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Problern of localization of eigenstates is exarnined for one-dimensional infinite disordered
systerns with ofi-diagonal randomness. For this purpose Matsuda and Ishii's theory, based on
Furstenberg's convergent theorem on products of random matrices, is generalizecl by intro-
ducing "irreducible sequenss5" ${t) and "irreducible transfer matrices" O*(" as useful
mathematical tools.

A Furstenberg-type theorem is established for the product of matrices assoclated with
a Markov-chain, This theorem leads to some conclusions about the localization of eigenstates,
which are very similar, except for some minor differences, to those obtained by Matsuda and
Ishii for systems with diagonal.randomncss only.

§1。 11ltrOduction

Rtecently Weisslman & C)ohanl)and Bush2)haVe discussed the densitv of states

and the extendedness of an eigenstate of sOIne one―dilnensional ininite systeris with

nearest‐neighbour randonl interaction.  They predicted that there are some anomal‐

Ous features at the nliddle of the energy band(E=0)if the systelm has or_diagonal

r a n d o m n e s s ( O D R ) .  T h e O d O r o u  a n d  C o h e l 1 9  h a v e  g i v e n  a  r a t h e r  g e n e r a l  p r 0 0 f , O n

the basis of the central lilniting theorel■, that the eigenstate is extended at E==0.

They predicted further that there exists an example in 、 vhich all states are ex‐

tended, by using a perturbation exPansion Of tlle Crreen function and the relatiOn

proposed by Herbert&Jolles° and Thollless.い

However, lt has been knO璃 ァn that rlgoro1ls investigations solnetilnes bring lls

to the conclusions which are at variance 、vith those obtailled by approxi11〕ate ineth_

Ods。  1 h`eoretical criticisnls on E)con01nOu and{Cohen's、アork6)haVe been given inOst

clearly by lshil.D Ishii has cast dOubts alsO tO Herbert&Jones and Thouless's
relation.7) A prediction has been given on the extended state lnentioned above by

Fleishnlan and Licciardel10。
8) In a recent paper Odagaki and Yoneza、 va9)have

lloted that the L(=)methodl°should be used very carefully for discussing the

10calization problem.

The purpose of this paper is to discuss the problem of localization Of eigenstates

through Matsuda and lsh五
's rigorOus approach (hereafter referred to as MIH)and

17)).  It becomes then necessary to generalize the Furstenberg convergent theo‐

ren112)to the case of product Of inatrices associate(l 、 vith a Markov‐ chaillo  The

Furstenberg―type theorenl thus obtained Plays an essential role ill this paper.
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Otlr formtllation is generitl ill the sense that it can treat the systenls 、vith

b()til killcis of r〔ind01nness:diagolla1 0ne(DR)alld ODRo FOr silllplicity's sake.

ho、「evers 、ve conine ourselves in this l)aper to systeins 、vith ODR only anc! tf)

those、vith lllllttlaHy independellt DR an(1 0DR.

In the next section tlle general forinulati01l is givene  ln § §3 こind 4 thc

Furstenbe10g theOrenl is generalized tO the case of lnatrices associated uア ith a Mar‐

kov‐chain, for the systein 、vith ()]DR onlyD  Tlle Concepts ``irreducible se(luence"

〔ln(1 ・`irredticible transfer nlこttrix・
・
 are illtrodllced ill these sectiOns.  In §5 it iド

sho、「n that the related theorenls given ill MI and l can also be extellded easily.

111§6 it is shown that the sallle con$ideratiOns can be made alsO fOr svstellls with
()I)]R `ind DR.  ′「he rinal sectiOn is(levOted tO conclusiOns〔in(l discussi011。

S 2. Fornr u lation

Jlhe .sv.steru eon.sidered in this pa per

t lr e I{anriltonia n

of tfre problem

is .ul infinite linea r chain clescribecl bv

〃=Σ |′′〉ε"〈″:+Σ](|′′〉ち。け〕〈′′+11+|′z+1〉ち-1,口〈″|), (一∞≦′2≦∞)

( 2 0 1 )

bollnded:r r . l r g re  t  , , . , ,  , ,  a  t l c l  t  , t  -  , . , ,

t r , , r , - t : l r t  L ,

For sinrpl ici t f  i t  is here ass umecl

clel lenclent l ,v of { / , , .  , ,  ,  r  }  ,  r '  kinds

P′(εp=εノ)=P′げ
)=ノ

γ

Σf)Hハ=1・
′= :

are a.ssurnecl  to be nonzero,  r 'eal  and

( f o r  a l l  n ) ( 2・2 )

The system s'oulcl bec'ome an assembl."* of separate pieces if sonre of I 's vanish.

We assun:e further that t lre trausfer integrals {1,.o.,.,} can take, nrutr,rally indelrencl-
ently. r ' different values rvith a colnrnon probabil ity distribution:

P (へ。. 1 =′
(お
) = P° = P i (  i r rc lepel l ( lent  o{  i l )  i  :  1 ,  .  '  ' .  / '

ｒ
▼
ム
ロ

Fメ
:) = 1

l 'he eigenvalue equa t ion of oLlr .sv.stel l l  ean

of  recur rence re la t ions :

E ' e t , , : 0 , ,  ' t I , , ' l  t u , r ,  t ' d u *  r  *  l . r r , , . - t ' Q u  I  t

rvhc . re  ( r , ,  i . s  t l re  i r tup l i tuc le  o f  the  e igens ta te  a t  the  .s i te  t t .

ther t  c lef inet l  as fo l lor \ /s :

( 2 . 3 )

tha t  the  d iagona l  e le tnents  {e^ }  c i l l l  ta rke ,  i t t -

of cl i f ferent val ues r,r ' i th : l  col l lrnon probabil i t l , '  :

,  ( i t rc leperrc lent  of  n)  . i :  1,  '  '  '  ,  t ' '  ,

( 2 0。1 )

be 、vritten in the forn1 0f 〔l set

( 2・5 )

′
rransfer illatrix ll i、
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l i m上 1。g‖(童 T 3 ) X O I I = l i m■ 1。g‖(血 0 1 ) X O‖.    ( 2 0 8 )
'→∞ π      ι =1        ■ →∞ π      ι =1

0ur inal purpOse is tO discuss whether the limit(208)existS,the value of

which is inlte and posltlve, 1。e。,

lim■1。g‖(血oox。‖=2γ>0,       (209)
屁→∞ π      ι ‐1

or not,independent of】 〔0∈ (R2_(0))and of sample systelnso FOr this it is neces‐

sary to generalize the Furstenberg convergent theorem to the case of a product

of matrices representing a Markov―chain,  In the fo1lo覇バng two sections discussion

is made for the systems with ODR onlyo Discussion fOr the systems with ODR

alld DR win be g市 en brieny in§ 6。

§3。 Rando]m chains with ODR only

3。1。  A set .20 is deined as an aggregation of all sample systems of the

type deined in§ l and With ODR only.A physically reasonable measure μ l°Can

be introduced on `70 in the same way aS in I; /ι10 can be extended to a complete

measure on the whole Borel sets of the interval Σ[0,1].It Win be seen later

that it is mOre convenient to omit from 20 a set of special sample systems(00}

with a suttciently small measure εⅣ:>O in Order to avoid a mathematical dittculty

which occurs when we apply the Furstenberg convergent theorem.  It will be

seen there that we can make the measure ε Ⅳ>O as small as we hope so that ε Ⅳ

does not a∬ect physical phenOmena.We thus deine ρ
=20-{00}.

Ob宙ously a complete measure μ=μ
O/(1-εD iS meaningfull(as μ

O({の0})

=CD alS0 0n the smallest Borel sets including the intervalsガ [0,1]一 〈JJ・
0},Where

{の
0}iS a set of intervals corresponding to the set(`DJO}O We Will use the expres‐
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sion /({ror0}) for tf (o})) in this paper. In the cases where we have no mathe-

matical difrculty we understand that l,tsto):d, and s*:0'
'flre set of sarnple systems Q can be decornposed, in one way' as follows:

Q:Ee' '

Qo :  lo i  ts .1(o1)  :  1( '  for  vroeg( l ) ) '  ( i :1- r )

gto is a subset of g cornposed of systetns for rvhich

/6 .1 (d)  =  7 ( l ) '

When rve write

u(g,t ') _ yut : 1p (e,r) / (I_ ss) = 1'-rri) 1l --€:v,i)) / ( l - e*), (i = l.-r)

(3 .3)

each (g(i ' , PG',p(tt=pfv"') becomes a probabil ity space.
g.2. On each sample tDeg'tt ( i:7-r), the l-th "irreducible sequence" of

the r-th kind ^91ttt, ancl the corresponding /-th "irreducible transfer matrix" of the

r'-th kind Q,*(,,, are defined as follorvs: An "irreducible sequence" of the i-th kind

St{) is a sequence of 1o.,,,'s which fulfills the conditions that (1) the preceding

I is equal to l(t', (2) it ends with ,'i) and (3) no other t's in the sequence are

equal to ttr'. An "irreducible transfer matrix" of the i+h kind Q*tt' i. a product

of transfer matrices Q corresponding to an "irreducible sequence" Sttt of t. The

irreducible sequences and transfer matrices of the d-th kind are introduced irr order

to describe the right serni-infinite chain starting from to;:tttt' Obviously the left

semi-infinite chain can also be described with the correspondingly defined sequences

and matrices. More precisely, a right semi-infinite chain can be represented, under

the condition that to.t: t't', by an infinite seqtlence of the irreducible sequences

(島
0,現"),…

,島
0,…

) (304)

rvith probabil ity 1, and also by a product of the irreducible transfer rnatrices

(°°…03*(°°02*“
)・
01*(ι

))
(305)

rvith probabil ity 1. As an exalnple some possible sets of the irreducible sequences

and the irreducible transfer matrices are shown in Table I, for the case r:2 ancl

i:1, rvith their values of probabil ity distributioi p't '  ((l*" ') :7.1(r'(,$r))'

I t  is  now obvious that  detQ*" ' : l  and g*tocSz(2,R) '  We def ine G")as

the smallest closed subgroup of SZ(2, R) including all kinds of the irreducible

transfer matrices of the i-th kind Q*(i ' . Then an infinite sequence of q*tlt1g,*(i);

l :1 ,2,3, . . . )  can be regarded as a sequence of  mutu:r l ly  independent  G({) -val t ted

raudonr variables rvith a common distributiou 7r(r). Now rve apply the Furstenberg

converg:ent theorern to our set of irreducible transfer matrices to obtain the follow-

611

( 3・1 )

(302)
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Table I. An example of the irreducible sequences,the corresponding irreducible transfer

matrices and the values Of the distribution in the case r=〓2 and グ=1.  It is shown

i n§4 t h a t  εが1) i s  e q u a l  t O  t h e  s u m  O f ( 1 - P ( 1 ) ) I P ( 1 ) C J = N ( 1 )～∞)i n  t h i s  c a s e  a n d
thus equal tO(1-P(1))″ (1).

0ホ(1)(S(1)) μ(1)(0*(1))=μ(1)(I(S(1)))

(′0)＼`《1)     0(′ (め,′CtD)              P(1)/(1-ε ″(1))

(メ詢)＼′0′(1)     0(メ 1),′0)0(30,′(1))          (1-P(1))・ P(1)/(1-εメ1))

" - 1

(′《1))＼メ3)′《8).。.′0メ1) o(メ 1),′0)(0(′0,′0))●~助
0(′0,′(1))  (1-P(1))(・

~1)・P《1)/(1-ε″《1))

N ( 1 ) - 1

(メ1))＼′《8)メ2).′̈o′(1) 0(メ1),メ8))(0(メ2),″o))(Ⅳ(1)~2)0(′(め,メ1))(1-P(1))(″(1)~1)・PCtD/(1-ε″《1))

ing cOnclusion:

If GO satisiesユconditionlD fOr an energy E with the condition that∫‖0*C)‖
み°

(0*°)<∞ (‖0*0‖=Sup‖0*C)X‖,X∈R2and‖X‖=1),then

lim二1。g‖(ΠO:*0)Xo‖=2γホ0>0      (306)
"→ ∞ ′π     ι =1

with prObability 1 0n the sample space ρ《̀)for an XO∈(R2_(0〉).We thus have

L(―λt(万)ルbg‖(二QりX01=P02γЮ=2γO>0  00⊃

with prObability 1 0n,(`)fOr an」鶏(=≠o),where″
(:)=′2(ι)(″2)iS the number Of

O COntained in the prOduct of the sequence of O*0'S。10e。,

「lF)0ノ)=ム0椰L      。 ・め
3.3.  It has been shown that there exists a positive number r(1)deilned in

(307),if GC)satisiesユcondition for an energy E with the condition∫‖o*°||み
C)

(0*C))<∞.COnsequently,it is apparent in this case that for an suttciently slnall

ε there exists an integer N(1)such as for πブ>ハ♂1),

αo θ2oO―o■
0(a)<α

10(.)十αlC)(.).1<βC)ι2oC)+3)'0(2)   (309)

fOr each′′C)(′,2)Where rn,..1=′(`).Quantities α(f)そind β(ι)are some l)osit市e lllite

numbersc

The relation(3・ 9)prO宙 des us,however,with only partial infOrmation about

the exponential growth of the wave function; it does not guarantee the existence

of γ in(209)with probability l on ρ for any』ヽ ヮと0.There are three cases.

Case a)Existence of r(`)is guaranteed for every Subsets(J=1～→ (fOr an energy

E with probability l).

Case b)Existence of γ
O is guaranteed for at least one subset but at the same

S(1)
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t irne it is not guaranteed for at least one of another subsets.

Case c) Existence of 7'til "n,tnot 
be guaranteed for any sttbset'

It is shorvtt i1 Appendix A tfuat at least in the case a) the existerrce of 7' is

guaranteed for the ellergy u'ith probabil ity I on I for any Xst'0 ancl

i '= T"' : f '" '  : " '  : i ' t tt. (:] '  t0)

tlrar is. the l irnit ing value (2.9) exists for the errerg.v rvith propabil ity I on Q

fur auy X+0.
We thtrs reaclr the follorving conclusiott: t\ sulficient conditittu for the ex-

pnpential grorvth of the rvave functiotr is that the property (3'6) is proved for

every  s t tb .se t  d | ( i '  G : l - r ) .

I t  is  noted t [at  for  the l l loc le l  ac loptecl

c)  ap[)ear .

11l this l)そtper ollly the (:こise、 こ1) (111(|

§4。 A Furetenberg・type theorelm for the systelmS With ODR only

As mentioned just above,a sllttcient collditi(〕 n for the expollelltial grOwth of thc

、、'ave fullctioll is that the prOperty (306)is pr()Ved for every Subset ″
(`)(J=1⌒‐′′・)

for the energy E with probability lo We call it the CF_collditiOn(generalized

F‐condition).  ハL SuttCient con(lition fOr the property(306)to be Valid (for a giVen

energy E)for One subset ρ
“)is

l) G〈
ι)satisies F‐collditiOn,

2)J・s二o,D‖0*°‖″がい(0*°)<∝ ・

The secolld condition can be lnade tO be satisied 、 、アhell we olllit frOlll C'0(1' the

irredllcible transfer lnatrices correspondillg to the irreducible sequences the lengtlls

O f  w l l i c h  a r e  l a r g e r  t h a n  a  s u t t c i e n t l y  l a r g e  i n t e g e r  N C )≧N / P C ) . T l l e  i n i t e

integer ♪ゞ
(1)can be nlade as large as one hopes so that the illteger does not

affect physical phenolnena, th〔lt is, the prObability distribution Of the subtracted

set can be lnade as sl■lall〔ts one hopes by taking a large illteger N.  It can be

dOne by constrtlcting the enselllble delined il■ §2 by subtracting frol■ 2° tl set

{(ら
0}Witll a suttciently small measllre εド>0。 Now apparently,it is adequate to

ullderstand

{rtノ
0}(J∈`プ(1)…′ιO({rら0}(1))=P(1)ε37(f)(′=l～ r)

t〔リノ
‖
}=E{(Dノ崎

and eat-h {,070}tt '  consists of sarnple systenrs, each sarnple of rvhich includes at

least one irredtrcible sequence of the i-th kind. the length of rvhir' l 'r is greater

than Nr'. The ensemble J? should therefore be urrderstood. lt 'heu it is uecessary,

as irn aplgregatiorr r;f 1ll sarlple systems irr 1'hich each sarnple oe-?tit Q:l^-v'1

cal [e rel)t.esetrte(l l l-r,trr,o infinite se(luettces c,f the irreducible seclttetlces. tht'

le lgths of  q 'h ic l r  are less than or  equal  to  i l i ' .  descr ib ing the r ight  arrd the le f t

″）
一Ｈ

三 ( 4・1 )
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parts of the chain.
After omitting the irreducible sequences of this kind, we have only to consider

the condition 1) for each subset 0({). It is evident that we can make the finite
integer N as large as $'e hope and accordingly the positive value ep can be made
as small as r\:e hope so that the existence of ey does not affect physical phe-
nomena.

The following results are obtained about the GF-condition, with a result in
Appendix B,

case (1)  r :2  and l t " ' l * l t " ' l
The GF-condition is satisfied for all the possible energies except E=0.

case (2) r:2 and tQt - -ttt l

The GF+ondition is uot necessarily fulfilled for every energy in the
baud.

case (3) r23 (r(oo)

The GF-condition is satisfied for all of the possible energies except
E:0 because G[ll of the system includes at least one subgroup G8i
which corresponds to that in the case (1).

§5。 Extension of other theorems in PII and I

Once the(3F_cOndition is prOved to be satisied, it is straightforⅥrard to derive

the conclusiOns abOut the localizatiOn Of eigenstates; it suttces to establish sOme

auxiliary theoreinso  These theorems can easily be derived by slightly modifying

the corresponding theorems in MI and I.

The theorelns corresponding tO the theorems 3, 4 and 6 in MI can be Ob_

tained by extending the relatiOn (401)ill MI as

(φ
+(′2)・ψ

―
(κ+1)一 φ

+(′′+1)・ψ
+(π

))=ιO,1/′.,ルニ1, ( 5 0 1 )

and modi fy ing the re lat ions (4 '5)- (4.9) ,  (2 '9)- (z ' lL)  and (4.13)- (4.15)  in
MI in an entirely similar way. The theorem 9.3 in I can be extended, in the
same way, by extending the relations (9'29) and (9.30) in I as

氏 +1乙:~耽 +1工ι=ノ0. /′L. + 1 ,

G.,.(E)=y7(E)y2(E)自T:き、|ltE),

(502)

( 5 0 3 )

respectively, and modifying similarly t lre relations (A5.6), (45.8)-(45.11) and
(A5.14)  in  I .

'I'hus 
we can conclude that eigenfurrctions of the systems with ODR only

are localized rvith probability I on I if the GF-condition is satisfied.

It is irnportant to l lote that the extension indicated above is independelrt of

rvhether the system under consideration has only ODR or has both ODR and



DR. Thus the same

be obtained also for

to be val id for such

$ 6. Validity of

In this section we

rvith ODR and DR, if

necessary to introd uce

define the "irreducible

6.1. Each samPle

can be represented bY

or
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conclusions about the localization in MI and I can readily

the systems rvith oDR and DR, if the GF-condition is proved

systems. We shall prove it in the ttext 'section'

the GF.eondition for the chains with oDR and DR

shall prove that the GF<,ondition is fulfi l led by the s-fsterns

those are independent of each other. To do this i t  is only

a sl ightly dif ferent measure i l r '  for the sarnple space arrd to

sequences" more careful ly.

system charae tef ized by a sequence {er , .  tn .o-r i  t t -  1 ,2,3,  " ' }

an r and r'-adic number

6  
- -  0 . 0 , ' q t q z ' . . .

6 - 0. oror,. . .  (and et)

contained in J: [0, 1], where one-to'one correspondence is established by

en: e (q,') and tn- t,o: t (Q,) . (n: t, 2' 3, " ') (6 ' 2)

Then a suitable measure 1to' can be introduced on the ensemble of systems 'fJe in

the almost same way as that in I.

6.2. The "irreducible sequence" of the i-th kind s'{' should be defined more

carefully in this stage. It is the sequence of e' and lo'n-1 which fulf i l ls the

conditions that (1) the preceding t is equal to t"', (2) it ends with '"' and (3)

there appear no ,tt' in any other position in the sequence. Obviously each en can

take all possible values in the sequence. Then the right half of the chain from

lo.,(: ltt ' j  can be represented, with probabil ity 1, by an infinite sequence of the

irreducible sequence of the i-th kind

(島
0,易C) , S 3°

,…) (6・3)

6。3。  No、 / the G」F‐condition of the system can be discussed in the ah■ost Saine

way aS that in §§3 and 4。 The fonOwing result is readily Obtained, as eacl■

GC)contains the subgroup GDO,which corresponds to syStems with DR o:1ly.

E)ach subgroup GD(1)iS the salne as、vhat has been discussed extensively in MI and I.

Case(4): General case where both ODR and DR exist.The GF‐
condition is

satisied for a11 0f the possible energies including E=0。

$ 7. Coneluding remarke

The first conclusion <lbtained irr this paper is that a Furste[berg-ty1re theoretlr

can be established for products of random matrices representing a Markov-chain;

( 6 0 1 )

( 6・1′)
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the GF-condition is a sufficient condition for the convergence of the quautity (2.8).

It should be rernarked here that our rnethod rvill be effective also for systerns

u'hich are more general than those treated in this paper, so that the Furstenberg-

type theorerns can be established also for these systems.

Our second conclusion is that any infinite chain which belongs to the category

considered can be made to have an exponentially localized solution for a givelr

energy E for rvhich the GF-condition is satisfied, by modifying a transfer integral
fs., (or an atomic energy e6) such that it gets a suitable value, except for the
clrains with measure zero on Q.

The third conclusion is that ahnost all of the eigenstates (for the energy E)
are exponentially localized, in infinite systems, .rvith probabil ity I on g,*) in the
sense that the follorvirrg relation hold rvith probabil ity 1 ou J?.

|G, , . , , (E- iO) l (O(exp{  - r@)ln-ml l ) ,  in  the l i rn i t  lz -  rn l ->a .

The fourth conclusion is that the weak absence of diffusion?t takes place also

rrith probability I on 0, for rrbove rnentioned energies.
l'he fifth conclusion is drawn in the case (2) that all of the eigenstates,

exeel)t those for E=E,= lZlt(tt I (the values of band edges of the regular system

rvith t" ' or /tt ') are extended. This is because every irreducible transfer matrix in

G"t (ancl G'") can be diagonalized by a non-unitar]r transformation, so that the

rliagonal matrix elements have the from srt and, e r0 (d: real). In this case the

randomness of phase of the transfer energies cloes not seem to play any role for

the localization of the eigenstates. The value of 7'is obviously 0 in this case except
for .E: E ..

It wil l be interesting to discuss the rate of exponential growth 1 and the

feature of spectral densities. Here we confine ourselves to note, horvever, that
sorne recent developments in the theory of spectral densitiesrr' (on sotne different

nrodel from ours) are possibly helpful to obtain some further conclnsions on the

localization problern.
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Appendix A

-l Proo.f of the Statenent Giaen. in (3-3).for the Cttse a)--

Irr  the ctrse a) existeuce of i ' t r '  is guaranteed on each subset 9" '7i: l -r) '

o' lt should be rnentioned that probability I on 0 represents probability l--e,v un 00 and
ureersurc zcr() (m f does measute €r on 90.



Localizati.on of Eisenstates

Wt' reilrrange here the itrclit'es i .stlcth that
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. .o t<f (2)<fo 'S. . .Sf , " .  (A. t l

We have for each orq-.g'tt( i:1-r) a seqttence of numbers nt"(m) appeared in

( i 1 .7 )  :

n ' t '  ( u \ .  ( n  =  l .  2 .  i f .  " ' )  (A ' z i

Frorn the exporrential properties (3'6) and (:J'7) it follows that fnr sufficiently

snrall positive number e20 there exist integers lVo such that

(t(t 'cr.r)(n){'rr(rr(a)-Ei <ar': rrr^l (E) *clalrrt+, (E)

<r3(rr'(r,(ir(rr(.)(8)+3t for z.rt (rn) )Mr, (i=l*r) (4.3)

irr4ependent of the initial condition a6 and a1. Obviously the site corresponding

to 2,t)(rz) has ,i(r)(,),r(r)(r) t:t( ' . From the independence of the property (A'3)

of the initial condition .Xo(*O) we can conclude that the exponential properties

(3.6) and (3.7) ancl thus (A.31 are valid with probabil ity 1on the set of

systems g. It is apparent {rom (A.3) that at least one of the quantities,4"1a1.1 (E)

and 4"1,11.y."t (E). satisfies the follorvirrg inequalities

皓び
つμ暉"0→鋭 0̈,

喝♂♂Ч…0→<こ…K助

贄)r ttlelll『inよIスlill.1)is sat、.ed、ve have

( A・4)

( A 0 4′)

〆ρOヤ嶼"中い<れのJO+4q→0,

°
)`・

0い)÷]}Pγ O‐鱒<α10。)+1+a10。 )2,

thこtt 】s,

[ン
→〆ρ

り
〆 気的 ロ ト ・C¨ 0+れ m判 ④ 韓 0

indel)endent of the killd of the correspondillg (the preceding) tritnsfer integral

′
(1′D.When the illeqιlality(A04′)is satiSied,we have

時び
つどつ

that is,

皓♂
→r…ヤ……け配Oo+400. (A05′)
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independent of the kind of the corresponding (the next) transfer integral t(d')

These inequalities show that

/→≦ノ≦デD≦…≦デ
→

and hence

r ( 1 ) =γ
( 2 ) =…. =γ( r ) =γ

0

This implies that the limiting value(209)exiStS

with prObability l on ρ  for any XO≠ 0。

(A・6)

(A07)

(with γ in(309))fOr the energy

Appendix B

-A Proof of the Result about the GF'Condition.for E:O

in the Cases (1) ,  (2)  and ( .3)-

ft is shown in this Appendix that each G"' does not necessarily satisfy the

GF-condition for E:0 in the cases (1), (2) and (3).

First consider the cases (1) and (2). In these cases it is easily seen that

the closed subgroup Gtt' (or Gt") is composed of the elements

土(I  ~:) and  lJL(:  I),  土(1子  α:2)|' (B・1)

where α=y百 両
/″

め
i(oryl′

(2)/メ1)|)・In the case(2)(α =1),it iS Ob宙Ous that

the closed subgroup is compacto  This completes the proof.  In the case (1) (0

<α <∞ and α ≠=1),the fO1lowing reducible non_compact subgrollp R of G《 1)(Or

GQ))call be constructed

The (left and

I t  is seen that

coset of R on

tha t  i s ,  there

2.
It is now apparent that the essential feature is the same also in the case (3).

The difference lies only in rather complex expressions which appear ou constructing

the non-compact reducible subgroup (of the type R) with the index 2'
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