus (CS) and the producer’s surplus (PS) are defined by C'S = U(Q) —p(Q)Q =
gQQ and PS =" m = (p(Q) — ¢)Q, respectively. The social welfare, which is the sum of CS
and PS, is denoted by W = CS + PS = (a — ¢)Q — Q.

2 For analytical simplification, we abstract the integer problem on the number of firms from the following
analysis. Although n is dealt with as a positive real number in our paper, the essential results remain unchanged

even when n is limited to being an integer.
3 Tt is immediately satisfied that U(Q) = fOQ p(q)dg.



Kojun Hamada + Yasuhiro Takarada:Horizontal Merger and Merger Remedies in Antitrust Law 19

3 Derivation of the Equilibrium

In subsection 3.1, the pre-merger Cournot-Nash equilibrium is derived. In subsection 3.2, the
post-merger equilibrium without any regulatory constraint is derived and in subsection 3.3, the

post-merger equilibrium with the total supply constraint is derived.

3.1 The pre-merger equilibrium

There are n identical firms before the merger. The first-order condition (f.o.c.) of firm i €
{1,--+,n}, which maximizes its profit, m;(¢;; @—;) = (p(Q) — ¢)¢;, is as follows:

37Ti((g;iQ*—i) =a—bQ —c—bg =0. (1)
Equation (1) is the reaction function of firm i. As n firms are identical, the individual output

level is identical, which is defined by ¢ = ¢;; (1) is rewritten as follows:
a—bQ —c—bg=0. (2)

Multiplying (2) by n and substituting ) = ng into (2), total supply is obtained:

n(a —c)

© bt

By q = Q, the individual output level is as follows:
n

q= b(niji—l) (4)

The pre-merger equilibrium is calculated as the Cournot-Nash equilibrium with n identical
firms, which depends on the total number of firms, n. In the following, the variables in the
pre-merger equilibrium are denoted by a superscript, as in 27"¢ = x(n). The calculation result

is shown in Table 1.

3.2 The post-merger equilibrium without any regulatory constraint

If k& firms participate in the merger, there are (n — k + 1) identical firms after the merger under
no regulatory constraint. The post-merger equilibrium with (n—k+ 1) identical firms is different

from the pre-merger one only in the number of firms. Thus, the post-merger equilibrium without
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Table 1: The pre-merger equilibrium

output ¢ = ) = gty

total supply Qe =Q(n) = Z((s;ﬁ

price =) = 855 e

it | i
consumer’s surplus | C'SP"¢ = CS(n) = %
producer’s surplus | PSP = PS(n) = %
social welfare WPre = W(n) = %&)ﬁ;?

any regulatory constraint can be immediately calculated by replacing the number of firms in
the pre-merger equilibrium from n to (n — k 4+ 1). As regarding the number of firms in market

competition, see Figure 1.

Before the Merger After the Merger

(n - k) identical
non-merged firms

merged firm
n identical firms (n - k + 1) identical firms

Figure 1: The number of firms before and after the merger without any regulatory constraint

We summarize the calculated result of the post-merger equilibrium without any regulatory
constraint in Table 2. The variables in the post-merger equilibrium without any regulatory
constraint are denoted by a superscript, as in 275 = x(n — k + 1).

We examine whether or not the horizontal merger is profitable for merging firms under no
regulatory constraint. Salant, et al. (1983) first show the well-known result of the profitability

of horizontal merger under the Cournot oligopoly. Hamada and Takarada (2007) reconsider this
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Table 2: The post-merger equilibrium without any regulatory constraints

output Pt =qn—k+1)= =)

total supply Qrst=Qn—k+1) = (n;(itilk)j_‘gc)

price PPt =pn—k+1)= 25 +c

profit st =g(n—k+1) = %

consumer’s surplus | CSPt = CS(n—k+1) = %
producer’s surplus | PSPt = PS(n —k+1) = %
social welfare Wrest =W(n—k+1) = (nikglb)((::kk_:;)z(aicy

result and amplify the so-called at least 80% market share rule and its derivation in detail.
The firms have an incentive to merge if the profits of the post-merger firm exceed the sum of
the pre-merger firms’ profits. If the merger of k£ firms is profitable, the following equation must

be satisfied:
tn—k+1)>kr(n) e m+1)2>kn—k+22on<k+Vk—1 (5)
From (5), the following proposition is obtained.

Proposition 1. No merger involving less than 80% of the firms in the industry is privately

profitable.

Proof. The proof is consistent with that in Hamada and Takarada (2007). (5) is the necessary and
sufficient condition for a profitable merger. The market share of the merged firm which is evaluated
under the pre-merger equilibrium is represented as % by using the number of firms. By (5), the market

share for the profitable merger must satisfy the following inequality:

k k
— < —. 6
k+vVk—1"n ©)
Denote the least share for a profitable merger by s(k) = ﬁ The first and second derivatives of s(k)
are s'(k) = (ki/;% and s (k) = w Solving the first-order condition on s(k) with regard

to k, s'(k) = 0, k = 4 is obtained. Because the second-order condition, s"(k) > 0, is satisfied under
any k in the neighborhood of E, % is a local minimum value. Moreover, s(k) is strictly decreasing when

0 <k <k (s'(k) <0) and it is strictly increasing when k > k (s'(k) > 0 respectively). Thus, k=4is
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the unique global minimum value. The minimum of the share is s(E) = 4/5, where is obtained when the

number of firms is n = 5 and the number of merging firms is k=4. O

It is obvious that any horizontal merger is welfare-deteriorating. As the social welfare is
W(Q) = (a—¢)Q — 5Q?, it is satisfied that W/(Q) = a — bQ — ¢ = p(Q) — ¢ > 0 under the
positive profit margin when the market is an imperfect competition. Any merger decreases with

total supply because Q(n) = Z((;:J:fg is an increasing function with regard to n and any merger

decreases with the number of firms.
Therefore, without any regulatory constraint, all horizontal mergers decrease social welfare
as well as consumer’s surplus. From the viewpoint of antitrust law, no mergers should be

permitted.

3.3 The post-merger equilibrium with the total supply constraint

Suppose that the antitrust authority imposes a total supply constraint on the post-merger firm.
Under the total supply constraint, a horizontal merger is permitted by the antitrust authority
if the total supply is maintained at the same level as it was before the merger.

If k firms participate in the merger, there are a merged firm and (n — k) identical non-
merged firms after the merger under this regulatory constraint. The merged firm is not identical
with other non-merged firms because the merged firm maximizes its profit only by taking the
total supply constraint into consideration. The post-merger equilibrium with the total supply
constraint is different from the pre-merger one in both the number of firms and the heterogeneity
of the post-merger firm. Thus, if £ firms participate in a merger, the number of firms becomes
(n — k + 1) in the post-merger equilibrium, although the homogeneity between the merged
and non-merged firms is lost after the merger. As regarding the number of firms in market
competition, see Figure 2.

Since the firms are identical before the merger, suppose that in firm ¢ € {1,--- n}, firm
i € {1,n — k} denotes non-merged firms and firm i € {n — k + 1,---,n} denotes the merger
participants, without loss of generality. The merged firm and (n — k) identical non-merged firms
compete in a Cournot-quantity manner.

The total supply constraint that is imposed on the merged firm by the antitrust authority is

as follows: @ > @QP"°. The merged firm solves the following profit maximization problem with
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Before the Merger Atfter the Merger

(n - k) identical
non-merged firms

merged firm
n identical firms (n - k + 1) non-identical firms

Figure 2: The number of firms before and after the merger with the total supply constraint

the welfare constraint with regard to ¢"* as follows:

max " (¢" Q-m) = (a —c—b(q" + Q-m))qd™; st. Q=>QP°=Q(n), (7)

qm>0

where Q_,, = ?:_f ¢ = Q — q™. Total supply is Q = ¢™ + Q™.

By using the Lagrange multiplier method, the f.o.c. of the merged firm is written as follows:

L(g™A) = (a—c—=b(g" + Q-m))g™ + A(¢" + Q-m) — Q"); (8)
Lgf;; Y e b+ Q) —bg 4 A=, (9)
MQ - QP) =0, (10)

where A > 0 is a Lagrange multiplier. (10) is a complementary condition.

By (9), the reaction function of the merged firm is given as follows:

¢" = R™(Q ) = “*C*g?*m+A. (11)

On the other hand, the identical non-merged firm i € {1,---,n — k} solves the following

profit maximization problem with regard to ¢; as follows:
lg_lggm(qi;Q—i) =(a—c—=b(g; + Q-i))a, (12)

where Q_; = Zj;ﬁi,je{l,w,n—k} qj +q¢" = Q — g;. By the fo.c. for the non-merged firm, the
reaction function of the non-merged firm is obtained as follows:

a—c—bQ_;

¢ = Ri(Q-i) = 5%

(13)
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Since (n — k) non-merged firms are identical, the non-merged firm’s output level is also identical.
Thus, the identical output level and the sum of the non-merged firm’s output are denoted as
qg=g¢ and Q_; = (n — k — 1)g + ¢, respectively. The reaction function of the representative
non-merged firm to ¢ is rewritten as follows:

a—c—bqg"

q=R(q") = bn— k4 1) (14)

Qm = (n—k)g = Q_p, = LM s satisfied.

By solving simultaneous equations (11) and (14), the post-merger equilibrium with the wel-

fare constraint is obtained as follows:

(I+XN(a—rc) a—c
(m—k+2+X)"bn—k+2+\)

"0 =G ) (15)

Total supply is Q@ = ¢ + (n —k)q = %. If the total supply constraint is binding, A
is determined as a non-negative value by the complementary condition:
0= Qe e (n—k+1+XN(a—rc) _ n(a —c)
bn—k+24\) b(n+1)

SA=k—1 (16)

Substituting A = k — 1 into (15), we obtain the post-merger equilibrium with the welfare con-

straint.
kla—c) a-—c
b(n+1)" b(n+1)

The merged firm’s output and profit are denoted as ¢™ and 7. Other variables in the

(@™ q) = ( ). (17)

post-merger equilibrium with the total supply constraint are denoted by the superscript with a
hat, as in zPost.

The post-merger equilibrium with the total supply constraint is shown in Table 3.

The merged firm’s output and profit are greater than those of non-merged firms, §™ = kg%
and 7™ = k7Pst. As the number of merger participants increases, the merged firm’s output and
profit increase because ¢™ is a strictly increasing function with regard to k. Moreover, if and
only if g™ % @ziosf and 7" % (n — k)TPost, k % . Thus, if and only if the number of merger
participants is larger than half of the total number of firms before the merger, the merged firm’s

output and profit are greater than the sum of the output and profit of the non-merged firms.
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Table 3: The post-merger equilibrium with the total supply constraint

merged firm’s output " = ]Z((Z;fg
non-merged firm’s output | g7t = %

total supply @p ost = Z((ﬁfg

price Pt = T te
merged firm’s profit T = ]Z((Zj_fgz
non-merged firm’s profit | 7Pt = b((?;cl);
consumer’s surplus égpmt = %
producer’s surplus I/DEPOSt = Z{,‘j;fii
social welfare Wrost — %

Note that the equilibrium variables except for the merged firm’s output and profit do not
depend on the number of merger participants. Under the total supply constraint, the merged
firm must recover the pre-merger total supply level by its own output expansion against the
output reduction by the non-merged firms. This implies that the merged firm imitates the
pre-merger individual firms in order to recover the pre-merger output completely.

Now, we examine whether or not the merger is profitable under the total supply constraint.
The firms have an incentive to merge if the profit of the merged firm exceeds the sum of the
pre-merger firm’s profit. If the merger by k firms is profitable, the following inequality must be
satisfied:

= (p(QP) — ™ = k" = K(p(Q") — ). (18)

From the above result with regard to profits, the following proposition is immediately obtained.

Proposition 2. In the case of the total supply constraint, it is always indifferent for any firms

to merge.

Whether firms merge or not is always indifferent. If the antitrust authority imposes the total
supply constraint for the merged firm to maintain the pre-merged welfare and this constraint is
binding, any merger is indifferent for the merged entity and leads to the same welfare as before.

This result implies that even if the merger may not be profitable, without the total supply
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constraint (in a possibly realistic case in which the “at least 80% rule” is not satisfied), the firms
can always avoid the unprofitable merger in a weak sense by imposing the constraint. Thus the
total supply constraint imposed by the antitrust authority may enlarge the opportunity for the
firms to merge, in a paradoxical way in which Salant, et al. (1983) suggest that most mergers
are unprofitable.

As (18) is always satisfied with equality, whether or not to merge is always indifferent for
firms under the total supply constraint. As a result, unlike the first impression, it is possible
that the merged firm’s profit with the total supply constraint is greater than that without the

constraint.

3.4 The comparison among the equilibria

In this subsection, we compare the pre-merger equilibrium and the post-merger equilibrium with

and without the total supply constraint. The comparison is summarized in Table 4.

Table 4: The comparison among the equilibria

output gPre = grost < grost < gm
total supply Qrre = Qrost > Qrost

price pPTe = prost < ppost

profit TPTE — FPOSt < ppost ppre o Zm

———post

consumer’s surplus | CSP™ = CS > CSPost

——post
producer’s surplus | PSP = PSS’ < pgrost

social welfare Wrre = JWpost s jy/post

It is obvious that the pre-merger equilibrium is equivalent to the post-merger one with
the total supply constraint. As total supply remains unchanged by the merger under this
constraint, that is, @pOSt = P, price, CS, PS, and welfare in the post-merger equilibrium with
the total supply constraint are the same as that of the pre-merger equilibrium. As the merged
firm’s output increases and the non-merged firm’s output remains unchanged, the increase of

production by the merged firm just countervails the reduced production due to the decrease of
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the number of firms as a result of the merger. The merged firm obtains greater profit compared
with the pre-merger profit.

Comparing the post-merger equilibria with and without the total supply constraint, we
obtain ¢P** < g™.* The merged firm’s output with the total supply constraint is greater than
that without the constraint. On the contrary, the non-merged firm’s output with the total supply
constraint is smaller than that without the constraint. As the constraint requires @p”t = Qrre,
it is immediately obtained that QP! < QPost. By QPost < QPest, the profit margin, CS, PS, and

welfare can be easily compared.

VIIA

Regarding the profit of the merged firm, if and only if (n + 1)? = k(n — k + 2)2, 7Post § T
is obtained. Note that this condition is the converse of (5). Which profit of the merged firm is
greater in both cases depends on the relative size of (n, k). The larger the value of k, the smaller
is the profit of the merged firm under the constraint. If the market share of the merged firm
is greater than 80%, as shown in Proposition 1, the merged firm’s profit under the constraint
is smaller than that under no constraint. In other words, if many firms do not participate in
merger, the merged firm prefers enforcing the antitrust authority to impose the total supply
constraint to no regulation. Contrary to our first impression, it is shown that the merged firm’s
profit with the constraint is greater than that without the constraint.

As 7Post > 7Post the non-merged firm’s profit necessarily decreases by imposing the total

supply constraint.

4 Various forms of regulatory constraints

In this section, we examine what happens when the antitrust authority imposes various forms of
regulatory constraints on the merged firm. We show that various forms of regulatory constraints

can be rewritten by the total supply constraint.
4.1 Direct control of the merged firm’s output or profit
Suppose that the antitrust regulator controls the merged firm’s output or profit directly. If the

k(a—c)
b(n+1)°

minimum output level of the merged firm is regulated to ¢ > kg™ = the merged firm

4 ) ost __ (k=1)(n—k+1)(a—c)
"= = e > O
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chooses the output level P! = kq¢P™® in order to maximize its profit. The total supply becomes
@pOSt = P"¢ and the same post-merger equilibrium as that under the total supply constraint is
replicated.

Likewise, if the regulator designates a ceiling profit level for the merged firm, by imposing

2
wPost > fppPre — IZ((;;;;?’ the merged firm chooses the output level gP°*! = kqP® in order to max-

imize its profit. The total supply becomes @pOSt = QP and the same post-merger equilibrium

as the one that existed under the total supply constraint is replicated.

4.2 Price constraint

Suppose that the regulator imposes a price constraint on the merged firm. As p(Q) = a — bQ,
apparently, the same post-merger equilibrium as the one that existed under the total supply
constraint is replicated by imposing the price ceiling constraint, p < pP™®, because p(Q) < pP"c,
if and only if Q > QP"°.

4.3 CS constraint

Suppose that the regulator imposes a consumer’s surplus (CS) constraint on the merged firm.
In other words, when a regulator who respects only the consumers approves mergers, the post-

merger CS must not fall below the pre-merger one. The CS constraint is rewritten as follows:
Te b 2 b reN2 re
0S(Q) > 057" & 2Q7 > L(Q") & Q> Q7. (19)

Thus, the CS constraint is equivalent to the total supply constraint, which is analyzed in the

above section. The CS constraint is graphed in Figure 3.

4.4 PS constraint

Suppose that the regulator imposes a producer’s surplus (PS) constraint on the merged firm.
When a regulator who respects only the producers approves mergers, the post-merger PS must

not decline with respect to the pre-merger one. The PS constraint is rewritten as follows:

PS(Q) = PS™ & (a— )@ —4Q* = M=) o, A= n(a—c)

12 T bt = (20)
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a—c

The lower bound of the total supply constraint is always less than the monopoly output, Bt 1) <
Q(1) = %°. As the PS constraint is not actually binding, the post-merger equilibrium under the
PS constraint is equivalent to the post-merger equilibrium without any regulatory constraint.

See Table 2 and Figure 4.

CS =n’(a - ¢)*/2b(n+1)y>?

p=(atnc)/(n+1)f---cooooooo2
Total supply constraint
/

—~/_

n(a—c)/b(n+l) a/b

Figure 3: CS constraint

PS=n(a - c)*/b(n+1)

(unbinding)

p=(a+nc)/(n+1)faeecqme o Total supply constraint

0 B " a/b
(@=c)/b(n+1)  na—c)/bn+1)

Figure 4: unbinding PS constraint
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4.5 Welfare constraint

Suppose that the antitrust regulator imposes a welfare constraint on the merged firm. The
post-merger social welfare must not decline with respect to the pre-merger one when a regulator
who is concerned about social welfare approves mergers. The welfare constraint is rewritten as
follows:

nn+2)(a—c)? nla—rc)

(n+2)(a—c)
%(n+ 12 bntl)

b(n+1)

W(Q) > W7 & (a— )@~ 2Q° > <qQ< (1)

However, as the welfare is maximized at the quantity level of the perfectly competitive market,
the interval of total supply that the regulator sets does not exceed the total supply under perfect
competition, i.e., Q < “z°. In the interval of 0 < Q < %3¢, W(Q) is a strictly increasing function
for all @ € [0, %;¢). Thus, under the welfare W (Q) > WP, the proper interval of total supply is
2((37;8 < Q < %;°. Under this interval of total supply, profit margin is positive, i.e., p(Q)—c > 0.
Since each firm prefers that total supply be as small as possible, the binding welfare constraint is
reduced to the total supply constraint, QQ = QP"¢. Thus, the profit maximization problem under
the welfare constraint is the same as the one that existed under the total supply constraint. The
total supply constraint is graphed in Figure 5.

MR=a-bQ - bgi=a-bQ(n+1)/n

CS=n*(a - c)*/2b(n+1)

PS=n(a-c)*/bn+1)

p=(atnc)/(n+1) famemeaacaadon

c

n(a — c)/b(;lﬂ) (n+2)(av— ¢)/b(n+1)

Figure 5: Welfare constraint
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4.6 Generalized welfare constraint

Suppose that the regulator imposes the constraint that the post-merger welfare must exceed the
100 x « percentage of the welfare before the merger when it approves mergers. The generalized
welfare constraint that the regulator imposes on the merged firm is denoted as follows: W >
aWPre where the weight, a(> 0), is exogenously determined by reflecting public opinion.

Note that if « is sufficiently larger than unity, there is no equilibrium under the generalized
welfare constraint. If the severer welfare constraint exceeds the maximum value of welfare under
the perfect competitive market, i.e., aW?"® > maxg W(Q), there is no equilibrium that satisfies
the profit maximization problem under this constraint. In order that there exists an equilibrium,

2
it is necessary that « is not sufficiently large. It is assumed that « < ma’;gprvz@) = SZLPQ) On

the other hand, if « is sufficiently small, WPt > oWP" is automatically satisfied and the

constraint does not bind. As WPt > qWWPre & (n—kgll))((::kkrs)z(a—c)? > an(g;(i)ﬂ)_;y S a<
(n+1)2(n—k+1)(n—k+3) . _ (n+1)?(n—k+1)(n—k+3)
n(n+2)(n—k+2)?2 sifa< a(n’ k) = n(n+2)(n—k+2)2

The generalized welfare constraint can be interpreted as a total supply constraint as follows:

, the welfare constraint is unbinding.

an(n +2)(a — ¢)?
2b(n +1)2

W(Q) > aWP® & (a—c)Q — gQQ > &£ Q<Q<Q, (22)

n+1—4/(n+1)2—an(n+2))(a—c) — _ (nt+144/(n+1)2—an(n+2))(a—c)
b(n+1) and @ = b(n+1) :

By the similar argument of subsection 4.5, as the welfare is maximized at the quantity level

where Q = (

of the perfectly competitive market, the proper interval of total supply is @ < Q < “=. Under
this interval of total supply, the welfare constraint is reduced to the total supply constraint,
@ > Q. Thus, the profit maximization problem under the welfare constraint is the same as that

under the modified total supply constraint. The total supply constraint is graphed in Figure 6.

Note that QP"¢ = Z((ZJ:S % Qe a § 1. Thus, when o < 1 or a > 1, the generalized welfare
constraint becomes looser or tighter, respectively, than the full-fledged welfare constraint. Under
the looser welfare constraint (o < 1), total supply is smaller than that before the merger. On
the other hand, under the tighter welfare constraint (o > 1), total supply is greater than that

before the merger. The qualitative characteristics of the constraint remain unchanged.
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CS =n*(a—-c)*/2b(n+1)

PS=n(a - cy’/b(n+1)y>?

Total supply constraint
p=(a+nc)/(n+1) fammmmmacaoool PPl

c

na-c)/b(ntl)  (n+2)a—c)/bn+l)

Figure 6: Generalized welfare constraint

4.7 Generalized CS constraint

Suppose that the regulator imposes a generalized CS constraint on the merged firm. When the
regulator who is primarily interested in the effect of the merger on consumers approves mergers,
the post-merger CS must not decline 100 x § percent of the pre-merger one. The generalized

CS constraint is as follows:

Bb _, 2n(a — c)

0S(Q) > OS™ & L7 > T2 e @ > @09 = 1100 (23)

1
Note that if and only if 3 < 1, Z((ZI—S > ﬂz(:;(ﬁl_)c). When 3 < 1 or 3 > 1, the generalized CS

constraint becomes looser or tighter, respectively, than the full-fledged CS constraint, although

the qualitative characteristics remain unchanged.

nt+l1—y/(n+1)2—an(n+2))(a—c) QCS
b(nT1) =" = T

UARSRY (n+71L)22_an(n+2))2 (> 0) is satisfied. Therefore, if § is determined in order to satisfy that
n - n 27(1” n 2
8 = Bla) = (n+1-4/( +122 (n+2))

that of the generalized welfare constraint. > See also Figure 7.

Furthermore, if and only if @ = (

, the generalized CS constraint is in essence the same as

 If B = B(«) is satisfied, « satisfies that a = a(8) = W(> 0). «(B) is the inverse function of 3(«).
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CS=n’(a-c)y/2b(n+1)y>?

=(atnc)/(n+1)f--cccooooe

Total supply constralnt

; //B>1
0 CS T

_n(a—g)/b(n+l) \B<1

c

NI I

Figure 7: Generalized CS constraint

4.8 Generalized PS constraint

Suppose that the regulator imposes a generalized PS constraint on the merged firm. When the
regulator who primarily interested in the effect of the merger on producers approves mergers,
the post-merger PS must not decline 100 x v percent of the pre-merger one. The generalized PS

constraint is as follows:

PS(Q) = /PS"™ & (a - 0)Q — bQ? > m eQ << (24)
n+l—+/(n+1)2—4yn)(a—c —PS n v (n+1)2 n)(a—c)
where Q7% = e (213271L)+1)47 = ana @7 = (2:71L+1)4’Y :

Note that if 7 is sufficiently larger than unity, there is no equilibrium under the generalized
PS constraint. If a tight generalized PS constraint exceeds the monopoly profit, i.e., yPS >
PS(1), there is no equilibrium. In order that there exists an equilibrium, it is necessary that

Dq : . PS(1 +1 PS(1 +1)2
YPS < PS(1), if and only if v < # = (ol 2 Tt is assumed that y < ( ) - (ot

If and only if v < 1, Q PS < o and Q ”((;;3 are satisfied. Thus, when v < 1 or
~v > 1, the generalized PS constraint becomes looser or tighter, respectively, than the full-fledged
PS constraint. When v < 1, the generalized PS constraint is not binding and the equilibrium is

the same as that without any regulatory constraint. When v > 1, the lower bound of the total

supply constraint, Q7% < Q(1) = %3¢, is always satisfied. As PS(1) = (a C) > 7?£i13)22 under
(n+1)

, the generalized PS constraint is not binding if Q(n — k + 1) = % < Q

Qn—k+1)= % < Q" if and only if v < (”Z(Q_(£+2]€)J2rl)(< (”2) ). Thus, only if

v <
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(n+1)2(n—k+1)

v is sufficiently high, i.e., v > W=k T2)?

, the PS constraint is binding. The generalized PS

constraint is rewritten by @ = @PS.G See also Figure 8.

PS=n(a—-c)’/b(n+1)y>

1

1

1 .

' Total supply constraint

i (If ~ is sufficiently large,
p=(a+tnc)/(n+1)fammmgmmnnnmmo constraint is binding.)

1

1

1

L

1

0 AHprss

1

(@-c)/bn+l) nla—c)/bn+l)

Figure 8: Generalized PS constraint

4.9 Weighted CS and PS constraints

Finally, we consider the weighted CS and PS constraints. Suppose that the objective of the
antitrust authority is the average-weighted function between CS and PS. The averaged weight
between CS and PS after the merger must not decline to what it was before the merger when it

approves mergers. The weighted CS and PS constraints are as follows:
BCS(Q)+~vPS(Q) > BCSP® + ~PSPre. (25)

When (5,7) = (8, ), this constraint is equivalent to the welfare constraint: W(Q) > WP,
When (3,v) = (8,0), this constraint is equivalent to the CS constraint: C'S(Q) > C'SP™®. When
(B,7) = (0,7), this constraint is equivalent to the PS constraint: PS(Q) > PSP™®. We can
confine the argument to 0 < 4 < 1,7 =1 — 8. The reason is that under any (3,7) > (0,0), by
redefining B = ﬂ’% and y = ﬁvaw (B, ¥); E + 7 = 1 is satisfied under the redefined constraint:

SHowever, such a situation is quite a specific and unrealistic one, because the regularity authority has the
regulation policy under which total supply is required for all firms to be under-provision up to the neighborhood
of monopoly output level. It seems that such a regulatory policy is hardly realistic. The situation in this subsection

is only a virtual calculating example but does not have any real economic reasoning.
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BCS(Q) +yPS(Q) > BCSPre + yPSPe < BCS(Q) +7PS(Q) > BCSPre + 3PSPe. Thus, it is
assumed that 0 < <1,v=1- 3 w.lo.g.

The weighted CS and PS constraints are rewritten as follows:

BCS(Q) + (1 —pB)PS(Q) > CSP™ + (1 — B)PSPre

b n((n —2 2)(a — ¢)?
(1= p)a- 0+ 569 -2 > M BIERE

(26)

In the following, we classify (26) with regard to the relative size of ( into five cases in
order to examine the weighted CS and PS constraints. First, when 3 € (2,1] (Case (i)), where

the weight to CS is relatively large, (26) is rewritten as follows: Q@ < Q" or @ > Q", where

Qv = -T2 < 0 and @ = 4 > 0. As QY < 0 .and @” > 0, the binding
constraint is Q > Q" ((T‘: cg Thus, in Case (i), the constraint is the same as the total supply

constraint, ) > QP"°.

When 3 = 3 (Case (ii)), (26) is rewritten as follows: Q > Q". Thus, also when § = 2, the
constraint is the same as the total supply constraint.

When 3 € [0, 7) (Case (iii)), where the weight to PS is relatively large, Q* = —% >
0 and Q" = "(a ) > 0 are satisfied. If and only if Qv % QY, (26 -1)n+(1—-0) % 0, which

n+1)
As

is equivalent to ﬁ = - 1 2n_ % for all n > 2, if § > %, QY > @w is satisfied regardless

of n. " When 3 € (35, %) (Case (iii)-1), the constraint is rewritten as Q"<Q< QY. As the
upper bound is not actually binding, the constraint is @) > Q" = %,
L (Case (iii)-2), Q¥ = Q" is satisfied and the

L) (Case (iii)-3), Q" < Q" is satisfied and

which is equivalent
to the total supply constraint. When g =
constraint is Q = Q" = Z((:L”+8 When 3 € [
the constraint is Q' < @ < Q". As the lower bound is not actually binding, the constraint is

’2n1

Q<Q"= "(T‘Z +1Cg which is equivalent to the PS constraint. In Case (iii)-3, the equilibrium is

equivalent to that without any regulatory constraint.

As a result, according to the value of 3, the weighted CS and PS constraints are replaced

in the total supply constraint as follows: in Case (i) where § € (% 1], Q@ > Q";: in Case (i)

where 3 = %, Q > Q" in Case (iii)-1 where § € (3p=7 1, 3) Q<< Q"; in Case (iii)-2 where
B =501 1, Q = Q"; in Case (iii)-3 where 3 € [0, - 1) QU <Q< Q". Under the weighted CS

and PS constraints, the total supply constraint is graphed in Figure 9.

"Note that limy—eo(s2=%) = 1.
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a Case (iii)-3
B<(n-1)/(2n-1)

Case (i) 3>2/3
Case (ii) 3=2/3

NyavaNy

Qw \\ le P “ §W ’ 0"\

\ 1 S0

N Case (iii)-2 Case (iii)-1
ST B=(m=1)/@n=1) (n-1)/Qn-1)<B<2/3

Figure 9: Weighted CS and PS constraints

Although the generalized weighted CS and PS constraints can also be analyzed, we do not

present the generalized result here because of the complexity of the analysis.

From the above examination, various regulatory constraints can be replicated by the corre-
sponding total supply constraints. Various forms of regulatory constraints are basically repli-

cated by certain total supply constraints.

5 Concluding remarks

A merger remedy that the antitrust regulator imposes on a merged firm is a kind of regulatory
constraint after the merger. In this article, we examined how a total supply constraint imposed
on the merged firm affects the merged firm’s profit and the merger incentive in the linear
demand model. We show that when there is a total supply constraint, the merged firm’s profit
may be larger than that under no constraint. Paradoxically, the introduction of the constraint
possibly increases the incentive for the firms to merge. Moreover, we show that various forms
of regulatory constraints are replaced by the simple total supply constraint. We graph the
relationship between regulatory constraints and the corresponding total supply constraint.

In the article, we focus on the analysis under the linear demand function. However, even if

the general demand function is considered, under certain conditions, the total supply constraint
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corresponds one-to-one with other regulatory constraints. Under the general demand function, if
the demand function is a strictly decreasing function, p’(Q) < 0, the price constraint corresponds
one-to-one with the total supply constraint. Since the consumer’s surplus is C'S(Q) = U(Q) —

p(Q)Q and U'(Q) = p(Q), CS'(Q) = —p'(Q)Q is satisfied. Thus, if p'(Q) < 0, CS(Q) > 0 is
satisfied and the consumer’s surplus corresponds one-to-one with the total supply constraint.
Likewise, if the producer’s surplus is PS(Q) = (p(Q) — ¢)Q, PS'(Q) = (p(Q) — ¢) + p'(Q)Q
is satisfied. Under the interval of total quantity in which the marginal revenue exceeds the
marginal cost, PS'(Q) > 0 is satisfied. Thus, if p(Q) + p'(Q)Q > ¢, PS'(Q) > 0 is satisfied
and the producer’s surplus corresponds one-to-one with the total supply constraint. Moreover,
since the welfare is W(Q) = U(Q) — cQ, W/(Q) = p(Q) — c is satisfied. Thus, when p(Q) >
¢, W'(Q) > 0 is satisfied and the producer’s surplus corresponds one-to-one with the total
supply constraint. Therefore, if there is a one-to-one correspondence from total supply to other
regulatory objectives, the regulator can control the merged firm by implementing some kind of

total supply constraint.
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