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A theoretical study is made of phonons in amorphous solids using a self-consistent

phonon scheme. In treating the structural disorder inherent in the pr<lblem, a theory is for'

mulated from the viewpoint of multiple scattering theory and designcd to give phonon eigen'

frequencies which are expressed in terms of many-body correlation functions of atoms as well

", 
of ioto"tomic potentials in the solids. For this pur?ose, a conditional averaging procedure

is applied to equations for phouon Green's functions, obtainable using the renormalized har'

-ooi. 
"pproximation" 

A set of hierarchy equations is thereby- obtained, for which various

decoupling approximations are employed. As an application of the results obtained here,

numerical calculations of the eigenfrequencies of longitudinal and transverse phonons in

liquid argon are made using the " quasi-crystalline approximation " and the Lennard-Jones

m-<rdel potential. Fairly good agreement with erperiment is obtaine<L A systematic and

uppro*il"t" self-consistent method for treating the hierarchy equations, which may be of

"o-. 
.rr" in studying the general properties of the energy spectnr of elementary excitations

in disordered systems' is also obtained.

S 1. Introduotion

The traditional theory of lattice dynamics has been developed, as in the case

of other fields of solid state physics, for perfect crystal lattices characterized by

their periodic structuls.l),i) Much progress has also been made recently in lattice

clynamics of disordered crystal lattices, impure crystals,r) and mixed crystals or

alloys..) In spite of their wide-spread existence in nature, holvever, the vibrational

properties of amorphous solids, glassy solids, etc., belonging to a different class

of disordered solids, have received little attention among theoretical solid state

physicists.

If we are concerned only with phonons of long wavelength, then we rnay

think of tfiese disordered solids as a continuum and deduce the frequency spectra

by a combinatiog of the Debye model and the mechanics of an elastic body.

When we study phonons of shorter r,r,avelength, however, such an approach is

no longer appropriate, and a microscopic theory taking into account the microsco-

pic structure of the solids is required. Gubanov has formulated a variational

method for calculating the frequency spectra of amorphous solids'6) The result

obtained by him is rather formal and no explicit result has been presented.
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Historically, it has been known for a long time that the thermal conductivity

of glassy solids has a different feature from that of pure or impure crystals.0)

Several experiments have also revealed that tltere exists excess low-temperaturc speci-

fic heat in glassy solids?)-8) or glassy polymerse) which cannot be accounted for

by the conventional Debye theory. Bell, Bird and Dean have made numerical

calculations of the vibrational spectra of model glassy solids.lo) In recent years'

neutron scattering data from short-wavelengt"h phonons in amorphous solids,rt) as

well as liquids,rt)'1s) havc become increasingly available. It has bqen shown that

there is a remarkable similarity between the scattered neutron spectra of amor-

phous or polycrystalline solids near their melting ternperatures and those of

liquids.l.),15) In the field of physics of liquids, there has recently been a growing

interest in collective motion or high-frequency phonons in simple liquids.rt)

It is the purpose of this paper to develop a theory of phonons in amorphous

solids, with application to high-frequency phonons in simple liquids of the re-

sults obtained. This paper is the first of a series of papers to be devoted to

developing theory of elementary excitations in disordered systems, impure or

mixed cystals, amorphous solids or liquids, from the viewpoint of multiple

scattering theory. In this series, a configurational averaging procedure, utilized

in a previous paper by one of the authors (S.T.), for studying the multiple

scattering of waves or particles in random media,l!) is applied with modification

and gener aLization. Particular effort is made to obtain results for the energy

spectra and the other physical properties of elementary excitations in disordered

systems, which are expressed in terms of many-body correlation functions of

scatterers in the systems, in an approximate self-consistent manner. Such a

method, when viewed from many-body theory, is obviously a generalization of

the conventional random phase approximation. The method utilized in this paper

has, in its spirit, some similarity to that of Flubbard and Beeby in their theory

of collective motion in Simple liquids.r?l I-Iowever, it is much more systematic,

and also self-consistent, in treating the effect of spatial randomness on phonons

in disordered systems. In the second and the third papers of this series, the

energy spectra of an electron in mixed crystals or alloys and those in liquid

metals will be studied.

In the next section, a brief discussion is given of a general self-consistent

phonon schemers)'1e) to take into account the anharmonicity of atomic vibrations

to all orders of magnitude. In $ 3 a conditional averaging procedure is applied

to equations for phonon Green's functions. A set of hierarchy equations is

thereby obtailed, which are designed to be written in terms of many-body correla-

tion functions of atoms in amorphous solids. In $ 4 the lowest order decoupling

approximation, called the quasi-crystalline approxirnation, is employed for termi-

nating the hierarchy. Formal expressions for phonon eigcnfrequencies are ob-

tained, which are written in terms of "effective pair potential" and pair correla-

tion functions. An attempt is made in the appendix to proceed to the second



A Theor5r of Phonons in Amor2thous Solids and lts Implications 333

order approximation which yields tJre phonon damping. Section 5 is devoted to

obtairring a self-consistent rnethod for treating the hierarcby equations from the

viervpoint of multiple scattering theory. An approximate self-consistent expres-

sion for phonon eigenfrequencies is obtained. I" S 6, as an application of the

results obtained in $ 4, numerical calculations are made to obtain the eigenfre-

quencies of high frequency phonons in liquid argon. The last section is devoted

to a brief summary of the results obtained in this paper.

S 2. A eelf+onsistent phonon theorT

We consider the vibrational motion of N atoms in a solid. In view of the

possible importance of the anharmonicity of atomic vibrations in disordered

systems, particulary in liquids, no harmonic approximation is employed from the

outset. As a preliminary for later discussions, a brief account is given of a

general scheme to set up an equation of motion which yields the renormalized

eigenfrequencies of phonons in solids, using a self-consistent method.t0)'*) To

treat structureless solids in general, the solid under consideration is takeu to be

arbitrary in structure and in composition. Let ro and P' be the position vector

and the momentum of an atom, which are numbered by index z, in the solid

respectively. Throughout this paper, the index n and the Cartesian component

d, are subsumed in a composite index r, whenever appropriate. The q' compo-

nent Ano of a vectot An referring to the n atom, is abbreviated as A(r) {z: (r,

d.)). The Hamiltonian which describes the motion of atoms in the solid is generally

taken to be of the form

H- (L/2) Σ

″
lP (r)'/ M (r) ] + VN(tr, rz' ' 's rr) , (2-L)

where M(r):Mn is the mass of the n-atom, and, Vn-V"(1r)):Vn ("r,rr,"',

r..") is the N-body potential which describes interactions of all the atorns in the

solid. We decompose r(z) into two terms:

r←め=〈r(χ)〉十Z(α)=R(″ )+Z(″), (2 .2 )

where R(z) is a mean or an equilibrium position of r(r),u(s) is the displace-

ment of the n atom from its equilibrium position, and the angular bracket denotes

a thermal average. Here, it is understood that the solid under consideration is in

thermal equilibrium with a heat bath. The underlying assumption in using Eq.

(2.2) is that the free energy of the system has a minitnum at a set of atomic

equilibrium positions {ft}, which can be used for crystals and amorphous solids

at low temperatures. Ilolvever, for amorphous or glassy solids near their melt-

ing temperatures, the equilibrium positions {It} may not be defined in a strict

*) Reference 20) will hereafter be referred to as (I).
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sense, so Eq. (2.2) rnay be used with certain

groturd of the use of a solid-state-approach to

G6da

restrictions. 
'I'he physical back-

phonons in liquids will be dis-

(2・5)

cussed in the beginning of $ 6.

We etudy atom-displacement lraves or phonons in the solid. We therefore

expand the potential function in powers of the a's:

yr({'}) : y,({n}) + f (t/"t) E Ko(rp,-..r,) u(rt) u (r,) -..o (r,),
!1!1-roa 

e.,)

where

Ko(rpt..s,.): lV(e)V(r)" 'V(s")VxJo (2'4)

is the z-th order force constant. Here, tJre symbol t ]r means that the bracketed
expression is evaluated with all atomic coordinates at the equilibrium positions.

W'e introduce the mass-reduced coordinates and rnomenta:

u(r) : 714 1r1-'/'q(t) and P(z): M(r)t/'p(z).
'l'he commutation relations obeyed by the g's and the 2's are.*)

lq(s) ,  q( t ' ) f  : l -p( t ) ,  P(r ' ) l :0  and lc@),  P(z ' ) l  :d(sc ' ) '

The Hamiltonian of the system is then rewritten as

g : (l / 2) ) t @)' + f, g 1 " 
t1,,F.",? * (, tz t'' z o) q (z ) u (2,)' " c (r ̂ )

(2.6)

* constant terms, (2-7)

where

Dn(rrrr"'tJ :K"(r.r'"'r) lM(z) M(cr) "'M (t")f-v' (2'8)

To study elementary excitations associated with the atomic rnotion in the

solid, we introduce a retarded or an advanced double-time Green's function,n)

composed of a pair of operators .A and B and its Fourier trausform

(2 .9)

(2 -g')

where A(t1 : exp (iHt)A exp ( - iHt) is the Heisenberg operator for .t1, and 0 (t) is

Ileaviside's step function. We are concerned here with Gteen's function G(rz',

t-t ' )-(q(r;,  t);q(s',r ')) and its Fourier transform (q(.z);q(t '))1.-G(zz',a)
-G(r, r'). From Eqs.(2.6) and (2.7) an equation of motion satisfied by

G(rs', t-t ' )  is given bY
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″G(″″′,′一′′)/″=′《夕(π,″);α←〆,〆)》・

E)i■lerentiating the above equation again with respect to r and taking intO account

the fact that D"(■■…χD iS a symmetric function of″1,■,…“"′We Obtain

一グ'G(“′
,ノー″′)/滋

8=δ
(″一″′)δ(“

′
)

+Σ (1/πり Σ  D2+1(」開1島…場)《g(″b′)…g(島,″);g(″
′,″′)》・ (2011)

"「 1       '132° °°3"

An equation obOyed by G:(エエ′,ω)iS therefore given by

ω2G(″″′,ω)=(1/2π )δ(″z′)+】=(1/π !)Σ ]EL+1(″■1000=D

(2010)

(2013)

■=1

×《g(・1)0…9(:a);g(κ
′
)》.                    (2・ 12)

We employ a self_consistent procedure tO treat Eq。 (2012).It amOunts to

using the following decoupling approximatiOns:

《g(″1)g(″8)・・・α(ュ■);α(・/)》=Σ  〈II c(″ノ)〉《α(″̀);c(α′)》
`=1 ′ (≠̀ )

十Σヨ〈II c(″ル)〉《α(″̀)α(=′);c(″
′)》

`<ノ ル (≠tノ)

+Σ 〈(裏ルタ(″D〉《σ(″̀)σ(りσ(″ル);g(″
′)》+…≒

`ぐ <ル  ι

lnserting this into Eq。(2012),we get

ω8G(∬″′,ω)=(1/2π)δ(ノ)十Σ (1/πり Σ 』L+1(″∬1…r93)
7B-1        ,1″ 2・

°°″"

×《σ(″1)g(″2)・・09(κ.);σ(″
′
)》, ( 2 0 1 4 )

where

」).(αl∬20…工め=[ν (″1)Л〆(″8)…・Jビ(・心]~1/27(″1)7(■2)・…7(■心〈フト({r})〉.

(2・15)

Hereく可ろ({r})〉=〈eXP(Σれ1鴫。「D〉1ろ({R})iS the“erective pOtential"asso_
ciated with the“bare potential" フト({R}),and』 π(″1,島,・・0,πD iS the mass―
reduced “erective force constants". In obtaininをthe abOve result,we have made
use Of the following relation

Σ(1/πり Σ D"+1(″1″,…・為)Σ 〈 Ⅱ g(均)〉
"日1      ″ 1″2°・・J鉢               `1<`3<… <・π ノ(≠̀ 1`2…じ糀)

×《c(″̀1)α←砲2)°…α(″̀π);g(″
′)》

=(1/π !)Σ  」π+ュ(コリlν80・・yπ)《g(yl)c(ν2)…°g(yD;α〔π
′
)》.

ν,72°°°Vπ

(2016)

Equation(2014)giveS renormalized eigenfrequenCies of PhonOnso Truncating the
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series tt n:l and tt.:tn()l) vields renormalized harmonic phonons and retror-
malized anharmonic phonons with (m* 1) phonon scattering processes taken into
account, respectively. ft is seen that the phonon eigenfrequencies are determined
by the effective force constants, rather than by the bare force constants.

An expression for tihe effective potential (Va'({r})) can be obtained mopt
easily by introducing the Fourier transform of. Vrz

i o".*") (z.rz)
J J r e l

or

where

P,,"(tnl) : (2n)-'n !... I aW(exp (f fn.. u))exp ( - ; frtr*.tti.)
(2.20)

is the probability function for the displacement of all the atoms in the solids, in

which (exp(i Xf=, h.u")) is the characteristic function or the moment generating

function of Prv({R}). In almost all cases, the potential function Vn can be con-
structed by pair-wise and spherically symmetric potentials, namely

Y"({r}) :  (L/2)A%(lr--r" l).  Q'zt)

As is the case for the N-body potential, an effective two-body potential is then
expressed in the form

( %(r*-ro) S: |an'V(&+ R')P,(R') : |an'v,(R')a(R,n-R'),
J J

(2.22)

where

A(R,) : 72x)-' !an<u*nGh.u^o))exp(-zlc'nJ, Q'zg)

in which

l lnn:rra-rls. Q'24)
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Here, ro is the instantaneous position of an atom whose mean position (to)-ftg

is taken to be the origin of the coordinate.
The conventional procedure here is to approximate Pr(R) {or Pr({n})} by

a Gaussian distribution function.tt) With the use of this approximation, Eq.(2'22)
reduces to (see Eq.(3.21) in (I))

(V, (r o - r o) ) - Q, (R, l) : (2v)-' n (det it (nO))- w I a n' V,(& + n';
J

X exp { - (L/z)D 1r-'(n0) oBRo'Ro'l

- (2n)-'r '(det 1r(n0) )- 'r '  I OO'Vr(R')
J

X exp { - (l/2) E Ar-'(n})"p (R"- I3')" (& - R')u),

(2.25)

where

S il. An averaging prooedure srlng a renolmetized harmonic

approximation

Let us suppose that the solid under consideration is a non-crystalline solid

t) This relatiqn holds for cubic crystals,
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or an amorphous solid. 
'We 

assume that probability functions for t.he distribu-

tion of all the atoms in the solid are given. Then, Eq,.(2'14) constitutes a dif-

ferenece equation whose coefficients are stochastic variables. There have been

mainly two kinds of methods to treat such a stochastic equation. One is to

solve the difference equation for a fixed set of atomic positions and then average

over all possible atomic configurations. The other is to make use of a proce-

dure for first averaging the equation and then solving it. These two rnethods

have sometimes been called honest and dishonest methods, respectively.r) We

follow the latter method in this paper. In doing this, we employ the renor-

malized harmonic approximation, thus truncating the series on the right-hand side

of Eq. (2.I4) at  nz:1, nambly

ozG(rz',a) : (l/Zx)d(rr') *44.,(sz)G(r&',a). (3'1)

We limit our discussion henceforth to the case in which all the atoms in
the solid are identical. Let M be the mass of the atom in the solid. Equation

(,3. 1) is then rewritten as*)

ルb'Gttα′(■■
′
)一Σ Σ メαβ(・m)(G脇′(■■

′
)―Gん′(配■

′
)}

β m(≠■)

=(1/2π)δ(■・
′
)δ(αα

′
),

where Cん′(■・
′
)=《zα(・);zα′(・

′
)》L**)and

ん (El■000・.)=7(″1)7(∬2)・‥7(島3)〈7Ⅳ({r})〉,

where JG(st')-J((rs'), is the z-th order effective force constant. Here, it is

convenient to introduce the "mixed" Fogrier transform of Go'(nn')z

■)eXp[′ル・(・
―・′

)].

(302)

(303)

G oo, (nn') : (Ztr)-t

Insert ion of Eq.(3.4) into Eq.(3'2) gives

Mo'Goo'(n,k) -FE-rJQe(o*) {Gpo.(n, tc) -exp{ - ik'(n na)} Gpo'(m,h)}

:1t/2x)6(da'). (3'5)

'I'o make mathematical procedures more compact, we define three 3 X 3 matrices:

ム=(δ(αα
′
)/2π)=f/2π。

(306)

■Ｇルグ
ｒ
ｉ
Ｊ

(304)

F (n, k) : (Goo, (n,It) ) , L (nn') : (,Kuo' (nn')) ,

Equation (3 - 5) is then rewritten as

*l We hereafter rewrite ftr, the equilibrium position of the z atom, as z {or brevity, when'

wer appropriate.
**l VYs henceforth omit the supersctipt t attached on the G's for brevity.
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Ma'F(n,t") - E L(nm) {F(n,Ic) -exp{- ih'(n-m))F(m, &)}:/ i .
m(+n' 

(g.z)
'We 

now apply a configurational averaging procedureto) to Eq.(3'7). Let

with

Pp(nrnr"'tlry)

' [  
. .  

!  
r"(ntnr.. 'nf i) d.nrdnz"' clnn- f (3 .8)

be the probability of finding the first atom in the solid in the region wit"h its

center in the volume element dnt at nr, while at the same time the second atom

is in dzr, at n', and so forth. Also introduced here is the conditional probability

functions:

Pn-^(n**rnaas'''nplr,,fiz'''f,^) : Pn(nrnr'''nn) / P^(nflr"n) ' (3 '9)

which denotes the probability of finding the (m*1) atom in d'n**r at z-+r, €tc.,

when n atoms are definitely located at the positions rtr,tt* "'trtc*. A useful re-

lationship between the conditional probabilities is

Pr-n(n'+trt*+2"'nr/nrtu"'n^) : Pt(n*+tlnlh"'n^)P*-*-,(2nn*r' "nrln1gh" '"n+r) '

(m(N) (3'10)

It is also convenient to introduce the number density and the conditional or

correlation number density functions by the equations

14 (n') :Al':]VR (z'),

N,(zrl lr,) -N,: (N-f)R(n'loJ, (3'11)

JVr(n;lzrz:) -Nr: (N-2) P1(neln'21)' etc.

In terms of these probability and conditional probability functions, the average

and the ionditional averages with one or more atomic positions held fixed, of a

function f(nvth, "',nn) are defined as*)

(f): 
J. 

- . 
I 

anraor. . . d.nsPy(t, rt.'"nr) f (nrnr'' 'rrrr) , (3.L2)

(3 .13)

conditional

*r IJse is hereafter made of a symbolic notation (J)* f.ot the zl-th order conditional average

of f. In this connection, (J)- is not to tre confused with (/h which denotes the first order con-

clitional average of ;f with one atomic position held fixed, where n, written in Roman lctter, stands

for the position of an atqm in the solid"
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x {( .F'(n)) , , . , " , -€xP {- i .k '  (n-m)}(F(nz)) ' - , }  : I t ,  (3 '14)

where we have omitted the index Ic appearing in the argument of the F's for

the salce of brevity. Equation (3.14) expresses the first order conditional ave-

rage of F in terms of the second order conditional average, thus constituting a

set of hierarchy equations. These equations are written in the form

Ma' (F (n) ) ,,n,n - | d*rN, (^rlmrn) L (nmr)
- J

x {(r(n) ) $t1,,t2tt exp { - ik, (n- mr) } <F(n)),*,n n,l : rr, (3 . 15)

M a' (F (n)),n,*,,, - 
I 

O*, (tnrlm rman) L (ntng)

x {(F(z) ," rttt,,trt- exp { - ik. (n - m) } (F(m') )- ,,.,n ,} : I, .

(3.16)

Each successive equation contains more and more information about the precise

details of atom-displacement waves multiply scattered by the structural disorder

of the solid. In the following two sections and also in the Appendix, we employ

several approximation procedures to obtain approximate solutions of the hierarchy

equations.

S4. Quaei+nyetdline approxlmation

In this section we use the lowest order approximation, putting

(.F' (t ) )rrr,,,: (F(lr) )".

With the use of such a closure procedure, Eq.(3'14) reduces to

M o' (F (n) 5,, - f d*rN, Qnrln) L (nm)
J

x {(.F'(z)),,-exp{ -i.k. (n-^')1(F(m'))",,1 : I/2r . (4'2)

We limit our discussion henceforth to.the case in which the distribution of all
the atoms in the system is homogeneous' namely

,S. T'akcno and M. GAda

Ma' (F (n) ),. - ! 
o*rN, (rnr I z) L (nmt)

(401)

(4 .3 )Pl(・)=1/7 or М (■)=Vy=ρ ,

where J/ is the volume of the solid. Then, (F(n)),. becomes independent of

n, and the eigenvalues of Eq.(4.2) give the phonon eigenfrequencies in the sys-

tem. In this case it is convenient to rewrite E,q.(A'D as

f
Mo'(F(n)),- p 

)dmt @m) L(nm) [(F(") ),

-exp{  - ik '  (n-m) l (F(m))- ,J : I /2 t ,  $ '4)
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where

g(nm): (L/p)N,(^lo):g(ln-ml) (4'5)

is the pair correlation function normalized to unity at large ln-ml.
Equation (4.1) has sametimes been called a " quasi-crystalline approxima-

tion ".r') Let

detlrrr'd (qil - 9"07h11:g (4'6)

be tlre secular equation giving the phonon eigenfrequencies, where 9"8(h) is

the dynamical matrix. From Eq.( . ), we then obtain

I 
"e 

(k) : (p / M ) [ 
a* t f1"-'n | ) JQp (nm) [1 - exp {dlc' Qn -n) } ] .

(4 .7)

It is to be noted that within this approximation there exists no phonon damping

arising from the structural disorder. The second order approximation which
yields the phonon damping is discussed in the Appendix. Equation (4'4), when

specialized to the case of a crystal lattice in which all the atoms are definitely

located at the lattice points, namely*)

N' (-1") :,.H,d (l-m)' (4'8)

gives the following expression for the dynamical matrix:

!),07*1 : (r/M).,2@,JQa(nlln)fl -exp 1-ih' (o-to))1. (4'9)

Equation (4.6) u'ith 9"p(k) given by Eq.(4.9) is an eigenvalue equation for phonons

traditionally used in lattice dynamics of a crystal lattice, provided the effective
force constants ,Jt are replaced by bare force constants K.

If the effective force constants are derived from a spherically symmetric
two-body potential, Eq.(a.g) is written in the form

x  [1 -  exp { i k . (m-n ) } ] .  ( 4 ' 10 )

Here, replacing the effective potential (V1(lr*-r"l)) bV the bare potential y(ln*

-R"l) is equivalent to the conventional harmonic approximation. Within this
approximation, an alternative expression for the dynamical matrix written in terms

of the Fourier transform V'(k) of Vr(R) is given by

x {S (t" - q) - S (q) + (2zr)'d (k - q)), (4 ' 11)

*l Here, no averaging procedure is required.
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where

and

yl(■)=

S。 7bル ″θ απ″ M,Gり αα

(2π)~31「αLyl(・)eXp(ゴル・」R)

「
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ｌ

コ

⊃
一ソ岬一ば

一０
一即

型
¢

＋
１

一
３

(4012)

S(■)-1=
- 1 ) e X p (一 着 0・

)

is the structure factor of the amorphous solid.

As an application of Eq.(4'10) for the calculation of the phonon frequen-

cies, we make use of the renormalized harmonic approximation, replacing

(Vr(lr*-rol)) bv cVr(R*,]) (see Eq.(2.28)). For tihe evaluation of the inte-

gral on the right-hand side of Eq.(4.10), we choose the Cartesian coordinate

with the s-axis in the direction of the wave vector h. Performing tte volume

integral in spherical coordinate, we obtain*)

g,,(k) - l)n(k) :av(k)': (p/M)+x fn-an-e(r,l [^*,'(R)(1-W)

+{R2ω l″(R)―R"1′(R)} (4014)

』88(た)=ωz(ん)2=(ρ/″)4π∬沢ク(R)lR嘔
′α)(1-Sh(たR2)

十{R2ωl″(R)一Rqス′
(R)}|:一旦

号 響
_2篭

等
D+2亘

恐13要1],

(4・15)

』″ν(■)=』 ν″(■)=』 ν8(■)=』 り(■)=り 3″(■)=』 rg(■)=0, ( 4 0 1 6 )

wlrere the conventional abbreviations Cfrr(R):|Q1(R)/OR and Qr'(R):O,CV:(R)

/0N have been used. I{ere, vanishing of the nondiagonal terms stems from the

use of the spherically symmetric pair-potential model, and g,r(lc):otn(h)

=ar(k)t and Q,,(k):an(h)t themselves are equal to the sguared'frequencies

of the transverse (two-fold degenerate) phonon modes and those of the longitudinal

phonon modes, resPectivelY.
Certain asyrnptotic properties of the phonon eigenfrequeucies in

wave-length limit can be obtained from Eqs. (4.14) and (4'15). It can

that for small values of. h at,(k) and a"(k) are proportional to lkl-k,

ing the character of elastic waves' narnely

ωr(■)=Crた ,

ωル(ゐ)=Cメ ,

∫
ごπ{ク(・) (4013)

the 10ng

be shown

thus hav_

(4017')

( 4 0 1 8 )

*) We omit I in the argument of Q1(R, l) for the sake of simplicity.
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where

Cr=[(ρ/ν)(4π/30)∫「RRυ(R){Rqス
″6)+4σヴ1′(R)}r″(4019)

Cι==[(ρ/]′)(4π/30)1∞グJURJ′(」R){3R(コノュ
″
(R)+4Cフ ュ

′
(R)}]1/8  (4020)

can be identified with the velocities of the transverse and the longitudinal elas-

tic waves, respectively. An approximate relationship between Cr and C 1, can be

obtained by observing the fact that the contribution from the terms involving

tjhe first derivative of the eflective potential Qt(R) is small. Thus, we get

Cr=grngr. (4'21)

An application of the results obtained in this section will be made in $ 6.

S 5. For"'al Plopenies of hierarchy equations

We are concerned in this section with the formal properties of solutions of

the hierarchy equations, which may be of some use in studying the energy spectra

of disordered systems in general. We begin our discussion by introducing a

symbol ic notat ion to rewri te Eq.(3.7) and Eqs.(3'14),  (3 '15),  (3 '16),  etc.  as

(MS'I― L)F=rl

and

几盈 メ く= 〉
' 一

N L 十 二L く F 〉
' ■1 = r l ,   夕 = 1 , 2 , 3 , … 0 ,      ( 5 0 2 )

respectively,where L is an operator. It is understood that Eq。 (502)is deriVed

frOm Eq.(501)by applying the夕 _th Order conditional average to it.Combhing

Eqs。(5。1)with(502)giveS a fOrmal relationship:

and

Or

(5。1)

Let us define a factor S(p+l,p) rvhich characterizes the hierarchy equa-

tions by relating (tr.)t to (F;,'n' in the form

〈LF〉p=N,+lLくF〉
p+1

くL〉'=ALl_lL・

(503)

(5・4)

(505)

equivalent to setting

is lYritten as

〈F〉'+1=s(夕+1,夕)くF〉
'。

Then, truncating the hierarchy equations at夕 =夕 ′ iS

S(夕 ′
+1,p′ )=10

1n terms of this factor,an equation obeyed byくF〉'
(5・6)

〈F〉
p=〈 F〉 '~1+(1/MQ2)(〈 L〉pS(夕 +1,夕 )一 くL〉

p-1)〈
F〉

',   (507)
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which is an ob宙 ous generaLzatiOn of Eq.(A03).Equation(5・ 7), when COm_

bined with Eq。 (505),giveS the following recurrence formula for the S′ s:

S ( p , p - 1 ) = [ f― ( 1 / M S 2 ) {〈 L〉' S O + 1 ,夕
)一 くL〉

' ~ 1 ) ] ~ 1   ( 5 0 8 )

、7hich has the fOrm of a continued fraction.

We next introduce an “ effective force constant operator"*)by the equation

(M02」
一夕 )〈F〉

'=ム ,           (509)

which has a property sil■ilar to the ser_en6rgy in many‐body prOblemso  This

delnition,in cottunctiOn with Eqs。(501)and(5・ 5),yieldS the fol10wing expres_

sions for r':

夏ン=〈L〉'S(夕+1,p). (5・10)

Such a result written in the form of a continued fraction, although formally ele-

gant, is of less practical use for the evaluation of phonon eigenfrequencies. It is

seen that the zero-th and the first order approximations for ! can be expressed

symbolically as

and

夕 =〈L〉p≡JO,

IP=〈L〉p[r_(1/MrD2){くL〉'+1-くL〉')]~1≡fl',

( 5 0 1 1 )

( 5 0 1 2 )

respectively. We now make a correspondence of the above results with those

obtained in the otJter parts of this paper. It can be shown that -Ct:(Z)l is a

symbolic notation of the result obtained in $ 4. Its explicit form is written as

<L>t : NrL - p 
I 

O*O (lm - trl) V V <Vr(lr*- rnl) > tl - exp {ih' (醜―■)}].

(5・13)

to a solution ofI t  can also be shown that Eq. (s'LZ)

Eqs. (A.11) and (A' 12) .

with P:L is equivalent

We now give a self-consistent pr6cedureto)

equation for F is generally expressed as

for the evaluation of -C,o - An

F=〈 F〉'+〈 F〉'cL一 IP)F=〈 F〉p+F(L― _θつくF〉
'。
   (5014)

Applying the p_th order conditional average, we get the equation determining

the self_cOnsistent.I:″:

〈(L一 夏ン) F〉
' = O  o r〈 F¢ 一 I P )〉

' = 0・ (5015;)

Here, it is convenieut to introduce the related t-matrix To by the equation

*) In this paper the phrase "effective force constants" has been used in two senses. The one

is dy.ami"u1 in origio, .oJ i, defined as derivatives of rlyrramically smeared efiective potentials due

to the anharmonicity of atomic vibrations (see Eq. (2.19)). The other is statistical in character,

and originates from the spatial randomness of the distribution of atoms in the solids'
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「=〈F〉p+〈F〉'7'〈F〉'。

Averaging of Eq。(5016)gives
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くT'〉p=0

for the self_consistent夏:'。 Inserting Eq。(5016)to Eq.(5015),

ilnplicit equation for rp

IP=〈L〉'十くL〈1)'Tp〉
'。

An equation obeyed by T' is

T'=L一 夏r+(L_IP)〈 F〉
PTP

Or

T'=二―」'十TP〈F〉'¢一ノ')・

An equation satisied by〈■くF〉'TP〉'iS directly obtained from

Eq。 (5019′). USing Eq.(5019),we get

<L<F>pfp;r : (Z(F) oasn - (L)e<F)p -Cp + <L<F>pt'(F)o7nSe
*<L<F>oIy<F>DT2>p. (5.20)

The third and the fourth terms on the right-hand side of the above equation

can also be calculated in a straightforward manner' using the same procedure

as before. A set of equations obtainable using such a procedure in a successive

manner constitutes hierarchy equations.

Here, we make ube of an approximation to terminate such hierarchy equa-

tions at Eq.(5.20), thus putting

〈L〈F〉'L〈めp響〉'=〈L〉'〈め'←〈F〉p響〉,。 ( 5 0 2 1 )

In the spirit of the same approximation, the last term on the right-hand side of

Eq.(5.20) can be neglected in view of Eq.(5.17). Combining Eqs.(5'20) and

(5.21) with Eq. (5'18) gives

夏r=く L〉,+く LくF〉 'L〉'一
くL〉

'〈」C〉
pくL〉',

(5022)

which is a self-consistent expression for .,.F, correct to the first order with res-

pect to the (F)e's. It is easily seen that Eq. (5'12) can be derived from Eq'

(5.22) by replacing (F>, and (Z)t by t/Ma' and -Ce, respectively. The ef-

fective force constants thus obtained yield the shift and the damping of phonon

eigenfrequencies which are obtained by using the lowest order approximation

Mo'-(L)o:O for (F)e.

S 6. A numerioal example and phonons in Hquid argon

Once pair correlation function and pair potential are given, the phonon eigen'

frequencies can be calculated, within the framework of the quasi-crystalline ap-

(5016)

(5・17)

we then obtain an

( 5 ・
1 8 )

( 5 0 1 9 )

( 5 0 1 9′)

Eq。 (5019)or
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proximation, in a quite straightforward manner using Eqs. (4'14) and (4'15).

As a typical example for which such a simple model is applicable, an attempt is

made here to study phonons in liquid argon. Before calculating phonon disper-

sion curves using such a procedure, a brief remark is given on a possible ap-

proach to collective motion or phonons in simple liquids, which is a generaliza-

tion of the present theory developed originally for phonons in disordered anhar-

monic solids.*)
When studying atomic motions in classical, liquids, we can distinguish two

possible regimes, depending on whether we look at short- or long-time behavior

of atomic motion. Let r be some time scale charactetizing atom-atom collisions

in the liquids, which may be of the order of 10--u-10-rt sec, while typical vib-

rational frequencies of an atom are of the order of 101r sec-r. Then, the two

limits l(r and tlr are known as the collisionless and statistical or hydrodyna-

mical regimes, respectively.tu) Historically, most of the work on liquids has

been concentratecl on the hydrodynamic regime. Our observation is that in the

limit f(r atoms in liquids losk sgmething like those in solids.tz) Recently, there

have been several experimental indications that a remarkable similarity exists

between the scattered neutron spectra of liquids and those of polycrystalliue or

amorphous solids near their melting temperatures.l{)'rr) It should be noted that

results for phonons in liquids, obtainable using the method developed here, can

be considered to be valid for frequencies greater than the inverse characteristic

relaxation time for local thermal equilibrium, and/or for wave vectors greater than

the mean free path or mean collision distance, i.e., in the zero-sound region.

(lOfcm)

'r"t1d'cm)

Fig. 1. Pair distribution function g (R) for liquid
argon at 84.4"K calculated by Khan.

Fig. Z Lennard-Jones L2-.6 potential for liquid

argon used to calculatc the pair distribution

function. The energy is in degrees Kelvin.

17)).

*> This line of approach has also been made previously by Hubbard and Beeby (reference
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Keeping the above situation in mind, of a

theoreticalty or experimentally for pair correlation

rve have adopted the result of the calculations of

function as an example, which is also in good

agreement with experimental data.'8) The nu-

merical result of the pair correlation function

for l iquid Ar at 84.4"K with p-2.L13X L}-'/N is

reproduced in Fig. 1. The corresponding Lennard-

Jones potential is

yl(R)=4c{(σ/R)18-(σ/R)6}   (601)

C/たコ=11907°K and σ =3。405Å,  (602)

in u'hich kD is the Boltzmann constant' Equation

(6.1) is depicted in Fig. 2. Using these data, we

have evaluated the integrals (4'L4) and (4'15) nu-

merically using Simpson's rule, replacing Qr(R)

by the bare potential yr (R) . As mentioned be-

fore, this amounts to using the conventional har-

monic approximation for describing atomic vibra-

tions in the liquid. Similar results have been

obtained previously by Zwantig,'n) by Hubbard and

Beeby,lr) by Schneider, Stoll and Szabo,Eo) which

are equivalent to Eq . (4'10) with the effective

potential replaced by bare potential. It is worth

number of results obtained

functions and pair potentials,

Khan for the pair correlation

S(彙)

0.

with
ω l C

1012seご
1

3 A(totcm)

Fig. 3. C,alculated dispersion cur'

ves of longitudinal (L) and

transverse (") phonons in li-

quid argon The structr:rc

factor ^t(P) is also drawn to

show its relation with the dis'

persion of the longitudinal

phonons

（ｒ‐０
０
０
“”Ｏ
ｒ）っ
υ

ｒ
‐ｏｏ
Ｐ
ｂ
じ
３

1 2

Fig. 4. Comparison of the

transverse (Fig. 4(b) )
rnachine calculations of

Larsson

3 々 (10-°cm~l) (々lσ
・Cm・ )

calculated dispersion curves of the longitudinal (Fig. a(a)) and the

phonons with experiments. The solid circles gives the results of the

Rahman and the crosses give the experimental results of Shbld and
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mentioning that the harmonic approximation itself is only a zero-th order approxi-

mation since the atomic vibration in liquids can be considered to be highl.y an-

harmonic. We should instead employ a self-consistent procedure, a brief account

of which has been given in $ 2. In this paper its implementation, which gener-

ally leads to involved calculations, is omitted. Phonon dispersion curves thus

obtained are shown in Fig. 3, together with the schematic feature of the struc-

ture factor S(&). It may be noted that the first minimum in a(k) f.ot longitu-

dinal phonon modes and the first maximurn in the structure factor ,S(Ic) occur

nearly at the same value of. k=2l-r. In Fig. 4 the calculated dispersion curves

for ttre longitudinal and the transverse modes are compared with the results of

machine calculations of Rahmansl) and those of the experimental results of Skdld

and Larsson.rt) In vierv of the fact that there is no adjustable parameter in our

calculations, agreement betrveen the theory and the experiments is rather good,

particularly for the longitudinal modes. In the case of transverse modes, the

results obtained here give frequencies generally larger than those obtained by

Rahman. This fact may suggest that the transverse phonons undergo larger

moclulatiol than clo longitudinal phonons due to the auharmonicity of atomic vib-

rations, which may be intimately connected with the instability of transverse

phongns in liquids. For a crystal lattice, the equivalent conclusion has been

reached by the author using a self-consistent phonon theory,ro) which is also in qua-

litative agreement with the result obtained by Dickey and Paskin using computer

simulations.u) Besides the use of the self-consistent phonon scheme, the main

difference of the results obtained in this section from those of Zwanzig, of IIub-

bard and Beeby, and of Schneider, Stoll and Szabo is the elucidation of the exis-

tence of "high frequency" transverse phonons in simple liquids. We must also

mention here that there have recently been several theoretical studies of phonons

in simple liquids by Rahman,uo) by Singwi, Skttld and Tosi,ss) by Chung and Yip,36)

by Chihara,r) using different methods from that employed here'

Finally, Eqs.(4.19) and (4.20) are applied to evaluate the velocities of the

transverse and the longitudinal phonons. The result obtained is

C  r -  f . 9  X  10 '  cm/se  c  and  C  L .  1 .3  X  105  cm/  s€  c ,  (6  '  3 )

whereas the experimental value for C L is

C L-  $ .7  x  10 t  cm/sec . (604)

I t  is seen that Eqs.(6.3) and (6'4) sat isfy the relal ion (4'2I) '  The sl ight

discrepancy between theory and experiment malr be due to the use of the harmonic

apprgximation apcl the inadequacy of the use of a solid-state-approach to phonons

in liquicls irr the low frequency region. Together with the implementation of

the self-consistent procetlure for the evaluation of phonon eigenfrequencies, these

points will be discussed elsewhere.
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S 7. Conoludi-g remarks

The purpose of this paper is to develop a theory of phonons in amorphous

solids and liquids. In view of the possible importance of the anharmonicity of

atornic vibrations in disordered solids as well as in liquids, the formulation of

the problem has been intentionally based on the self-consistent phonon scheme.

In treating such structureless disordered systems, our particular intention was to

obtain expressions for phonon eigenfrequencies which, aside from the interatomic

potential, are written in terms of many-body correlation functions of atoms. This

objective has been achieved, using a conditional averaging procedure and techni-

ques employed in multiple scattering theory. Such a theory could be considered

as a generaLization of the conventional phonon theory in crystal lattices. In this

connection it is of interest to note that the method utilized here may be equally

applicable to electrons in amorphous solids, and liquid metals using the tight-bind-

ing approximation, excitons in disordered systems, etc.

In the calculation of phonon eigenfrequencies, as an application of the reults

obtained here, a simple model for the pair potential and the pair correlation

function has been used, both of which have been taken to be spherically sym-

metric. No discussion has been given to phonons in glassy solids, for which

such a simple rnodel cannot be used at it stands. As a typical example for

which such a simplified model can be applicable, numerical calculations of the

phonon frequencies in liquid argon have been made using the quasi-crystalline

approximation. Although fairly good agreement with experiments has been ob-

tained, there remain several points to be taken into account in the calculation

of the phonon eigenfrequencies. These are, for example, an implementation of

the self-consistent procedure in the numerical calculation and the evaluation of

the life-time of phonons in liquid argon. Also, it is of intercst to do such calcula-

tions for a series of other simple liquids. 
'l 'hese 

will be studied in a forthcoming

paper.
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Appendix

Second order approzimati.on

To take into account phonon damping, we employ the second order approxi-

matiou:

〈F(κ)〉″ιl′′ιB'こ=〈F(■)〉′′ι3,3 and くF(■2ソ)〉場Fけ。2・二〈F(■E2)〉,3″●2 (A01)
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on the right-hand side of Eq.(3.15). Inserting tlese into Eq.(3'15), we obtain

M a' (F (n) ) ̂ ,n - ! 
a^rV, {^rl m,n) L (nrn) {(F (rl) )-,'

- exptik(mt*n)l(f(mr)),,-,) :/t . (A'2)

In view of Eq.(3.14), Eq.(A'2) is rewritten as

(r(o) ),o,,,:(F(rr) )' + (Ma')-' 
! 

a^, 1w, 1'n, I rn,n) - ]V, ('2, I n) )

xL(nm") [(]f (") )o",,,- explih' (m'-n)f(F(m)),,,.,].
(A '3 )

It is seen that a solution of this equation for (F(n))no.,, characterized' by the

factor lvr-Nr, when inserted into Eq.(3'14), gives a phonon damping.

To express the conditional number density functions defined by Eq. (3'U)

in a more familiar form, weintroduce the s-body correlation functiou (s:1,2,3,"')

Vt P (nrn1' ' r t r)  :  9 r(nrnr ' ' '  zJ, (A.4)

which is normali zed to unity at a large mutual separation of the atoms in the

solid. In terms of this the factor Ns(m2lmtn) -N, (mrln) is rewritten as

N,(mrlm,n) - N2(m2ln) :p (g. (nmrmr) lgr@m)) - gr(nm')I' (A'5)

To treat the three-body correlation function, an attempt is rnade here to employ the

Kirkwood superposition approximation which has been used extensively in the

theory of physics of liquids.r') 
'We 

then obtain

NL(m21ml・)一NЪ←LI・)=ρg(・m2)λ(mlm2), (A-6)

where

h(mn):g(mtm) -L (A '7)

is the total correlation function. By virtue of Eq. (A'6), Eq. (A'3) reduces to

(.F(lr) )*,n:(.F. (o) )^+ (p/Mal fa*s (n*,)h(m,m")L(nm")
J

x [(.F.(z) )-,,,- exp[flc' (*r-")](^F.(ttr) ],,o,,f' (A'8)

Equation (3.14) with Nr(nzrln) replaced by pg(nm) and Eq.(A'8) must be

treated sitnultaneously.
To proceed furlher, we introduce the momentum representation for (F(z)),,.,r,:

(F(n)),, , , :  (2n)- ' IOUO(q)"*p { i(mt-n)q} (A'9)

as well as

(Ji (") ),.: F (indePendent of '?) ' (A.10)
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and

respectively, where

and

(A.13)

(A.L4)

ん(■)=ク (■)-1

Here Qr(g) is the Fourier transform of. cVr(R) the definition of which is simi-

lar to Eq.(4.12). Thus, within the second order approximation the problem is

reduced to solving the simultaneous equations (A'11) and (A'12). It is seen

that a solution of the integral equation (A'12), when inserted into Eq.(A'l ' l) '

gives the shift and the dampimg of phonon frequencies which are obtained by

using the quasi-crystalline approximation. A study of such a higher order effect

is omitted in this paper.
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