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Weinvestigatethechiralpropertiesofquencheddomain-wallQCD(DWQCD)atthelatticespacingsa-1

=1and2GeVforbothplaquetteandrenormalization-group(RG)improvedgaugeactions.Inthecaseofthe

plaquetteactionwefindthatthequarkmassdefinedthroughtheaxialWard-Takahashiidentityremains

non-vanishingintheDWQCDchirallimitthatthebarequarkmassmf→Oandthelengthofthefifthdimen-
sionNs→∞,indicatingthatchiralsymmetryisnotrealizedwithquenchedDWQCDuptoa-1=2GeV.The

behaviorismuchimprovedfortheRG-improvedgaugeaction:whileanonvanishingquarkmassremainsin
thechirallimitata-1=1GeV,theresultata-1=2GeVisconsistentwithanexponentiallyvanishingquark

massintheDWQCDchirallimit,indicatingtherealizationofexactchiralsymmetry.Aninterpretationand
implicationsarebrieflydiscussed.
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I. INTRODUCTION

A recent exciting development in lattice held theory is the

realization of exact chiral-like symi-1ctry at finite lattice spac-

ing without ferrmon doubling. It started with the domain-

wa‖ [1,2] and the overlap [3] fonllalisms, which were origi-

na一ly proposed to formulate clliral gauge theories. They were

soon applied to vector gauge theories such as QCD [3-7],

and progress cullllmated iil tllc rcccilt discovery [8] tllat tllC

essential feature of these formalisms is the existence of

chiral-like symmetry which follows from the Ginsparg-

Wilson relation [9]. An explicit fonll of the fenllion action

satisfying this relation is already known [6]. These develop-

merits lead us to expect that QCD with exact clliral symlllC-

try can be numerically simulated on a lattice.

The domain-wall fernlion formalislll is a five-dimensional

extension of the Wilson fenlnon action with a negative mass
-A/. The theoretical basis is that the effective four-

dimensional theory obtained by integrating out tl-e heavy

unphysical modes satisfies the Gmsparg-Wilson relation

[10,1 1J. On the practical side, the knowledge accumulated on

the Wilson fenlmon action over the past twenty years enables

an c用cient implementation of this system on computers.
Tllere arc, llowcver, two subtleties tllat llccd to be clan-

fied for numerical applications of the domain wall fonllaIism

to QCD (DWQCD). First, the length of the fifth dimension

Ns cannot be set to infinity: one 1-as to study the finite Nヾ

effect. Second, one has to tune the domain-wall height (i.e.,

fifth dimensional l一一ass) M to an appropriate vaIuc in order to

keep the massless mode.

In the free theory one massIess nlode exists in the range
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O<〟<2 [4J. TIlc two clliral nlodes, with opposite chirali-

ties, arc exponentially bound to the opposite boundaries in

the fifth dimension. The situation remains unchanged in per-

turbation theory. An explicit calculation at one-loop order

shows [12-14] the existence of the massless mode guaran-

tccd for the range O<A/'<2 where M'receives a shift by

the one-loop quantum correction. lt is a一so easy to demon-

strate that 6mtc 〃∫ effects are suppressed exponentially in

〃∫.

Numerical tests of chiral properties and physical applica-

tions of (quenched) DWQCD were伝rst discussed in Ref.

[15]. Through measurements of pion mass and the K--K-

mixing matrix clement at the gauge coupling f3-6/g~-6.Q

(`t~1-2 GcV)・ these quantities were shown to vanish in the

chiral limit, as required by chiral symmetry, for a rather

small fifth dimensional length ofN,、- 10. Good chiral bchav-

ior has also been observed for^- 10 for a gauge丘eld back-

ground with non-trivial topology [16]. Even the Atiyah-

Singer index theorc一一一h乙is been shown to be approximately

satisfied on a Lattice for a non-zero quark mass [16,17].

These successful results have promoted further applica-

tions. The calculations include the strange quark mass using

nonperturbativc rcnonnalization factors [18-20], the pion

decay constant [21], the hadron mass spectrum [22,23] and

QCD tllermodyna111ics ＼vith dynamical quarks [24-26].

Earlier studies with DWQCD lvcrc limited to lattice spac-

ings of around a' -2 GcV. It is obviously necessary to

investigate tl-c scaling behavior a一一d carry out tl一c continuum

extrapolation. Reducing tl-c latticc spacing什om a~l=2

GeV. however, is computationally di用cult, since the fornlal-

ism requires N.、 times more CPU timc than usual simula-
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tions. Simulations at coarser lattices are easier, but we must

clarify -ovv large one can increase the lattice spacing while

keeping the massless mode.

The chiral properties of quenched DWQCD have been

examined in a number of recent reports [23,27-29] employ-

ing large fifth dimensional lengths up to N、蝣50. The authors

of Refs. [23,27], who made a study with the plaquette gauge

action at β-5.7 and 5.85 (fJ-I-1-1.5 GeV), claim that

pion mass at such strong couplings docs not vanisll in the

chiral limit after the Nr一cc extrapolation, indicating that

exact chiral symmetry is not realized. Our own study at β

-5.65 [29] yields the same conclusion. We also find that a

renormahzation-group (RG) improved gluon action [30]

does not improve the situation ata　-1 GeV[29].

ln tllis paper we present a一一nore systclllatic study of the

chiral property of DWQCD covering both strong and

"weak" coupling regions, corresponding to lattice spaclngS

。~ -1 and 2 GeV with both plaque"c and RG ii-iproved

actions. We emphasize that the chiral properties are best

studied with the quark tlnass extracted by tllc Ward-

Takahashi (WT) identity for the axial vector current. The

difference of this mass and the bare quark mass defines what

we call "anomalous quark mass." We discuss that tllis quan-

tity suffers from mudl less systematic uncertainties than the

pion mass from botll theoretical and numerical points of

view. We study tlle bel-aviors of tl-e anon-alous quark mass

as a function of Ns and examine whether it vanishes expo-

nentially in the Ns-oc hmit for various coupling regimes, as

required by the self-consistency of the proper crural tlleory.

This study is a一so made with varying M and a four-

dimensional spatial extent at some fixed coupling. We ca汀y

out tllis study with a parallel set of simulations employing

both plaquette and RG-improved gauge actions to see the

effect of improvement of the gauge field dynamics on the

chiral property.

In the case of the plaquette action we nnd that the anoma-

lous quark mass remains non-vanishing in the limit that mj

-0 and Nr-∝, indicating that chiral symilletry is not real-

ized up to a~]-2 GeV. On the other hand, the behavior is

much improved for the RG-improved gauge action: Whlie a

non-vanishing quark mass remains at a-　-1 GcV, the

anomalous quark mass seems to vanish exponentially in Ns

at a' -2 GeV, suggesting the realization of exact chiral

symmetry. In connection to our work we refer to Ref. [28],

which attempts to extract the WT identity quark mass斤om

the pscudoscalar susceptibility.

This paper is organized as follows. ln Sec. lI we de伝ne

the actioIl and tllc anomalous quark -1nass. Nuillcncal sinlu-

lations and run parameters are described lll Sec. III. In Sec.

IV we investigate the chiral property for the plaquette action,

and in Sec. V for the RG-improved gauge action. Our pro-

visional interpretation is given in Sec. VI for the results we

found什om the simulation. We close the paper witll a brief

summary and con一me--ts on tl-c application ofDW(〕CD (Sec.

VII). Appendix A presents an analysis with pion mass, and

discuss whether they support the conclusions based on the

anomalous quark mass. Numerical data for tl-e anomalous

quark i一一ass and pion mass arc collected i一一Appendix B.
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II. ACTION AND AXIAL WARD-TAKAHASHI IDEN'IITY

We adopt Shamir's domain-wal一 fermion action [4,5], ex-

cept that the Wilson term and the domain wall height A/have

minus signs:

s,-- ∑ iKx,s)D,,～,.y(.v,s;v,jr')OO',s')
J

∫,s,y,:㌔

+∑ mjq{x)q{x),
.r

Ddw/{x,s;y,s )

-D4(x,y)6s,蝣+D5(.v,*')^l.

+(M-5)Sx,・s,s.

D4{x,y)-写主[(1 - γ<)Ux,/i"x+fi.y

+(1+γM∴ A-/i.rL

D5(s,s')-

(

Pl**, (∫-1),

P,S.Lus+¥j,+/>*&-u,(¥<s<Ns)

PnS,R"N、(s-Ns),

(2.1)

(2.2)

(2.3)

(2.4)

where.v、y are four-dimensional space-time coordinates, and

s,S′ are fifth-dimensional or ‥月avor" indexes, bounded as

1 ≦S,S'≦Ns with the free boundary condition at both ends

(we assume Ns to be even); PRjL is the projection matrix

PRは-(1 ± γ5)!2, and wy is physical quark mass.

In DWQCD the zero mode of a domain-wall fermion is

extracted by the "physical" quark field defined on the edges

of tlle fifth dimensional space:

q(x)-PLiKx,])+PR¢(x,NJ),

(2.5)

q(x)- ¢(x,Ns)PL+桝x,¥)PR.

The QCD operators are constructed from these quark fields.

For the gauge part of the action we employ the following
form in 4 clillnensions:

sgluon-->Icozj
plaqm'TrUpl+cg嘉ォ/ォ蝣TrUrls

+c22TrC/cAr+c;

chair′,`iral昆g,.`…TrUpig

(2.6)

where the first term represents the standard plaquette action,

and the remaining terms are six-link loops fonlled by a I

x2　rectangle, a bent lX2　rectangle (cllair) and a

3-dimensional parallelogram. Tl一c coe用cicnts c'0, - ,C3

satisfy the normalization condition

co+8c,+16cっ+8c,=l. (2.7)
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The standard Wilson plaquctte action is given by co- l,c-|

=c2-c3-0・ The RG-improved action of Iwasaki [30] is

defined by setting the parameters to co-3.648,C|

ニー0.331,c2-C3-0: with this choice of parameters the ac-

tion is expected to realize smooth gauge field飢ictuations
approximating those in the continuum limit better than with

the u一一improved plaquette action.

The cllira】 transformation of domain wall fermions is dc一

石ned as [5]

∂¢(.x,s)- iQ(s)ear¢(-v,.v),　　　(2.8)

6¢(x,s ) - - itfKx,s)Q(s)e`I'pel　　　(2.9)

where Q(s)-sgn(Ns-2s+ 1), V is a generator ofRavor

symmetry group S¥J(N/) with <: a transformation parameter.
The corresponding WT identity becomes

∑ (∇ ^;U)o>-2/W/<P`-(.v)0>+2(J?vU)p>+/<30>,
〟

(2.10)

where the axial-vector current A (x) and the pseudoscalar

density P"(x) are denned by

l _

AaSx)-∑ Q(s)i(</'(*,∫)Ta{¥ - γL)UJx)^(x+fJi,S)
∫

-lJ/{x+/JL,川1 +γp)Uニ(x)T`蝣ip(x,s)), (2.ll)

P"(x)-q(x)rγ5<7(-V),　　　　　　　　　　(2.12)

and J'5(/(-r) representing explicit breaking ofchiral symmetry
takes tllc form

r5q(x)--4¥x,　樟十一)

ヰ,筈+ljrflP*<//(*,y). (2.13)
For a smooth gauge field background the anomalous con-

tribution (Jsq{x)Ob(y)) is bounded by an exponentially
smal value with the argui一一Cnt -ⅣJ and vanishes in tl-e li一一一it

N.,-oc [5J. In this paper we adopt tllc operator O

-P (0,0), and measure the chiral symmetry breaking effect

by

∑ (Jas (t,¥)Ph(0,0))
Ⅹ

msa- lim (2.14)

'一% ∑ (P"{t,x)Ph(0,0))
X

which we call "anomalous quark mass." We expect this

quantity to be dominated by si-ort-range fluctuations since it

is determined by the coupling strength ofpion to the opera-

tors J冒q and P. Therefore, finite-size effects are likely to be
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small. For the same reason, there should be no quenched

chiral singularities in the relation between ///5'and the bare

quark mass川′・

The axial WT identity is written in terms of the anoma-

lous quark lllass as

∑ ∇p(/T'(/,x)/>"(0,0))
ヽ

=m/-+m<`1,  (2.15)

22 {p"{t,¥)pb|0,0))
ヽ

at large /. The left-hand side of this equation, proportional to

the pion mass squared, vanishes at wy+w5(/= 0.

III. RUN PARAMETERS AND MEASUREMENTS

We explore the chiral properties of DWQCD at both

- 1 and 2 GcV using the plaquettc and the RG-improved

actions. For the plaquette actioll we choose the couplings

β- 5.65 and 6.0, wl-ich co汀cspond to α1- 1.00 and 2.00

GeV, respectively, if one determines the scale from the string

tension a [31] assuming a-(440 MeV)-. For the RG-

improved action, we take β-2.2 and 2.6 for wllicll α一l

- 0.97 and 1.94 GcV also from the string tension reported in

Refs. [32-34].

We generate quenched gauge configurations on four-

dimensional N*rx NT lattices. One sweep of the gauge update

contains one pseudo-heatbath and four over-relaxation steps.

Forruns ata　-1 GeV we adopt the lattice size of 12

×24 and 163×24 to study finite-size effects. At a　-2

GeV only a 163X32 lattice is employed. After a thermaliza-

tion of 500 (2000) sweeps ladron propagators arc calculated

at every lOOth (200th) sweeps fora '-1 GeV (2 GeV).

The domain-wall quark propagator is calculated on Na

XN-×Ns lattices, where the gauge configuration on each′

hRh dimensional coordinate s is identical and is fixed to the

Coulomb gauge. The size of the fifth dimension is varied

斤om Ns-¥O to 50 at a-I-1 GcV, and from Ns-4 to

24-30 at a' -2 GeV, depending on tl-e gauge action.

To allow a chiral extrapolation, we employ fermion

masses of 〝^-0.03,0.05,0.1 (at a-l-1 GcV) and mf

-0.02,0.04,0.06 (at a~'-2 GcV). The domain-wall height

dependence is examined at a l-1 GeV with the choice of
〟-1.3,1.7,2.1, and 2.5. At 〟-1-2 GeV we choose 〟

-1.8.

The propagators are calculated with the conjugate gradi-

ent algorithm with an even-odd pre-conditio一一ing. We place

the source at s- 1 and Ns in the fifth coordinate, so that the

propagator from the physical field q to the domain-wall field

iftx s for arbitrary (x,s) is obtained. Both local and cxponen-

tially smeared sources are employed in the spatial directions,

and meson masses are measured for all possible combina-

tions of quark masses while only degenerate combinations

are evaluated for anomalous quark masses.

Our simulation parameters and the number of con6gura-

tions are given n- Table I. We note that gauge configurations

are generated independently for each choice of Ns and m,

i.e., there are no correlations between the data generated with
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TABLE I. Number of configurations for the piとiquette action and

the RG improved action (RG) for each N、 The anomalous quark

mass is measured only at the points where number of configurations

is written in boldface.

Plaquette (β-5.65)　　　　　RG (β-2.2)

】0　20　30　40　　50　10　20　30　40　　50

123×24

I.3　　20　20　20　20　　20　　20　20　20　20　　20

1.7　　30　20　20　20　　20　　30　30　20　40　　20

2.1　30　30　30　20　　20　　30　30　20　20　　20

2.5　　30　20　20　　　　10　　30　30　20

163×24

1.3　　20　　20　　-　　　　　　20　　20　　　　　24

1.7　　20　　20　　20　　20　　20　　20　　24　　20　20

2.1　20　　20　　20　　20　　20　　20　　20　　20　20

24

24

IB

Plaquette (β-6.00)　　　　　RG (β-2.6)

〃、　　　10　16　20　30　　　　10　16　20　24

A/　　　　　　　　　　　　163×32

1.8　　20　　40　　60　　80　100　　20　　40　　60　　80　100

a different domain-wall height and a月糾i-dimensional size.

In Figs. 1 and 2 we show typical data for the ratio of

two-point functions defined in Eq. (2.14) as a function of the

temporal distance /. We obtain the anonlalous quark mass

m5q at each nij-, M and Ns, by fitting tl-c plateau with a
constant, the fitting range being determined by the inspection

of plots for the ratio and those for the effective p-on mass.

We choose 8≦t≦ 16 as the fitting range for all simulations at

」-5.65 (plaquette) and y3-2.2 (RG). We use lO^/^22 at

β-6.0 for the plaqucttc action and β-2.6 for the RG ac-

tion. Tf-e numerical values for m5q and pion mass are given
in Appendix B.

IV. PLAQUEITE GAUGE ACTION

We discuss the anomalous quark mass for the plaquette

gauge action. The bare quark mass (間′) dependence of tlle

anomalous quark mass m511 is illustrated in Fig. 3 for β

-5.65 and 6.0. We observe only a mild dependence ofm51/
on iiir. The anomalous quark mass in the nominal clural

lilllit msq(mf- O,Ns ,M) is obtained by a linear extrapolation

in my. The extrapolated values are collected in Appendix B.

Ifchiral symmetry is realized in the N.、-冗 limit of the

DWQCD system, m5q(nij-=O,Ns ,M) should vanish expo-
nentially in Ns. We examine this point first at a strong cou-

pling β-5・65 corresponding to a~1-1 GcV. The anoma-

lous quark mass in the nominal chiral limit, m5c/(サif

-O,Ns,A/), is plotted as a function 01 Nt in Fig. 4 for three

values of M (M-1.3,1.7,2.1). A comparison of the刷lcd

symbols taken on a 16 ×24×Ns lattice witl- the open ones

on a spatially smaller 123×24×Ns lattice shows no signifi-

cant hitc-size effect between the two spatial sizes corre-

sponding to N(Ta-2A and 3.2 inl.

0.020

0.015

0.010

0. 005

0.000

0.020

A
Q.　0.015
a.
V

A 0.010
a.

g
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0.000

0.020

0.015

0.01 0

0.005

0.000
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(a) plaquette, 0=5.65, 16 x24x30, M=1.7

圭 覇芦壷 三三三三
三三 三
至 m ,= 0 .1 …

血 豆頭野 .睦劫 杢至…

三三 三

至 ra=0.05 亘

至三三…滞 壷韓 三
至 至

m戸0.03

10　　　　　15　　　　　20

t

(b) plaque牡e, β=6.0, 1 6-32×30, M=1.8

ny =0.06

轟至至「垂qn

養ll 握
轟 t tT m =0.02n

l0
10　　　　　　　　20

t

FIG. 1. Ratio of two point functions (^5,(0^(0))/(P(()P(O))

forplaquettc action at β-5.65,A/- 1.7 on a 163×24×30 lattice (a)

and at β-6.0,M- 1.8 on a 163×32×30 (b). Lines show constant

fit over the fitted range.

The solid lines in Fig. 4 show tl-e results offitting data

taken on a 16 ×24×N lattice to an exponential with a con-

stant, c+ α<?-***. This ht reproduces al川vc data points with

an acceptable *2/DOF for both M- 1.7 (a'2/DOF- 1.1) and

A/-2.1 (;r/DOF-2.2). In contrast an exponential fit with-

out a constant, αe-*Ns, does not work, resulting it- a large

x2/DOF>30-60 (dotted lines).
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(a) RG improved, β=2.2, 1 6-x24X30, M=1.7

三日二三三三 ≡三三三

陸 . 聖
m 戸0 .05

桓…聖
m 戸0 .03

0　　　　　　5　　　　　10　　　　　15　　　　　20

t

(b) RG improved,臣2.6, 1 ^x32x24, M=1.8

O.oc氾1 5

0.(泊01 0

0.∝xxサ

0.00∝拍

0.㈱15
A
Q_

宣o・脚10
A
【L

-* 0.00005

V

O.00000

0.0001 5

0.0001 0

0.00005

0.m氾

三二三三三三三三三三I三三

0鈍轟壬空車芸
m戸0.02

二三二三三二…三三享二
10　　　　　　　　20　　　　　　　　30

t

FIG. 2. Ratio of two point functions (J511(t)P(0))/(P(t)P(0))

for RG improved action at β-2.2,A/- 1.7 on a 16Jx24×30 lattice

^a) and at β-2.6,A/- 1.8 on a 16Jx32×24 lattice (b). Lines show

constant fit over the fitted range.

In order to examine the stability of the fit, we carry out

fits to the four points excluding tlle data for the smallest nftll

dimensional length Ns- 10. As seen in Table II, the data are

again fitted well with an exponential plus a constant, but not

without a constant. The constant c agrees between the five-

and four-point fits within statistical errors.

Our data at β-6.0 are shown in Fig. 5 where, for com-
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(a ) β= 5 .6 5 , M = 1 .7

1 6 3池 4 x N .

A N ,= 1 0

D N .- 2 0

◇ N ,= 3 0

O N ,= 4 0

∇ N .= 5 0

Z>

..、
サ: ^ ^ - : i

.

0.05　　　　　　　　　　　0.1

rnf

(b ) β= 6 .0 , M = 1 .8

1 6 3 x 3 2 x N .
A N .= 4

□ N .= 1 0

◇ N = 1 6

O N = 2 0

0

∇ N = 3 0

一<.

▼

0.020.040.C冶
rTb

FIG.3.Anomalousquarkmassm511asafunctionofnifforthe

plaquetteactionatM-1.7ona163X24XjV}latticeinthestrong
couplingregion(a)andatM-1.8ona163×32×N<latticeinthe

weakcouplingregion(b).

parison,tl-cresultatβ=5.65andM-1.7arerecapitulated
fromFig.4.Onegenerallyexpectsthatthedomain-wallfor-

mulationworksbetteratweakercouplings[5].Indeed.the

decreaseofw5(/asa丘inctionof〃∫ismuchmorerapidat

FIG. 4. Anomalous quark mass m51/ as a function ofN, in niy

蠎O limit for the plaquette action at /3-5.65. Filled symbols are

data on 163×24×Nx lattice, and open ones on 12Jx24×Nx lattice.

Lines arc fits to all the filled points 、vith two functions: α ,-{AT,

(dotted line) and c+α ,-fJV, (solid line).
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TABLliII.Exponentialfitoftheanomalousquark

sizeI63x24,andthoseataweakcoupling。f/3=6.0'massm5(/fortheplaquettc

arcfor163x32lattice.Fits'action.Strongcouplingresultsat/3-5

withall。fthefivedatapointsarerepr霊arcfor

ntcdby霊Iattice
fitting

range10-50or4-30.Four-pointsfitswithoutthedataofsmallestN、arereprcsc-itedby20-50or10-30.

Fitting ransc c+ αt,-ォ.v.　　　　　　　　　　　　　　　　　　α ,-ォ.'＼'・

β　　　　M of A'、　　　　　C　　　　　　α　　　　　f r/DOF α　　　　　　　E xヱ!DOF

5.65

10-50　　　0.01032(46)　0. 1 154(46)

1　　　20-50　　　　0.0092( 1 1)　　0.084(17)

1 0-50　　　0.00725(63)　0.0605(35)

2. 1　　20-50　　　　0.0052( 1 5)　　0.0395(62)

0.0947(44)　1. 1　　0.0868(9 1 )　0.0488(52)

0.077(12)　　0.002　　0.05 1 4(70)　0.0337(4 1 )

0.083 8(69)　　2.2　　　0.0503(44)　0.043 8(46)

0.056(13)　　0.2　　　0.0335(22)　0.0313(21)

59.1

9.0

34.8

2.3

1.8　　　4-30　　　　0.00057( 15)　　0. 124(12)　0.364(22)　　8.7　　　0.1 12(2 1)　　0.333(38)

6.0　　1.8　　1 0-30　　　0.000396(79)　0.0234(58)　0. 1 95(25)　　0.2　　　0.01 24(30)　0. 1 23( 19)

47.8

7.3

β=6.0,givingm5qanorderofmagnitudesmalleratβ

-6.0thanatβ-5.65:

IIO.32(46)MeVatM

l"5<I-I。.79(16)MeVatM≡:::需(4.1)

Nonetheless,westillobserveaclearflatteningofm5qtoward

alargeNs.Aplainexponcntia】fitwithoutaresidualcon-

stai-tdoesnotwork.Thisistrueevenifwedroptlle〃∫-4

data.Thefitincludingaconstantisacceptableasshownby

thesolidlinesinFig.5(seeTableIIfordetailsof¥-analy-

ses).
Asafurthertestforthepresenceofanon-zeroconstant,

weextractthedecayrateJinNsnotonlyatthechirallimit
(/ォ′=0)butalsoatafiniten¥f.Accordingtothetransfer

matrixdescriptionofDWQCD[5,10,11],themassterm・

whichappearsonlyattheboundaryintllefifthdimension,

doesnotaffectthelargeNsdependenceofm5(/;hencewe

expectthatJdoesnotdependonnij-.ThedecayratesJfrom

a月twitllanexponentialandaconstantareplottedinFig.6,

10'

-~~-I

>

芸,0-
ヽ一一′

g

∈

100

昌琵=5.65(16
=5.65(12恕㌶:;
→β=6.0(163x32xNJ
◇S.Aokietal.
fitwi仙c◆ae^'
--fitwi仙ォー<"・

10　　　　　　　　　　　30

N,

FIG. 5. Anomalous quark mass in5(/ as a fur-ction ofN5 in mj

-0 limit for the plaqucttc action at weak coupling β-6.0 with

A/- 1.8 (filled squares) on a 16 ×32×N, latticc. Representative

strong coupling results taken at β-5.65 and M- ¥.l are repro-

duced from Fig. 4 for comparison (fi‖ed and open circles). The

resu一ts at β-6.0 from a previous simulation [21] is also given lvith

open diamonds. Lines are fits to filled symbols with two functions:

αe~fJVJ (dotted line) and c+ αe-*N> (solid line).

which show that this expectation is well satisfied at a strong

coupling, and within estimated errors also at a weaker cou-

pling. The decay rate extrapolated to the chiral limit from

finite uif is consistent with the value directly extracted for

間′=0, si-owing tl一c consistency of tl-e analysis.
We conclude that a residual constant remains in the

anomalous quark ilnass in tlle 〟.ヾ-班 limit. Tlle prese一一ce ofa

residual constant, even if it is small, means tllat quenched

DWQCD docs J70/ realize the expected chiral symmetry for

the plaquette action, at least, up to a-l三三2 GeV.

We remark that our conclusion differs from Rcf. [21],

which indicates tllat w5? vanishes exponentially in N∫ at β
-6.0 and M- 1.819 with the plaquette action on the same
four-dimensional lattice size. We find that the two data for

w5(/ are mutually consistent in the overlapping range of Ns

(see Fig. 5, where open points are from Rcf. [21] and the

solid points denote our data). Tl一c clloicc of〃∫≦ 10 in Ret

[21] was too small to observe the asymptotic flattening.

V. RENORMALIZATION GROUP IMPROVED

ACTION

We may ascribe the failure in satisfying chiral symmetry

seen in the last section to the roughness of gauge conngura-

0.2

0.1

日壬喜

・　　　　　　　n o

o β巧.65, M-1.7, 5 points fit w仙C十CLeや・

tj p式.0, largest 4polnis fit w-th c+aer'*'

0　　　　0.02 0.06　　　0.08　　　0.1

mt

FIG. 6. Decay rate J of the anomalous quark mass from the伝t

、、,ith c+ αe *'Vj for plaquette action. Open circles represent the data

in the strong coupling region at M- 1.7,β-5.65 on 163×24×N,-

lattice with five points fit. Open squares are those in the 、veak

coupling region at /V/-].8, β-6.0 on 163×32×N< lattice with

four points fit.
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102

10l

メ-ヽ

>
Q)

喜100
g

≡

10"

10*

0　　　　1 0　　　　23　　　　30

Ns

FIG. 7. Anomalous quark mass //;5`/ as a function of Ns in m.

-0 limit for the RG improved action. Filled circles represent data

in the strong coupling region at A/- 1.7 and /?-2.2 on 16 X24

×AT lattice. Fil一ed squares arc those in the weak coupling region at

A/- 1.8 and β-2.6 on 163×32×N. lattice. Lines are fits with two

functions: αe *N> (dotted line) andc+α 'SN> (solid line). Data for

#,-10-50 (5 points) and 】0-24 (4 points) are used for仙e fit in

the strong and weak coupling.

tions witll tlle plaquette action at tllc lattice spacings we have

studied. We suspect tllat tlle nlasslcss mode lllay exist Oll

sufficiently smooth gauge configurations close to the con-

tinuum limit [35,36]. One way to realize smooth gauge con-

figurations, yet keeping the lattice spacing coarse enough to

make a computation feasible, is to employ improved gauge

actions. So we discuss the case with the RG-improved gauge

action [30] in this sectiotl.

The anomalous quark mass in the nominal chiral limit

m5q(iHf-O,Ns,M) is plotted as a function ofN,V in Figs. 7
and 8. Figure 7 compares a typical result at a strong coupling

(/3-2.2) with that at a weaker coupling (y3-2.6). Figure 8

displays the results at β-2.2 for three different clloices ofM

and for two different choices of the spatial lattice size N(J. A

comparison of solid points ( 16 ×24×Ns lattices) and open

points (123×24×Ns) verifies the absence of a signi負cant

finite size effect at this β. In order to take the N∫-sc hmit

we carry out exponential fits, with or without a constant, as

we did for tlle plaquettc action. The fit parameters are sum-
marized in Tab一e lll.

We first discuss the results in the weak coupling region

PHYSICAL REVIEW D 63 114504

01203050
N。

FIG.8.Anomalousquarkmass用511asafunctionofNsinnif
-0limitfortheRG-improvedactionatβ-2.2.Filledsymbolsarc
dataon163×24×Nlattice,andopenoneson123×24×N,lattice.
Linesarcfitstoallthefilledpointswithtwofunctions:αe-印,
(dottedline)andc+αe~*N*(solidline).

disp】aycdinFig.7.Asonecansec斤0--ilargevaluesof
x2/DOFinTableIII,neitherc+α,-f-v、(;r/DOF-12.8)

norα,-(N・、(;r/DOF-16.9)fitstllcdatawellinsofaras

tllepOlntatN∫-4ISl!1eluded.Tl-ismeanstllattheleading

exponentialtenlldocsllotdonlmatetlletwopointco汀clators

owingtoanon-trivialover一apofquarkwavefunctionsbe-

tweentllctwodoilnanlwallsfortllissnlall〟.,.

Iftllcdataat〟.、-4areexcluded,llowcvcr,thefour
pointsforNs≧10arefittedequallywellwitheitherc
+αe~*N'(solidline)orαe^'(dottedline)asseenintllC

丘gure.Infact,thefitwithaconstantyieldsc--0.71(63)

×10~consistentwithzeroatonestandarddeviation;the
fourdatapointsfa=onαe-"¥indicatingtherealizationof

chiralsymmetry.
Weobtainadifferentresultforastrongcoupling.Solid

linesinFig.8showfitstoallfivedatapointswithanexpo-

nentialplusaconstant.Theyprovidereasonablefitstoall

data.Ontheother一and,aplainexponentialdoesnotfitthe

data.
Repeatingtheanalysisforthefourdatapointsexcluding

Ns-¥0,westillfindthefitwithanon-zeroconstant

(*-/DOF-0.1)beingmuchbetterthanaplainexponential
i(;^-/DOF-4.0)atM-2.¥.Theconstantcisconsistentbe-

TABLE III. Exponential fit of the anomalous quark mass msq for the RG-improved action. Strong coupling results at β=2.2 are for the

lattice size 163×24, and those at a weak coupling ofβ-2.6 are for 16 ×32 lattice. Fits with all of the five data points are represented by

the fitting range 10-50 or 4-24. Four-points fits without the data of smallest jVv are represented by 20-50 or 10-24・

Fitting range c+ αe- lN,　　　　　　　　　　　　　　αe- fNs

β　　M oT N,　　　　　　　　　　α　　　　　　　　r/DOF　　　α　　　　f x2/DOF

2.2

1 0-50　　　　0.0037 1 (46)　　0.0707(88)

1.7　　　20-50　　　　0.0023(1 1)　　0.0255(72)

1 0-50　　　　0.00296(24)　　0.0355(27)

2.1　　20-50　　　　0.00278(43)　　0.028(1 1)

0.121 (12)　　3.0　　　0.0454(85)　0.066(1 1)

0.062(20)　0.00002　　0.0199(16)　0.0370(28)

0.0979(74)　　0.2　　　0.0254(39)　0.0505(76)

0.085(21)　　0. 1　　0.0145(23)　0.0328(5 1)

35.7

0.9

21.0

EH

1.8　　　4-24　　　　0.0000099(71)　0.1222(88)　0.501 (15)　12.8　　0. 1208(98)　0.498(17)

2.6　1.8　　10-24　　　-0.0000071(63)　0.0137(34)　0.281(25)　0.002　　0.0186(23)　0.312(12)
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≡oe"^':20sN,」50

c+ae-"**:20sN^50

C+aeHN*:1。」N,S5。

FIG. 9. #-7DOF in the five and four points fit ofJ〃5^ data in

strong coupling RG action at β-2.2,A/= 1.7. Open circles repre-

sent those斤om the four points fit with simple exponential form
α,-flv.

壬　　亘　　亘　　旦

i　　　重　　石

o p=2.2, M=1.7, 5 points with c一欄や・

Ej陣6, largest 4 pointswith a°叫

0.04　　　.08

ml

FIG. 10. Decay rate f of the anomalous quark mass at each m′

for the RG-improved action. Open circles represent data in the

strong coupling region from the five points fit with c+αe~帥一at

M= 1.7. The open squares are those in the weak coupling region

h蝣m the four points丘t with `ve~(f/> al A/- 1.8.

2　　　　　4

M

FIG. 1 1. Phase structure of the four dimeluiollal Wilson fermion

system. M represents the fermion mass (domain-wall ¥1eight). The

five cusps at β-co correspond to the points where subsets of l6

fermions become massless- The shaded area marked by (7T)≠O

represents the parity broken phase.
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tween the four- and伝ve-point fits. This analysis supports

theconclusion that chiral symmetry is not realized at M
=2・】. The four data points at M- 1.7, 0n the other hand, are

馳ed well with either of the two forms with xl/DOF<1.
The constant c for the four-point fit is consistent witll zero

with】n two standard deviations. Thus the possibility that mse

vanishes exponentially in Ns at M- I.7 cannot be excluded

from this analysis at m′-0 alone.

To further explore this issue, we attempt to fit the data for

m/≠0. We find that the plain exponential does not fit the

data at non-zero my, leading to a large x /DOF as si-own in

Fig. 9. Since we expect the anomalous quark mass to depend

little on m'/恥m the transfer matrix formalism of DWQCD,
this suggests that the good爺t we obtained without a constant

at /ォy= 0 is perhaps accidental. While further data are needed

for a definitive conclusion, we think it likely that a non-zero

anomalous quark mass a一so remains in the Nr-∞ limit at

〟-I.7.

The value of the residual quark mass- is small. From the

five-point fit, we obtain

3.60(45) MeV at M-¥J,

2.87(23) MeV at M=2A.
(5. 1

We茄nally show the decay rates J at finite mj and mj

= 0 in Fig. 10. The decay rates at β-2.2 are obtained by the

fiV叩oint員t w池a constant, while those at β-2.6 employ

p】am exponential fits to the four data points. As expected, the

decay rates depend little on mf, their values at m/≠O are

consistent with those at nij-- Q.

We conelude that the RG-improved action signi負cantly

improvi甲the chiral behavior of DWQCD. While chiral sym-
metry is still not realized at a-l-1 GeV, the residual

anomalous quark mass is sizably reduced compared with that

wltll tlle plaquette action. The results at a weaker coupling

(tf~'-2 GeV) are consistent with the vanishing anomalous

quark mass, supporting the realization of chiral symmetry

with DWQCD.

VI. DISCUSSION

Let us now try to understand our findings. The anomalous

quark mass m5q vanishes exponentially in Ns if the eigenval-

ues of the transfer matrix in the丘fth direction are strictly less

than unity [5J. This is also suggested斤om the fact that the

Dirac operator of the effective theory [10,1 1] becomes local

and well defined in this c㌘e [35,36]. The occurrence of a
unit eigenvalue, in turn, -s in one-t0-one correspondence

with that ofa zero eigenvalue of the four-dimensiona一 Her-

mitian Wilson-I⊃irac operator Hw [3] or more complicated

one, Hw, de伝ned through the丘ful dimensional transfer ma-

trixテ[5,】0],

Tt llas been argued t】liat zero eigenvalues ofHw are related

to the existence of the parity一触vor broken phases in ordト

nary lattice QCD with the Wi一son quark action [37-41]. The

connection follows from the identity for the parity-flavor or-

der parameter (q7γ5^) given by

1 14504_8
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fγ573

II二言　D,′+t'γy//
lim (qiγ蝣Sq)-- lim Tr

//-+0

- lim t

ルー一十0

--/ lim t
W-+0

--/ lim

〟一一+0

iγ5　　　　1γ5

DH′+t'γ5H Dw-t'γ5H

∫ d¥ pHfrM

・(hl(孟一品)の

イ
=~J
d入p//,r(入){-2iri)8{¥)

- --)2ttphJO), (6.1)

where H is an external field coupled to the order parameter,

HH′-γsDw with Dfi′　the Wilson-Dirac operator, and

p//I(.(A) is the density of the eigenvalues ofHw.

h Fig. 1 1, tl-c expected phase diagram is scllematically

drawn in the (/3,M) plane, where -M is the bare quark
mass of the Wilson quark action. In the shaded regions the

parity-flavor symmetry is broken spontaneously correspond-

ing to a non-zero density of zero eigenvalues ofHfV. At the

critical lines that form the phase boundaries, the neutral pion

mass vanishes. At a strong coupling (β<β.) there are only
two critical lines, while there exist ten of them at a weak

coupling (β>β`,) and 5 points where two lines meet at β

--c. Each point corresponds to one continuum limit, whose

low energy spectra are composed ofa part of sixteen fenllion

doublcrs.

For DWQCD to work we have to tune tllc domain-wall

height 〟within the thick shaded region in Fig. I in orderto

avoid zero eigc-lvalues of〃川′. In the weak coupling liillit,

this region is given by O<M<2. As the coupling increases,

the range is shifted to a larger value of M and shrinks in
width. Finally no massless fermion exists in tllc strong cou-

pling region at β<βC.

If we assume that absence ofa zero eigenvalue is not only

a su用cient but also a necessary condition for the success of
DW(〕CD, a naive interpretation of our results for DWQCD

according to this picture would be that β。>6.0 for the

plaquette action while 2.6>β.>2.2 for the RG-improvcd

action, or in terms of the lattice spacing ac evaluated at

β-β`.,a-i≧2 GcV for tlle former action at-d 2 GcV

≧　-I≧　GeVforthelatter.

This interpretation seems inconsistent witll the quenched

チpectru一一一result for the plaquette action obtained in Ref. [40];

in tl-is work, non-zero pion mass, signalling tl-c parity con-

serving phase, was reported over the range 0.909(1 ¥)^M

≦2.347(5) at β-6.0, indicating β,<6.0. A possible cxpla-

nation reconciling this apparent connict is as follows. Ifthe

order parameter, Eq. (6.1), remains non-zero in the H

PHYSICAL REVIEW D 63 114504

-+0 hmi=he charged pions become massless Nambu-
Goldstone modes associated with spontaneous parity-flavor

breaking in the infinite volume limit. Tl-e fact that m5`1 in the

proper chiral limit is tiny at /3-6.0 suggests that the magni-

tudc of the order parai一一eter is extremely small. Since the

silllulation in Ref. [40] is performed on a finite volume ( 163)

wltl-out adding the external field H, it may be difficult to

detect the existence of massless pions corresponding to such

a small order parameter. The anomalous quark mass, m5q,

on the other hand, is very sensitive to the small eigenvalues

or 〃川′, and llcnce to tlle notトzero order parameter. To

clarify this issue, a more detailed study for the parity-flavor

breaking phase of ordinary lattice QCD with the Wilson

quark will be needed.

The actual dynamics inducing non-zero pfl.(0) may be

complicated, possibly involving instantons. The relation be-

tween the spectral gap of the Henlrntian Wilson-Dirac opera-

tor Hw and the instanton number has been extensively stud-

icd [42]. While a single instanton causes a zero eigenvalue

of Hw only for a single value of M, an ensemble of

instantons may lead to a non-zero density pH ff,(0)≠0. In

particular unphysical short-distance topological dislocations,

havirlg an action less than that of physical instantons that

arc present for the plaquette action, may lead to such

an effect. They will lead to an anomalous quark mass

even ata　一己2 GeV as we have found in Ol汀simulations.

Tllis mecllanism may also explain the difference in the

lattice spacing needed to realize chiral symmetry in

DWQCD between the plaquette and RG-improved actions.

The RG-improvcd gauge action suppresses unphysical dislo-

cations by pushing the action above that of physlcal instan-

tons [43]. Hence their influence on the density of zero cigen-

values wiI be negligibly small compared to that for the

plaquette action. Work explormg zero eigenvalues of the

Wilson-Dirac operator for both gauge actions [44] si-ould
shed light on this interesting problem.

VII. CONCLUSIONS

We have investigated the chiral property of domain-wall

QCD within the quenched approximation. We have denned

the anomalous quark mass (axial WT identity quark mass) as

an indicator for the realization ofchifal symmetry. Our simu-

lations have been made in botll strong and weak coupling

regions corresponding to a　-1 and 2 GeV, using the

plaquctte and RG-improved gauge actions. We have found

that the anomalous quark mass remains non-zero in the

DWQCD chiral limit, nij->O and Ns-　for the plaquette
action for a-1≦2 GeV within our numerical data taken and

tllc assumptl011 0fa single exponential plus a constant for the

fonll of fit function. The magnitude of chiral symmetry

breaking rapidly decreases witll 一attice spacnlg, but tllc exact

chiral symmetry is not realized at least for this lattice spac-

i一一g・

On the contrary, our analysis for the RG-improved action

reveals a mucll improved chiral behavior. The anomalous

quark mass vanishes exponential】y with this action at a-I

-2 GeV, indicating that the exact chiral symmetry is real-
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ized. At a~1-　GeV the improvement of the chiral behal′ior

is not sumcicnt to remove a non-zero anoi-lalous quark mass.

Overall, quenched domain-wall QCD at a　-1 GeV ap-

pears no better than usual lattice QCD with the ordinary

Wi一son quark action. Since the effect of explicit chiral sym-

metry breaking is non-negligible, the operators relevant for

the electroweak matrix elements mix nontrivially between

di恥rent chirahtics. There is no apriori reason to expect that
these mixing coefficients are small.

The situation is better in the weak coupling region, e.g., at

a-】 -2 GcV. Even with the plaquette action, the chiral sym-

metry breaking effect is significantly smaller than tlle phys卜

cal u,a quark masses, and hence may not seriously affect the

chiral properties of weak matrix elements [20]. Moreoヽ,cr,

the clural property of DWQCD is distinctly improved with

the RG action: not only tlle explicit breaking lS Sllown to

vanish exponentially in Ns , but also the size of the breaking

effect at 伝-1itc Ns is smaller. The improved gauge actions,

such as the RG-improved one, should be a preferred cllOICC

for future numerical simulations for DWQCD.
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APPENDIX A: PIONル1ASS

The pion mass is a standard quantity in examining the

chiral property, and hence often studied in the context of

DWQCD. Analyses of this observable, however, is not

straightforward due to possible finite size effects, particu一arly

for small pion masses, and dif罰cultics associated with the

chiral extrapolation because of chiral logarithms, which may

be quite significant in quenched QCD. Nui一一erically tl-c pion

mass has to be extracted from an exponential falloffof the

pion propagator. Even though tllc pion propagator has the

best statistical quality among ladrotl propagators, tllis procc-

dure is more susceptible to statistica一 and systematic unccr-

tainties than the determination of the anomalous quark mass

which involves only a constant fit to a ratio of two kinds of

propagators. For tllese reasoi-　we I-avc employed the

anorllalous quark r一一ass in tllC main body of the present paper.

In this appendix we present our results for the pion mass, and

discuss to what extent they match with those obtained with

the anomalous quark mass.

Typical results for pion mass squared in去(間′,Ns ,M) are

plotted as a function of the averaged bare quark mass mj

-(nij-+mj)/2 for the plaquettc action in Fig. 12. Tl-c result

shows a good linear behavior in in'}. The pion mass in the

chiral limit nif-0 is therefore estimated by linearly extrapo-

lating ′〃-1 m ′,if. The i-uinerical v'alucs oftl-c pion mass arc

coHected lll Appendix B.
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Strong coupling r岬On

We first discuss pion mass results at the strong coupling

〃~1-1 GcV. In Fig. 13(a) we p一ot the pion mass squared
つ.

ml- in the chiral limit nij- -0 as a function of Ns for tl-c
plaquette actiorl at β-5.65. Filled syillbo】s are obtained on a

lattice of spatial size Nげ- 16 and open ones with a spatial

size of NIT- 12. A similar figure for the RG-improvcd action

is silown in Fig. 13(b).

Solid lines in these 6gures show results offits by a form

c+αe-*N'using all five points obtained on an N(T- 16 laト

tice (A/- 1.7,2.1) or an Nげ- 12 lattice (A/-1.3,2.5). They

reproduce the data well for a non-zero c with an acceptable

x'as summarized in Tables IV and V. Therefore pion mass

does not vanisl- in tl-e chiral li一一一it間√→O and 〃∫-冗 at

E1-I-　GcV for the plaquette and the RG-improved actions,

which is consistent with the conclusions斤om the analysis of

tlle anolllalous quark mass.

In order to check our procedure of taking the chiral limit

we interchange the order of tl-e limits ′ザ-0 and N,、-∞・
AsShown by solid lines going through open circles in Fig.

14, we first i-lake a fit of form m-J^mf,Ns)-c'(′ザ)

+αe~^ for each value ofmjv. We note that the constant

term has to be included in the fit of the pion mass at non-zero

nif. A linear chiral extrapolation mz-(nij-v,N.、-oC)

-c'(′ザ)-」/+γ′ザthen yields d-0.0432(52), whicl-
agrees well with the value ofc-0.0440(43) previously ob-

taincd. The commutativity of the two limits is summarized

by two sylllbols ‥X" and ‥Y" in Fig. 14, where X repre-

sents mij(mプr-<w-∝) given with /〃y-^0, then N.Jcc

and Y reprcsc一一ts tl-e pion mass witl- the limit 〃∫-班, tllCn

nij->0. These two values agree very well with each other.

The same consistency check is also made for the RG-

inlproved actioil.

The above analyses strongly support the conclusion that

mT docs not vanish in the limit ′"Iu-0 andNc-oc. In order

to examine finite spatial volume effects as a possible origin

of this non-zero llnass, we compare tllc pion mass squared in

the proper chiral limit /?;^(′ザ-O,w.ヾ-ォ=) for two kinds of

lattice volumes 12Jx24 (open symbols) and 16 ×24 (filled

symbols) in Fig. 15.

The circles and diamonds represent the results from the

plaquene al-d the RG action, respectively. The -orizoi-tat

triangles arc results for the Nambu-Goldstone pion mass of

the KoguトSusskind quark action at β-5.7 (a~ -1.12

GeV) for a spatial lattice size ofN,T- 12 (open triangle) [45]

and Nげ- 16 (filled triangle) [46]. From comparison of tl-esc

data points, we consider that there may be some finite size

effects at M- 1.7, but that they arc not large enough to ex-

plain non-zero values of pion mass for DWQCD at strong

coupling.

Since there still remains a possibility that this non-zero

mass is caused by the quenching effect, we adopt the WT

identity mass as a better indicator to test tl-e chiral property

ofDWQCD in tlle main body oftllis article.

We呈ik coupling r叩On

Pion mass squared in the chiral limit />;^(wy-0,N=M) is

plotted in Fig. 16 for the plaqucttc action at j3-6.0 and in

1 14504-10
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FIG. 12. Pion mass squared as a function ofv・alcnce quark mass m′ at A/- 1.7,β-5.65 on I63×24×Nt. latticc (a) and β-6.0 on

]63×32×Ns lattice (b) ofplaqucttc action. Lines are linear fits to those data.

FIG. 13. Pion mass squared at nif=O as a function of the extra dimension Ns in the strong coupling region, β=5.65 for plaquette action

(a) and β-2.2 for RG-improved action (b). Filled symbols are taken on 16 ×24×Ns lattice, and open ones on 123×24×Ns lattice. Lines

are fits to an exponential with or without a constant of all five data points on an jV,,- 16 lattice except for A/- 1.3 (a),(b) and 2.5 (a) for

which data fitted arc for N,T- 12.

コ■

暮

Ej

●

:●【

関田

( b ) R G im p r o v e d , β = 2 . 2

1 6 x 2 4 x N , M = 1 .7

( .爪 ' = 0 .1

′、 .、 0 .0 7 5

′、 〈 0 .0 6 5
、′

′、 一、 0 .0 5

H 9 ^ 雲

JA
fit w 仙 c ◆ a e

20　　　　　　　　　40

Ns

E3

Ej

:・:

Ej

E=

I
X
コに:コl=

FIG. 14. Pion mass squared as a function of the extra dimension jVv at A7- 1.7 on 16 ×24×N; lattice. Figure (a) represents山e results

for the plaquette action at β-5.65. Figure (b) is for the RG action at β-2.2. The pion masses derived 、vitli t、vo different order of limits

m/-0,^-oc are represented lvith ‥X" and "Y."
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TABLE IV. Exponential fit ofpion mass squared mz- in strong coupling region at M- 1.7 and 2.-. The four-dimensional lattice size is

]63×24. Fits 、vi山all offive data points are represented by the fitting range 10-50 and four-points fits without A'、- 10 data arc represented

by20-50.

Fitting range　　　　　　　　　　ぐ+ αォ,- **,　　　　　　　　　　　　　　　αL,一小'・

β　　　　A/　　　of TV、　　　　c a　　　　　」 r/DOF α　　　　　　f r/DOF

5.65

10-50

1.7　　　　20-50

】 0-50

2. 1　　　　20-50

0.0440(43)　0.5 1 I (30)

0.0395(83)　0.40( I 1)

0.0780(46)　0.352(25)

0.060(26)　0.207(54)

0.0836(62)

0.071(16)

0.0832(78)

0.046(28)

0.8　　　0.41 5(47)　0.0485(54)

0.9　　　0.257(39)　0.034 I (46)

0.8　　　0.290(33)　0.0293(54)

0.004　　　0.2日(10)　0.0195(16)

16.1

3.6

20.4

0.5

】0-50

1.7　　　　20-50

1 0-50

2. 1　　　　20-50

0.0255(32)　0.301 (44)　0. 1 09( 14)

0.01 9(10)　0. 137(77)　0.063(38)

0.0445(43)　0.204(4 1 )　0. 1 00(2 1 )

0.0467(45)　　0.5(1.1)　　15(I 1)

0.6　　　0.196(36)　0.05 1 3(92)

0.07　　　0. 1 03( 14)　0.0300(46)

0.6　　　0. 145(23)　0.0285(66)

0.7　　　0.098( I 9)　0.0 169(59)

IK

0.5

7.2

2.8

TABLE V. Exponential fit of the pion mass squared用z- in strong coupling region at M- 1.3,1.7,2.1,2.5. The four dimensional lattice size

is 123×24. Fits 、、,ith all offive data points arc represented by山c fitting range 10-50 and four-points fit 、vithout N、- 10 data arc represented

by20-50.

Fitting range c+ αL・一帥∫　　　　　　　　　　　　　　　　α-- f'V,

β　　　　M of AT.　　　　　　　　　　　　α　　　　　　f x2/DOF S^^^^^^^^^n r/DOF

5.65

10-50

1.3　　　　20-50

10-50

1.7　　　　20-50

10-50

2.1　　　　20-50

2.5　　　　1 0-50

0.0933(7 1 )　0.997(53)

0.084(13)　　0.75(18)

0.059( 12)　　0.56(13)

- 0.02(28)　0.23(17)

0.081 I (66)　0.429(57)

0.077( 14)　　0.30(20)

0.1478(57)　　0.56(17)

0.0904(57)　　0.7　　　0.78(1 0)　　0.0500(64)

0. 1　　0.447(70)　0.0320(50)

5.3　　　0.403 (55)　0.0454(74)

4.9　　　0.2 16(35)　0.0267(49)

0.2　　　0.3 13(45)　0.0332(65)

0.2　　　0.I 98(22)　0.0189(35)

0.6　　　0.291 (57)　0.0205(86)

0.075( 14)

0. 1 00(25)

0.02 1 (56)

0.098( 14)

0.077(42)

0. 159(33)

27.0

5.2

16.6

2.5

ll.7

I.5

30.2

10-50

1　　　　　20-50

10-50

1.7　　　　20-50

10-50

2.1　　　　20-50

0.0348(49)　0.828(66)

0.03 1 8(97)　　0.63(37)

0.0368(39)　　0.42( I 3)

0.033(15)　　0.12(23)

0.034( 18)　　0. 1 34(19)

- 0.03(23)　　0.15(21)

0.1 125(84)

0.098(34)

0.150(31)

0.08(12)

0.05 1 (25)

0.013(35)

0.4　　　0.635(86)　0.0757(98)

0.7　　　0.307(56)　0.0475(69)

0.7　　　0.196(39)　0.048(1 1)

1.3　　　0.082(15)　0.0189(60)

0.3　　　0.146(1 1)　0.0262(35)

0.2　　　0.123(21)　0.0209(56)

ll.4

2.2

9.1

0.8

0.5

0.09

FIG. 15. Pion mass squared as a function of domain-wal‖-eight

Min the chiral limitm′-O.tf,-=O. The results on 16 ×24 lattice

(filled symbols) are compared with those on 12 X24 (open sym-

bols). Open and filled triangles are those from the KS fcnnion ac-

tion at Nir- 12 [45] and NIT- 16 [46] lattice volumes, which rcprc-

sent the pure finite volume effect.

1 0　　　　20　　　　30　　　　40　　　　50

N.

FIG. 16. Pion mass squared atnif-0 as a function ofyV, atβ
=6.0 0f plaquette action with M- 1.8 (filled diamonds) as con一一

pared lVi山山ose at β-5.65 and and 〟- 1.7 (squares). Open clrcle

represents the pion mass from the K.S fermion at NIT- 16 lattice

volunlC.
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RG improved

1 0　　　　20　　　　30　　　　40　　　　50

N.

FIG. 17. Pion mass squared at nif-Q as a function ofNy at β

-2.6 of RG-improvcd action with A/- 1.8 (filled diamonds) as

compared with those at β-2.2 and a一一d A/- 1.7 (squares). Open

circle represents the pion mass from the KS fermion at N,T- 16

lattice volume.

Fig. 17 for the RG-improvcd action at J3-2.6. The results

have large errors, and do not show a clear trend as a function

of Ns. However, the magnitude beyond Ns- 10 are compa-

rable to the value obtained for the Nambu-Goldstone pion

mass of the Kogut-Susskii-d fcrmionとIt β-6.0 0f plaqucttc

gauge action for the same spatial lattice size 163×40 (star)

[47]. This indicates tllat these non-zero pion masses are

mainly caused by finite spatial volume effects. Hence the

chiral property ofDWQCD cannot be studied by pion mass

in the weak coupling region on this volume.

PHYSICAL REVIEW D 63 114504

TABLE VI. Anomalous quark mass for the plaquette action in

the strong coupling region at β-5.65, A/- 1.3,1.7,2.1 0n 123×24
lattice.

用/　　　　　　　　　　　　　〃、

10　　20　　30　　　　　40　　　　　　　　50

β-5.65, M-1.3 on 123×24

0.00　　　-　　　　　　　　　0.0605( 3 1 )　　0.0499(20)

0.03　　　-　　　　　　　　　0.0622(28)　　0.0520( 19)

0.05　　　-　　　　　　　　　0.0629(26)　　0.0530( 19)

0. 1　　　-　　-　　-　　0.0658(24)　　0.0565(2 1)

β-5.65, A/-1.7 on 123×24

0.00

0.03

0.05

0.

0.01303(56)　0.01019(47)

0.01304(53)　0.0101 9(42)

0.01302(59)　0.01016(42)

0.01302(63)　0.01018(44)

β-5.65, A/-2.1 on 123×24

0.00

0.03

0.05

0.I

0.00934(28)　0.00770(42)

0.01031(31)　0.00894(29)

0.0105 1(35)　0.00907(33)

0.01230(55)　0.01 155(64)

APPENDIX B

Il一 this appendix we list results for anol11a】ous quark nlaSS

m5({ and pion mass squared m-^. All errors are estimated

with the jackknifc method. See Tab一es VI-XVII.

TABLE VII. Anomalous quark mass forthe plaquette action in the strong coupling region at β-5.65,ん1- 1.3,1.7,2.1 0n 163×24 lattice.

〃、

1　　　　　　　　　　　20　　　　　　　　　　　30　　　　　　　　　　　40　　　　　　　　　　　50

β-5.65, A1-1.3 on 163×24

0.00

0.03

0.05

0.1

0.I 129(14)

0.1123(16)

0.1111(17)

0.1 102(20)

0.04925( 98)

0.0513(ll)

0.0522(I 1)

0.0557( 14)

β-5.65, M-1.7 on 163×24

0.00

0.03

0.05

0.1

0.055 14(49)

0.05373(46)

0.05228(49)

0.05002( 67)

0.027 】7(62)

0.02646(58)

0.02561(59)

0.02445(60)

0.01 748(55)　　　　　0.0 1303(27)

0.0172】(51)　　　　　0.01280(29)

0.01691(51)　　　　　0.01252(35)

0.01645(54)　　　　　0.012 19(53)

0.01095(47)

0.01092(39)

0.01 084(43)

0.01 080(44)

0-5.65, A/-2.1 on 163X24

0.00

0.03

0.05

0.I

0.03349(31 )

0.03338(26)

0.0326 1(28)

0.03254( 37)

0.01820(37)

0.01941(35)

0.01947(38)

0.02171(56)

0.01 253( 39)　　　　　0.00954(24)

0.01358(37)　　　　　0.01032(22)

0.01361(37)　　　　　0.01032(24)

0.01 542(44)　　　　　0.01203(56)

0.00757(43)

0.00880( 38)

0.00909( 46)

0.01 124(51)
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TABLE VIII. Anomalous quark lllass for llle plaqucltcとjclion in the 、、′cak coupling region at β-6.0, M- 1.8 on 163×32 lattice.

0.0

0.02

0.04

0.06

0.02955( 29)

0.02884(25)

0.02804(20)

0.02735( 18)

0.00373( 13)

0.00360( 1 1)

0.003446( 78)

0.0033 16(64)

0.00148( 17)

0.00134( 14)

0.001 128(93)

0.000989( 66)

0.000467( 57)

0.000403( 49)

0.0003 1 7(42)

0.000259(38)

TABLE IX. AnomこIions quark lllass for the RG i11叩roved action in the strong coupling region at β-2.2, ∫ll- I.3,1.7,2.1 0n ¥2Jx24

lattice.

間′　　　　　　　　　　　　　　　　　　　　　　　　　　　　　〟,

10　　　　　　　　　20　　　　　　　　　30　　　　　　　　　　　40　　　　　　　　　　　　　　50

β-2.2, M-1.3 on 123×24

0.01565(90)

0.01605(84)

0.01657(86)

0.0172(ll)

0.01260(81)

0.01 324(78)

0.01 385(80)

0.01491(84)

(3=2.2, A/-l.7on 123x24

0.00413(23)

0.00399(20)

0.00402(24)

0.00377(21)

0.003 1 9(26)

0.00302( 24)

0.00286(25)

0.00257(26)

β-2.2, M-2.1 on 123×24

0.00378(25)

0.00386(2 1)

0.00373(22)

0.00388(23)

0.00303(24)

0.00306( 19)

0.00299( 17)

0.00304( 24)

TABLE X. Ano一一一alous quark mass for the RG i一一叩roved action in the strong coupling region at β-2.2, A/- 1.3,1.7,2.1 0n 163×24

lattice.

間′　　　　　　　　　　　　　　　　　　　　　　　　　　　　　〃、

10　　　　　　　　　　　　20　　　　　　　　　　　　30　　　　　　　　　　　　40　　　　　　　　　　　　50

0-2.2, A/-1.3 on 16jX24

0.00

0.03

0.05

0.I

0.09728( 99)

0.0950( 10)

0.0928( 1 1)

0.0890( 1 1)

0.02339(41)

0.02345( 39)

0.02339(4り

0.02350( 55)

0.01329(48)

0.01356(49)

0.01378(59)

0.01422(74)

β-2.2, A/-l.7 on 163×24

0.00

0.03

0.05

0.1

0.02486(42)

0.02387(38)

0.02281(35)

0.021 13(35)

0.00626( 39)　　　　　0.00442( 2 8)　　　　　0.00344( 33 )

0.00586( 35)　　　　　0.004 12(26)　　　　　0.00329(28)

0.00549( 33)　　　　　0.00379(23)　　　　　0.0032 I (22)

0.00480( 33)　　　　　0.00326(24)　　　　　0.00296(20)

β-2.2, ⊥¥/-2.1 on 163×24

0.00

0.03

0.05

0.I

0.01633(35)

0.01626(29)

0.01580(30)

0.01570(28)

0.00788( 30)　　　　　0.00490( 26)　　　　　0.00377(25)　　　　　0.003 1 4(22)

0.00804(28)　　　　0.00510(21 )　　　　　0.00381( 19)　　　　　0.00318( 18)

0.00782(29)　　　　0.00501(20)　　　　0.00368( 1 8)　　　　0.003 1 2( 16)

0.00Xl 1(30)　　　　0.00535(21 )　　　　0.00374(20)　　　　0.0031 7( 19)
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TABLE X】 Anomalous quark mass for the RG improved action in the Weak coupling region at β-2.6, M- 1.8 on 163×32 lattice.

",

10　　　　　　　　　　　16　　　　　　　　　　　　20　　　　　　　　　　　　24

0.0

0.02

0.04

0.06

0.01649( 1 1 )　　　　0.0008 17(20)　　　　0.000146(22)　　　　0.000042( 1 1 )　　　　0.000009(2)

0.016238(99)　　　0.0008 12( 1 7)　　　　0.000136( 17)　　　　0.0000405(87)　　　0.0000087( 15)

0.015920(80)　　　0.000803( 16)　　　　0.0001 16( 12)　　　　0.0000397(78)　　　0.0000090( 19)

0.015677( 70)　　　0.000801( 16)　　　0.0001060(76)　　　0.0000387(73)　　　0.0000089( 19)

TABLE XII. Pion mass squared for the plaqucttc action in the strong coupling region at β-5.65, A/- 1.3,1.7,2.1,2.5 0n 12Jx24 lattice.

A¥

1　　　　　　　　　　　20　　　　　　　　　　　30　　　　　　　　　　　40　　　　　　　　　　　50

β-5.65, M-1.3 on 123×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.4982( 80)

0.5817(81)

0.6078(81)

0.6341(82)

0.6760( 83)

0.7030(83)

0.7733(84)

0.2504( 83)

0.3197(82)

0.3415(82)

0.3635(83)

0.3981(84)

0.4206( 84)

0.4789( 85)

0.1618(47)

0.2258(45)

0.2462(44)

0.2666(43)

0.2987(44)

0.3 195(43)

0.3733(43)

0.1234(71)

0.1845(66)

0.2038(63)

0.2233(61)

0.2536(61)

0.2736(59)

0.3249(59)

0.1007(59)

0.1597(61)

0.1 787(64)

0.1978(66)

0.2272(71 )

0.2466( 72)

0.2964( 76)

β-5.65, M-¥.7 on 123×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.2675(55)

0.4190(55)

0.4667(57)

0.5 148(59)

0.5912(62)

0.6401 (63)

0.7679(65)

0.1292(68)

0.2糾0(61)

0.3329(61 )

0.3822(61 )

0.4589( 63)

0.5094( 62)

0.6401(6り

0.0889(61)

0.2440(53)

0.2927(53)

0.341 6(52)

0.4193(55)

0.4692( 54)

0.6004(56)

0.0833(55)

0.2384(54)

0.2882(54)

0.3375(52)

0.4171(61)

0.4662( 59)

0.5966(61 )

0.0537(50)

0.21 14(50)

0.2630(54)

0.3 147(58)

0.3929( 64)

0.4453(65)

0.5781(69)

β-5.65, M-2.I on 123×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.24 18(68)

0.4143(70)

0.4722( 74)

0.5295( 77)

0.6175(82)

0.6740( 83)

0.8172(85)

0.1393(61)

0.3206(56)

0.3813(57)

0.4416(57)

0.5328(62)

0.5929( 60)

0.7439( 58)

0.1067(60)

0.2903(55)

0.352 1(55)

0.4134(55)

0.5056(60)

0.5666(58)

0.7195(57)

0.0876(68)

0.2719(64)

0.3344(65)

0.3962( 64)

0.4895(69)

0.5505(67)

0.7037(68)

0.0839(67)

0.2689( 64)

0.3327( 67)

0.3955(69)

0.4888( 77)

0.5505( 76)

0.7037( 77)

β-5.65, M-2.5 on I2Jx24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.2624(63)

0.4007(59)

0.4496( 59)

0.4976(59)

0.5682(61)

0.6146(60)

0.7284(60)

0.1701(48)

0.3049( 49)

0.3535(52)

0.4012(56)

0.4698(61 )

0.5 153(63)

0.6239( 68)

0. I 546(43)

0.2796(43)

0.3270(46)

0.3729(49)

0.4385(54)

0.4806(56)

0.5783(60)

0.1430(83)

0.2439( 77)

0.2894( 80)

0.3320(83)

0.3880( 88)

0.4236( 89)

0.4984( 88)
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TABLE XIII. Pion mass squared for the piこiqucttc action in the strong coupling region at β-5.65, M- 1.3,1.7,2.1 0n 163×24 lattice.

"'/　　　　　　　　　　　　　　　　　　　　　　　　　　　　N ,

10　　　　　　　　　　　　20　　　　　　　　　　　　30　　　　　　　　　　　　40　　　　　　　　　　　　50

β-5.65, M-1.3 on 163×24

0.00

0.03

0.04

0.05

0.065

0.075

0.1

0.2556(40)

0.3257(42)

0.3480(43)

0.3704(45)

0.4056(47)

0.4284(48)

0.4876( 50)

0.0957(53)

0.1545(50)

0. 1 734(49)

0.1925(48)

0.2215(49)

0.2409(48)

0.2905(46)

β-5.65, A/-1.7 on 163×24

0.00

0.03

0.04

0.05

0.065

0.075

0.1

0.2661(49)

0.4179(5り

0.4656( 53)

0.5137(55)

0.5898( 58)

0.6392(59)

0.7676(61 )

0.】358(56)

0.2916(55)

0.341 1(57)

0.391 1(59)

0.4687(65)

0.5 198(64)

0.6513(66)

0.0888( 36)

0.2434( 34)

0.2929(37)

0.3426(40)

0.4198(46)

0.4707(48)

0.6019(53)

0.0599(38)

0.2183(32)

0.2693( 33)

0.3204(33)

0.3992(37)

0.4512(36)

0.5849(36)

0.0520(3 1)

0.2086(30)

0.2599(35)

0.31 13(38)

0.3 894(47)

0.4414(48)

0.5735(54)

β-5.65, A/-2.1 on 163×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.231 7(40)

0.4052( 46)

0.4629(50)

0.5202( 55)

0.6085( 62)

0.6652( 65)

0.8095(72)

0.1434(33)

0.3247(37)

0.3860(42)

0.4464( 46)

0.5390(52)

0.5982( 56)

0.7484( 60)

0.I 132(72)

0.2973(62)

0.3604(63)

0.4226(62)

0.5 166(68)

0.5774( 63)

0.7299(60)

0.0935(50)

0.2792(45)

0.3416(49)

0.4034(51)

0.4979(58)

0.5589( 56)

0.7】31(54)

0.0815(38)

0.2675(43)

0.3317(47)

0.3945(5 1)

0.4902(60)

0.5509(6日

0.7036(66)
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TABLE XIV. Pion mass squared lor the RG imPrOl,ed action in the strong coupling regionこIt β-2.2, M- 1.3,1.7,2.1,2.5 0n 123×24

lattice.

」-2.2, M-].3on 123X24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.3038(55)

0.4002(52)

0.4301(52)

0.4604(52)

0.5083(52)

0.5395(52)

0.6209(5 1)

0.1208(55)

0.2 106(52)

0.2388(53)

0.2671(54)

0.3 】20(56)

0.3410(56)

0.4169(56)

0.0684(7 1)

0.1579(64)

0.1867(63)

0.2154(61)

0.2605(64)

0.2894(6 1)

0.3647(58)

0.0415(50)

0.1325(47)

0.1619(49)

0.1916(49)

0.2363(55)

0.2667(53)

0.3433( 54)

0.0389(60)

0.1253(57)

0.1518(59)

0.1 786(60)

0.2215(64)

0.2494(63)

0.3228(60)

13-2.2, A/-1.7on 123x24

0.00

0.03

0.04

0.05

0.065

0.075

O.I

0.1304(50)

0.2892(5 1)

0.3394( 54)

0.3900(57)

0.4695(64)

0.52 13(64)

0.6559(67)

0.0575( 50)

0.2 186(46)

0.2697(48)

0.321 0(49)

0.4016(55)

0.4540( 54)

0.5904(56)

0.0405(57)

0.2013(54)

0.2529(56)

0.3042(58)

0.3850(66)

0.4372(68)

0.5737(77)

0.0408(42)

0.2049(39)

0.2588(40)

0.31 19(40)

0.3961 (48)

0.4486(46)

0.5863(47)

0.0302(73)

0.I 898(57)

0.2410(55)

0.2917(51)

0.3724(56)

0.4234(53)

0.5582(58)

β-2.2, M-2.1 on 123×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.I 159(64)

0.2879(60)

0.3461(63)

0.4038(65)

0.491 1(72)

0.5480(70)

0.6906( 72)

0.0810(63)

0.2510(55)

0.3083(56)

0.3644( 58)

0.4519(64)

0.5068(66)

0.6482(71 )

0.0645(68)

0.2303(64)

0.2873(66)

0.3429(68)

0.4276( 76)

0.481 7(73)

0.6197(69)

0.0556(73)

0.2272(71)

0.2848(75)

0.3415(78)

0.4292( 87)

0.4851(85)

0.6279(84)

0.0415(82)

0.2131(73)

0.2705( 74)

0.3274( 72)

0.4143(81)

0.4706( 76)

0.6136(76)

β-2.2, A/-2.5 on 123×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0. 1549(48)

0.28 14(47)

0.3256(48)

0.3692(5 1)

0.4329(56)

0.4754(59)

0.5793(65)

0.1 020(60)

0.2208(57)

0.2649( 57)

0.3076(58)

0.3699( 59)

0.4099(59)

0.5058(58)

0.1 127(63)

0.2184(53)

0.261 1(54)

0.3018(53)

0.3607(54)

0.3965(52)

0.4797(48)
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TABLE XV. Pion mass squared for the RG improved action in the strong coupling region at β-2.2, M- 1.3,1.7,2.1 0n WX24 lattice.

mf N.、
10　　　　　　　　　　　　20　　　　　　　　　　　　30　　　　　　　　　　　　40　　　　　　　　　　　　50

β-2.2, 〟-1.3 on 】63×24

0.00

0.03

0.04

0.05

0.065

0.075

0.I

0.3 126(54)

0.4095( 56)

0.4400( 5 8)

0.4707(59)

0.5 1 94(62)

0.5508(63)

0.6326(66)

0.0709( 19)

0.1609( 19)

0.1900( 19)

0.2190(2日

0.2642(25)

0.2938(26)

0.3702(33)

0.0464( 30)

0.1347(28)

0.1 634(29)

0.1918(30)

0.2368(34)

0.2652(34)

0.3395(35)

0-2.2, M-¥Jon 163x24

0.00

0.03

0.04

0.05

0.065

0.075

0.1

0. 1276(49)

0.2882(46)

0.3392(45)

0.3905(44)

0.4704(46)

0.5228(45)

0.6582(45)

0.0579( 37)

0.2222( 34)

0.2763(36)

0.3300(38)

0.4131(44)

0.4667(45)

0.6046(48)

0.0392(36)

0.2012(32)

0.2527(35)

0.3042(37)

0.3854(42)

0.438 1(42)

0.5760(47)

0.0308(35)

0.1959(33)

0.2498(37)

0.3034(40)

0.3874(46)

0.4409(48)

0.5798(53)

0.0246(35)

0.1908(34)

0.2454( 36)

0.2995(38)

0.3837(44)

0.4378(45)

0.5773(47)

β-2.2, 〟-2.I on 163×24

0.00

0.03

0.04

0.05

0.065

0.075

0.1

0.1194(51)

0.2868(42)

0.3425(40)

0.3980(40)

0.4826(43)

0.5376(43)

0.6770(49)

0.0735(40)

0.2442( 38)

0.3020(40)

0.3590(41)

0.4459(47)

0.5019(48)

0.6434( 54)

0.0539(46)

0.2303(45)

0.291 2(49)

0.3509(51)

0.44 1 3(59)

0.4991(58)

0.6445(59)

0.0455(41)

0.21 77(40)

0.2754(43)

0.3324(45)

0.4202(53)

0.4763(5 1)

0.6197(51)

0.0492(46)

0.2238(44)

0.2840(48)

0.3427(49)

0.4336(58)

0.4899( 56)

0.6336(56)

TABLE XVI. Pion mass squared for the plaquette action in the weak coupling region at β-6.0, M- 1.8 on 163×32 lattice.

'"/　　　　　　　　　　　　　　　　　　　　　　　　　　　　　N,

10　　　　　　　　　　　　16　　　　　　　　　　　　20　　　　　　　　　　　　30

0.0

0.02

0.03

0.04

0.04

0.05

0.06

0.0891 (49)

0.1617(43)

0.1959(41)

0.23 10(39)

0.231 1(40)

0.2671(38)

0.3041 (36)

0.0096( 36)

0.0795(30)

0.1 130(34)

0.1471(32)

0.1471(36)

0.1823(35)

0.21 79(34)

0.0025(27)

0.071 1(24)

0. 1032(25)

0. I 359(24)

0. 1362(26)

0.1710(27)

0.2059(27)

0.0063(21)

0.0736( 19)

0.1051(20)

0.1371(20)

0.1380(21)

0.1714(23)

0.2061(23)

0.0019(20)

0.0703( 17)

0.1029(21)

0. 1362(20)

0.1366(23)

0. 1706(20)

0.2059(20)

TABLE XVLI. Pion mass squared for the RG improved action in the weak coupling region at β-2.6, M- ¥.S on 16Jx32 lattice.

w.v

l0　　　　　　　　　　　16　　　　　　　　　　　　20　　　　　　　　　　　　24

0.0

0.02

0.03

0.04

0.04

0.05

0.06

0.0536(26)

0.1 188(24)

0. 1505(26)

0.1826(29)

0. 1835(29)

0.2】50(36)

0.2491(39)

0.0044(33)

0.0670(30)

0.0967(32)

0. 1268(30)

0. 1274(34)

0.1583(31)

0.1 907(33)

0.0052(23)

0.0671(23)

0.0969(26)

0.1270(27)

0.1280(29)

0.1582(31)

0.1904(31)

0.0023( 19)

0.0646( 15)

0.0942( 17)

0.1243(17)

0.1246(19)

0.1559(18)

0.1877(18)

0.0022( 16)

0.0652( 14)

0.0959( 15)

0.1268( 15)

0.1274( 16)

0.1580(16)

0.1908( 16)
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