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Existence of a refined effective,,distance" fiG+i/^\ (e; energy, J-; degree of coarse-graining) is
coqiectured in infnite systems to measure, more precisely than the effective "di"t"n""', n tDie= ii ifl
does, the contribution of local environment around the sites / and /' to the Grem function Cr,,.(ft. 1.n.
effective "distance" ril(E) is numericatly observed in some simple finite sampte systems of i-, Z- ana S-
dimension. If the quantity 2d(.8) exists, it is expected to be ananalytic continuaiion of the tocalization
length /(e) on the upper half of the complex energy plane.

$ f. Introduction

Any quantity observed with instruments is more or less coarse-grained and the
coarse-graining is related to throwing away some information of the system .F/ under
observation. What kind of information of I/ do we need and what kind of information
can we throw away when, contrary to the above, some accuracy (degree of coarse-
graining) is required to a quantity? We have known very little on the detailed relation
between the degree of coarse-graining and the information of the system we need or the
information we can throw away, although we have a lot of good exampleslr-ot which
suggest that a local character of the system determines the approximated (coarse-grainecl)
quantities.

In a previous papert) (hereafter referred to as I) we discussed the above-mentioned
relation about quantities derived from the one-particle Green function. The coarse-
grained quantities, with respect to energy e by 1. (degree of coarse-graining), are derived
from the coarse-grained Green function G@)=(H-E)-'with the complex energy E=e
+if . Weprovedtheexistenceof theeffective"distance" n@),whichwasameasureof
the range of local environment of the system which determined the coarse-grained
quantities for given e and f , in a disordered system of any desired dimension described
by a bounded Hamiltonian

〃=勒>a<冽+郡ノ>如≦川 ( 1 0 1 )

with short-range interaction. The proof was a generalization of Matsuda's onet) on a
linear chain model with nearest-neighbour interaction. This guaranteed that the Green
func t ion  Gu ' . (E)  = ( / lG(E) l / ' ) ,  decayed exponent ia l l y  w i th  the  decay ing  fac to r
tl Qn@)) for increasing m(I, n ( a "distance" between the sites I and I'defined in l) and
that the value of G,,r(E) was essentially determined by the local environment of. H of the
range rfr(E) around the sites I and l'. More precisely,
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(1)IGι,ι′(E)|≦min{IGι,ι(E)|,IGι′,ι′(E)|}

βl~=βⅣ+=0

959

x (rft@) I (l - exp{ - t I n(E)D)',t ' ,

xexp{-  m(1, l ' )  I  zn@)l  .

(2) The contribution of (the matrix elements oil H outside two spheres, centered
by / and /'with a radius nxfr(E), to the value of. Gur,(E) was less than
C/explnl (C;some constant) f.or any n)0.

The "distance" fr(e*if) would be a monotonically increasing function with decreasing
f , because less coarse-grained Green function needs more information of the environment.

When we introduce a set of orthonormalized bases {lz), n:L,2, '.., N<No} starting
from an arbitrary state h) by recursion method,t)'t) the Green function satisfim the follow-
ing equation in this new representation in the subspace {lz)} (see I in detail)

β"~G″_1,“′(E)十(αた一E)Gη,た′(E)十βた
+Gた+1,″′(E)=δた,″′,(η ,η

′=1,… …,Ⅳ)

This pseudo-one-dimensional representation may be called "polar representation" in
contrast with the original one ({lD}) as the new lz) spreads, in the original space, over a
sphere with the radius - n as if it were a scattered wave from a "pole" in the support of
l1). In this new representation (denoted by n,n',m and m') we have two independent
solutions luo*(E, N) ) (increasing solution with increasing n) and lU,-(8, N) ) (decreas-
ing solution with increasing z) of the homogeneous equation such that

E/71+(E,Ⅳ)=υ"~(E,N)≠0,

仇
十
(E,AO=JN~+1(E,Ⅳ)=0

Then we can claim that the effective distance fi@) is the inferimumof. m(E) that satisfies

( 1 0 2 )

( 1 0 3 )

( 1 0 4 )

|1銑ギ髪ポ|12≧:堅毛解夕等止(子),
exp {ml m(E)

π(E)

for any choice of rn, n and of the initial base l1), where r()T) is some constant. This
is just the definition of the effective "distance" m(E) and the inequalities are essential to
guarantee the concluding inequalities in I((1) and (2) in this section).

The "distance" m(e*fl-) would diverge for /- -0 in infinite systems because the
solution {U,*(e+f0, N-oo) n=1,2,.. .} has nodes f.or real H.

Now we have the following question concerning infinite systems. Is it necessary to
require an infinite range of environment to determine Gt.yG]-iD even when the
eigenfunctions of Iy' at the energy e are localized? In this case our intuition suggests that
especially f.or E=€+i0 the localization-length /(e) (<@) of the eigenfunctions should
govern, instead of. r7t(e-liO), some characteristics like (1) and (2), namely, Gt,rG*i0)
o.e*p{- m(1, l')lAl(e)}, (A: some constant) and finite size (*/(e)) environment effects.
On the other hand, it is easy to show that the above characteristics are derived if we
replace rn(E) in the two exponents in (1.4) bv lG)12. That is, the exponential increas-
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ing (decreasing) characteristic of U,*(Un-), in statistical sense, determines the
exponential decay of Gt,r and its environment effect.

The above consideration is a principal motive of this paper leading to a concept of
refined effective "distance" fr(E). The "distance" rfr(E) is defined in $2 assuming its

existence and some qualitative characteristics are derived.
The existence of. tft(E) is numerically suggested in $ 3 in some simple examples of 1-,

2- and 3-dimensional binary alloys.
The final section is devoted to the concluding remarks.

$ Z. Existence of a refined efrective "distance" ,fi(E\

Let us consider an ensemble of l-dimensional (1-D), 2-D or 3-D systems with the
number of lattice points N" ( > N) of the order of M o (d: dimension, M >I) . We restrict
in this paper that the random variables {e,} and {fr,r,} constitute, respectively, stationary
processes. That is, the system is statistically homogeneous in the original ({l/ > }) repre-
sentation.

The transfer matrix fz and a renormalized one t,' of the system in the polar ({lz)})

representation are defined as

tn* (E)=( (8 , - lB , * ) ' ' " \ - ' t , (E) ,  de t  tn* (E) :1 .  (2 '1 )

Then the strict upper bounds of the average rate of increasing of U"*(E,N) and the

average rate of decreasing of Uo-(E, N), over the range n:nc' to n, are defined

| | (2 tfr1 w *, _,,r ( E ) ) = I I ( m + I - m' ) . lnll t. _ _,, ( E ) ll,

I f (2rft- o*, -'.r(E) ) = I I bn * | - m')' lnll ( t.--. '(E) ) -' l l,

t  ̂ - -,,(E) =,ft p(E) = (Bi, I B-*)' ' '  t|---.(E) .

( l < rn ' ,  mSN - I )  Q '2 )

The subscript (z*1- m') of rZt means that the rZl correspond to the product of a

sequence of (m*l-m') adjacent transfer matrices. The rfiiu{E\, (M'=tn*l-m'),

depend on the sample system and the initial base ll).
To avoid the complicated effect from the boundary of the system an integer M is

selected in this paper such that the support of lM+l) just touches the boundary of the

system in the original (tl/))) representation. By using the rfii*t(El, (M=M*1-1), we

can construct the following inequalities similar to (1'4)

lffil" =#P^ exp{mf rft'r rnr( E) },

lffi|= *#ff exprmlnt*{E)1 ,
( LSn ,  n *  mSM +D (2 ' 3 )
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where the second factors of the right-hand sides represent an average behaviour of
(Jr*(E, N) and Un-(E, N) over the range n=l to M*L and the first factors cover the
fluctuation of the left'hand sides from the second factors. The mr(E, M) has thus been
defined as the minimum value which satisfies the inequalities (2'3).

Next we consider an ensemble of infinite (No, N, M ''cp) systems. We have known
(from convergent property of C"- in Ref. 8)) that the following limit exists,

u;*,(E)lu,-151=figu;*,(8, N\ltJr-(E,N), (for /->0) Q'4)

and obviously exists

U**'(E)/U'.(A)=lt*U**l(8, N)lU{@, N). (for /- >0) (2'4')

Our fundamental assumptions throughout this paper are:

(A) JELI/ Qfrtrl@))=hryLlm lnlU*,,(E) IU'*(E)l ,

[m f/ (Zfitut(E)): -limLl.l/" lnlu;*,(E) lU,-(E)l ,
M'-a m-6

exist with probability 1 (w. p. 1) on our statistically homogeneo'us ensemble.

In this case the two limits must coincide to conserve the Wronskian for difference system.

,'' (B) When the limiting value 1/ Qfr@)) exists, it does not depend on the sample
systems w. p. 1 and on the local initial base lt).

Assumptions (A) and (B) lead us to the existence and uniqueness of the Lyapunov
exponent of. {U"!(E)} w.p. 1 defined as

rl zfi@) = jiEt/ Qfi{,l@)):lgUn tnlu**,(E) lu'*(E)l ,

:j igt/(2n7u',1811=-rimrlmlnlU;+JE)lU,-@)|. (2'5)

We have known that Lyapunov exponent exists, w. p. l, in some class of disordered
systemst0)-t') and the existence is expected in a wider class of disordered systems. Our
linear chain represented by (1.2) does not correspond to a stationary process but seems to
belong to a class of stochastic process in which la"- Q)l and lf,* - (d*)l obey power law
as functions of z.tt)

Our numerical data of fitut(E), (M'< M) of. finite systems (which are shown in S 3)

also suggest the existence of it.
We thus proceed in this section assuming the existence of the Lyapunov exponent and

leave it as a conjecture for a future study.
Once the existence of. tfi(E) is guaranteed w. p. 1, we can derive the following

characteristics of it.
(i) We can write down the following inequalities for infinite system w. p. I

| ?i,,,Q) 1,. Ql!)_
I Il,*(E) | 

: mr@f exPlmlrfr(E)| ,

I U;-.(E) l, -. Ql r)
liifif|>;:t6 explnlfi '(E)1, (r=n,n+rn) Q'6)
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where the quantitV mr(E) ( ( oo for J- > 0) , named a measure of fluctuation, is defined as
the inferimum which satisfies the inequalities (2.6) for any choice of n, m and the initial
base lt). This inequalities are (as are in I) essential to our conclusive results in this
paper.

(iil The following inequality is immediately derived by using the inequality (1.4) and
the definition of. tir @) Q.5)

漏(E )≦滋(E ) .

(五i)Localization length J(ε )is denned for any desired dirnension as

滋(E)≦ 解ノ(E)<∞   for Γ >0。

( 2 0 7 )

( 2・8 )1/′(ε)≡1/2蒻(ε)≡lim 1/2蕊(ε十″⊃

In 1-dimension(1-D) the quantity IllG) is the one Matsuda and Ishii,t0tsr and Godatt)
studied extensively by using Furstenberg'sto) or Furstenberg-type") theorem. Matsuda
and Ishiiro) assumed in their "if assumption", that the 1//(e) just described the exponent of
the exponentially localized eigenfunctions of a very large but finite system. This has
been justified by Avron and Simonr') and Kotanits)by proving Hurbert-Jones-Thouless-
Avron-Simon-Kotani (HJTASK) formula 1?)-20) (see Ref. 15)). In this sense the /(e)
=Zrfi(e) is the localization length describing a rough extent of the localized eigenfunc-
tions. Now we can claim that the /(e) in 2- and 3-D is the extension of the localization
length of Matsuda and Ishii, because the /(e) just guarantees the exponential decay of the
GurG) with increasing nt( 1, /') and the exponential decay of the environment effect from
outside of the two spheres centered by the sites / and I' with increasing the radii.

(iv) An essential feature of introducins fi@) is that it remains finite for /- )0 when
/(e) < oo.

(v) If the fi,@) is an analytic function of .E on the upper half of the complex energy
plane, the2tft(E) is just the analytic continuation of /(e).

(vi) The measure of fluctuation nt(E) is finite for /- )0 (from (2'6)) and thus we get
from (2.7)

( 2 0 9 )

The rfi@) would also be a monotonically decreasing function with increasing /-, because
the more coarse-gtained a quantity is, the less information of the environment is neces-
sary.

$ g. Numerical study of rfitu't(E) of simple binary alloys

A binary (AB) alloy (6r=-ea,50%:50%o, pwely random) with only nearest-
neighbour (N. N.) is.rtopic interaction (t:t) on l-D chain (N:L:L200),2-D square
lattice (N=L', L:100,200) and 3-D cubic lattice (N=Z',1:50) are numerically
examined as simple examples of (statistically) homogeneous (disordered) systems to show
that  {U.*(E,N) ,  rn=I ,2 , " ' ,M- l I=L lz l ( {U^-(E,N)} )  grows (decays)  exponent ia l ly .
By adopting the periodic boundary condition in the original ({U>}) representation we can
choose any l/) as the initial base 11) for which the boundary of the system does not affect
the {U,*(E,N) ,  m=! ,2, - . . ,M+I I .  The atomic energy er(=-ea)  is  chosen 0 for
ordered systems, or 1 for l-D and 2 f.or 2- and 3-D in the unit of the isotopic N. N. transfer
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energy。

TO ch∝k the convergence of 1/(2月れっ(E))as″
′increases up to〃we adopt

real‐space‐renolillalization technique which includes no approximation in our pseudo‐one

dilnensional polar representation.  First, we pick Out two sequences of 2J(ノ; integer)
adjacent′‐matrices{ι"′,′"′+1, °̈,′"′+2ノー1},Starting from two d劇田erent sites(two π

′'s),SO

that none of(π
′+2J-1)'s exceed″,and calculate the sequence of 2J pairs of 1/(2滋古)(E))

and-1/(2蒻 こ)(E))for each π
′士Om the eigenvalues of the transfer matriceso Next we

calculate the sequence of the 2J…l products of two adjacent transfer matrices{ふ′ノ"′+1,

′た′+2″“′+3,°̈,′"′+2ノー2″"′+2J-1}and calculate the sequence of the corresponding 2J~l pairs of
±1/(2月あ)(E))for each π

′from the eigenvalues ofthe new transfer matriceso ln the same
way we can, successively, calculate the corresponding sequence of 2J~2 pairS of
±1/(2月蔵)(E))for each π

′
,0・0'theSequence ofthe 2 pairs of±1/(2蒻静1)(E))foreach η′and

the two single‐pairs of±1/(2疵静)(E))。More precisely we choose for l‐D(〃 +1=600)ノ=9

and two sequences of 29=512 pairs of±1/(2月市)(E))starting from′20(E)and′85(E),for

2‐D(″ +1=100)ノ =6 and two sequences of 26=64 pairs of±1/(2月市)(E))starting from
′15 and′35(Jr+1=50,ノ =5 for regular system),and for 30D(″+1=25)ノ =4 and two

sequences of 24=16 pairs of±1/(2炉雄)(E))starting from′5 and′8o From the nmerical

point of view ιπ_π′(E)is replaced by′島_π′(E),that is,漏れっ(E)=漏酵′)(E)when〃
′=π

+1-π
′
た10 in our case. The actual deviation from the symmetry is,for each pair,of the

order of O。01 for」M「
′=8 and these tend to cancel out when we take the average over the

sequenceo Thus to keep the s_etry for the help of our eyes the ′ π__"′(E)is always

replaced by′ 鳥__″′(E)in this section even for small if′ .The results are as follows.

3.1.  I」D chJ%

First,we calculate the Lyapunov exponent 1/(21鹿(E))of the regular chain where all
α"(π=1,2, 0̈ ,″+1)=O and all β"+(π=2, ・̈,″)=l except for βr+(=/2)=β2~o This is

the case where the exponent is guaranteed to existe The analytic expression of,%(E)is

obtained such that

1/(2滋 (E))=IRc(ln(E/2土 /(E/2)子 -1))|.

963

( 3 0 1 )

０

公
じ
ＩＥ

ご

ヽ
一

△

●
△

A °

A ・

△△▲△△▲△
△ ・

0 1 2 ? 3
_ V

Fig. 1. Lyapunov exponent Il Qrfi@)) of the order-

ed chain for (O) f - 1, (a) f -0.1 and (O)I- =0,

as functions of e.

An overall feature of 1/(2月(E))is shown in
Fig。1。 It is worth to mention

蕊(ε+′Γ)∝1/「

for lεl<2 except for band edges,
(302a)

漏(ε+JΓ)∝1//F

for ε at the band edges(lεl=2),
(302b)

厩(ε+′Γ)=const(ε )

outside the band(lε l>2),(3・ 2c)

as 「  decreases to zero.  As will be seen

later,the types(302a)and(302c)appear also

in 2-and 3‐lD regular systems and are under‐

of 漏 (E)forstood as typical examples
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( a )

(b)
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― ―   ‖ 脚 I ヽ v I ― ―
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~

… ヤ - / 1  / - V - t -

( c )

(d)

Fig. 2. From the left, two sequences of 32 pairs of l/ (Zfr*u"lD ) (upper halO and -ll Qfi-t.t(E))
(lower hal0 stitched with straight lines, (startingfrom lzo dnd lrs), the corresponding two
sequences of 16 pairs of tLl (2tft'pzt(E)), 8 tl/ (Ztft'oo(E)), 4 tll (2tfriuzr(E)), 2
itl/ (2tft!esct(E)) and the two single-pairs of. tll (2tfriro'r(E)), of a 1200 disordered chain with er
= -€a=l for (a) r '  =1, e=0, (b) r.  =0.1, e=0, (c)J-=0.L, e=2, and (d) / .=0.1, e =3. The last
two single-pairs are connected with straight lines to see that the difference due to different starting
points is srnall.

extended (transparent) energy region and localized (dampins) energy region.
Next we consider a sample of €e:1, N:1200 binary alloy. Numerical data of {a"}

and {P"*} show that the processes look like stationary ones with

( 3 0 3 )〈α〉笙O andくβ
+〉笙1。18。

Some examples(「=1,ε=O and Γ=0。1,ε=0,2,3)of the two sequences of 32 pairs of

1/(2滋十
(1。(E))and-1/(2滋

~(16)(E)),(starting from′
20 and″85),the corresponding two

sequences of 16 pairs of± 1/(2滋
土
(32)(E)),8± 1/(2月

土
(64)(E)),4± 1/(2蒻

±
(128)(E)),2

±1/(2月
士
(256)(E))and the two Single‐ pairs of± 1/(2蒻

土
(512)(E))are shown in Fige2 to show

that these quantities seem to be statistically homogeneous in the polar({lπ)})representa‐

tion and thus seenl to converge.

When we decreases「  from O。l to O,the feature allnost does not change probably

because the 2月彬′)(E)in this(small Γ)case is essentially determined by the localization

length′(ε)。

When「 is large(>0。 5),the damping erect due to it predominates Over that from

localization and remarkably smoothed allnost constant lines are obtainedo ln Fig。 3 an

overan feature of 1/(2雨た12)(E))is shown with the density of state(DOS)of the sample
to show that the details of 1/(2滋た12)(ε+′0))indicate a sharp rdlection of the details of

the DOS of the sample system known as the HJTASK relation。17)～20)some typical
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Fig. 3. Lyapunov exponent Ll Qrfr'tr,a(E)) of a 1200

disordered chain with €t= - €s=1 for (O) /- =1,

(A)/- =0.1 and (O) /'=0, as functions of €.
The histogram is the DOS of the system in ar'

' bitrary unit by the negative factor counting
method.

L N  (  N  )

Fig.  5.  (O) ln lan-(a)J and (+)  ln l8n*-(p.) l  o f  two

samples of a 200 x 200 disordered square lattice

with €t= - €a=2 as functions of z-

o      05      10
-― 「

Fige 4。 Erect市 e“dkttance"2月
士
に12(E)(real line)of

a1200 disordered chain with ε ′=l as functions of

「, w i t h  a n  i n s e t  f o r  F→O  r e g i o n . T h e  2月( E )

(broken line)ofthe Ordered system are shown for

reference.

examples of 2滋たla(E)are shown in Fig.4
with an inset for「→O region。

3。2.2‐D sc″″ 滋″“

Regular system is exanlined irst

numericany as we do not know the exact

expression of{β"+}and get that β"十_2

obeys the fonowing pOWer law with

respect to π

β“+-2=c(-1)"/πr, 1。10<ξ<1。18,

0。2<ε <0。3,(1≦ π≦49)

while α"=0。 (1≦π≦50)    (304)

The overall feature of 1/(2月 お2)(E))iS

quite siFnilar to that in Fig。l with relmark‐

ably ine convergent property and with the

characteristics(302a)and(302c).

When we introduce disorder(ε五=―εβ
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( a )

( b )

( c )

(d)

h

Fig.6.From the left,two sequences of 32 pairs of 1/(2漏
+(2)(E))(upper half)and-1/(2漏 ~(2)(E))

(lower half)stitched with straight lines (stating from′15 and′35), the corresponding two

sequences of 16 pairs of± 1/(2カ蔵)(E)),8 ±1/(2漏ふ(E)),4 ±1/(2月蔵6〈E)),2± 1/(2月為2)(E))

a n d  t h e  t w o  s i n g l e‐p a i r s  o f±1 / ( 2漏為4 ) ( E ) ) , o f  a  2 0 0×2 0 0  d i s o r d e r e d  s q u a r e  l a t t i c e  w i t h  ε. =一ε3

= 2  f o r ( a )「= 1 ,ε= 0 ( b ) F = 0。1 ,ε= 0 , ( c ) F = 0 . 1 ,ε= 2 , a n d ( d ) F = 0 . 1 ,ε= 6。 T h e  l a s t  t w o

single‐pairs are connected with straight lines.

0。4

=2),both{αた}and{β″
+}nuctuate around the

average values

くα〉笙0, くβ
十〉笙2.63。    (305)

It has been reported that a power law exists

諄監FI網1‰¶l∬##TttrT
S o m e  e x a m p l e s (「=1 ,ε=0 , a n d  F = 0。1,ε

=0,2,6)of the two sequences of 32 pairs of

1/(2月あ)(E))and -1/(2月邑)(E)), starting
frOm ′15 and ′35, the Corresponding two
seqごences Of 16 pairs of±1/(2滋れ)(E)),
8 ±1/(2滋お)(E)),  4 ±1/(2滋市6)(E)), 2
±1/(2月おa(E)),and the two single‐pairs of
±1/(2滋た4)(E))are shown in Fig。6 to
represent  the  cOnvergent  property of
1/(2蒻れっ(E))for notso small Γo When we
increase r,the convergent property becomes

much more distinguishable. When we

decrease r dOwn t0 0,we also obtain rather

good convergent property for strongly local‐

ized region (5。 3≦lεl≦6).However, con‐

0。2

t rarytotheabovewegetawrongconvergentpropertyof l lQf i t lwl) forweaklylocal ized
region (lelgs.z). In this case 1/Qfi*tu't)strongly depends on the M'-64 when 1a'0'

ｏ
ｌ

∬

ｏ
に

′

▲。

６０

貧国一，畔Ｆ』Ｎ）＼ご

-6 - l r -20216

Fig. z. Lyapunov exponent rl Q;:rof a 200

x200 disordered square lattice with €t,:2 for

(O)  / - : 1 ,  ( r , )  f  - 0 .5 ,  (A ) f  =0 .1  and  (O) / - : 0 ,

as functions of e.
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0
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一〈
＋」〉
‥
事ヽ
一ＣＨ　　　一〈τ〉
‐
Ｃと
一ＥＨ

Fig.8. (O) lnla,,-(a)l and (+) lnld,,*-(P.)l of
seven samples of a 50 x 50 x 50 disordered cubic
lattice with €t= -€s:2 as functions of n.

renecting a(weak but)wide range of local

■uctuation of{び"土}in the p01ar space or of

the eigenfunctions in the original spaceo We

judge that in this case the size of the system
w e  a d o p t (二 = 2 0 0 ,〃 + 1 = 1 0 0 ) i s  n o t  l a r g e

enough to get 滋 。 An overall feature of

1/(2蒻お4)(E))is shown in Fig。7 with a refer‐

ence 6f bad data of the case r=0,日≦5.2 of
wrong convergence.

3。3。 3‐D(zみ た 滋′ガθ̀

The quantity lβ"+-31 of the regular sys‐

tem vibrates below an asymptotic form

笙0.5971/πr,ξ笙1。59,(π=1, 0̈,24)

while α"=0。 (%=1,2,… ,25) (306)

An overall feature of the 1/(2漏ホ6)(E))is

quite silnilar to that in Fig。l with remark‐

ably ine convergent property and Ⅵ rith the

( a )

(b)

(c)

― ―

(d)

Fig.9.From the left,the sequence of 24 pairs of 1/(2″
+(1)(E))(upper half)and-1/(2″ ~(1)(E))

(lower half)stitched,with straight lines,starting fromムand the two sequences of 8 Pairs of the

1/(2″+(2)(E))and-1/(2月 ~(2)(E))starting from′
5 and′8,the Corresponding two sequences of 4

pairs of± 1/(2漏
±
0(E)),2 ± 1/(2残 土

にくE)),and the two single・ pairs of± 1/(2漏
土
(1。(E)),for

( a )「= 1 ,ε= 0 , ( b ) F = 0。1 ,ε= 0 , ( c ) F = 0。1 ,ε= 4 , a n d ( d ) F = 0。1 ,ε= 8。 T h e  l a s t  t w o  s i n g l e‐p a i r s
・
are connected with straight lines。

LN〔 N〕
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304[`^              ^IJ With

“
                                軒 已現;

″ 0滋

亀            J all{β "+}(π=l to 24)are shown h Fig.8

JJ Wlヽ負
V・~| ▲ 0

f 卜 0         。 ▲|   く α〉20,〈β+〉笙3。4。  (3・つ
里  | ▲ 0

Qヾ21r▲
:%%⌒

   ^F° tttl:」LttaT■望二1liFl`響Iプ・L▲̂ °
°            F~▲▲

  l  f両9,」:|,た_Plf the_Sequence of 24 pairs of

:ヽiii:::::::::IiliI▲Ilili:::ii∫ |  1子frilllを till,se百1:::[ξ
):7)l 」

1llliti
0 トーニ ・J ± 1/(2月あ)(E)),(starting from′5 and′8),the-8      -4 0       4二ε 8corespohinL′tttι ζLqユiLces of 4 pairs of

Fig。10。Lyapunov exponent 1/(2漏れ1。(E))of a 50 ±
1/(2漏 蔵)(E)),2± 1/(2滋 お)(E))and the twO

×50×50 disordered cubic lattice with[′=2 for Single‐pairs of±1/(2屍市。(E))are shown in
(○)「 =1,(▲)F=0.5,(△)F=0.l and(●)F Fig.9。  Except for weakly localized region
=0,as functions of ε. and extended region for sman 「  (〈o。1)the

convergent property is remarkably goOd
even thOugh the sequence in the polar({lπ)})representation is short(』ぼ+1=25).  An
overall feature of 1/(2蕊蔵。(E))is shown in Fig。10,with a reference of bad data for the
case r=o,lεl≦6.6 of wrong convergence.

§4。 Concluding re】marks

The existence of a renned efective“distance"漏(E)wo pe l in ininite systems was
conjectured to lneasure the contribution Of 10cal environment around the sites J and J′to
the Green function Gι,ι′(E).

Nmericalinvestigation of痛 あ (E)for some simple inite systems(10D chain with Ⅳ0
=L=1200,2‐ D square lattice with NO=二2,L=100,200 and 3‐D cubic lattice with/V。=二 3,

二=50)suggested its existence。

We can classify the upper half of the complett energy plane into three regilnes.

Regime(a),where r is large and the forced damping due to it predOminates for Gι ,ι′(E)

as%(J,J′ )increases.Regime(b)is constituted of the energy ε (and sman」 「)On which
the eigenfunctions are strongly locaHzed or of the energy in the energy gap where the

damping of(3ι ,ι′(」E)due tO the localization or due to the energy gap predoΠ linates,and

regime(c)with small Γ and with ε at which the eigenfunctions are weakly localized(バε)
>ルr)。r extended.In regirnes(a)and(b)the`π れ′)(E)has good convergent property
which suggests the existence of the″,(I〕)in ininite systems and also suggests that the

2蒻(ε+′0)=J(ε)remains inite in regime(b),while in regime(c)the漏れ′)(E)depends On
the size」腸「

′
suggesting the not large enough size of the system。

It is our guess that the size dependence of滋れっ(E)win disappear when the size

increases because some trend toward convergence has been observed in our nmerical

data and also because we have no good reason to beHeve that only(c)is the exceptional

case ofthe cOnvergenceo  Actuany,for regular systems in l‐,2‐and 3‐ID we have obtained

convergent 1/(2滋れっ(E))on a1l over the upper half of the complex energy plain(regimes
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(a), (b) and (c)). The exponent 1/ (2fitut@)) converges to zero (within the double
precision we adopted) for /-:0 and for e in the energy band (regime (c)). The wrong
convergent propefty presumably comes from the fact that the localization length /(e)

exceeds far over the sample size L we investigated. When the disorder €^(: - €B)

increases regime (c) would shrink. In 2-D at least L=600, M*1=300 may be necessary
to check the convergent property in the regime (c) of the case in this paper. In 3'D our
computational power may be far from checking it. Some other technique such as finite
size scalingzr)'22) is necessary to overcome the difficulty in regime (c).

One of the theoretical backgrounds of yielding the Lyapunov exponent may be a kind
of quasi-stationality in which la"-1o)l and lBn*-(8*)l qbey power law as functions of z.
In 2- and 3-D ordered systems the trend is clearly found while in disordered systems the
trend contains an increasing variance of.lnlan-(D l(lnld"*-(8*)l) with increasing z' In
1-D the {an} and {8n*} behave like stationally processes.

Once the inequalities (2.6) are established for the rft(E) and the optimal nt(E),the
following results are derived just like in I,

t l l  1G, , , ' (E) l5min{1G,, , (E) l , lGr l@) l l

x (n'(E) I (1 -exp{ - 1 I n(n)D)' ' '

xexp{- m(1, l ' )  I  zfr@)L w. p. 1.

tII] The Green function Gr,r(E) is essentially determined by the local situa-
tion within the refined effective "distance" rfr(E) ftom the sites I and I' in the
sense that the dependence ol G,.y(E) on the martix elements {e,-} and ltr,,t-,\
in the region tn(I", l), rn(l", l'))m decreases with increasing mby a factor of
exp{- m/n(E)\, w. p. 1,

I I I I I  0<f i@)<n(E)< r ,?o=(1+( l la l l l r ) \  for  f  )0 .

t lvl  n@)smr(E) <o for j- )0 .

An essential feature of defining fi@) is that the frG* f0) remaines finite for finite
/(e) though the rfi,(e*i 0) diverges. If.zfr(E) is analytic this is expected to be the analytic
continuation of /(e) on the upper half of the complex energy plane.
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