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A NOTE ON GRADED BETTI NUMBERS OF
COMPLETELY m-FULL IDEALS
TADAHITO HARIMA, SATORU ISOGAWA, AND JUNZO WATANABE
Abstract. We give a new proof of the characterization theorem for
completely m-full ideals stated as follows: completely m-full ideals are
characterized as the ideals that have the same graded Betti numbers as
those of their generic initial ideals with respect to the reverse lexicographic order, provided their generic initial ideals are stable.
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D. Rees. The m-full ideals form an important class of ideals having various
interesting properties (cf. [3], [4], [5], [7], [8], [9], [11], [12], [13]).
In Section 2 we state some remarks on a minimal generating set of an m-full
ideal, and review a result on graded Betti numbers obtained in [12]. These
are needed for our proof of the main theorem. The implications (ii) ⇒ (iii)
⇒ (v) and (ii) ⇒ (iv) ⇒ (v) in Theorem 1 are obvious. We will give a proof
of (i) ⇒ (ii) in Section 3, and a proof of (v) ⇒ (i) in Section 4.
Throughout this note, we let R = K[x1 , . . . , xn ] be the polynomial ring
in n variables over an inﬁnite ﬁeld K with the standard grading, and m =
(x1 , . . . , xn ) the homogeneous maximal ideal. Let Gin(I) denote the generic
initial ideal of an ideal I of R with respect to the graded reverse lexicographic
order induced by x1 > · · · > xn .
2. Preliminaries on m-full ideals
Definition 2 ([11], Deﬁnition 4). An ideal I of R is said to be m-full if there
exists a linear form z in R such that mI : z = I.
Remark 3. Suppose that I is an m-full ideal of R. Then the equality mI :
z = I holds for a general linear form z in R ([11], Remark 2 (i)). Moreover,
it is easy to see that the equality mI : z = I implies that I : m = I : z for any
z ∈ R. Let f1 , . . . , fr be homogeneous forms in I : m such that {f1 , . . . , fr } is
a minimal generating set of (I : m)/I, where fi is the image of fi in R/I. Then
Proposition 2.2 in [5] implies that {zf1 , . . . , zfr } can be a part of a minimal
generating set of I.
Let βi,j
∑(I) be the (i, j)th graded Betti number of I as an R-module, and
βi (I) = j βi,j (I) the ith total Betti number of I. Note that β0 (I) is the
minimal number of generators of I.
Proposition 4 ([12] Corollary 8 and [8] Proposition 5). Let I be an m-full
ideal of R and let z be a general linear form of R satisfying mI : z = I.
Let I be the image of I in R/zR and let βi,j (I) be the (i, j)th graded Betti
number of I as an R/zR-module. With the same notation as Remark 3, set
cj = #{i | 1 ≤ i ≤ l, deg(zfi ) = j} for all j. Then
(
)
n−1
βi,i+j (I) = βi,i+j (I) +
cj
i
for i = 0, 1, . . . , n − 1 and j = 0, 1, 2, . . ..
Remark 5. With the same notation as Proposition 4, let
H((I : m)/I, j) = dimK [(I : m)/I]j
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be the Hilbert function of (I : m)/I. Since cj = H((I : m)/I, j − 1), the
formula in Proposition 4 can be rewritten as:
(
)
n−1
βi,i+j (I) = βi,i+j (I) +
H((I : m)/I, j − 1)
i
for all i and j. In particular we see that
β0 (I) = β0 (I) + length((I : m)/I).
Definition 6 ([12], Deﬁnition 2). Let I be a homogeneous ideal of R =
K[x1 , . . . , xn ]. We say that I is completely m-full if there exist general linear
forms zn , zn−1 , . . . , z1 of R satisfying the following conditions:
(i) mI : zn = I, i.e., I is m-full.
(ii) mI : zn−i+1 = I in R = R/(I, zn , . . . , zn−i+2 ) for all i = 2, 3, . . . , n,
where ∗ denotes the image ∗ in R.
In this case we say that (I; zn , zn−1 , . . . , z1 ) has the complete m-full property.
Definition 7. A monomial ideal I of R = K[x1 , . . . , xn ] is said to be stable
if I satisﬁes the following condition: for each monomial u ∈ I, the monomial
xi u/xm(u) belongs to I for every i < m(u), where m(u) is the largest index j
such that xj divides u.
Remark 8. Stable ideals (I; xn , xn−1 , . . . , x1 ) have the complete m-full property ([8], Example 17).
3. Proof of (i) ⇒ (ii)
For the proof of (i) ⇒ (ii) we need the following lemma.
Lemma 9. Let I be an m-full ideal of R, and assume that Gin(I) is stable.
Then the equalities
H((I : m)/I, j) = H((Gin(I) : m)/Gin(I), j)
hold for all j.
Proof. Set J = Gin(I). Since I and J are m-full, there exists a general linear
form z of R satisfying mI : z = I and mJ : z = J. Then it is easy to see that
I : m = I : z and J : m = J : z. Furthermore, from the exact sequence
×z

we have

0 → (I : m)/I → R/I → R/I → R/(I + zR) → 0,

H((I : m)/I, j − 1) = H(R/I + zR, j) − H(R/I, j) + H(R/I, j − 1)

for all j. Similarly, we have

H((J : m)/J, j − 1) = H(R/J + zR, j) − H(R/J, j) + H(R/J, j − 1).

for all j. Here recall the well-known facts:
• H(R/I, j) = H(R/J, j) for all j.
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• H(R/(I + zR), j) = H(R/(J + zR), j) for all j ([2], Lemma 1.2).

Hence we get the desired equalities.



Proof of (i) ⇒ (ii) in Theorem 1. After a generic linear change of variables
we may assume that (I; xn , xn−1 , . . . , x1 ) has the complete m-full property.
Since I and Gin(I) are m-full, it follows by Remark 5 that
(
)
n−1
βi,i+j (I) = βi,i+j (I) +
× H((I : m)/I, j − 1)
i
and

(

)
n−1
× H((J : m)/J, j − 1)
βi,i+j (J) = βi,i+j (J) +
i

for all i and j. Since J is the generic initial ideal of I ([6], Corollary 2.15), it
follows by an inductive argument on the number of variables that
βi,i+j (I) = βi,i+j (J)
for all i and j. Hence, by Lemma 9, we get βi,i+j (I) = βi,i+j (J) for all i and
j.

4. Proof of (v) ⇒ (i)
For the proof of (v) ⇒ (i) we need the following lemma.
Lemma 10. Let I be a homogeneous ideal of R, and assume that Gin(I) is
stable. If β0 (I) = β0 (Gin(I)), then Gin(mI) = mGin(I).
Proof. There exists a generic linear change of variables φ such that Gin(I) coincides with the initial ideal In(φ(I)) of φ(I). We ﬁrst show that R/In(mφ(I))
and R/mIn(φ(I)) have the same Hilbert function. Since β0 (φ(I)) = β0 (Inφ(I))
holds by β0 (I) = β0 (Gin(I)), there exists a minimal generating set {f1 . . . . , fr }
of φ(I) such that {In(f1 ), . . . , In(fr )} is a minimal generating set of In(φ(I)),
where In(fj ) denotes the initial monomial of fj . Hence, it gives that
H(φ(I)/mφ(I), j) = H(In(φ(I))/mIn(φ(I)), j)
for all j, Thus we get that
H(R/In(mφ(I)), j)

= H(R/mφ(I), j)
= H(R/φ(I), j) + H(φ(I)/mφ(I), j)
= H(R/In(φ(I)), j) + H(In(φ(I))/mIn(φ(I)), j)
= H(R/mIn(φ(I)), j)

for all j.
Since the inclusion mIn(φ(I)) ⊂ In(mφ(I)) is obvious, we have proved the
equality mIn(φ(I)) = In(mφ(I)). Thus, for a suﬃcient generic linear change
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of variables φ, we have that
Gin(mI)

=
=

In(φ(mI)) = In(φ(m)φ(I))
In(mφ(I)) = mIn(φ(I)) = mGin(I).


Proof of (v) ⇒ (i) in Theorem 1. Set J = Gin(I). Let z be a general linear
form of R. We ﬁrst show that I is m-full. From the exact sequence
×z

0 → (mI : z)/mI → R/mI → R/mI → R/(mI + zR) → 0,
it follows that
H((mI : z)/mI, j) = H(R/mI, j) − H(R/mI, j + 1) + H(R/(mI + zR), j + 1)
for all j. Similarly, we have
H((mJ : z)/mJ, j) = H(R/mJ, j) − H(R/mJ, j + 1) + H(R/(mJ + zR), j + 1)
for all j. Furthermore, by Lemma 10 above and Lemma 1.2 in [2], it follows
that
H(R/mI, j) = H(R/mJ, j), H(R/(mI + zR), j) = H(R/(mJ + zR), j)
for all j. Hence we have
H((mI : z)/mI, j) = H((mJ : z)/mJ, j)
for all j. Moreover, since J is m-full, this implies that
length(mJ : z/mJ) = length(J/mJ) = β0 (J).
Hence we get that
β0 (I) = length(I/mI) ≤ length(mI : z/mI) = length(mJ : z/mJ) = β0 (J).
Thus, by the assumption β0 (I) = β0 (J), it follows that mI : z = I.
Since I and J are m-full, it follows by Remark 5 that
β0 (I) = β0 (I) + length((I : m)/I)
and
β0 (J) = β0 (J) + length((J : m)/J).
Hence we have the equality β0 (I) = β0 (J) by Lemma 9 and β0 (I) = β0 (J).
Thus, our assertion can be obtained by an inductive argument on the number
of variables, since J is the generic initial ideal of I ([6], Corollary 2.15).
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