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WepresentastudyofthetopologicalsusceptibilityinlatticeQCDwithtwodegenerateflavorsotdynamical

quarks.Thetopologicalchargeismeasuredongaugeconfigurationsgeneratedwitharenormalizationgroup
improvedgaugeactionandameanfieldimprovedcloverquarkactionatthreevaluesofβ=6/g2withfoursea

quarkmassesateachβ.Thelatticespacingsattheseβ'sarea=0.22,0.16and0.11fmatthephysicalupand

downquarkmass,whicharefixedbythephysicalpmesonmass.Thestudyissupplementedbysimulationsof

pureSU(3)gaugetheorywiththesamegaugeactionat5valuesofβwithlatticespacings0.09fm≦a

≦0.27fm.Weemployafield-theoreticdefinitionofthetopologicalchargetogetherwithcooling.Forthe

topologicalsusceptibilityinthecontinuumlimitofpureSU(3)gaugetheoryweobtainxt1/4=197+13-16MeV
wheretheerrorshowsstatisticalandsystematiconesaddedinquadrature.InfullQCDXtatheavyseaquark

massesisconsistentwiththatofpureSU(3)gaugetheory.AdecreaseofXttowardlightquarkmasses,as

predictedbytheanomalousWard-TakahashiidentityforU(1)chiralsymmetry,becomesclearerforsmaller

latticespacings.ThecrossoverinthebehaviorofXt,fromheavytolightseaquarkmassesisdiscussed.

DOI: 10.1103/PhysRevD.64.114501

I. INTRODUCTION

The topological structure of gauge held nuctuations, in

particular instantons, has been invoked to explain several

important low energy properties of QCD, including the

breaking of axial U(l) symmetry and the 一arge?ass of tl-e

が　meson. Numerical simulations on a space-time lattice
provide a nonperturbative tool for the study of these phe-

nolllena beyond senl蝣classical approxinlations.

Lattice studies of the topological susceptibility xi as a

measLire of these fluctuations have been lllostly earned out

for pure gauge theory without the presence of dynamical

fermions [l j. Recent determinations by various groups using

different methods have led to a consistent value in SU(3)

gauge theory of#, -200±18 McV[l].

Sea quark e恥cts on tllc topological susceptibility have
been much less studied, although dynamical quarks are ex-

pected to have a strong in月uence on xt leading to a complete

suppression for massless quarks. From the anomalous Ward-

Takahashi identity for U(l) chiral symmetry, the topological

susceptibility is predicted [2-4] to obey, for small quark

masses in tlle Cllirally broken pilase,
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xi-N,/中0(m2a), ∑ニーli一一一lim(^) (1)
間.-0 I′-T

It is an interesting question to investigate whether lattice data

confirm aヲupprcssion consistent with Eq. (1).

Pioneering attempts to calculate xi 'n fall QCD [5-7]

were restricted to small statistics and were plagued by long

autocorrelation times. Progress in the simulation of full

QCD, as well as an increase of available computer power in

recent years, 1as enabled tllis question to be readdressed wi仙

a higher accuracy. A number of pieces of work have been

reported recently [8-13] coming to differeヮt conclusions
whether the topological susceptibility is consistent with the

prediction of Eq. (1). A common shortcoming in Refs.

[8-12] is that they have been made at only one lattice spac-

ing. Reference [13], on the other hand, used only one bare

quark mass amq at cacl- coup一ing constant β・

In tllis article we attempt to improve on this status by

calculating the topological susceptibility in full QCD with

two flavors of dynamical quarks at four sea quark masses at

each of three gauge couplings. We perform calculations on
con丘gurations of the CP-PACS full QCD project [14]. These

llave beell generated on tllC CP-PACS parallel computer [15]

using a rcnonllalization group (RG) improved gauge action

[16] and a mean field improved Sheikholeslami-Wohlert clo-

ver quark action [17]. The efficacy of this choice of action

over the standard action has been demonstrated in Ref. [18]

by exalllining botl=llc rotational sylllnletry of tlle static

quark potential and the scaling behavior of light hadron mass

ratl0S.

Preliminary results for the topological susceptibility based

on a first analysis at our intermediate lattice spacing have
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TABLE I. Ovcrviel,v of full QCD sinlulations. The lattice spacing a is fixed by the vector meson mass at the physical quark mass and
A/ -768.4McV.

β　　　L3× γ　　cs,y　　〟 (fin)　`/ (fin)　　　　　　サW　　サ'pS/Hl＼r　,蝣<> /" N＼leaゝ　　Skip iVp

I.80　123×24　1.60　0.2150(22)　2.580(26)　0.1409　15601(61)　0.807(1) 1.716(35)

0.1430　0.98267(89)　0.753(1)  1.799(13)

0.1445　0.82249(82)　0.694(2)  1.897(30)

0. 1 464　　0.5306( 1 7)　0.547(4)　2.064(38)

1.95　163X32　1.53　0.1555(17)　2.489(27)　0.1375　0.89400(52)　0.804(1)　2.497(54)

0.1390　0.72857(68)　0.752(1)　2.651(42)

0. 1400　　0.59580(69)　0.690( 1)　2.821 (29)

0. 141 0　　0.42700(98)　0.582(3)　3.014(33)

2.10　　243X48　1.47　0.1076(13)　2.583(31)　0.1357　0.63010(61)　0.806(1)　3.843(16)

0.1367　0.51671(67)　0.755(2)　4.072(15)

0.1374　0.42401(46)　0.691(3)　4.236(14)

0.1382　0.29459(85)　0.576(3)　4.485(12)
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been published in Ref. [8j. In this article we present the final

analysis and results at all gauge couplings.

The identification of dynamical quark effects requires a

comparison with pure SU(3) gauge theory where sea quarks

are absent. We therefore supplement our study oftopology in

full QCD by a set of simulations ofSU(3) gaヮgc theory with
tlle saille RG-improved gluon action at a sinlilar ratlgc of

lattice spaclngs.

The outline of this article is as follows. In Sec. II we give

details on numerical simulations and measurements of the

topological charge. Results for the topological susceptibility

are presented in Sec. Ill where we discuss the continuum

extrapolation in pure gauge theory, as well as the quark mass

dependence in full QCD. Conclusions arc summarized in
Sec. lV:

II. COMPUTATIONAL DETAILS

A. Gauge configurations

Gauge configurations incorporating two degenerate fla-

vors of dynamical quarks have been generated by the CP-

PACS full QCD project. For gluons we employed an RG-

illiproved action [16] of tlle fonll

Srg-Z
3.6482<*'(-v)

*,/*<!'-0.331∑轄:.v)蝣v./J,J'
(2)

where W'×l and W]×- are tl-c plaquctlc and rectangular

Wilson loop. For the quark part we adopted the clover quark

action [17] with a mean field improved clover coefficient

csw-p　, and the plaqucttc P calculated in perturbation

theory at one loop P- 1 -0.8412β~. Tllis clloicc is based

on the observation that measured values of the plaquctte (P)

are well approx=一一atcd by the one-loop estimate [14] and that

csw determined in this way is close to its one-loop value

[19].

Three sets of gauge configurations have been generated at

bare gauge couplings β- 1.8, 1.95 and 2.I. Tllc lattice spac-

ings at these β's are fixed by identifyng the vector meson

nlass obtained at the physical quark mass p01nt with the

physical p meson mass. We obtain a恕0.22, 0.16 and 0.ll

fm, respectively [14]. Lattices of size L3× r- i23×24, 163

X32 and 24 X48 have been used, for which the physical

lattice size remains approximately constant at La-2.5 fit-・

At cacll β, runs are ca汀ied out at four values oftl-e hopping

parai一一ctcr 〟 Choscn sucl- that tl-e mass ratio ofpseudoscalar

to vector mesons takes mps!mv芦と0.8, 0.75, 0.7 and 0.6.

In Table I we give an overview of the parameters and

statistics of the full QCD runs. Technical details concerning

the configuration generation with the hybrid Monte Carlo

(HMC) algorithm and results for the light hadron spectrum

arc presented in Ref. [14]. Runs were made with a length of

4000-7000 HMC unit trajectories per sea quark mass. To-

pology measurements are made on configurations separated

by 10 HMC trajectories at p- 1.8 and 1.95 and by 5 trajec-

tones at β-2.1. The number ofmeasurements A^eas and the

separations Nskip are listed for each run in Table I.
We supplement the study of topology in full QCD by

ヲimu】ations of pure SU(3) gauge theory with the RG-
m-proved action ofEq. (2). Configurations are generated at 5

values of β witll lattice spacings 0.09 fm≦a≦0.27 fm as

listed in Table II. For the three larger gauge couplings lattices

of size 84, 12　and 16　are used so that the physical lattice

size remains approximately constant at La- 1.5 fin. Whi一e

this is slllallerthan the sizes in tllc full QCD runs, ithas been

a standard size eilnployed in recent studies of topology in

SU(3) gauge theory [20-23]. It has also been shown [22]

tllat the instanton size distribution does not suffer斤om sig-

nificant伝nite volume effects on a lattice of this size. For tlle

I"′o smal-cr gauge couplings we keep lattices of size 8.

Simulations are ca汀ied out with a coillbination of the

pscudo-hcat-bath algorithm and the over-relaxation algo-

ritllm mixed in a ratio 1 :4. Foreach β we create 500-2000

independent configurations separated by 1 00 iterations.

B. Topological charge operator

The topological charge density in the continuum is de一

伝ncd by

1 14501-2
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TABLE n. Overview of pure SU(3) simulations. The lattice spacing a is determined using 、后-440 MeV.
ule numbers in parentheses for Nc。nf indicate the number of configurations used for potential measurement.

L3×　　　　a (fm)　　La (fm)　　　　　　　　　ro/ォ　　　　NC。nf

2.047

2.110

2.227

2.46 1

2.659

83 ×　　　0.2726(19)

83×　　　0.2439(10)

83×8　　　0.1905(10)

123X 12　　0.1259(7)

163× 16　　0.0931(9)

2.1 81(15)　　0.3695(52)　1.8978(59)　　　500

1.951 (8)　　0.2958(24)　　2.1399(53)　　1000

1.524(8)　　0.1 805(19)　　2.738(1　　　　2000

.5 1 1(9)　　0.07885(90)　　4.089(14)　　　900

1.489( 14)　　0.043 1 1 (84)　　5.556(30)　　700(495)

1

Q(x)=五言-fivpcr軌,,(x)Fp(T(x)l　(3)

and the total topological charge Q is an integer defined by

the integrated form

Q- ∫ <Tx Q(x). (4)

On the lattice we use the field-theoretic transcription of

this operator which has the standard form

Qu-∑ QIM>
xn

with the lattice charge density denned by

(5)

1
Qfa′′)-妄言e-Tr[C'(x)C'(x)].(6)

Inthisexpressionthefieldstrengthonthelatticeisde月ncd

throughthecloverleafoperatorC,schematicallyde爪ned

intheupperlineofFig.1.
Animprovedchargeoperatorcanbeconstructedbyaddi-

tionallycalculatingarectangularcloverleafmadeoutof1

X2WilsonloopsCdefinedinFig.1,andcombiningthem

tothecllargedensity

2
QU*〝)-妄言^aI'pir'H-^u-,(x)CR
p(T(x)l(7)

The improved global charge is then defined through

Liimp　∑ {c。QIM+ciQIM}.
X .

(8)

ぴ-4-'-{呂)

C2v--アーI-{ [卦H I
FIG. 1. Schematic de伝rution of the clover leaf operators for

lattice topological charge. The upper line shows the standard opera-

tor c 〟, while the lower line the rectangular clover leaf C芸.ノ・

Tlle sta-idard cllarge operator of Eq. (5) has O(。2) dis-
cretization errors. With the choice c0-5/3 and c¥-- ¥/12

[24,25] in Eq. (8) the leading ordera- terms are removed for

classical instanton configurations and discretization errors

become O(a ).

C. Cooling

The topological charge operators of Eqs. (5) or (8) are

dominated by local月uctuations of gauge fields when mea-

sured on thermalized lattice configurations and their value is

generally nonintcger. The cooling method [26] removes the

ultraviolet月uctuations by minimizing the action locally

while not significantly disturbing the underlying long-range

topological structure.

In full QCD one might consider cooling with the full ac-

tion including tlle fermionic part. We refrain from this be-
cause it would lead to solutions of the classical equations of

motion of the effective action, obtained by integrating out

fermion fields [27]. These are different from instantons

whicll are solutions of tlle classical equations of motion of

the gauge action only. Moreover, cooling would become a

non-local process.

In principle any lattice discretization of the continuum

gauge action can be used for smoothing gauge configurations

by cooling. However, lattice actions generally do not have

scale invariant instanton solutions. The standard Wilson

plaquette action discretization of a continuum instanton so-

一ution with radius p, for example, behaves for a<p<L as

[28]

5plaq-Scon, l-j(ォ/p)2+O((ォ/p)4)J. (9)

Under cooling with the plaquette action, instantons therefore

shrink and disappear when the cooling is applied too long. To

improve on this we use for cooling a gluon action of the

generic form

∫c。。l -
co2

x.fl<l,<*'(.v)+c,∑<?(x)x.u.v ),
(10)

wl-ere the coe用cients co and C] satisfy the?ormahzation
condition co+Sc¥- 1. We employ the two choices

c0-5/3, c,--1/12

for the Luscller and Weisz (LW) action, and

1 1450ト3
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c0-3.648, c,--0.33I　　　　　(12)

for the RG improved action.

Thc trcc-lcvel improved Symanzik actio一一by Luscher and

Weisz 【24,25] ofEq. (1 1) has reduced the breaking ofinstan-

ton scale invariance given by [28],

si¥v-Sr　蒜`v//))4+o((〝′p)6) (13)

Whilc still not adi一一itting stable i一一Sta一一tO一一S M-dcr cooling. For

the RG-improved action of Eq. (12) the sign of the leading

order term is changed [28]:

(1+雪
2.972

SrG-Scorn 1 + (ォ//>)-+ o((`v/p)4)上

The flip of the sign leads to a local lllinimum of the action

where stable 一attice instantons can exist [29].
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FIG. 2. Topological charge distribution at β-2.227 after van-

ous numbers of cooling steps 、vith the RG-inlproved action and for

tll・O de伝nitions of the topological charge, (a) shows the whole dis-

tnbution while (b) is an enlargel1-CI-t of the first three peaks.
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TABLE日. Rこitio betWecn the center of the peak of the topo-

logical charge distribution and the integer charge after 10/20/50

cooling steps with the RG-illlPrO＼,cd action. At missing numbers no

clearly separated peak structure could be identified.

β　　　　　　　　　Sta-ldard Q Improved Q

2.047　　　　　　　　-/0.7 7/0.8 5　　　　　　　--/0.94/0.97

2. 1 1 0　　　　　　　　-/0.80/0.87　　　　　　0.89,/0.94/0.98

2.227　　　　　　　　0.78/0.83/0.88　　　　　　0.94/0.96/0.98

2.46 !　　　　　　　0.85/0.89/0.92　　　　　　0.97/0.98/0.99

2.659　　　　　　　　0.89/0.92/0.94　　　　　　0.98/0.99/0.995

Cooling witll tllc RG-improvcd action or the LW action

can lead to different values of the topological charge since

il-stantoilS Wltl- a radius of the order oftllc lattice spaclng can

be citllcr destroyed or stablized. Tlle alllbiguity is only ex-

pcctcd to vanish wllen the lattice is fine enough. We test this

explicitly by using both actions for cooling and treat differ-

ences as a systcmatic e汀or oft!一c cooling mcthod.

A cooling step consists of the minimization of the local

action for three SU(2) subgroups at every link of the lattice

usillg tllc pseudo-heat-bath algontlllll witll β-冗. We have

made 50 cooling steps for every configuration, measuring the

topological charge after each step.

Wc llavc illvcstigated tlle dcviatioilS什olll integer topo-

logical charge as a function of the number of cooling steps,

the topological cllargc operator, and the coupling constant for

our sin-illations of pure SU(3) gauge theory. ln Fig. 2 we

sllow tlle distribution of tlle topological charge at the inter-

mediate gauge coupling of β-2.227. The distribution is

peaked at qualUized but noninteger values of Q. The peaks

arc already wel separated aflcr 10 cooling steps and the

widths of peaks further decrease with increasing the number

of cooling steps. At the same number of cooling steps, peaks

arc narrower for the improved charge operator Qimp than for

1 0　　　　　　20　　　　　　30　　　　　　40　　　　　　50

cooling step

FIG. 3. Expectation value of the topological charge squared as a

function of the nunlbcr of cooling steps for tllo different cooling

actions.

114501-4



TOPOLOGICAL SUSCEPTIBILITY IN LATTICE QCD...

TABLE IV. Corrclatio一一coefficient r bet、、,ecu Q,,叩obtained af-

ter lO, 20 or 50 cooling steps With the RG-nnproved or the LW

action.

β　　　　　　10 steps　　　　20 steps　　　　50 steps

2.047

2.110

2.227

2.461

2.659

0.90(1)　　　　0.86(1)　　　　0.84(1)

0.923(5)　　　0.886(7)　　　0.87 1 (8)

0.961 (2)　　　0.942(3)　　　0.93 1(3)

0.991 (I)　　　0.986(2)　　　0.982(3)

0.9982 (5)　　　0.9978(7)　　　0.9970(9)

the naive fornl Qst. Centers of peaks are located below in-

teger values. Cooling and improvcillcnt of cllarge operator

move them closer to integers. In Table 111 we list the ratio

between center of peaks and integer charge, found to be in-

dependent ofQ, for all gauge couplings and after 10, 20, or

50 cooling steps witl- the RG-improved action. Tl-e ratio

moves closer to unity with increasing gauge coupling, in-

creasing number of cooling steps and when the charge op-

erator is improved, silowing that the di恥rcncc from integer
is a finite lattice spacing effect. After 20 cooling steps, cen-

ters of peaks ofQmp do not differ from the integer by more

than 6% even at the coarsest lattice spacing. Because of its

superiority we only use Qi-p, rounded to the nearest integer,

in the following.

In Fig. 3 we plot (Q-) measured in pure SU(3) gauge

theory as a function of the number of cooling steps for the

two cooling actions. Cooling with the two actions leads to

quite different values of (Q2) at coarser lattice spacings. The

difference decreases with an increasing coupling constant

and almost vanishes on the伝nest lattice.

We quantify the difference between cooling with the two

actions by calculat】ng the linear correlatlon coefficient

(IO^-0-)(0--0-)
¥tfimp>zimp'Viiiinpiiimp')

(visimpiiimp')((OLW-okw¥2
np')

(15)

a免er 10, 20, or 50 cooling steps. For the evaluation ofEq.

(15) we substitute charges before rounding to integers. Val-
ues of;* are listed in Table IV. The correlation between to-

pological charge after cooling with the RG-improved or the

LW action decreases with increasing number of cooling

steps. Even at the coarsest lattice spacing and aRer 50 cool-
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ing steps、 however, there is a strong correlation with /・

- 0.84. With decreasing lattice spacing /・approaches unity

and charges are highly correlated on the finest lattice. These

katurcs agree with our naive expectations.

Since (Q2) has an approximate plateau after 20 cooling

steps we use this as a central value. (Q2) is listcd for pi汀e

SU(3) gauge tlleory in Table V and for氏ill QCD in Table VI・

The first quoted error is statistical. The second error ex-

presses tl-e uncertainty of choosing tl-e number of cooling

steps by taking the largest difference between (Q:) aner 20

cooling steps and a允er more cooling steps up to 50.

D. Full QCD time histories

Decorrclation of topology is an important issue in tllC

silllulation offull QCD since tllc topologica】 charge is one of

the quantities which is expected to have the longest autocor-

relation with the HMC algorithm. In simulations with tlle

Kogut-Susskind quark action it was found that topological

modes have a very long autocorrelation time [7,30].

In Figs. 4, 5 and 6 we plot time histories ofQimp after 20
cooling steps calculated for our full QCD runs at all sea

quark i一一asses. Autoco汀elation tit一一cs arc visibly small even at

tlle Sma一lest quark masses. For β-1.80 and β- 1.95 tlle

topological charges measured on con6gurations separated by

10 HMC trajectories are well dccorrelated, and hence the

integrated autocorrelation time is smaller than 10 trajecto-

ries. Corresponding一y, errors are independent of tl-c bin size

when e-nploying the binning method. At β=2.10, where the

charge is rlleasured at every fifth HMC trajectory, we find

integrated autocorrelation times of 5-6 con6gurations, cor-

responding to 25-30 HMC trajectories. This is comparable

to, but somewhat smaller than, recent results reported for the

Wilson [31] or the clover quark action [9]. For error esti-
mates throughout this paper we use bins of 10 conngura-

tions, corresponding to 50 HMC trajectories, at f3-2.¥ 0 and

no binning for the two other couplings.

A related issue is the ergodicity ofHMC sinlulations. In

Figs. 4, 5 and 6 we show histograms of the topological

cI-arge. Tl-ey are reasonably synmetric around zero and tl-e

distribution can be approximately described by a Gaussian,

also plotted in the伝gurcs. Ensemble averages (Q), listed in
Table VI, are consistent with zero or deviate at most three

standard deviations of statistical error at β=2.1 and k

-0.1374. We coneludc tl-at topology is well sampled l一一Otlr

runs.

TABLE V. Topological susceptibility in pure SU(3) gauge theory. For (Q-) the first error is statistical, and the second error is an estimate

of systematic error related to the choice of the number of cooling steps. For #,/・　the two errors and the statistical error ofro are added in

quadrature.

Cool 、vith RG-improved action:　　　　　　　　　　　　　Cool with LWとiction:

β　　　　　(Q)　　　　(Ql)　　　　x,r呂　　　　(Q)　　　　(Q2)　　　　x,'一呂

0.05( 15)　　　12.07(69)(+72)

0.121(93)　　　　8.61(39)(+13)

- 0.043(46)　　　　4.24( 13)(0)

0.139(68)　　　　4.12(21)(0)

0.067(76)　　　　4.08(22)(0)

0.0382三雲

0.044 1 ! ≡:,

0.0582!三3

0.05551 ≡:3

0.0593!霊

0.00(13)　　　　8.50(52)(-80)

0.054(82)　　　6.74(31)(-38)

-0.042(43)　　　3.71(12)(- 18)

0.123(66)　　　　3.93(20)( -4)

0.073(76)　　　　4.06(22)(- 1 )

0.0269当.7
0.0345!王宮

0.0509!主T

0.0530!;!!

0.0590!霊
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TABLE VI. Topological susceptibility in full QCD. The mealning of the errors is the same as in Table V.

Cool with RG-improved action:　　　　　　　　　　　　　Cool with LW action:

<fi>　　　　　(Q2) (Q)　　　　(Q2)

I.80　　　0.1409　　　0.4 1 (44)

.95

2.10

0. 1430　　　0. 10(49}

0. 1 445　　　0.46(40)

0. 1464　　　0. 1 8(46)

0. 1375　　　1.09(52)

0. 1390　　　0.42(43)

0. 1400　　　- 0.33(39)

0. 14】　　　0.61 (40)

0. 1357　　　0.96(88)

0.1367　　　-0.5(1.0)

0.1374　　　-2.52(81)

0. 1382　　　- 0.29(63)

123.4(6.5)(+ ! 1.9)

125.I(7.8 (+10.5)

日9.3(6,OX+ 10.7)

85.0(5.9)(+6.8)

1 86.4(9.7)(+ 1 0.7)

127.0(6.5)(+9.3)

1 06.3(5.7)(+8.3)

76.5(4.7)(+5.0)

146,4(1 1.0)(+6.8)

150.7(16.6H+5.7)

102.2(9.7)(+3.3)

56.5(5.6)(+0.9)

0.0258霊;　- 0.04(37)　87.9(4.6)(- 3.3)
0.0316工芸　　0.20(40)　　85・2(5.5)卜3.2)

0.0371三;昌　　0.53(33)　　77.7(4・2)( - 3.0)

0.0372三霊　　0.20(38)　　58. 1 (3.9)( - 0.7)

0.0553三冠　　1.35(46)　】48.5(8.4)(+ I.6)

0.0478三雲　　0.27(39)　!04.2(5.7)( -0.6)

0.05 14工芸　　- 0.02(34)　　78.4(4.4)(+ 1.9)

0.0482三光　　0.27(37)　　65.2(3.9)(+ 1.4)

0.0481 !宗　　1. 1 7(88)　】 37.4(10-6)(+2.6)

0.0624�"　　　- 0.6( 1.0)　137.6(15.6)(+3.4)

0.0496!芸　　-2.61 (82)　　98.0(9.7)(+0.9)

0.0344二芸　　- 0.33(61 )　　52.6(5.0)(+0.5)

0.0184!芸

0.0215二I号

0.024】三男

0.02541^1

0. 0440三笠

0.0393三言呈

0.0379二三号

0.041 1!芸子

0.0452 ㌢Z
o.0570二2;

0.0472!呂
.:蝣蝣*一・I 、

E. Scale determination

To fix the scale we use the string tension a orthe Sommer

parameter r。 [32] of the static quark potential. Ful一 QCD

va一ues ofr。 have been determined in Ref. [14] and are re-

produced in Tab一e I. The analysis of the static quark potential

in pure SU(3) gauge theory oftllis work parallels the one in

Ref. [I4]. We list Or and i-。 in Table IT. The dependence of the

dimensionless string tension 4aa on the gauge coupling is

shown for pure SU(3) gauge theory in Fig. 7 together with
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previous results of Refs. [ 14,33,34], Data are consistent with

previous determinations, and extend the domain of results to

smaller values of β.
We fit the string tension data ofFig. 7 using an ansatz

proposed by Al】ton 【35],

、后a-f(β) {l +c2a(β)2十C。占(β)4)′eo,

a(〟)≡f(β)//(β= 2.4),

40

20

O 0

l20

-40

40

20

1コ　　0

-20

-40

40

20

0　　0

-20

-40

40

20

C】　　0

120

140
2000　　　　4000　　　　6000　　　　　　　　　　　30

HMC traj. *

FiG. 4. Time histories and histograms in full QCD at β- 1.80.

11450ト6

- 0 . 3 7 5

K梱 .1云9

(16)

ego

og5
柵い,叫・ h-、嶋叫◆ト

・一蝣蝣Vl一吋.:i

1000　　　2000　0　　　1000　　2000　0　　　30

HMC traj. #

FIG. 5. Time histories and histograms in full QCD at β- I.95.



TOPOLOGICAL SUSCEPTIBILITY IN LAlmcE qcd ‥.

40

20

0　　0

120

SIC

サ

20

0　　0

-20

ー40

40

20

0　　0

-20

-40

40

20

0　　0

-20

-10

K=0.1357

.

・l ' l

1000　　　　2000　　　　3000　　　　4000　0　　　　50

1 000　　　　2000　　　　3000　　　　4000　0　　　　50

K=0.1374

H r* v I.V.-If

01000200030004000050

K-O.i382;;[]

M^y^^y^^

runa)|runb)ginc)[

。10000100001000050

40000

HMCtraj.#

PHYSICAL REVIEW D 64 114501

FIG. 7. String tension in pure SU(3) gauge theory as a function

of the gauge coupling. Circles represent data from Refs. [14,33,34]

while squares arc obtained in the present work. The solid line rep-

resents a fit with Eq. (16).

0.060
FIG.6.TimehistoriesandhistogramsinfullQCDatβ-2.10.

where/(β)isthetwo-loopscalingfunctionofSU(3)gauge0.050

theory,
涼

0.040
--¥T

1660¥-*'/2*5exp一芸*0-志。.030

102

/>,-一山・

We obtain the best fit at

co-0.5443(97), c2-0.390(38), c-4-0.049(12),

( 1 7)　　　0.020

0.040

(1 8)　　0.035

with good x-/NDF- 19.3/19. The fit curve plotted in Fig. 7

reproduces the data very well.

III. TOPOLOGICAL SUSCEPTIBILITY

A. Pure SU(3) gauge theory

Tlle topological susceptibi一ity

ォ22>
Xi=

V
(19)

in pure SU(3) gauge theory is converted to the dimensionless

0.030

% 0.025
涼

0.020

0.015

0.010

numberxt''ou

andisqu。tedミニーg'
TaごeasurcdvaluesoftheSon

leV.Statisticalerrors。f一mier
(Q2,)scale/

and/:FIG.8.Continuu-extrapolationof
ityinpureSU(3)gaugetheory.山ctopologicalsusccptibil-
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andthesystenlaticerrorrelatedtothechoiceofthenunlber
ofcoolingstepsareaddedinquadrature.
n;___i_*4___c.・___r-2/2Weplotxiroasafunctionofcrlr^inFig.8.Results

obtainedwiththetwocoolingactionsarcsignificantlydiffer-
entfromeachotheratcoarserlatticespacings.Asexpected,

Xt>¥) =

PHYSICALREVIEWD64114501

theymol′cclosertogethertow'arc!thecontinuuIlllimit.On
the伝nestlatticetllcdifferenceahllostvanisllcs.Sincedata

霊鵠curvature,weattc

ieleadingscaling-霊continuumc
lati。nterm。芸trapolationsm-
。(a2)andthe

nexthigherordertern-ofO(`i).Weobtain

0.0570(43)+0.049(61 )a2/,・孟-0.44( 19)ォ4/rJ cool witl- >RG

0.0602(43)- aO72(68)f12/rJ- 0.19(22)ォ4/r(4, cool with Sい、′,
(20)

with x-INdf-2-2 and 1.4, respectively. Fit curves plotted in Fig. 8 follow the data well. In the continuum lin-it xil'o obtained

with the two cooling actions differ by about one standard deviation of statistics.

In Fig. 8 we also plot xi normalized by the string tension. Data behave similar to the one normalized by ro. A continuum

extrapolation of tlle sanlc fonll as above lcads to

x,l<r-

0.0333(27)+0.004(29)<7f12-0.103(67)cr2`　cool with 5RG,

0.0347(27)-0.040(3lW-0.041(76)0-2`/4　cool with SL¥v,

with x-INDF- 1.5 and 0.8, respectively.

To set the scale we use ro-0.49(3) fm or ¥la-440(30)

MeV where the errors in parent!1cses arc Ol汀estimates of

uncertainty of these quantities vvlucl- arc not directly measur-

able in experiments. EmploymB X,r拍ot-- cooling with the
RG-improved action as the central value, we obtain for the

topological susceptibility in pure SU(3) gauge theory.

* W- 197(4)(:S)CS)(12) McV,　(22)

where the first error is statistical, the second is associated

with the uncertainty from tllc cooling action, the third re一

月ects the difference from using rQ or 、后to set the scale, and

the last comes from the uncertainty in /・O.

Our value of¥, is in good agreement with recent deter-

minations by several groups using different methods [20-23]

as well as with the Wittcn-Vencziano relation [36], ¥t

-u>サーn,+∫,十2〝蝣)12Nf-( 180 McV)4.

B. Full QCD

Topological susceptibilities obtained in full QCD runs and
normalized by J・。 nlcasurcd for tlle Salllc sea quark illass are

co一lected in ulble VI. ln Figs. 9, 10 alld ll they are plotted

as a function of (wps'蝣。)-. As in ptire SU(3) gauge theory,

data obtained with the two cooling actions differ from each

other at /3- 1.8 where the lattice is coarsest but are consis-

tent with each other within error bars at f3-2.¥. The quark

mass dependence is sillmlar bctweell tlle two cooling act-ons

at aH the β values.

Forcomparison we also plot in Figs. 9, 10 and ll susccp-

tibihties in pure SU(3) g聖ige theory obtained by cooling
with the RG-improved action. In full QCD ro/a changes

together with the sea quark mass or mKa in Table I. The

topological susceptibility in pure gauge theory is a decreas-

ing function of cr/r言, and the value corresponding to full

QCD at tlle same r。/(∫ is therefore not constant when nipsa

cllallgcs. We take tllis into account by using tl-c intc甲olation

formula ofEq. (20) and tllc linear fit ofah・O as a function of

(mpsa)2 in Rcf. [14] and calculate xira at matching values

of ro/a. We arrive at the one standard deviation error band

o川-e susceptibility in pure gauge theory p一otted as the light

slladcd area iII Figs. 9, 10 alld 1 1. An increasing tendency

with decreasing quark mass is manifest at β- 1.8, whereas at

β-2.1 tllc shaded error band is very月at.

FIG. 9. Topological susceptibility in full QCD at β= I.80. The

light shaded region indicates the one standard deviation error band

for pure SU(3) gauge theory, cooled With the RG-in-proved action,

at corresponding values of r。. The darker shaded region starting at

zero is山c one starldard deviatioll C汀or band of the sma一l nlaSS

prediction of Eq. (24) cl′aluatcd 、、・ith measured values of

/ps4('サps"白and /蝣(> /`4("'rs`')二1 ＼＼輔Ic the dotted line is the sanle

prediction cl,aluatcd 、、iill n-easured values of_/psa and ro/a at

physical quark n-とisses.

1 14501-8
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FIG. 10. Topological susceptibi一ity in full QCD at β- 1.95.

Symbols arc the slline as in Fig. 9.

The topological susceptibility in full QCD is consistent

with tl-at of pure gauge theory at the heaviest quark mass for

f3- 1.8 and 1.95, but smaller by two standard deviations for

β-2.1. Values at intcnllcdiate quark masses arc consistent

or slightly smaller. At the smallest quark mass the topologi-

cal susceptibility ill full QCD is suppressed compこired to tllC

pure gauge value. Tllc decrease is, however, contained within

15% or one to two standard deviations at β- 1.8 and 1.95,

Whictl is margu-al. A clearer decrease by 41%, corresponding

to seven standard deviations, is observed at β-2.I.

We investigate if the small suppression due to dynamical

quarks at the two coarser lattice spacings is against expecta-

tions by comparing the bcl-avior ofxi wrtll tllc prediction of

Eq. (1) for vanishing quark mass. Using the Gcll-Manl卜

Oakcs-Rcnncr relation [37,38]

(23)

2.0 UE

(nwo)

FIG. ll. Topologicこil susceptibility in lull QCD ill β-2.10.

Symbols arc the sameこis in Fig. 9.
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with/訂normalized to be 132 MeV m cxpcriment, Eq. (1)

call be rcwrmcll aS

. (/ps'*o)-(用ps''())
Wo

4〃/
+ o{mAK).　(24)

In Rcf. [14] pseudoscalar decay consta一一ts /iPS(I alld Son一mCr

scale r。/f have been determined for all gauge couplings and

fittedとIS filllCtIOIls of(wpsa)-. Using the fits we ca一culate tllC

one stmIard deviation error band ofEq. (24) and plot it asとI

dark siladcd area starting at zero in Figs. 9, 10 and ll. We

plot the salllc prediction evaluated 、vltll I-icasurcd va】ucs of

fpsr/ and J・。/～ at physical quark masses as dotted line. Dif-

fcrenccs between the band and the line are of order ′売.

Sizable scaling violations in /pg have been observed in Ref.

[14] With /罪-195(5) MeV (β-1.8). 157(7) McV (β

- I.95) aild 】31(7) MeV (β-2.1) iftllc scale is deternlincd

by the p meson mass. Correspondingly, the slope of the prc-

diction Eq. (24) shows a variation with /3.

The susceptibility in full QCD at tllc smallest quark mass
lie betll′CClHllC SIladed band and tllc dotted linc of Eq. (24).

Interestingly, the smallest simulated quark masses at β

- 1.8 and 1.95 lie roughly in the region wllcrc the small mass

prediction and pure SU(3) gauge theory cross. A stronger

suppression of the topological susceptibility at β-2.I. 0n

the other hand, occurs at a quark mass solllcvvhat below the

crossing point. This may be an indication that the runs at β

-2.I reach quark masses where a suppression compared to

pure SU(3) gauge theory can be expected. The exact location

of the cross over region depends, llowcvcr, on the magnitude

orllighcr order terms in Eq. (24) and the lattice value of/j^.

Simulations at 一ighter quark masses will tl-crcforc be helpful

to clarify whether the interpretation described here is correct.

IV. DISCUSSION AND CONCLUSIONS

Wc llavc studied the topological susceptibility as a func-

tion of quark mass and 一attice spacing in two-flavor full QCD

using a field tlleoretic definition of tllc topological cllargc

togctl-cr witl- cooling.

We have shown that an improved charge discretization

can be defined which produces cl-argcs close to integers. The

stability of lattice instantons differs between two actions

used for cooling, wllich leads to different values oftllc topo-

logical charge at coarse lattice spacings. We have confirmed

tllat the difference decreases with decreasing lattice spacing

and vanisllcs in the continuum limit. Our investigation of

time llistoncs of tl-e topological charge in full QCD have

shown that autocorrelations arc reasonably short and that our

runs arc long enough to sample topology well. These analy-

ses support our belief that systematic errors of the cooling

lllcthod arc kept under control, a-1d tllat our lattice llicasurc-

mcnts indeed re月ect topologica】 properties of the QCD

vacuum.

Tl-c quark mass dependence of tl-c topological susccpt卜

bility xirt) 'n fi-ill QCD is found to be flat or even increase

with decreasing quark mass at β= 1.8 and 1.95, and a clear

decrease is only observed at β- 2.1. A comparison witl- pure

gauge theory at corresponding /・Ia shows tl-at x,r呂in full

日4501-9
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QCD is consistent with pure gauge tl-cory at heavier quark

masses but suppressed at the lightest quark mass of our

simulation. At the same time, the susceptibility at the lightest

quark masses are iil agreei一一e--t Wltl- thc prediction of the

anomalous Ward-Takahashi identity for U(l) clural symme-

try for small quark masses when lattice values for the pseu-

doscalar decay constant arc enlployed. Tllesc results suggest

that our lightest simulated quark masses lie around the tran-

sition region where a suppression due to sea quarks is ex-

pcctcd to set in.

Recently several aItcrnativc thcolctical cxplとInとitions have

been suggested as to ¥vlly the topological susceptibility in

lattice full QCD migllt appear less suppressed tllan expected

for small quark masses. It has been pointed out [39] that a

large enough volui-ic with F2///Q> 1 [4] is necessary for Eq.

(1) to be va一id. Since we employ 'a large lattice size of La

-2・5 h and quark masses witl一間./≧40 McV this condition

is always fulfilled. It has also been argued that subtleties

PHYS】CAL REVIEW D 64 114501

exist in the flavor smglct lattice Ward-Takal-ashi identities

when the Wilson or c一over fenllion action is employed so

that countertenlls arc needed for tlle correct chiral behavior

of the topological susceptibility [40]. Simulations at lighter

sea quark masses and furtl-cr theoretical analyses are needed

to examine wllether such an explanation is required for un-

dcrstanding the quark mass dependence of ¥t in fall QCD.
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