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It is proved that the effective “distance” m(e+il"), proposed first by Matsuda for a linear
chain model with nearest-neighbour interaction, exists in any dimensional disordered systems
described by a bounded Hamiltonian with short-range interaction. Thus the local situation or
short-range order plays an essential role in determining various physical quantities in the sense
that the Green function G..{e+iI") is almost determined by the local situation of the system
at and around the sites / and /’.

§1. Introduction

Since the pioneering works of Dyson,” Broadbent and Hammersley,* Ander-
son,” Dean,® Edwards® and Ziman,” the study of systems without periodicity has
become an important theme in solid state physics.

For periodic systems, tremendous progress has been made in the last half
century on the basis of Bloch’s theorem® and the band picture has become one of
the most important concepts for understanding the characteristics of the solid
states. - On the other hand, a widely accepted concept in the molecular field®'?
suggests strongly that the local situation of the system also affects many physical
quantities. In fact, many workers have succeeded in obtaining reasonable
results, using the molecular field approximation or molecular field-like approx-
imations. o

Roughly speaking, there are three types of physical phenomena. One is
characterized by the existence of long-range order of the system such as those due
to the van Hove singularities of the density of states. Another is characterized
by the local properties of the system as discussed in recent works of loffe and
Regel,' Weaire and Thorpe,'® Ziman,'” and Haydock et al.'¥ The other is of
the intermediate type which is characterized by the local situation in a wider
range. The last is regarded as one of the difficulties in the detailed study of
amorphous solids and of alloys.'®

As for the latter two types of phenomena it is essential to disregard Bloch’s
theorem and to find new fundamental principles or theorems from another point
of view such as the local picture. This has been the author’s principal aim in

*) An essential part of this paper has been reported in Int. Conf.; Lattice Dynamics (Paris, 1977)
(Ref. 1)).
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carrying out some work in the field.'®~'?

The concept of effective “distance”, which will be generally proved in this
paper is important in discussing the effect of the local situation or short-range
order of the systems. This concept was first proposed by Matsuda®”* for a
linear chain model with nearest-neighbour interaction. He succeeded in proving
for the model that its local character almost determines various coarse-grained
physical quantities. In this paper more general conclusions are obtained for
general disordered systems of any dimension with arbitrary short-range interac-
tion.

In § 2, a model is introduced and a short remark is given on the term coarse-
graining. In § 3, Matsuda’s approach is applied to the recursion method.?"»*?
Fundamental theorems on general disordered systems are given in § 4. The final
section is devoted to conclusions and discussion.

§ 2. Model Hamiltonian and coarse-grained quantities

Let us consider the following type of Hamiltonian described in a site repre-
sentation as

H=;fl)d:(li'f'l§,{l>tt.t'<l,f, (2-1)

where {|/>} is a set of orthonormalized bases characterised by N, sites {/}. Two
following restrictions are assumed on (2-1). One is that H is bounded, that is,

1H1= sup, [ <AHA 3 E, <oo. (2:2)

The other is that the interaction is of short-range, that is, there exists a value /o
representing the range of interaction such that

tier=0 for {4, I'llI—=1I'D L}, (2-3)

where |/— | is some distance between sites / and /. The Hamiltonian (2:1)

with conditions (2-2) and (2-3) can describe a wide range of disordered systems

including topologically disordered one such as the Weaire-Thorpe model.'?
The Green function G(E) is defined by

(H-E)G(E)=1, (2-4)
E=e+il’, I'>0. (2:5)

The following relation exists for the Green function (see M)

*) Reference 20) is referred to as M hereafter in this paper.
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Im G:.z'(E)=%_/_‘:G§',z'(E')(T_#_*_—I—,zdS' ,

Gi’,t'(é‘)——_-[!,igg Im Gi(e+il’), (2-6)

and accordingly various physical quantities derived from the Green function are
coarse-grained by I'.

§3. Matsuda’s approach applied to recursion method

Let us construct a set of orthonormalized bases starting from an arbitrary
State |1),21)‘22)

1), (1)=1,

=10 ) DHIn=1} /(= UH 1= Z | N DHIm=1)
(n=2,3, =+, N). 3-1)

The integer N is equal to or smaller than N, in (2-1), because in some case a state
|n’) can vanish for »'<N, owing to the symmetries of H and {1). The
Hamiltonian H is closed and real tri-diagonal in the subspace on the sequence of
bases {|n); n=1, 2, ---, N}. Let us denote its non-vanishing matrix elements as

Br=(nlH|n—1)=(n—1H|n)=B7-

=/(n—lfH(l—:gllln')(n'l)Hln—1) _ (n=2, -, N)

an=(nlHln). (n=}, -, N) (3-2)

Some examples of the set of bases on an ordered square lattice with nearest-
neighbour interaction are shown in Fig. 1.
In this subspace with the {|»)} representation the Green function satisfies

B Grn-sn(E)+(an—E)Gnn(E)+ B Grirn(E)=0nn,
(n,n'=1,+,N) (3:3)
with the condition
Br=B83=0. (3-4)

The subscripts z, #” (n”, m, 1 and N) are used throughout this paper when
a new set of bases {|7)} is used to describe the Green function, while the subscripts
I, I’ (I” and [") are used when the site representation with {|/>} is adopted.

Equation (3-3) with the condition (3-4) is just Eq. (3-4) in M and hence we
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(b)) = 77 %
(12> + 1))

Fig. 1. Some examples of the wave functions of the bases {{z)} on the ordered square
lattice with nearest-neighbour interaction and with one-component on each site.

can obtain immediately the following results.
There exists an effective distance #=m(E) corresponding to each E
(Im E >0) such that

(1) |Gn,n’(E)I<\/7n: Min{IGn.n(E)l, |Gn'.n'(E)l}eXD{"|n— n,'/ 2m}-

(ii) The value of Gan(E), (72— n'|< #) is almost determined by the set of values
{@n~} and {B%-} with |»n” —n|< % or |n” —n’|<m in the sense that its dependence
on the values {a@»~} and {Bi-} with |»”—n|>m and |#” —n’|>m decreases with
increasing m by a factor of exp{—m/m}.

(iii) Mm(E)<sup(1+(87)*/T*)< mo.

(iv) Mo51+(EM/F)2.

In the last inequality in (iii) the following inequality has been used:

IBil<Ewm . (3-5)

§4. Upper bound and convergence property of the Green function
Let us define the “distance” m(/, /') between sites / and !’ by
m(l, I)=Min{kK U H k= 1>+ (Ll HLXHIH|D %0
for some(ly, Lz, -+, le-1)},  for Ix1

and by
m(l, 1)=0, _ (4-1)

which has the following properties:
m(l, I'))20, (m(l, I")=0 if and only if /=1")
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m(l, U')=m(l’, 1),
m(1, U)Ysm(l, 1")+m(l", I'). (4-2)

The distance m(/, I’) corresponds to the path of minimum length between the
sites { and /', providing that the lengths between sites /” and ["(%*!") for
(I"JH|I">%0 are 1. A simple example of the distance is seen in Fig. 1(a) for the
ordered square lattice with nearest-neighbour interaction. In this case the
distance between the sites on which the base [2) (|3) or [4)) has nonzero values and
the site [1)=|2> is 1{2 or 3). Roughly speaking, we can find the sites, at a distance
m from a site /, by seeing the “wave front” of the base |m+1) providing [1)=|D.

Now we can consider the upper bound and the convergence property of the
matrix element G..(E) of the Green function in the site representation. In the
case when |1)=|0> for a fixed site /, we obtain from (i) in § 3

IGx.ml(E)lEl(llG(E)lm-f-1)I<Min{le,¢(E I |Gmirmer(E Wvmo
X exp{—m/2mo} > f (m). (4-3)

If a site / is at a distance m(/, I’) from [, then the state |/’> is a linear
combination of the states {{n"), (»’2m+1)} and a state |0> which is orthogonal to
the states {{n), n=1, ---, N}, that is,

=2 Ciln)+lo, 1>,

31 |CLE+<o, lla, D=1. (4-1)

n'am+1

Accordingly we have

|Gl=KIUGIID|=] ﬁ CL<IIGIn')|

n’am+l

= n'zzfjnnlc'l"]z. n'zﬁmnl( 16l

< fYm)/ vI—exp{—1/mo} . (4-5)
Recalling that
|G EN=1Gri(E), (4-6)
we have a final expression
|G LA ENMIn{|GLi(E)), |Gral EN}Wmo] (1—exp{—1/mo})
xexp{—m(l, I')/ 2mo)}. (4-7)

The convergence property of the Green function G.. can be proved as
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follows. First, supposing |1)=|!> we see from the convergence results in § 3 that
the value of G...=<!|G]I>=(1]GI1) is almost determined by the set of values {a:~}
and {t;~.~} in the region m({”, [), m(I”, 1)< m. in the sense that its dependence

increasing m by factor of exp{—m/mo}. Next, supposing [1)=(1/2)(D>+[I">)
and |1)=(1/2)([1>+i]l">) we see the convergence results for

(1IGI)=2(Guu+ Gruw)+Re Gur (4-8a)
and
WGI=1(Grt Gru)=1m Gur, (4-8b)
respectively. This implies that the same is true for G (E).
§ 5. Conclusions and discussion

The first conclusion is that the effective “distance”, #m(e+iI") proposed first
by Matsuda for a linear chain model with nearest-neighbour interaction, exists in
general in disordered systems described by the bounded Hamiltonian (2-1) with
the short-range interaction. The concept of “distance” was introduced for the
first time in this paper as a metric naturally induced by the Hamiltonian.

The effective distance #(FE) guarantees the properties (1) and (2) in the
following and its existence is guaranteed by the inequality (3).

(1) lGz,t'(E)léMin{th,z(E)l, IGt'.z'(E )'}w/ﬁ—(E)/ (l—exp{-l/n_z(E)})
X exp{—m(l, 1)/ 2m(E)}.

(2) The Green function G..-(E) is essentially determined by the local situation
within the effective “distance” #m(E) from the sites / and [’ in the sense that the
dependence of G..(E) on the matrix elements {e:~} and {ti~.} in the region
m(1”, 1), m(1”, I')>m decreases by increasing m by a factor of exp{— m/m(E)}.

(3) mEYSmo=(1+(Eu/T")).

The first conclusion mentioned above has been obtained for any finite system
(2+1) (No< o) with the conditions (2-2) and (2-3). We have seen that the proof
and hence the results do not depend on the size of the system No or N.

We have thus come to the second conclusion that the first conclusion is valid
also for infinite systems which have the properties (2-2) and (2:3) and which are
constructed by the limit from the finite systems.

We have shown an upper bound of the Max|8:| as Ex and hence an upper
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bound of the effective distance. However, as has been shown in M, the effective
distance can be much smaller than the estimated upper bound. It is thus impor-
tant to study the effective distance quantitatively. This problem is open for the
future study.
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