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Light hadron spectroscopy with two flavors of dynamical quarks on the lattice
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We present results of a numerical calculation of lattice QCD with two degenerate flavors of dynamical

quarks, identified wilh up and down quarks, and with a strange quark treated in the quenched approximation.

The lattice action and simulation parameters are chosen with a view to carrying out an extrapolation to the

continuum limit as well as chiral extrapolations in dynamical up and down quark masses. Gauge configurations

arc generated with a renomlalization-group improved gauge action and a mean field improved clover quark

action at three values ofβ=6/g2, corresponding to lattice spacings of a=0.22, 0.16 and 0.11 fm, and four sea

quark masses corresponding to mps/mv=0.8, 0.75, 0.7 and 0.6. The sizes of lattice are chosen to be 123

×24, 163×32 and 243x48 so that the physical spatial size is kept constant at La=2.5 fm. Hadron masses,

light quark masses and meson decay constants are measurcd at five valence quark masses corresponding to

mps/mv=0.8, 0.75, 0.7, 0.6 and 0.5. We also carry out complementary quenched simulations with the same

improved actions. The quenched spectrum from this analysis agrees well in the continuum limit with the one

of our earlier work using the standard action, quantitatively confirming the systematic deviation of the

quenched spectrum from experiment. We find the two-flavor full QCD meson masses in the continuum limit to

be much closer to experimental meson masses than those from quenched QCD. When using the K meson mass

to fix the strange quark mass, the difference between quenched QCD and experiment of2.6+0.3 -0.9% for the K*

meson mass and of 4.1+0.5 -1.6% for the ? meson mass is reduced to 0.7+1.1 -1.7% and 1.3+1.8 -2.5% in full QCD, where

the errors include estimates of systematic errors of the continuum extrapolation as well as statistical errors.

Analyses of the J parameter yield a similar trend in that the quenched estimate in the continuum limit J

=0.375+0.039 -0.009 increases to J=0.440+0.061 -0.031 in two-flavor full QCD, approaching the experimental value J

=0.48. We take these results as manifestations of sea quark effects in two-flavor full QCD. For baryon masses

full QCD values for strange baryons such as ≡ and ? are in agreement with experiment, while they differ

increasingly with decreasing strange quark content, resulting in a nucleon mass higher than experiment by 10%

and a ? mass by 13%. The pattern suggests finite size effects as a possible origin for this deviation. For light

quark masses in the continuum limit we obtain <;;(2 GeV)=3.44�"+0.14 -0.22 MeV and ms(2 GeV)

=88+4 -6 MeV (K-input) and ms>(2 GeV)=90+5 +11l MeV (0-input), which are reduced by about 25% compared

to the values in quenched QCD. We also present results for decay constants where large scaling violations

obstruct a continuum extrapolation. The need for a nonperturbati、・e estimate of renormalization factors is

discussed.
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I. INTRODUCTION

The mass spectrum of hadrons represents a凡uidamental

manifestation of tllc long-distance dynamics of quarks and
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gluons governed by QCD. Non-perturbative calculations

througll numerical simulations on a space-time lattice [1]

provide a method to obtain this quantity from the QCD La-

grangian without approximations. Such calculations also lead

to a dctcnllination of the light quark masses [2]、 Which arc

fundamental constants of nature and yet not directly measur-

able ill expernlnents. Tl-csc reasons underlie tllc large ilunlbcr

of attempts toward the hadron spectrum carried out since the

pioneering studies of Ref. [3].

Most of these calculations employed the quenched ap-

proximation of ignoring the dynamical effects of sea quarks,

since dynan-ical quark simulations place quite severe de一

mands on computational resources. Significant advance 1-as

been made over the years within this approximation. In par-

ticular, Wcingartcn and collaborators [4] made a pioneering
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attempt toward a precision ca一culation oftl-c spcctrui一一in tllC

continuum limit through control of all systematic errors other

than quenching within a single set of simulations.

This approacl- was pushed further in ReE [5] where the

precision of the calculation reached tllc level ofa few percent

for hadron masses. Scrutinized l＼′itll this accuracy, tlle

quenched hadron spectrulll Sllows a clear alld systcirlatic dc-

viation from experiment; when one uses tt, p and A Illeson

masses as input to fix the physical scale and light quark

masses. the A^ -K hypcrfinc splitting is too small by about

10% compared to the experimental vaIuc, the octet baryon

masses are systematically lower, and the decuplet baryon

mass splitting is smaller tl-an experiment by about 30%.

Clearly触her progress in lattice calculations oftllc had-
ron mass spectrum requires a departure from the quenched

approxn-nation. In fact simulations offull QCD witl- dynami-

cal quarks have a long history [6-15], leading up to the

recent efforts of Refs. [16-19]. In contrast with quenched

simulations, however, no attempt to control all of the system-

atic errors within a single set of simulations has been made

so far. Except for the work of the MILC Collaboration [15],

employing the Kogut-Susskind quark action, previous calcu-

lations have been restricted to a few quark masses within a

snlall range a一一〟or a sir一glc value oftl-c lattice spacing. Fur

thermore, until recently, statistics　-avc been rather limited

due to tllc linlitation of available conlputnlg power.

In tlle prescilt work, we wisll to advance an attcllnpt to-

ward simulations of full QCD which includes extrapolations
to the chiral limit of light quark masses and the continuum

linlit of zero lattice spacing. Tllis is an endeavor dei一一anding

considerable colllputH1g resources, wllich wc hope to nlCCt

witll tllc use of tlle CP-PACS parallel computcr witll a peak

speed of 614 GFLOPS developed at tllc University of

Tsukuba [20,21]. We explore, as a first step toward a realistic

simulation of QCD, tlle case of dynanl】cal up and down

quarks, which are assun-cd degenerate, treating tllc strange

quark in the quenched approximation. Preliminary results of

the present work have been reported previously [22].

A crucial computational issue in this attempt is how one

copes with the large amount of computation necessary in full

QCD, and still covers a rチnge of lattice spacings required for
the continuum extrapolatioil. We deal with this problem witrl

the use of improved lattice actions, which are designed to

reduce scaling vio一ations, and I-e-一cc silould allow a con-

tinuum extrapolation from coarse lattice spacings.

In Ref. [23] we have carried out a preparatory study on

the eRiciency of in-proved actions in full QCD. Based on the

results from this study we employ a renon-nalization group

improved action [24] for the gauge field and a mean field

improved SheikJloleslami-Wohlcrt clover action [25] for the

quark field. With these actions, hadron masses show reason-

able scaling behavior and the static quark potential good ro-

tational symmetry, at a coarse lattice spac】ng ofa-0.2 fn一,

as compared to the range a≦0.川1i needed for tllc standard
plaquette and Wilso一一quark actio一一s. Tl-is leads us to makc a

continuum extrapolation from the range of lattice spacings

aォ*0.2-0.1 fm.

Previous studies of finite size effects (sec, e.g., Refs.

[4,1 1,12]) indicate that physical lattice sizes 一arger tl-an L√t
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・2.5-3.0 fm are required to avoid size-dependent errors in

hadron masses. Compromising on a lattice of physical size

La*>2.5 fnl leads to a 123×24 lattice at a-0.2 fm. and

243×48 at a毎0.1 fm. Estimates ofCPU time obtained in

our preparatory study [23] show that simulations on such a

set of lattices are feasible with the full use of the CP-PACS

computer.

Sillce we employ the quenclled approxinlation for a

strange quark, the calculation of the strange spectrum re-

quires the introduction ofa valence strange quark which only

appears nl lladron propagators. We generalize this trcatillCllt

and analyze hadron masses as functions of valence and sea

quark masses regarded as independent variables. The benefit

of tllis approacll is that it gives us better control over tlle

whole spectrum (strange and non-strange) and its cross-over

from quenched to full QCD when the mass of the underlying

sea quark is decreased.

Tllere are a nurllber of physics issues we wisll to explore

in our full QCD simulation. An important question is

whether effects of dynamical quarks can be seen in the light

lladron spectrum. In particular we wish to examine if and to

what extent the deviation of the quenched spectrum from

expeni-lent estabhsl-ed in our extensive study vvitll tlle stan-

dard plaquette and Wilson quark actions [5] can be explained

as effects of sea quarks. Answering this question requires a

detailed comparison with hadron nlasses in que-1Ched QCD

for which we use the results of Ref. [5]. We also carry out a

set of new quenclled simulations witll the same

renormalization一甲ouP- (RG-)improvcd gluon action and the
clover quark action as employed in the simulation of full

QCD in order to make a point-to-point comparison of full

and quenched QCD at the same range of lattice spacings.

Another question concerns light quark masses. Quenched

calculations of light quark masses lュave made considerable

progress in recent years [26-29,5]. It has become clear [5]

that the quenched estimate for the strange quark mass ex-

trapolated to the continuum limit suffers from a large sys-

tematic uncertainty of order 20% depending on the choice of

hadron mass for input, e.g., K meson mass or ¢ meson mass.

This is a reflection of the systematic deviation of the

quenched spectrum from experiment. It is an important issue

to examine how dynamical quarks affect light quark masses

and resolve the systematic uncertainty of strange quark mass.

A recent attempt at a full QCD determination of Hght quark

masses [30] was restricted to a single lattice spacing. We

extracted light quark masses through analyses of hadron

llnass data obtained in the spectrum calcu一ation. TIlc main

findings of our light quark mass calculation have been prc-

sented in Ref. [31]. We give here a more detailed report of

the analysis and results.

Full QCD configurations芦enerated in this work can be
used to calculate a large variety of physical quantities and

examined for sea quark effects. We have already pursued

calculations of several quantities. Among tl-ese, tlle Ravor

sll一glct i一一eson spectrum and its relation witl- topology ai-d

U( 1 ) anomaly is of particular interest from the theoretical

viewpoint, and preliminary results have been published in

Ref. [32]. Other calculations concern the prediction of had-

ronic matrix elements important for pi-enomcnological
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TABLE I. Overview ol'simulattoils. TllC SCとilc <j is fixed by A/,,-768.4 McV from fit to vector meson-、ill- 1」q. (48).

β　　L-1× γ　　rsw　`J CM　　`I [fill]　　　　　　　'"pS/m、・ for sea quarks : N叫

1.80　1 23×24　1.60　　0.2150(22)　2.580(26)　0.807( I ):6250　　0.753( 1 ):5000　　0.694(2 ):7000　　0.547(4):5250

1.95　163×32　1.53　　0.1555(17)　2.489(27)　0.804( I ):7000　　0.752( 1 ):7000　　0.690( 1 ):7000　　0.582(3):5000

2. 10　　243×48　1.47　　0. 1076( 13)　2.583(3 1)　0.806( 1 ):4000　　0.755(2 ):4000　　0.691(3 ):4000　　0.576(3 ):4000

2.20　　243X48　1.44　　0.0865(33)　2.076(79)　0.799(3 ):2000　　0.753(4):2000　　0.705(5 ):2000　　0.632(7):2000

analyses of the standard model. Results lとwe been publislled

for heavy quark quantities such as B and D meson decay

constants [33,34] as well as bottomonium spectra [35]. A

report of the ana一ysis of tllc light pscudoscalar and vector

meson decay constants is illeluded in tl-is article.

The outline of this paper is as fol一ows. We first describe

details of the lattice action. tlle choice of simulatioll param-

cters and the algorithm for configuration generation in Sec.

II. Measurements ofhadron masses, the static quark potential
and a discussion ofautocorrelations arc prcscllted in Sec. III.

In Sec. lV we discuss tllc procedure ofclliral extrapolation.

Section V contains the main results for the full QCD light

lladron spectrum. In Sec. VI we then tunl tOとi presentation of

quenched QCD simulations with improved actions. This sets
the stage for a discussioll of sea quark cfleets lvluch is con-

taincd in Sec. VII. Ca】culations of light quark masses are

presented in Sec. VIII. Section IX contains a discussion of

decay constants. Finally, we present our cone】usions in
Sec.X.

II. SIMULATION

A. Choice of improlでd lattice action

Based on our preparatory study in Ref. [23] we clloosc

improved gauge and quark actions for full QCD conngura-

tion generation. The improved gluon action has thc form

。I X,fl<l'　!喜I,棉-v). (1)

The coe爪cicnt c,--0.331 oftl-c lX2 Wilson loop IV]*-

is伝xed by an approximate rcnomlalizatio一一group analysis

[24],andco- l -8c--3.6480fthe 1 X Wilson loopbythe

normalization conditioIいVllicll defines the bare coupling β

-6/g~. From the point of view of Symanzik improvement

the leading scaling violation of this action is O(a-). the same

as for the standard action.

For the quark part we use the clover quark action [25]

dc爪ned by

sq- ∑ <IxDx.v<lvi
UM

D∫..-&..-K∑ {(1 -γl)Ux,t18x+^,+{¥ +γp)
〝

× ux.fi&xj+ii}- S.xy<-'S¥vK茅(TuvF〝・・・

(2)

(3)

where k is the usual hopping parameter and Fllv the standard

lattice discretization of the field strength.

For the clover coe用cient CSNV we adopt a mean field nll-

proved choice defined by

csw-(JF'× ,-3ノ'4--(1 -0.8412β-1l-3/4　　(4)

Where for the plaquette W X the value calculated in one-

loop perturbation theory [24] is substituted. This cl-OlCC IS

based on our observation in Ref. [23] tllat the one-loop ca一-

culation reproduces the measured values well. Indeed, an in-

spection of Table XXIV in Appendix C shows that W XI in

the simulations agrees with one-loop values with a difference

of at most 8%. The agreement for csw is not fortuitous; tllC

one-loop value for the RG gauge action (1)I which was cal-

ciliated [36] after the present work was started, equals cs¥v

-1+0.678/β　which differs from our choice csw-I

+0.631/〟+ ‥　by only a kw percent. We do not employ

the measured plaquette for tllC C一over coefficient, as pre-

scribed by the usual mean field approximation, which would

llave required a tin-e-consuming self-consistent tuning. The

leading sea一ing violation with our cl-oicc ofcsw is O(gコa).

B.Simulationparameters

Thetargetofthisworkisacalculationofthetwo-flavor

QCDliglltlladronspectrumintl一cc0--tinuui-nHi-一itandat

physicalquarkmasses.Forthispurposewecarryoutsimu-
lationsatthreelatticespacingsintllcrangea-0.2-0.1fnl

forcontinuumextrapolation,andatfourseaquarkmasses

correspondingto′-/",p考0.8-0.6forchiralextrapolation
′′foreachlatticespacing.Thesimulationparametersaregiven

inTableI.
weemploythreelatticesofsize123×24,163×32and

243X48forourruns.Thecouplingconstants/3-1.8.1.95

and2.1arccl-osensothatthephysicallatticesizeremains

approximatelyconstantatL〟-2.5fin.Theresultinglattice

spacingsdeterminedfromthepmesonmassequala

-0.2150(22),0.1555(17)and0.1076(13)fmora

-0.9177(92),1.269(14)and1.834(22)GcV.

Wcl-avealsoperformedaninitialr?∩atβ=11l.lona
243×48latticeforwhichthelatticespacingturnedouttobe

o-0.087fin.ThepilysicallatticesizeL(/-2.08fmissig-

nificantlysmallertl-antheotherthreelattices.lnorderto

avoidadiffcrci-tmagnitudeofpossiblefinitesizeeffects,we

donotincludcdatafromtllisamwllenwemakccxtrapola-
tionstothecontinuumlimit.TllCy＼villbeincludedin6gurcs
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FIG. 1. Schematic plot for山c choice of sea and valence I-op-

p-ng parameters. For circles at the points k、ai- K-sc.i l'1e correspond-

ing pseudoscalar to vector nleson nlass ratio is indicated.

and tables for completeness, however.

We carry out hadron mass analyses distinguishing tlle sea

andvalence quark hoppingparanlctcrs k、 and ac、 At each

value of β, con月gurations arc gcner乙itcd at four sea quark

hopping parameters /csca such tl-at the mass ratio of pseudo-

scalar to vector mesons made of sea quarks takes /;;pS//サv

・0.8, 0.75, 0.7 and 0.6. At each sea quark mass, hadron

PHYSICAL REVIEW D 65 054505

propagators are measured for five 、′alcncc hopping param-

ctcrs k、 withこipproximatc ratios ofm^/m＼-0.8, 0.75. 0.7,

0.6 and 0.5. Tllc four leal・icr k、.こcoincide ll′itll those chosen

for sea quarks.

A scl一cmatic rcpresci-tation of oLir clloicc on tllC

( 1/F{…Mk、,。l) plane is sllOl＼・11 in Fig. 1. Tlle physical point is

cllaractcnzcd by /K、eこ.- 1/I(、 i- ¥Ikuil for degenerate up and

down quarks, and /K、ea= 1!x,ui a一一d I/I(,.1= 1/*strange for

strange quark, i.e., lying in the si-adcd region on the left I-and

side o川-c diとigram. Theadditional points with /K、. - F5 in

the bottom part of the diagram arc not directly needed in

exploring tlle phys-CとIl region. As we will see in Sec. IV, they

help in the description ofhadron masses as a combined ninc-

tion of sea rut(ハ′alcncc quark illasses and arc therefore indi-

rectly use氏il for thc extrapolation to physical points. Includ-

ing the-ll a一so keeps the possibility open for a future

extension of the present work towards the chiral limit by

adding the nftl- sea quark and completing the grid ofFig. 1.

0ur choice of hopping parameters enables us to obtain the

full strange and non-strange hadron spectrum in a sea of

degenerate up and down quarks. Ifwe denote with S a va-

lcncc quark with k、il- *、。 and witll Va valence quark with

K、.al≠^sea, we obtain mesons of the fonl1 55, SV and VV

and baryons of the form 555, SSV, SVV and VVV.

C. Configuration generation

Connguratiolls arc generated for two flavors of degenerate

quarks with tllc Hybrid Monte Carlo (HMC) algorithm. In

TABLE II. Run par;川1ctcrs. The employcd molccuIar dynalllics (MD) itltcgrlUion schemesこire introduced

in Sec. II C. N-,,、、 is tl-c sun…f iterations for inversions ofD† and D in the evaluation of the fen-1ionic force

during HMC. N＼1ca、 is tllc number ofhadron propagator mcasurenlcnts. In brackets ofN＼leJ、 the numbers of

removed configurations are also given.

β　　　S iz e　　<¥s＼＼. 〟　　M D　　ユ　　Accep
Hour/Truj. iVTraj Nヽleaゝ

1.80　123×24　1.60

on 64 PU

0.1409　c)　0.033

0.1430　c)　0.025

0.1445　c)　0.0167

a)　0.0(沌5

0.】464　a)　0.0033

b)　0.0066

0.781 10~川

0.807　10~川

0.840　10~l()

64.8

87.2

119.5

0.809　10'　120.4

0.764　1 0"　　263.6

0.714　10"'" 256.9

1.95　163X32　1.53　0.1375　c) 0.03125　0.732 10"" 95.1

on256PU 0.1390　c)　0.025　　0.755　10"　133.3

0.1400　c)　0.0185　　0.761  10~　187.4

0.1410　c)　0.008　　0.820　10"" 331.8

2.10　　243×48　1.47

on512PU

0.10　　　6250

0. 】　　　5000

0.2(i　　　3500

0.25　　　3500

0.92　　　4280

0.90　　　り70

1238(12)

990(】0)

690( 10)

692(8)

839(17)

1 94(0)

0.10　　7000　1400(0)

0.15　　7000　1395(5)

0.25　　7000　1397(3)

0.83　　5000　1000(0)

0.1357　b)　0.02　　　0.759　10"　151.3　　0.35　　4000

0.1367　b) 0.016　　0.792 】0-12　208.7　　0.57　　4000

0.1374　b) 0.0143　　0.788　10" 2　28り　　　0.82　　4000

0.1382　b)　0.0075　　0.781  10~　　544.7　　2.72　　4000

2.20　243×48　1.44　0.1351

on512 PU 0.1358

0.1363

0.1368

b)　0.02　　　0.758　1()"u 192.0　　0.42

b)　0.016　　0.826　10"　254.9　　0.67

b) 0.0143　0.837 10"2　336.8　　0.94

b) 0.01　　0.859 10-ユ　505.6　1.90

798(2)

800(0)

798(2)

800(0)

2000　400(0)

2000　400(0)

2000　400(0)

2000　400(0)
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Table II we give details of the paramctcrs and statistics of the

runs. At tl一c main coupling constants β= u-2.1, ㌢s are
made with a length of4000-7000 HMC unit-trajectories per

sea quark mass. Tl-c additiot-al runs at β- 2.2 are stopped at

2000 HMC trajectories per sea quark mass for the reason
described in Sec. II B.

To speed up the calculation we have implemented several

inlprovenlcnts in our code. For tl-e inversion of tl-e quark

matrix during the HMC update we use the even-odd precon-

ditioned BICGSTAB algoritlllll [37]. Test runs confirmed that

the performance of this algorithm is better than that of the

MR algorithm and that the advantage increases toward

lighter quark masses [38]. In a te苧t am at m訂/mp和0.7 we

observed a 43% gain in computer time for the same accuracy

of inversion conlpared to tllc MR algonthl-1.

As a stoppirlg cot-dition for tl-c invcrsio!- of tl-c equation

D(k)G-B during tllc femuonic force evaluation we use the
criterion

¥¥DG-B¥¥2^stop, (5)

with values of stop given in Table II where we a一so give the

number of iterations necessary for the inversion. For the

evaluation of the Hamiltonian we use a stricter stopping con-

dition which is smallerby a factor of 10 than the one used

for the force evaluation. With these stopping conditions, the
Hamiltonian is evaluated wit!1 a relative e汀or of less than

10 . We have also checked that the reversibility over tra-

jectories of unit Iengtll is satisfied to a relative level better

than 10 for the gluon link variables.

Another improvement concerns tlle scheme for the inte-

gration of molecular dynamics equations. For our runs we

have used the following three schemes.

(a) The standard leap-frog integration scllerne. The opera-

tor to evolve gauge丘elds and conjugate momcnta by a step

At in fictitious time can be written in the form

Tp¥-At 7-e(AT)7> -At ,　(6)

where the operator Tp(A r) - exp(A7∑iPjdj) moves the gauge

field U by a step At, whereas the operator Tq(At)

=cxp(-ATE,・∂,S(U,cl>)♂/dPi) moveヲ the conjugate m0-
mentap by a step Ar. The leap一什og integrator has an error

of ^(Ar3) for a single step and of 0(At-) for a unit-

traj ectory.

(b) An improved scheme. Tl-c discretization cワror of tl-e
leap-frog integration scheme can be reduced by using an lm-

proved scheme. The simplest improvement has the form

r^ArJ ^^^td -^jATir^J r^Ar)
(7)

This sclleme las errors of tlle same order as the standard

leap-frog scheme but the main contribution to the error is

PHYSICAL REVIEW D 65 054505

removed by the choice b-(3- JT)/3 [39]. Test runs have

shown that Ar can be taken a factor 3 larger than for leap-

frog without losing tl-c acceptance rate for the heaviest sea

quark. This leads to a galn of about 30% ir- computcr tin-C.

Tlle gain, however, decreases toward ligllter quark masses,

and the computer time required for tl-e improved scheme at

the lightest quark mass is roughly the same as for the stan-

dard leap一缶og scllCllle (see paraillctcrs of tllc run at β- u

and k-0.1464 in Table II).

(c) Sexton-Weingarten scheme [39]. In this scheme the

evolution with the gauge field force ∑i∂jSJU) is made with

an n times smaller time step than that with the fennionic

force ∑i∂iSj(U,q>) according to

・ S3 T2(At)'S3　(8)

wllCrC

r,(Ar)-7> -At exp -At写∂A(tf)∂′dpi

xTV^Ar),

r2(Ar)-exp -AT写^iSjiUA^SISp;  (10)

We llavc implemented a scheme for wl-ich both Eq. (8) and

Eq. (9)are improvedas in Eq. (7). For/7-2 thetime stepAt

can be chosen 10% larger than in scheme (b) while maintain-

ing a similar acceptance. However, this improvement is off-

set by an increase ofa factor 4 in tlle number of operations

for the gauge field force. This leads to an increase of30% in

the total number of operations at /3- 1.8, k-0.1445. Hence

the performance of scheme (c) is similar to tllc leap-frog

scheme, as can be seen in Table II.

The scheme employed for each nan is listed in Table II.

After some trials on the smaller lattices (123 and 163) we

found the scheme (b) to be most practical, and we used it for

all the runs on the larger 243 lattices. Tl-e step size At for

molecular dynaillics llas bee一一Choscn so tllat tlle acceptance

ratio tunls out to be 70-80 %.

Light hadron propagators arc measured simultaneously

with tl一c configuration generation with a separation of 5

HMC trajectories. The number of measuremcnts is given in

Table II. We stored configurations with a separation of 10

HMC trajectories (at (3- 1.8 and 1.95) or 5 HMC trajectories

(at /3-2.1 and 2.2) on tapes for later measurement of other

observablcs such as the topological charge and flavor singlet

meson mass [32], quarkonium spectra [35] and the B meson

decay constant [33,34].

In the last column of Table IF, we list the number ofcon一

6gurations removed by hand because of tl-c occurrence of

exceptional propagators. We did not encounter exceptional

configurations in fi.il1 QCD ¥vl-ere　ォ¥,a|= Ksea. However,

strange bcl-avior of propagators did occur for the lightest

valence quark mass for some configurations. We have re-
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moved all the propagators obtained on such configurations in

order to allow a jack-knife error analysis.

Our criterion for removal ofa configuration is a deviation

of hadron propagator by i一一ore tl-a一一10 stai-dard deviations

from the ensemble average for at least one channel and at

least one timeslicc. The什action of removed configurations

drops from 1.2% at β- 1.8 to 0.1% at β-2.1. No con6gu-

ratioIIS lleedcd to be relllovcd at β-2.2.

D. Coding and runs on the CP-PACS computer

We have spent much effort in optimizing the double pre-

cision codes for configuration generation on the CP-PACS

computer as described in Ref. [40]. Actual runs took ad＼′an-

tage of the partitioning capability of the CP-PACS, using 64

PU (processing units), 256 PU and 512 PU for the lattice size

123×24, 163×32 and 243×48, and executing runs at differ-

ent values of /csca at the same tnllc. For some of the runs at

snlaller quark lllasses, wllicll need lollgcr cxccutioll times,

we made two or illore llldcpcndcilt parallel runs wllicll arc

combined for the purposes of measurements.

The CPU time needed per trajectory is listed in Table II.

Converted to the number of days with the full use of the

CP-PACS computer, the configuration generation took 10

days forp-1.8 on a 123X24 lattice,40 days at(3- 1.95 on

a 163X32 lattice, 186 days at /3-2.¥ on a 243X48 lattice

and 82 clays on tlle saille size lattice at β-2.2. Adding 3

+ 12+46+23 days for measurements of observables and

+3+6+3 days for I/O loss, the crltire CPU tnllc spent for

the simulations equals 415 days of the full operation of the

CP-PACS computer.

III. MEASUREMENTS

A. Hadron masses

We employ meson operators denned by

Mu8(n ) -fHrAg,- , (1日

where/and g are quark fields witll flavor indiccs/and g, and

TA represents one of the 16 spin matrices l^-/, γ5, 1γF,γ5,

γ　and /[γFL,γ,.]/2 0f the Dirac algebra. Using these opera-

tors, meson propagators are calculated as

(MA(JOA^(O)). (12)

For the operator of octet baryons vvitl- spin J- I/2 we use the

definition

{n)- e"hc{fl"Cγ,gヱ)鶴,　(13)

where 〟,b,c arc color indices, C- γJγ-> is the cllargc conju-

gati0-- I-1atrix and α- 1・2 represents tl-e r-co一一npoi-eI-t of tl-c

spin J--± 1/2. To distinguisll ∑ and八一like octet baryons

we antisymllictnzc navor indices, written symbolica一ly as

V=_ [fh}g+ [gl>V
(14)
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TABLE III. Parameters A and B used for the smearing of quark

sources.

β-I.80　　　β- 1.95　　　β-2.10　　　β-2.20

」　　　　　1.25　　　　　1.25　　　　　1.05　　　　　1.02

β　　　　　　0.50　　　　　　0.50　　　　　　0.17　　　　　0.125

[fh¥g- [gnf- 2ugVi
(15)

where [fg] -fg-gf.

The operator of decuplet baryons with spin 7-3/2 is

given by

D^"a(n)- eabcLf aCγ蝣&>Cnα　　(16)

Writing out the spin structure (At,a) explicitly, we employ

operators for the four z-components of the spin J-
-±3/2, ±l/2 denned as

Dm- e'lhc{fT"CT+gb)妬　　　　　　　　　(1 7)

D m- *"MUfTacrogb)可- (/"CT+gft)^]/3,　( 1 8)

D_ ]/2- e-hc[(fTc'CrQgb)h呈- <jTacr_g*W]/3,　( 1 9)

D_iP_- e"bc(fT"cr _g")hc2 ,　　　　　　　　(20)

where T±-(γ1耳iγ2)/2 and ro- γ3.

Using operators defined as above, we calculate 8 baryon

propagators given by

(∑α(ll)∑`∫(0)), α-1?　　　　　　　　(21)

(^α(w)Aォ(O)), α-1,2,　　　　　　　(22)

(Ds(n)Ds(O)), 5-3/2,1/2 - /2,-3/2,　(23)

together with 8 antibaryon propagators similarly denned.

We average zero momentum hadron propagators over

three polarization states for vector mesons, two sp】n states

for octet baryons and four sp-n states for decuplet baryons

(the latter break up into a pair of doublets under the hyper-

cubic group, and hence the mass splitting between the two

doublets provides a measure of violation of rotational syn一一

metry; we do not explore this problem in this article). We

also average the propagators for the particles with the ones

for the corresponding antiparticles.

For cach con6guration quark propagators arc calculated

with a point source and a smeared source. For tl-e smcared

source we石x the gauge configuration to the Coulomb gauge

and use an exponential smearing function if/(r)

-Aexp(-Br) for /・>O with ¢(0)-1. We chose A and B

based on experiences from previous quenched measurements

of the pion wave function [41] and from our preparatory full

QCD study [23] and readjusted them by hand so that hadron

effective masses reach a plateau as soon as possible on av-

cragc. The values ofA and B are given in Table III.
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FIG. 2. Effective mass plots for pseudoscalar, vector, nuclcon

and A channels with degenerate valence hopping parameters kv..I

-/v-　-0.1445 at β- 1.8. Circles represent effective masses ob-

tained when all quark propagators arc calculated with point sources.

For squares all quark propagators have smeared sources and tn-

angles are for mixed combinations of sources. Solid lines denote the

results丘om correlated mass fits to smeared source hadron propa-

gators. Dashed lines show the one standard deviation error band

determined by jack-knife analysiいvith a bin size of 10 conhgura-

tions.

In Figs. 2-4 we show examples of effective mass plots

for hadron propagators with degenerate valence quarks equal

to the sea quark. Effective masses什om hadron propagators

where all the quark propagators have been calculated with

sllleared sources lave tlle Snlallest statistical c汀ors and ex-

llibit good plateaus start-ng at sma一ler values of日llan tllOSe

containing point sources. We therefore use smeared propaga-
tors for hadron mass伝ts.

Fit ranges Omjn,'max] are detern-incd by inspecting effec-

tive mass plots. As a general guideline, we choose the same

value of/min for all quark masses for the same particle type

and gauge coupling. However, since the approach to a pla-

teau cl-anges with the quark mass we allow fora sma】 vana-

tion of /mjn. To be coI捕dent that contributions of excited

states die out at /min we also consult effective masses from

propagators with poi一一t and l一一ixcd sources. Tl-e upper end of

the fit range, 'max, is chosen to extend as far as the effective

mass exhibits a plateau and tllc signal is not lost in tl-c noise.

Hadron masses arc derived from correlated fits to propa-

gators with correlations among different time slices taken

into account. We assume a single hyperbolic cosine for me-

sons and a single exponential for baryons. Witl- a statistics of

4000-7000 HMC trajectories (corresponding to 80-140

binned configurations, sec Sec. MI D) for hadron propagators
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FIG. 3. Effective mass plots for pseudoscalar, vector, nuclcon

and A channels with degenerate valence hopping parameters k、′.A

-*%,,-0.1400 at β- 1.95. Symbols have the same meaning as in

Fig.2.

at β- 1.8, 1.95 and 2.1, the covariance rllatnx is dctcnllincd

well. Typically, the errors of eigenvalues of the covanance

matrix are around 15%, and fits have a x-^df around 1 and

at most 3. For β=2.2, 1-owever, where fewer configurations

arc available, eigenvalues oft!1e covanance matrix lavc typ卜

cal errors of30%, and the correlated fits are less stable. For

all the cases we also made uncorrelated fits and checked that

masses are consistent within e汀or bars.

Errors in hadron masses and in ;r/NDF arc estimated with

the jack-knife procedure with a bin size of 10 configurations

or 50 HMC trajectories. A discussion of the choice of this bin
size will follow m Sec. lII D.

Resulti一一g hadron r一一asses arc collected in Appendix A.

There and in the following, 一ower case symbols are used for

observables in lattice units, for which tlle lattice spacing a is

not explicitly written.

B. Quark mass

Another quantity which can be obtained from meson cor-

relation functions is the quark mass based on the axial vector

Ward identity (AWI) [42,43]. It is defined from i-latrix ele一

merits of the pseudoscalar density P and the fourth compo-

nent of the axial vector current A4 by the expression

.AWI_ (o|v4/*Hps)
2<0|P|PS)

(24)

Where we employ the improved axial vector current AAimp
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FIG. 4. Effective nlass plots for pseudoscalar, vector, nucleon

and A channels with degenerate valence hoppi一一g parametcrs k、・。1

-Ksr -0.1374 at β-2.1. Symbols have the same meaning as in

Fig.2.

-AA+cA∂,P with c。イcalculated in one-loop perturbation

theory and ∂　representing the symmetric lattice derivative

(see Appendix C).

In practice we extract the AWI quark mass from single-

exponential fits to mcso一一correlators. For the analysis of

pscudoscalar masses we assume the fonll

(P(t)P(O))=C/サ[cxp(-mpS/)+exp(-w-・s(」,-'))],

(25)

which has already been described above. Keeping tllc value

of/;;ps obtained什om this fit, we make an additional fit to the

correlator

(A㌢p(t)P(O))-CA[c¥p{-m円1卜cxp(一用.ち(*.,-/))],

(26)

wllcrc CA is the only fit parameter. The AWI bare quark illaSS

before renon一一alization is then obtained tl-rough

間八Wl-
"'pSQ,

2C, (27)

Results for/;; 'arc given in Appendix A.

C. Static tIlmrk potential

We measure the temporal Wilson loops叩Plymg the

smearing procedure of Rcf. [44]. The runllbcr of smearing

2.0

_1.0
>
○
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^ 2.0
41..-

5
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FIG.5.Effectivemassplotsofpotentialdataatr-L/4forsea
quarklllasscorrespondingto/WPS/mv-0.7.Thescaleisfixedfrolll

p∩-esonmassatthephysicalpoint.

stepsisfixedto2,4and10on123×24,163×32,and243

×48lattices,respectively,whicllwefindsu用cicnttoensure

agoodoverlapofWilsonloopsontothegroundstate.The
staticquarkpotentialV(i・)isdeterminedfromacorrelatedfit

ofthefonn

W(r,∫)-C(r)cxp(-F(J・)/).(28)

AsshowninFig.5noisedominatesthesignalwhenthe

temporalsizeofW(i・,/)exceeds/-0.9fnl.Wetherefore
takefitranges,listedinTableIV,windlapproximatelycoト

respondto/恕0.45-0.90fmatβ-1.8.1.95and2.1.Atβ

-11L.I,Wチusethesame石trangesasthosetakenatβ=2.1.
AtypicalresultforV(r)isplottedinFig.6.Sincewedo

notobserv′csignsofstringbreaking,weparametrizeV(r)in

theform.

α

V(r)=Vo- j+ar. (29)

The lattice correction to the Coulomb ternl calculated什om

one lattice gluon exchange diagram [45] is not included since

breaking ofrotational symmetry is found to be small with the

illlproved actions we employ [23].

Tllc Sommer scale ;・o is defined through 【46]

,dV{r)

ro -訂~~ - 1.65. (30)

TABLE IV. Fit ranges for extraction of potential data, Eq. (28),

and ranges of/? ,; and Rm3X used in potential fit, Eq. (29). At β

-2.2, Wc use the same fit ranees as those taken at β-2.1.

β- 1.80　　　　β- 1.95　　　　β-2.10

[2,4]　　　　[3,6]　　　　[4,8]

K,m,　　　、三、亨)　　L 、三、、石)　( 、首,3I

*nサ、　　　　r2 、百,4]　　[3 、瓦8|　　[9,6yfs I
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FIG. 6. Static quark potential on 243×48 lattice atォ蝣

- 0.1374. Both vertical and horizontal lines are normalized by the

Sommer scale rO. The solid line represents the丘t curve of Eq. (29).

Using the fit parameters in Eq. (29), ro can be obtained from

(31)

We丘t potential data to Eq. (29) and dctenllinc rQ for

several触ing ranges lying in the interval [#min ^max]- Values
of/?,,, and Rmax are listed in Table IV. We take the average

of 丘t results as central values for Vn　α　<x andr。, and use

the standard deviation as an estnllate of tlle systerlnatic error.

Results ofa and ro are summarized in Table V.

D. Autocorrelations

The autocorrelation丘inction ofa time series of a variable

/is defined as

pj{t)=
Cj{ t)

Cjio y
(32)

where the unnormahzed autocorrelation function is given by

c//)-く!話+∫)一仏)　　　　(33)

PHYSICALREVIEWD65054505

Thequantityrelevantfortllcdctcnllinationofthestatistical

errorof/istl-eintegratedautocorrelationtimerV,de石ned

aS

3C
4--t2p/0-?+2p//).
2tTL(34)

Thenaiveerrorestimateissmallerthanthetrueerrorbya
factorofy三軍Innumericalestimationsoft�",thesumin

Eq.(34)hastobecutoff.Ithasbeenfoundtobepractical

[47]tocalculatethesumself-consistentlyupto/

-(4-10)t^.Aconvenientquantityforthispurposeisthe

cumulativeautocorrelationtime

?""(サ-y+2pM),

s=1(35)

whichshouldrunintoaplateaufort�"(/)叫〃-//10.

Wecalculateautocorrelationtimesforthreedifferent

quantities:
(i)Thegaugeactionc。W]×】+clWIX-.Measurements

aremadeaftereveryHMCtrajectory.
(ii)ThenurlfiberofiterationsNxmfortlleinversionoftlle

DiracmatrixduringtheHMCupdate.Sincethisquantityis

governedbytlleratiooftllelargesttotllesmallesteigenvalue
oftlleDiraclllatnx,itisexpectedtobethequantitywhich

takestllclongestsimulationtnlnetodeco汀elate.Measure-

mentsaremadeduringeveryHMCtrajectory.

(iii)Theeffectivepionmassmれe汀measuredattheonset
ofaplateau.Measurementsaremadeonlyafterevery5th

HMCtrajectory.

Twoexamplesforautocorrelationfunctionandcumula-

tiveautocorrelationtimeareshowninFig.7.Thecumulative

autoco汀elationtimesilowsaplateauaroundtheexpected
region斤0111Wllicllweestimatetlleintegratedautoco汀elation

times7y?giveninTableVI.

Valuesof弓!-aregenerallybelow10HMC叫ectoriesfor

therunsatβ≦2.10.Thesenumbersaresignificantlylower
thaninitialestimatesfortheHMCalgorithm[7]andalso

lowerthanestimates斤omrecentsimulationswithtllcWilson

orcloverfermionaction[17,48].Apossiblereasonmightbe

coarserlatticespacingsofoursirlmlationscomparedtothe

studiesmentionedabove.IthasalsobeennoticedinRef.

TABLE V. String tension α and Sommer scale r。 at simulated sea quark masses and in the chiral Inlnit of

the sea quark, a-, is the hopping parameter corresponding to the heaviest sea quark, k4 to the lightest. <rv and

rX in the chiral limil /hps-0 arc obtained斤om extrapolations using Eqs. (53) and (54). The errors given

represent statistical and systematic ones, determined as described in the text, and added by quadrature.

〝　　　　　　β-1.80　　　　　　　β- I.95　　　　　　　β-2.10　　　　　　　β-2.20

Cr t`　　　　　　　　　　　　'蝣<>　　　　　　　　　　　　　〟 o a ro

k,　　0.4115(96) 1.716(35) 0.2078(22) 2.497(54) 0.08949(99) 3.843(16) 0.05485(17) 4.913(21)

0.389(12) 1.799(13) 0.1859(29) 2.651(42) 0.07823(90) 4.072(15) 0.05107(26) 5.073(19)

・v-3　　　0.3595(68) 1.897(30) 0.1633(23) 2.821(29) 0.07195(73) 4.236(14) 0.04760(31) 5.237(22)

0.3067(60) 2.064(38) 0.1436(25) 3.014(33) 0.06340(51) 4.485(12) 0.04474(23) 5.410(21)

wps-0　0.2858(72) 2.175(51) 0.1295(25) 3.210(52) 0.05720(63) 4.695(18) 0.04072(29) 5.656(33)
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FIG. 7. Two examples of autocorrelation function (lo、、er sym-

bols) and cumulative autocorrelation time (upper symbols) for iVin、..

Errors are determined with the jack-knife method. Also plotted are

two lines y(t)-t/4 and v(/)-//10 within which a plateau of

ixum(/) can be observed.

[17] that autocorrelations appear to be 、ycakcr on largcr lat-
tices. Our lattlce sizes in physical u川ts arc c0--sidcrably

larger than the ones in Rcfs. [17,48].

Another po-llt of i-ltcrcst is tlle size of iilcrease of the

autocorrelation time with decreasing sea quark mass. For the

gauge action and for iVinv the autocorrelation time grows by

about a factor of two in the range of simulated scとI quark

masses, whereas for the effective pion mass tllc situation is

less clear. These obscrv′ations are roughly consistent witll the

findings in Refs. [17,48].

A practica一 u′ay to take it-to account autocorrclatio一一S iI-

error analyses is to use the biniling method. ln Fig. 8 we

show the increase oftllc relative error oflllc pion mass as a

function of the bin size. The plotted error bars are deter-

mined by ajack-knife on jack-knife mctllod. For this plot we

have used uncorrc】atcd fits to tllc pion propagこItor, sillcc for

larger bin sizes the number of con伝gurations lvould not be

large enough to reliably determine tlle covとiriancc inとUrix for

correlated fits. We observe that the error rises to a plateau

PHYSICAL REVIEW D 65 054505

wl-ich is乙ibout a factor正平Iarger t)-an the naive error
obtained ＼vithとi unit bin size. Frolll theseとind similar figures

at otllcr simu一ation parameters we find tl-at a bin size of 10

configurations, cquivaIent to 50 HMC trajectories. covers a一l

tllc autocorrelations we lavc examined while leaving a suf-

ficicnt number of bins to a一low correlated fits. We therefore

employ this bin size in all error ;川とilyses.

IV. CHIRAL EXTRAPOLATIONS

The calculation of the physical ladron spectrum requires

an cxtrapolation from simulated quark masses to the physical

po】nt. In order to make these extrapolations we -avc t0 6t

lladron lllasses to a functional fonll chosen to express their

chiral bell乙ivior. Hadron masses arc functiolls of /csca and

*;. vvilcrc //- l? … labels valcncc quarks. We take this

into account by pcrfonlling co11ibincd触to all measured
masses ofとi given channel.

The hoppmg parameter is not the only cl-oicc for the basic

variable in these fits. Pscudoscalar meson lllasses can be em-

ployed as Well for vector mesons a一一d baryons. This has the

advantage tl-at only measured hadron masses are involved、

and we employ tllis way ofparametrizing vector meson and

baryon illasses. Pscudoscalar meson nlasses themselves,

llowcvcr, have to be expressed in tenlls of quark masses in

order to fix the physical ponlt in ternls of quark masses.

A. Pseudoscalar mesons

Let us recall that the definition of quark mass suggested

by a Ward identity for vector currents (VWl) has the ionll

・ォVwI-=一言　　(36)

where kc is the critical hopping paralllcter at whicll the pscu-

doscaIar lllcson mass vanishes. For a conlbined fit of pscu-

doscalar meson masses in terms oftllis "VWI" quark mass,
we define sea and valence quark lllasses tlirough

V≠′し1

'"sea　っ
1.′

I

」Si

1

・.Ill

一計　(37)

一吉),  (38)

where tf(v'a| denote for /- 1,2 the hoppmg parameters of the

valence quarkとind antiquark 、vhich mとike the meson. In the

leading order of clliral perturbation tllcory the masses

squared of -scudoscalar i一一csonsとire linear functions o川-C

とivcragc qualk mass. We tl-e-cfore defineとIl- average valence

quark mass througll
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TABLE VI. Estimate of inteerated autocorrelation limcs lor t!-c gauge action SK, for the run一一bcr of

Heriitions for the inversion of the Dirac matrix Nm、 , and tor the elTective pion r一一ass m- ff at the onset ol a

plateau.

β　　　　　　Ts. LX I HMC TrこIj.J　.、,.n、 【×川MC Traj.j　　〝.〟,, [×5 HMC Traj.]

1.80　　0. 1409　　　　　4.2(4)

0.1430　　　　　　5.5(1.0)

0. 1445　　　　　　6.9(9)

0.1464　　　　　　9.2(1.6)

1.95

2.10

2.20

0. 1375　　　　　5.6(6)

0.1 390　　　　　　7.6(9)

0.1400　　　　　9.0(2.0)

0.1410　　　　　　7.8(1.4)

0.1357　　　　　　3.8(5)

0.1367　　　　　　4.0(7)

0.1 374　　　　　　3.日4)

0.1382　　　　　　5.4(1.0)

0.1351　　　　　2.7(5)

0.1358　　　　　1.8(3)

0.1363　　　　　　2.1(3)

0.1368　　　　　】.9(3)

3.4(3)

4.6(7)

5.7(8)

7.8(9)

5.8(7)

8.2(1.6)

10.1(2.0)

9.3(2.0)

6.7(1.5)

り蝣4(2.4)

8.1(2.1)

ll.0(2.1)

5.0(1.5)

4.4(i.2)

3.2(8)

4.3(I.2)

0.7(1)

0.7(1)

0.7(2)

0.9(2)

0.9(2)

I.4(2)

l・4(2)

l・0(2)

1.5(3)

1.5(3)

1.0(1)

l・7(4)

l・5(2)

3.9(1.6)

2.5(1.0)

2.5(7)

・,,vwi-I,vwi
'"val-->V'サval(l)+mv¥v
val(:圭l>-11よ-i

1　　1

諏+両
(39)

Figure9silowspseudoscalarmesonmassesasfunctions

of1//cva).Weobservethatpartiallyquencheddata(i.e.、VV

a-ldSV)liealongclearlydistulCtllllcswhentllClloppulg

parameterofseaquarkKseaisvaried.Eachoftllcparti'1日y

quenclleddataarcclosetoline叫buttllcirslopesilowsa
variationwitllK弧Asil】ustratcdintheinsets,weとilsosec

thattheVVandSVmassesliealongslightlydiffereiltlines,

whichmeanstllatmassesdependontheindividualvaleIIcc
quarkmasses/;;ごl](/)inadditiontotheiraverage.

Thesefeaturesofpseudoscalarmesonmassdataleadus

toadoptafitansatzwhichcollsistsofgeneral日ncとifand

quadraticten一一sinthevalencequarkmassandi-Ithesea
quarkmassgivenby

(I),J
wpS(/csea;/<-va|,/cv三f)-W'+A.′'VWI,∫(〟,崇′l)2

+cv(〝ty'WK2+C,...VWIVWI

+c,〝tごwIV昔主(40)

Figure9showsthefitvvitllSOlid一inesfortllcSScllanllcland
withdashed(SV)ordot-dasllcd(VV)linesforpartial一y

quencheddata.Thelinesfollowthedatawell.Weemploy

uncorrelatedfitsforcl-iralextrapolationseventhoughdata

with common k、 arc expected to be correlated. Obtained

values of x-^ol- can thcrcfore only be considered as rough
guidelines to judge the quality of fits. Except for β- 1.8
Where x-Wqi:-4, we obtain values which are smaller than
1. Fit parameters /cc, b's for linear terms and c's for qua-

dratic ten一一s and x-/NnI: arc given in Table VII.

A different definition of quark mass suggested by a Ward

identity for axia一 vector currents is given by Eq. (24). Since

this is ;川icasurcd quantity derived from nlcson propagators

it depends on tl-rcc hopping parameters, k¥!^(i- 1,2) of the

vaIcncc quark and antiquark, and Ksca of the sea quark. We
define

m霊vI-〝AWI.(')awi/.w;'V*sea''sal,

AWl・,、.こ1.-テoサ5'】,AWIx
>+/wval(2>).

〝C'-'サAWV.どi^S。こ,IK、,,)・

Pscudoscalarmesoni一一assesarcexpressedinten一一softhese

quantitieswiththequadraticansatz.

サJnc(K、。こ(1)<2K.i
,,Kva|,Kvai;ォ〃i¥WIAWI
'T+e>r>2+*>oc (44)

hleOlltrasttoEq.(40),monomialtern-sintl-cseaquark
massarcabsentsincepscudoscalarmassesvanishinthecm-
ra川一一itm霊''-0fore〟chvalueo川-cseaquarkmass.Data

ofdiftcrclltdegeneracieslieoncomnlonlinesandtherefore

054505-1 1
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FIG.8.Re一ativeerrorsofthepseudoscalarmesonmassasa
functionofthebinsize.Twoexampicsaresholvn,eachatthe
lightestseaquarkmassofmps!/My*"0-6.Dataattheheaviestva-

一encequarkmassarerepresentedbyfilledsymbolsandtheones
fromthelightestvalencequarkmasswithopensymbols.

wehavedroppedtheten一一withindividua】サdu)-Fitparam-

etcrsandx-/NDraregi、′eninTableV日・

Letusaddthatpartiallyquenchedchiralperturbation

thcorypredictstllattherearelogarithmiccorrectionsintllC
chiralexpansionofpscudoscalarmesonmasses[49].Our

datadonotshowclearevidenceofsuchloganthms.possib一y

duetolargcvaluesofseaquarklllassvvllicllarcInllitcdto

tllerange//;ps/mv≧0.6inthepresentsimulation.

B.Vectormesons

Vectormesonmassesarcfitintermsofmeasuredpscu-

doscalarmesonmasses.Wedefine

(i)A*i-"'ps(*sca:<、*val/'(45)

】

Mval=テ(/*,+/12), (46)

PHYSICAL REVIEW D 65 054505

p、C。- ′'rK( KS。。 : I(,。こ11 *、　　　　　(47)

Vector lllcson masses as fullctions of /a、一　are silown in Fig.

10. The gc-lCrとIl feature of the data is similar to the one for

pscudoscalar mesons. We find, however, that the lines for VV

and SV arc indistnlguisllable. Hence, vector meson lllasses

do not require terms in individual /z/s. We therefore take a

quadratic function in /jl、。 and /▲、・a) of the ionll

//;v(*s。i;*val'^val)-^ ′+B I,+a八.+c'IL;ca

+ cJVva,+ cjこMsca/*、.　(48)

Fit lines describe data well as shown in Fig. 10, and ¥-/NDF

isとit most -.4. Fit paramctcrs and ¥-/jVdf arc given in Table

V日.

Clliral perturbation tllcory predicts [50] tllat the first cor-

rcctioll to the linear tenll in fi llas a non-analytic 3/2 polvcr

of jj.. In order to exaillme if data show evidence for sucll a

dependence, we attempt a fit of the form

iォv(fォa:<^U)-^'+fi>.。こ.+8J'p…+D′FLさ72
c.i

+」>>霊+D>sca/u霊.(49)

The cross-ten一一of the fon一一FL、 a/"霊gi、′es rise to a ten-1

proportional to J▲霊for the partially quenched case 、、′here

FL、。 is kept constant. TllIS IS SII一一ilar to quenched QCD.

Tcr一一一s proportional to //.霊arc expected to be absent [51].

In Fig. ll we show lines for this alternative伝t togctller

witl川icasurcd data. Because of the presence of the /i霊
tcrlll, fit lines silo¥v a slllall incrc呈ISC CIosc to IIlc chiral lilllit

ofa valence quark when the di恥rcnce between sea and va-
lc一一cc quark is largc. This is similar to tl-c bcllavior observ/cd

for quenched QCD in Ref. [5J. Tllc amount of increase be-

comes slllallcr when sea and valence quarks have values

closer to each other, and vanisllcs for full QCD.

Fit paramctcrs a一一d xコ/ND・ arc given in Table V川・

x2!A^dp is slightly smaller for tllc fit witll Eq. (49) tllan the

one with Eq. (48) but the dififere一一cc between the two is not

significant. We can tllcrcforc not answer the question

、、,hcthcr a fit witl- power 3/2 or 2 is preferred. We eil-ploy

Eq. (48) for lllain results and use Eq. (49) to estimate sys-

tcmlitic differences arisillg什om tllC Clloicc ofchiral fit for-ll.

C. Barvons

Baryons arc made什om three valence quarks and lcncc
9

their masses arc expressed in tenlls of the three //., s and

八。こIn the meとusurcillcuts described in Sec. I B, 1owcvcr,

at least two vとilcnce quarksとire degenerate. We use fj.2 to

sta一一d for the pとIir of degenerate valence quarks and fX¥ for

the tllird vこilcncc quark.

054505- 12
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β=1.8
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β=2.1

FIG. 9. Chiral extrapolations ofpseudoscalar meson masses. S and V are for valence quarks equal to or different from the sea quark.

Lines are丘・om combined quadratic爪ts with Eq. (40).

TABLE VII. Parameters of chiral fits to pseudoscalar meson masses as a function of ¥Ik with Eq. (40)

(爪rst four rows) or as a function of the AWI quark mass wi山Eq. (44) (last four rows).

β　x2/Nr　　　'.　　　b、　　bv c.、　　　^v　　　*-sv　　　^vv

1.80 116/29　0.147635(16) 4.562(72) 5.400(19) -ll.51(38) -3.064(81) 2.45(10) 1.646(42)

1.95　26.6/29　0.142065(13) 2.655(69) 4.169(12) -4.64(48)　-0.846(72) 4.379(99) 1.333(42)

2.10 17.4/29　0.138984(13) 0.924(55) 3.206(13) -1.40(49)　0.96(12)　4.38(17) 1.121(91)

2.20 15.0/29　0.137675(52) 0.55(19) 2.685(36)　-1.9(1.9)　1.79(38)　4.52(44) 1.04(27)

o x2INt K

I.80　　75/33

1.95　　75/33

2.10　　57/33

2.20　　32/33

5.777(25)

4.393(28)

3.1 88(25)

2.641(61)

-1.335(90) 1.99(15)

-0.33(ll)　3.81(24)

I.02(14)　3.63(35)

1.37(37)　3.37(86)
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p=2.1

0.0　　　　　　0.1　　　　　　0.2　　　　　　0.3

(c)　　　　(mpzs (Ks ;Kvl 1 Kvl) +m p^ (Ks;Kv2, Kv2))/2

β=2.2

0.00　　　0.05　　　0.1 0　　　0.1 5　　　0.20

(d)　　　(mps (Ks;Kv,.KvJ+mjfa (Ks;Kv2,Kv2))/2

FIG. 10. Chiral extrapolations of vector meson masses. Lines are from fits with Eq. (48).

TABLE VIJI. Parameters ofchiral fits to vector meson masses with Eq. (48) (first four rows) or Eq. (49)

(last four rows).

β ,l・二//V,　　　　　　　　　　　　　　　　　　　　　'　　　　c¥F

1.80　25.5/30　0.8241(85)　0.206(15)　0.4066(96)　-0.0517(87)　-0.0193(48)　-0.0471(66)

1.95　32.8/30　0.5963(66)　0.258(23)　0.567(ll)　-0.072(21)　-0.0443(91)　-0.112(12)

2.】0　43.0/30　0.4】24(51)　0.327(34)　0.907(24)　-0.143(70)　-0.265(40)　-0.368(46)

2.20　　6.0/30　　0.332(13)　0.467(14) 1.080(57)　-0.40(40)　　-0.35(14)　　-0.76(23)

β　x2/Nr D′　　　　Dl Dこ,

1.80　22.0/30　0.802(10)　0.319(28)　0.480(18)　-0.120(20)　-0.078(ll)　-0.086(12)

1.95　25.3/30　0.5812(80)　0.376(42)　0.663(19)　-0.131(37)　-0.135(16)　-0.155(17)

2.10　37.4/30　0.4003(63)　0.478(64) 1.112(44)　-0.192(88)　-0.459(52)　-0.350(45)

2.20　　4.7/30　　0.320(16)　0.70(26)　】・32(1 1)　-0.4 1(42)　　- 0.59( 15)　　-0.60( 18)
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β-1.95
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β=2.1

0.0　　　　　　0.1　　　　　0.2　　　　　　0.3

(c)　　　　(m急(Ks;Kv,,Kv, )+m孟(Ks;Kv2,Kvj))/2

β=2.2

0.00　0.05　0.10　0.15　0.20

(d)　　　(m孟(Ks;Kv, ,Kvl)+m」 (Ks;Kva,Kva))/2

FIG. 1 I. Chiral extrapolations of vector meson masses. Mass data are the sanle as in Fig. 10 but fit lines乙ire from the alternative fits ＼vith

Eq.(49).

For the decuplct baryons. masses can be expressed as a

function of the average valence quark mass. Hence we define

1

FL…|=j(/Z,+/i2+/i2),
(50)

and plot decuplct baryon masses as a function offi、 in Fig.

12. The behavior of mass data is very similar to the one

observed for vector I-1eson masses with clearly distinguislト

able lines of variable slope for partially queildied data and

stronger curvature for full QCD data. We therefore employ
an ansatz of tllc same structure as for vector mesons wllicll

takes the form

間DKea^W^Ki;サ)-^+ fi?MS ,+ fl^val+Cf/Iふ

、ea/*、　(5 1 )

AsLd-own in Fig. 12, data arc fitted well with ;^-/NDF of at

most 0.35. Fit parai一一ctcrs and ¥-/nl)1J arc given in Table IX.

Octet baryon masses are not simple functions of the aver-

age valence quark mass. Tl-is can be seen in Fig. 13 wllCrC

we plot 111asses of∑-like octet baryons as a function of/▲Vこ.I

defined in Eq. (50). The three sets of partially quenched data

VVV, SVV and SSV lie along different lines. We also see a

clear distinction between resu一ts for different sea quark

111asses.

We analyze octet baryon masses by using a formula in-
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β=2.1

0.0　　　　　　0.1　　　　　0.2　　　　　　0.3　　　　　　0.4

(c)　(m4 (Ks;Kvl lKvl )+m;s(Ks;Kv2,Kv2)+mp2s (Ks;Kv3,Kv3))/3
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(b)　(m急(KsiK^.KvJ+m 's fKsiKvj.Kv^+m^Ksil^.Kv,))/　　(d)　(m孟(Ks;Kvl ,Kv,)+m|s(Ks;Kv2, Kv3トmp2s(Ks;KvJ,Kv3))/3

FIG. 12. Chiral extrapolations ofdccuplct baryon masses. Lines are from fits 、vith Eq. (51).

spired by chiral perturbation theory [52]. In the leading or-

der, ∑-like and A-like octet baryon masses are parametrized

as a function of quark masses with two constants bD and b().

We use these expressions for terms linear in the valence

quark mass. For convenience we use a slightly different no-

tation; the parameters F- and D( are related to those of Ref.

[52] through F㌘ニー2(bD+b。) a一一d D㌘ニー2b。. In order to

describe the dependence on the sea quark mass we add linear

tcnlls in the sea quark mass, and terms quadratic in the sea

and valence quark mass to incorporate curvature seen in

mass data. The number of additional tenlls introduced by this

procedure is limited by the requirement that wA-/サv when

fil-fj,2. This leads to expressions for ∑-like and A-likc

baryons of tllc ionll

TABLE 】X. Parameters ofclliriサI fits to dccuplct baryon masses 、vith Eq. (51).

β　　x2/wr C　　　　,

1.80　1 3.5/46　1.360(24)　0.461 (55)　0.647(36)　-0. 1 16(33)　- 0.036(22)　- 0.090(25)

1.95　　2.12/46　1.036(17)　0.384(65)　0.816(26)　-0.038(67)　-0.034(25)　-0.193(38)

2.10　　7.82/46　　0.704(17)　0.67(12)　1.202(67)　-0.52(23)　-0.1 1( 1 1)　-0.48( 13)

2.20　15.9/46　　0.527(28)  1.20(34)　1.64(14)　- 1.9( 1.0)　　- 0.75(34)　- 0.89(43)

054505-16



LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS ‥.

β=1.f

′ヽ

>
ゝ:
ir
>

ゝ:

>

ゝ:

∽
ら:

m
∈

2.0

iM?

1.6

PHYSICAL REVIEW D 65 054505

β=2.1

0.0　　　　　　0.1　　　　　0.2　　　　　　0.3　　　　　　0.4

(c)　(m孟(KsiKv^KvJ+m孟(KsiKvj.Kv^+m急(Ks;Kv3tKvs))/3

β=2.2

0.0　　　　　0.2　　　　　0.4　　　　　0.6　　　　　0.8　　　　　　　0.00　　　0.05　　　0.1 0　　　0.1 5　　　0.20　　　0.25

(b)　(mF2s(Ks;Kv, ,Kv,)十mp2ァ(Ks;Kv2.Kv2)+m^-(Ks;Kv3.Kv3))!　　(d)　(m孟(Ks;Kv, ,Kv, )+mpzs (Ks;Kv2,Kvj)+mfs(Ks;Kv3,Kv3))!3

FIG. 13. Chiral cxtrapolations of octet baryon masses. Plots only silOW ≡-like octet baryons. Lines are from fits with Eq. (52).

TABLE X. Parameters of chirとil fits to octet baryon masses lvitll Eq. (52).

β　x2/N【　　A-

C:!

B-

c:

F-

C:T

D　　　　　　　　　　　　　　　　-

c-..

1.80　28/72　　1.080(18)　0.303(39)

-0.0507(69) 0.0027(41)

1.95　1 7/72　　0.804( 1 1)　0.2 19(44)

-0.1 163(78)　0.0090(54)

2.10　59/72　　0.5418(83)　0.376(64)

- 0.389(29)　0.05 1(24)

2.20　1 2/72　　0.432( 1 9)　0.65(24)

-0.61( 1 1)　0.041(92)

0.2945(96)　-0.0685(96)　-0.056(23)　-0.0437(67)

0.0401(5り)　-0.041 1(82)　0.0225(70)　0.01 18(65)

0.3799(69)

0.0952(57)

0.576(13)

0.289(22)

0.674(42)

0.5 19(80)

- 0,0959(62)

-0.055( 13)

-0.131(13)

-0.189(43)

-0.170(36)

-0.32( 17)

0.009(45)　- 0.0855( 77)

0.0334(73)　0.0039(76)

-0.17(13)　　-0.251(29)

0. 1 07(29)　　0.006(27)

- I.06(73)　-0.46( 14)

0.20(14)　　0.03(12)
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TABLE XI. Lattice spacings and hopping parameters ku.∫ and

β　　a [fm]　　　`!　　^・.～ (MK input) ks (M¢ input)

1.80　0.2150(22) 0.147540(16) 0.143147(91)

.95　0.1555(17) 0.141998(12) 0.139279(59)

2.10　0.1076(13) 0.138933(12) 0.137324(41)

2.20　0.0865(33) 0.137634(50)　0.13642(ll)

0.14192(16)

0.1 38633(79)

0.137105(61)

0.13622(ll)

quenched data, VVV, SVV and SSV. They do not fall onto

each otller because of the presence of monomial terms in jx,

in Eq. (52). Fit parameters and x'^or are given in Table X.

D. String tension and Sommer scale

In full QCD, gluonic quantities are still subject to chiral

extrapolations through their indirect dependence on sea

quark masses. We therefore perform such extrapolations on

the paran-eters describing tl-e static quark potential.

In Fig. 14 we show ¥fa and l/rO obtained from the analy-

sis described in Sec. Ill C, as a function of the squared pseu-

doscalar meson mass with valence quarks equal to the sea

quark. Tl-e sea quark mass dependence ofbotl- quantities is

approximately linear. Tl-ere fore we apply fits of tlle form

Vo-( ^sea) - ¥/諺+ flcTWps( /<:sea ; /csea , Ksea)  (53)

alld

1　　】

-- v^sca/請+Br njpJK -'蝣>^sea>Ksea>ro

(54)

for extrapolations to the chiral limit, orl′ and 1/rg in the chiral

limit are given in Table V.

V. FULL QCD LIGHT HADRON SPECTRUM

A. Determination of the physical points

Using the cliiral fits of Sec. IV we determine the physical

point of quark masses and the lattice spacing for each β.As

experimental input we use M^-0.1350GeV and M

- 0.7684 GeV for the up-down quark sector. For tlle strange

quark sector, we compare the two experimental inputs MK

-0.4977 GeV and 〟¢- 1.0194 GeV.

The two flavors of dynamical quarks m our simulation

represent up and down quarks whicll are taken as degenerate.

Hence we set Atvai=Atsea 'n Eq. (48) and detennine the pion

mass m罪in lattice units by solving the equation

mT M7T

,4'+(/?;+<)′'桔+(c;+c;+c;B)#w; Mfl
(55)

forin訂. The rho meson mass in lattice units mp -s then found

by inserting w into Eq. (48). The error is determined with

-C5)/J-sea/JLi.(52)thejack-knifeproceduredescribedinAppendixB.Theresult

ofmisusedtosetthelatticespacingabyidentification
Figure13showsmassesandfitfor∑-likeoctetbaryons.withthephysicalvalueMp.Latticespacingsobtainedinthis

Differentlinestylesareusedfortl-ethreetypesofpartiallywayaregiveninTableXT.Insertingm^obtainedjustabove
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TABLE Xl [. Meson and baryon 1-nasses at finite lattice spacings and in the continuum limit. Values in the

continuum limit are obtained by a fit linear in the lattice spacing to data at β- 1.8, 1.95 and 2.1. All masses

are in GeV units.

Channel Experiment　　/3- 1.8　　/3- 1.95　　/3-2. 1　　　y3-2.2　　　Continuum

0.9396　　1.016(16)

.232　　　1.270(23)

.040(】3)　1.016(17)　.007(43)　1.034(36)

.332(18)　1.310(30)　1.225(56)　1.392(58)

MK input

V,,

〟*

¢

A

Y
J一J

-〟

JlllllllllllI

∑*

≡*

fl

0.69154(21)

0.8961　　0.8685(16)

.0 194　　　0.9660(27)

.1157　　　149(15)

1.1926　　1.183(14)

1.3149　　1.295(13)

.3837　　1.376(20)

1.531　　1.481(18)

1.6725　　1.583(17)

0.69578( 1 9)

0.8708(13)

0.971 0(23)

.165(12)

I.202(I 1)

.304(1 1)

1.431(16)

1.529(15)

I.627(15)

〟¢ input

0.69769(29)

0.8813(19)

0.9895(33)

1.147(16)

1.183(15)

.292( 14)

.41 I(27)

.5 12(25)

.612(23)

0.69838(91)

0.8774(46)

0.9832(84)

1.132(38)

.169(38)

1.271(35)

1.336(53)

.443(5 1)

I.548(50)

0.8902(38)

1.0066(67)

.158(33)

1.197(32)

1.298(30)

1.485(51)

.577(47)

1.671 (44)

〟

Vss

〟*

A

T
.-

トIlll4
-t4
-

蠎*

rr*

fl

0.4977　　　0.5583(35)

0.7791(50)

0.896 1　　0.89607(50)

1.1157　　1.184(14)

I.1926　　1.225(13)

1.3149　　1.367(13)

.3837　　1.406(19)

1.5318　　1.538(17)

I.6725　　1.666(16)

0.5506(28)

0.7738(41 )

0.89573(34)

1.195(12)

.239(‖)

.365(1り

1.455(16)

.577(15)

.698(14)

0.5287(36)

0.7438(55)

0.89698(35)

I.165(15)

1.205(15)

.329(13)

.426(26)

1.541(23)

.654(21)

0.5355(98)

0.755(14)

0.896 16(79)

1.153(39)

1.195(39)

1.314(37)

I.355(52)

I.480(50)

1.601 (49)

0.5042(78)

0.89778(86)

1.160(32)

.202(30)

.302(28)

1.488(49)

.5 83 (44)

.680(4】 )

つ

into Eqs. (51) and (52) with //,,-/xsea-w^, the masses of

non-strange baryons N and A are determined.

We calculate the strange spectruill in two ways, using ei-

ther the mass of AT or め meson as input. As a preparation, we

detenlnine the hopping parameter of up and down quarks 〝′"∫

FIG. 15. Partially quenched spectrum at the physical sea quark

mass, Lines are obtained from Eqs. (48), (51) and (52) by fixing

/i,sea-w^. The strange spectrum, marked with symbols on the

lines, is obtained using MK as input.

つbyso一vingtheequation′尋S(K′′d',Kud,K′′`′)-m--Tapplying

thechiralformulaEq.(40)andsubstituting/?;obtained

above.Tllelloppingparanleterco汀espondingtotllestrange

pointk∫isthen后xcdbytherelationサfpS(K〟d;K〝d,Ks)lm-*

-M-K/M^.Inthenextstep,ksisusedtodeterminethemass

ofthe7jss,afictitiouspseudoscalarmesonconsistingoftwo
・)strangequarks,througl-′n¥、-wps(/C〟d;K∫,ks).Finally,val-

uesofm^andm-farcinsertedintoEqs.(48),(51)and(52)

toobtaintherestofthespectrum.

Inanalternativedeterminationusingthe<f>mesonmassas

input,wefirstcalculatethemassofther}s<!mesonbyusing

Eq.(48)andsolvingtlleequation

サK2Al'+B:mア+B,nrr%!、+Clmi+C鳩∫+csvm-^trM

in,　　　　　(56)

form . Substitutingm-^ andm-　the spectrum can be caト

culated as above, except for the K meson, for which first ks
l

is detern-ined from m-%.ヾ- wps( *ォ</; *蝣- K∫) and then inserted

into m-K-′壷(K〝d¥KlllhKs).
つ

We list lattice spacings and the hopping parameters kJ〃J

and Ar5 in Table XI. Results for the hadron spectrum are

given in Table XII. In Fig. 15 hadron masses are plotted as a

function of the valence quark mass /nval. For this 6gure a

normalization in terms of the Sonllller scale /・孟'is used to plot
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data at different Iatticc spacings together. Lines, obtained

斤om Eqs. (48), (51) and (52), correspond to a partially

quenched world with sea quarks equa一 to the pllySlCa】 up and

down quarks.

B. Continuum extrapolation

In Fig. 16 we show meson lllasses as functions of the

lattice spacing. BとIryon masses arc plotted in Figs. 17 ;川d 18.

Solid sylllbols represent our mこ.iin results at three lattice spac-

ings with a constant physical lattice size. Additionとll Illasses

at β-2.2 witl a smaller lattice size are depicted witl- open

symbo一s.

FIG. 16. Meson masses in full QCD as function of the lattice

spacing. Masses in (a) have been obtained using the K nlcson mass

as input while the ones in (b) have been determined using the mass

of the ¢ meson as input. Experimental values are indicated lvith

diamonds. Masses from the additional run at β-2.2 are shown wi仙

open symbo一s. Continuum values and extrapolation lines are from a

linear fit to the main data at three lattice spacings.

FIG. 17. Full QCD octet baryon masses as function of the lattice

spacing. The strange spectrum is determined with K input (a) or め

input (b). Data represented with open symbols arc from the run at

β-2.2.

We find that scaling violations arc contained within ac-

ccptablc limits. The largest scaling violation for mesons is

observed in tl-e K meson mass (using ¢ as input), which

changes by 6% between a-0.22 fm and r/-0.I fm. The

largest difference in baryon masses between these two lattice

spacu一gs occurs with A for decuplct baryons and with ≡

(with K as input) for octet baryons, both an-ounting to 3%.

The RG-improved gluon action leads to scaling violatioil

wllicll starts ll′ith O{aコ). With our quark action, since tlle

clover coefficient CSW is not tuned exactly at one-loop order,
1 .

the leading scaling violation is O(gコ`;). Hereg- is the renor-
">

malizcd coupling constant gj^/J-) [53] evaluated at a fixed

0.85

n
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l input

i

i

-Il一寸r L-

Ej

mm⊥

こト
0.0　　　0.2

(b)

0.4　　　0.6

a 【GeV-ll

0.8　　1.0　　1.2

FIG. 18. Full QCD decuplet baryon masses as function of the

lattice spacing. The strange spectrum is determined with K input (a)

or <f> input (b). Data represented with open symbols are from the run

al β-2.2.

scale fi, which is a constant. Higher order perturbativc cor-

rcctions of order g'〟 】ogα can be neglected because in our

short range of lattice spacings loga is almost constant. Ac-

cordingly, we attempt continuum extrapolations by applying

linear fits to the main data at three lattice spaemgs. We do not
include results at β-2.2 because of its smaller lattice size

compared to the other runs. Lines from linear fits arc plotted

in Figs. 16, 17 and 18. The slopes of the fits are small;

parametrizing the dependence on the lattice spacing as ///

-'"c。nt( l -αa), we find, using mK as input, typical values

of α-0.02-0.04 GeV for mesons, α--0.005 GeV for oc-

tct baryons and α-0.04-0.07 GeV for dccuplct baryons.

PHYSICAL REVIEW D 65 054505

The values ofx- f-r tl-ese fits are xコ/Nw-ビ5-7 for me-

sons, resulting in a goodness offit Q- 1 -2%. Tlle quality of

fits is therefore marginal. Partly due to larger error bars,負ts

for baryons are better with <y-/A^df-2 corresponding to Q

- 15%. Having only three data poillts docs not aI】ow us to

explore the magnitude of possible higher order terms ofseaト

ing violations. Hadron masses extrapolated to tllc continuum
limit with linear丘ts are listed in Tab一e XTI.

Let us also comment on the scaling behavior of the chiral

extrapolation formulas such as Eq. (40) themselves. Exam-

ining the coe用cients in Tables VIトX and multiplying with

appropr-ate powers of lattice spacing to i一一akc tl一cm well-

defined in the continuum limit, we find that the coemcicnts

for Eqs. (48), (51 ) and (52), which express vector meson and

baryon masses in terms ofpseudoscalar meson masses, show

reasonable scaling behavior. Care is needed in a similar in-

spcction of the coefficients in Eqs. (40) and (44) for the

pseudoscalar meson masses, since the bare quark mass used
in these formulas should be converted to tllc rcnornlalizcd

quark mass at some scale /x. Furthermore, in the continuum

limit Eq. (40) should converge to the same form as Eq. (44),

without monomial terms in the sea quark mass, and hence we

expect the coefficients bs and cJ to vanisll and c,,,, to be

slllall. h addition to reasonable scaling bellavior of otllCr

coe用cicnts, we filld these expectations also told for our re-

suits in Table VII. One unexpected触ding is a cl-ange of

sign of the coe用cients cv and cv , wl-ich may represent ac-

tual scaling violation. The analysis -crc indicates the possi-

bility of determining hadron masses as hl-ctions of quark

masses in the continuum limit. Reliably fixing the coe用-

cicnts, 1owevcr, would require better precision of -adron

mass data, particular一y for quadratic and higher coefficients.

whicll we leave for future studies.

C. Hadron spectrum in the continuum limit

We observe that meson masses in the continuum limit are

quite close to experiment. When using K as input, the differ-

cnces for K* and ¢ are 0.7% or 1.3%, respectively, which
amount to 1.6 a or 1.9 a in terms of the statistical error.

When using <j> as input, the mass of the K* is within 0.2% of

experiment while the K mass differs by 1.3% which is still
witllin the statistical e汀or. As we discuss in more detai一 in

Sec. Vll, tllese results are llnarkedly improved斤0111 thosc of

quenched QCD [5] which show deviation of about 10% from

experiment.

Tllc situation is different for baryon masses. As is seen

with ≡ and∑ in the octet in Fig. 17 and with il in the

dccLiplet in Fig. 18, tl-ere is good agreei一一e--t Wltl- cxpcnn-en-

tal masses when the strange quark content is higl一. The dif-

fcrencc什om experiment increases as strange quarks are re-

placed with up-down quarks, and the largest difference is

observed for non-strange baryons; the nucleon mass is larger

than experiment by 10% or 2.6ァ, and the difference for tl-c

A is 13%or2.8(∫.

This pattern of disagreement with experiment appears to

be present already at finite lattice spacH-gs. Hence it is likely

to be a systematic effect rather than a statistical fluctuation. A

possible reason behind this is finite size effects arising from

054505-2 1



A.ALI KHAN eta. PHYSICAL REVIE＼V D 65 054505

TABLE XIII. Parameters of quenched QCD simulations. Coupling constants β arc chosen, so that mea-

surcd I,alues ofげcorrespond to the ones in full QCD gil,en in Table V.

a [fm]　　　La [fm]　　　　げ　　　　　　rt,

2.187

2.214

2.247

2.281

2.334

2.416

2.456

2.487

2.528

2.575

163× 32　　1.439　　0.2004(20)　3.206(3 1)　　0.2 157(32)

163×32　1.431　0.1903(19)　3.045(31)　0.1949(25)

163×32　　1.422　　0.1807(18)　2.891(29)　　0.1713(18)

163×32　　1.41　　0.1765(20)　2.824(32)　　0.1487(17)

163×32　　1.398　　0.1632(16)　2.61 1(26)　0.1241(14)

243×48　1.378　　0.1446(18)　3.471(42)　0.0921(10)

243×48　　1.370　　0.1328(13)　　3.188(30)　0.0800(16)

243X48　　1.363　　0.1284(14)　3.081(34)　　0.0725(1 1)

243x48　1.355　　0.1206(13)　2.895(30)　0.0637(1 1)

243×48　　1.345　　0.1 130(1　　2.713(27)　0.05引(7)

2.494(35)

2.62 1 (43)

2.801 28)

3.001(36)

3.289(23)

3.824(13)

4.080(16)

4.286(15)

4.570(2 1)

4.887(16)

the lattice size of La-2.5 fnl. We expect lighter baryons
made of lighter quarks to be affected more from these ef-

fccts, which is consistent with the pattern we observe. A

detailed investigation is needed, however, since丘nite size

effects in fijll QCD can be quite complicated, arising from

both sea and valence quarks wrapping around the lattice in

the spatial directions.

We add a remark for strange baryons. Masses obtained

using eitherK or め as input (left and right panels in Figs. 17

and 18) differ at coarse lattice spacings. The difference de-

creases witll lattice spacing, however, and a一most disappears

toward the continuum limit. Tllis reassuring finding is con-

nected with a good agreement of the strange meson spectrum

with experilllellt in tlle continuun- limit.

VI. QUENCHED QCD WITH IMPROVED ACTIONS

A. Purpose

Up to this stage we have discussed tlle two一月avor full

QCD hadron spectrum. In order to analyze how dynamical

sea quarks manifest their presence in the spectrum, we need

to compare full QCD results with those of quenched QCD.

The quenched hadron spectrum has been examined in de-

tail in Rcf. [5]. Systematics of simulations in Rcf. [5] differ,

however, from those of two-flavor QCD in the present work.

The standard plaquctte gluon action and the Wilson quark

チction arc used in Rcf. [5], and the continuum extrapolation
is made from a finer range of lattice spacing a

-0.ト0.05 fin in [5] as compared to a-0.2-0.1 fm in the

present work. Tllc lightest valence quark mass is pushed

down to /;/ps/Htv宍ゴ0.4 for quenched QCD while it only

reaches wps/mv恕0.5 in full QCD, and the physical lattice

sizes arc La-i fm for quenclled QCD and La-2.5 fn- for

fall QCD.

We consider tllat a nlore direct comparison with a colll一

mon choice of actions over a similar range of lattice param-

etcrs is desirable. Therefore we carry out a new set of

quenclled simulations with tllc same set of improved actions

as clllployed for two一月avor full QCD.

B. Matching quenched and full QCD simulations

We use the string tension to match the scale of quenched

QCD with that offull QCD, i.e., for each value ofβ and Kse

at whicll full QCD simulations arc made, we make a corre-

spondmg quenched run with β clloscn such that the string
tension a in lattice units takes tllc same value.

This is carried out at four values ofKsea at β- 1.95 and at

2.1, and also at the chiral Inllit Ksea-kc at the two values of

f3 offull QCD. A summary of the 10 gauge couplings used

for quenclled simulations is given in Tab】c XIII. In the same

table we list measured string tensions, to be compared to the

ones for full QCD in Table V. We also quote lattice spacings

obtauled usillg tllC rllo meson mass as input.

Simulations arc carried out us】ng the same lattice size as

the corresponding full QCD runs, nan-ely 16Jx32 and 243

×48. Physical lattice sizes vary therefore between La

-2.6 flll and La-3.5 fm.

C. Simulation details

Gauge configurations arc generated with a combination of

the 5-hit pseudo-heat-bath algorithm and the over-relaxation

algorithm. The two algoritlmis arc mixed in the ratio of 1:4

alld tllC COllibination is called an iteration. For vectonzation

and parallclization of the simulation code, a 16-color algo-

rithm is developed for the RG-improved gauge action.

We skip 100 iterations between two configurations for

hadron propagator measurements. We check that this number

of iterations is sufficient to regard the configurations as in-

dependent. We calculate hadron propagators over 200 con一

6gurations per gauge coupling. These statistics are compa-

rable to tl-c number of independent configurations in the full-

QCD runs.

Thc measurement procedure parallels the one for full

QCD. Hopping parameters arc chosen so that ratios /サps//;;v

for degenerate mesons match the ones of the corresponding

full QCD run. For the quark matrix inversion we use the

same set of stopping conditions and smearing parameters as

the ones for corresponding full QCD runs. Masses are ex-

tracted from hadron propagators with smeared sources using

correlated fits and fit ranges similar to those used for full

QCD.

For chiral extrapolations we follow tl-c strategy offitting

vector and baryon lllasses as a function of measured pseudo-

scalar masses, and these in turn as a function of valence
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0.2　　　0.4　　　0.6

(m急(Kv^ KvJ+nrvy Kvj・ Kv2))/2

FIG. 19. Chiral extrapolations of vector meson ll1asses in

quenched QCD. Lines are from linear fits lvilh Eq. (59).

quark masses. To be specific, we fit pseudoscala=1icson

masses to the formula

＼/帆/　V WI

mkItf(U K(ミ)-bvm^'+c。{m^y+cvvm、.a…m、.脚,
(57)

where variables are defined as in Eqs. (38) and (39). This is

the quenched analogy of Eq. (40) with terms containing

'"sea dropped. Similarly, wl-en making fitsとis a function of

Aw一 quark masses we employ tlle ionllula

nrps( K[]3l , K{rJ) - b 'vin霊r-+ c>sr'):、　(58)

which corresponds to Eq. (44) for full QCD.

For vector mesons an inspection of mass data, plotted in

Fig. 19, shows that they arc well described by a linear nine-

tion. If we nevcrtllclcss perform a quadratic fit tllc coc用cient

of the quadratic term is川defined witlHargc error bars. We

therefore employ fits with

'"vKal ,K(v2al))-i4 I'+*>val <　　　(59)

as shown in Fig. 19. Parameters ofchiral fits to mesons with

Eqs. (57), (58) and (59) arc given in Table XIV.
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FIG. 20. Chinal extrapolations of octet baryon masses in

quenctled QCD. While fits have been made to ∑ and A type bary-

ons of all degeneracies together, only data and 一ines for degenerate

masses arc plotted for the sake of clarity.

Analysis ofbaryon masses proceeds in a similar way. For

dccuplct baryons we again find quadratic terms in quark

masses to be unnecessary. Data for baryon masses together

witll fits arc plotted in Figs. 20 and 21.

D. Results

PllyS】cal liadron masses arc summarized in Table XV.

They arc plottcd as a function oftl-c lattice spacing in Fig. 22

for mesons and in Figs. 23 and 24 for baryons.

In the same figures we also plot -adron masses obtained

willl the standard action in Rcf. [5]. In this work, tlle analysis

was made witll two sets offunctions for clliral extrapolation.

Tllc main lllcthod used functional fonlls predicted from

quenched chiral perturbation theory. As an alternative

method polynomial fits were also employed. It was found

that results什0111 ttlc two methods arc consistent with each

other within errors aflcr the continuum extrapolation. In par-

ticular, conclusions on the deviation of tllc quenched spec-

trum ヽvcrc一一ot altered by two different methods. Since in this

work we use polynoillia川ts for the analysis, we take hadron

TABLE XIV. Parameters ofcllirこIl fits to meson nlasses in queuellcd QCD ＼vith Eqs. (57), (58)とind (59).

β　　　a-,.　　　bv　　。　　　　　　　h '　'・こ　　　A r　　　<

2.187　0.141666(12) 4.660(25) -1.59(13) 1.631(97) 4.684(48) 0.66(32) 0.7735(77) 0.4229(87)

2.214　0.140999(15) 4.496(28) -1.42(13) 1.612(84) 4.582(44) 0.20(26) 0.7349(74) 0.447(10)

2.247　0.140239(19) 4.408(40) -1.68(24) 1.63(14)　4.370(44) 0.25(28) 0.6975(71) 0.480(ll)

2.281 0.】39587(15) 4.2日(37) -1.24(25) 1.50(14)　4.162(36) 0.38(27) 0.6816(77) 0.473(12)

2.334　0.138728(13) 3.849(27) -0.44(18) 1.37(12)　3.854(42) 0.72(29) 0.6302(63) 0.513(ll)

2.416　0.137633(7)　3.434(17)　0.32(20) 1.21(14)　3.388(34) 1.22(30) 0.5586(6り) 0.571(16)

2.456　0.137】79(6)　3.258(15)　0.70(14) 1.05(ll)　3.220(26) 1.06(29) 0.5128(49) 0.647(13)

2.487　0.136852(7)　3.168(20)　0.51(16) 1.07(ll)　3.094(22) 1.20(24) 0.4956(56) 0.662(16)

2.528　0.136493(7)　2.951(23)  1.33(16) 0.81(12)　2.918(20) I.05(21) 0.4656(49) 0.708(15)

2.575　0.136116(8)　2.781(18)  l.60(ほ) 0.69(14)　2.776(28) 0.81(30) 0.4364(44) 0.757(】6)
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FIG. 21. Chiral extrapolations of dccuplct baryon masses in

quenched QCD. Lines are什om linear fits as described in the text.

masses from polynomial fits in Rcf. [5] for a comparison

within quenched QCD.

We perform contilluum extrapolations of hadron masses

for the improved action linearly in the乙itticc spacu一g in ac-

cordance with the leading scaling violation discussed in Sec.

PHYSICAL REVIEW D 65 054505

VB. Good x WDF*-1 arc obtained for meson masses.
Baryon mass data exhibit some scatter and as a result larger

x-/Nnv arc observed. The largest value, reached for the ≡

baryon. is ¥-/ND・-2.S; hence we consider the scatter to be

still within the limits of statistical月uctuations.

Comparing masses in the continuum limit, a good agree-
ment is found between calculations with the standard and

improved actions. Al一 results are consistent within the statis-

tical accuracy. This is a confin一一ation tl-at the quenched light

hadron spectrum deviates什om experiment [5].
Meson 111asses from the two choices of actions both show

very good scaling, and tl-cy are already in agreement even at

finite lattice spacings. For baryons scaling behavior is im-

proved for the inlproved action. This is ill accordance lvitll

our initial study of action improvement [23]. notwithstanding

that tl-is study ufas carried out for ru‖ QCD. The largest

scaling violation in improved baryon masses is observed for
the nucleon with a difference of 14%　between a~1

-1 GcV and the continuum limit.

ヽ′II. SEA QUARK EFFECTS IN THE LIGHT HADRON

SPECTRUM

A. Light meson spectrum

ln Fig. 25 we conlpare the colltinuum extrapolation of

vector mcSO!一masses usulg tllC 〟 or ¢ nleson mass as inptIt

TABLE XV. Meson and baryon m;lsscs at Unite lattice spacillgs and in the conlinuuill limit in quenclled QCD. All masses are in GeV
units.

MKinput

β　　　>サK*　　　　　小　　　　m,㌔,　　"1∑　　　'"A　　　　≡　　　　用ユ　　　m∑　　　　　　　　">n

2.187　0.8690(ll)　0.9695(23)　0.991(18)

2.214　0.8694(14)　0.9704(28)　0.987(17)

2.247　0.8710(15)　0.9736(31) I.OI4(15)

2.281　0.8675(16)　0.9665(32)　0.958(19)

2.334　0.8684(13)　0.9684(25)　0.953(17)

2.416　0.8673(15)　0.9662(31)　0.943(17)

2.456　0.8712(12)　0.9740(25)　0.961(15)

2.487　0.8699(14)　0.9714(28)　0.925(15)

2.528　0.8706(12)　0.9729(23)　0.983(18)

2.575　0.8709(12)　0.9733(24)　0.943(15)

a-0　0.8728(21)　0.9773(42)　0.873(28)

β

1.173(14) 1.126(14) 1.277(10) 1.324(18) 1.420(15)

I.169(13) 1.133(12) 1.2893(90) 1.339(19) 1.434(16)

1.189(ll) 1.135(12) 1.2802(89) 1.334(16) 1.430(14)

1.152(13) 1.092(14) 1.248(ll) 1.274(19) 1.379(16)

1.143(13) l.096(12) I.2561(88) I.305(15) 1.403(14)

1.133(12) 1.076(13)

1.152(ll) 1.097(12)

1.119(12) 1.069(ll)

1.156(14) 1.112(13)

1.140(12) 1.091(ll)

1.079(21) 1.024(20)

jlJ¢ input

>サK　　　　　　>サK*　　　　　　〃`V l〃∑　　　　　I11-㌔

1.2322(99)

I.2547(89)

1.2305(87)

1.2587(94)

1.2545(80)

1.196(】5)

1.283(20)

1.302(20)

1.253(20)

1.298(17)

1.289(17)

.2 19(30)

1.384(17)

1.402( 16)

1.360(16)

I.398(14)

1.391(14)

1.331(25)

J〃≡　　　　　/〃ユ　　　　　タ〃∑◆

1.516(12)

1.529(14)

1.526(10

1.483(13)

I.501(12)

1.486(14)

1.503(13)

1.467(13)

1.499(12)

1.493(ll)

1.443(21)

1.612(10)

1.625(ll)

1.623(10)

1.587(ll)

1.599( 10)

1.587(12)

1.603(川
.574(ll)

1.599(10)

.595( 10)

.555(17)

J〃=◆　　　　Jサn

2.187　0.5507(29)　0.89100(25)　0.991(18)

2.214　0.5496(35)　0.89090(23)　0.り87(17)

2.247　0.5458(37)　0.89145(32) 1.014(15)

2.281　0.5545(41)　0.89097(34) 0.958(19)

2.334　0.5518(32)　0.89013(27)　0.953(17)

2.416　0.5544(39) 0.88957(27)　0.943(17)

2.456　0.5448(30)　0.88991(22)　0.961(15)

2.487　0.5481(34)　0.89011(30)　0.925(15)

2.528　0.5462(28) 0.88974(33) 0.983(18)

2.575　0.5456(29)　0.88978(31)　0.943(15)

a-0　0.5400(52)　0.88760(48)　0.873(28)

1.212(13)

1.207(12)

I.223(1り

I.195(1り

1.184(12)

.176(10)

1.188(10)

1.158(10)

1.190(13)

1.177(ll)

1.113(20)

1.158(13)

1.165(ll)

1.163(ll)

1.128(13)

I.130(10

1.111(ll)

1.126(1り

I.101(9)

I.140(12)

I.123(10)

1.052(18)

1.340(8)  1.324(18) 1.444(13)

1.353(8)  1.339(19) 1.457(15)

1.336(8)  1.334(16) 1.452(13)

I.319(9)  I.274(19) 1.406(14)

1.323(7)  1.305(15) 1.428(12)

1.303(6)  1.283(20) 1.412(15)

I.313(7)  1.302(20) 1.424(15)

1.294(6)  1.253(20) 1.385(15)

1.317(8)  1.298(17) 1.421(13)

1.316(7)  1.289(17) 1.414(13)

I.250(12) 1.219(30) 1.355(23)

1.564(10) 1.683(8)

1.576(ll) 1.694(8)

1.569(10) 1.687(9)

1.539(10) 1.671(8)

I.551(9)  1.673(7)

1.540(10) 1.669(6)

1.547(1]) 1.669(9)

I.517(10) I.650(7)

1.544(10) 1.668(7)

1.539(9)  1.664(8)

1.490(17) 1.622(13)
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FIG. 22. Meson masses in quenched QCD with improved and
standard actions.

for full QCD and for the two quenched calculations. The

deviation of the quenched spectrum斤om experiment is con-
siderably reduced in ftill QCD. For the K* mcson the dcvia-

tion is reduced from 2.6% (3.1 % witll the standard action) to

0.7%. and forthe め meson from 4.1% (4.9%) to 1.3%, if the

〟 meson mass is used as input. Using tllC ¢ Illeson lllass as

input, the di恥rcncc in the K* meson is 】css than l% for

both quenched and full QCD, while the deviとition for the K

meson is reduced from 8.5% (9.7%) in quenched QCD to

・3% in full QCD. We consider this improvcillcut in tllc me-

son spectrum to be a manifestation of sea quark effects.

An'important factor in reaching this conclusion is the con-

tinuum extrapolation. At finite 一attice spacings the difference

between full and quenched QCD is not obvious. At two

coarse lattice spaclngs in particular, the two sets of data are

roughly consistent. However. the trend towards the con-

tinuum limit is different. Ful一 QCD leads to an increase for

the K* and め meson mass (decreasing for the K meson

mass) in contrast to a flatter behavior in the quenched

masses. A support that these trends are noりIist fluctuとItlons is

rIG. 23. Octet baryon masses in quenched QCD with improved

and standard actions. ¶le strange spectrum is determined lvith K

input (a) or ¢ i叩ut (b).

provided by the additional calcu一ation at β-2.2, showing

higher (lower) lying valucs, as can be seen from small fil一ed

circles l一一Fig. 25.

Let us discuss systematic errors ＼vhicll are relevant for

this cone】usion. In Fig. 26 we si-oヽv how the K* meson mass

cllangcs lvhcn difTcrcnt flulctional fonlls arc used for clliral

extrapolation. Filled squares represent masses obtained using

tllc fit with Eq. (49) instead of our standard allalysis plotted
with filled arclcs. Tllere is a noticeable effect on tllc K*

mass, which mereとiscs by 1% ill the continuum limit. A siilli-

1とir effect is seen for tlle quenched clatこi where we show re-

suits of Ref. [5] for two ways of chiral extrapolation. The
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FIG. 24. Decuplet baryon masses in qucnctlcd QCD lvith im-

proved and standard actions. The strange spectrLlm is determined

with 〟 input (a) or ¢ input (b).

trend remains, 1owevcr, that the continuum va一ue for full

QCD lies much closer to experiment than in quenched QCD.

Another source of systematic errors is the continuulll CX-

trapolation. Within the small nui一一bcr of data poiiltSとivailablc

for full QCD, we may estimate the upper error by making an
extrapolation from the two ponlts at β- 1.95 and 2.1, and tIIC

lowererror by taking the value at β-2.1. For the K* meson

∩-ass tllis yields mK*-0.890(4)三吉GcV 、Vhere tllc scc0-1d

error represents thc systc一一latic error estimated in this way.

For a complementary analys】s in thc quenched simulation

with the improved action, we lllakc a linear fit to the five

points with月nc lattice spacings corresponding to the full
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FIG. 25. Comparison of meson masses in full and quenched

QCD. Data front the additional full QCD run at β-2.2 are sholl,n

with small filled circles.

QCD point at β=->　for the upper error, and take the left-

most point with the finest lattice spacing for the lower error.

We then obtain mK*-0.873(2)二塁GcV.

Simi】ar a一一alyscs lead to w^- 1.007(7)!諾GcV and mK

-0.504(8)工;5GcV for full QCD compared to w^

-0.977(4)!ユGcV and mK-0.540(5)当GeV for
quenched QCD with improvedとictions. Hence systcmatics of

the continuum cxtrとipolation arc unlikely to annul a closer

agreement of lull QCD mとisses with experiment compared to

quenched QCD.

In sinllmary we find thこIt effects of dynaillical sea quarks

arc present beyond tlle systematic as well as statistical un-

certainties in strange meson masses.

B. J p呈irunicter

A useful quとuitity to quantify sea quark effects in the me-

son sector is the J pとImmetcr [54] defined by
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FIG. 26. Influence of choice of functiona一 ronli for chiral ex-

trapolation on the K* mass. F‖cd symbols arc for full QCD where

for chiral extrapolatioils Eq. (48) (circles) or Eq. (49) (squares) is

used. Data at β-2.2 arc shown with smal一 filled synlbols. Masses

in quenched QCD with the standard action are shot,vn witll open

squares for polynomial chirこil fits or with open triangles for fits

based on quenched chiral perturbation theory.

(!間v

J-mv石高
"tv/用I-S=一MK, /MK= ¥.H

(60)

where only valence quark masses are to be vとmod in the

differentiation. ln tllc real world this corresponds to a com-

parison between strange and non-strange mesons. The de-

rivative in Eq. (60) can be replaced by a finite difference and

an `、experimental" value forJ is then obtained as

J叩- Mk-K*
MK*- Mp

Mi- A/i
ll

0.48.　　　(61 )

We calculate J from fits to vector mesons as functions of

pscudoscalar l一一esons　一一two different ways. In tl-e first one

we use combined fits with Eq. (48), keep iア、。こfixed and

calculate derivatives witll respect to fj.、　This lcads to the

curves shown on the left side of Fig. 27. For the second

method we employ separate partially quencl-cd fits for each

simulated sea quark. We use quadratic坑t functions obtanlCd

from dropping a一l terms containing yLtsea in Eq. (48). Rcsults

arc p一otted witll fiUed symbols in Fig. 27. They teild to scat-

tcr more since, in contrast to colllbined fits, no sillootllness in

the sea quark lllass is imposed for scparこItc fits. The two

methods yield consistent resu一ts witllin at most two standard

deviations, Showingとi trclld of increase as the lattice叩aCmg

PHYSICAL REVIEW D 65 054505

FIG. 27. The parameterJ in full QCD (left figure) as a function

of the sea pion mass and as a function of the lattice spacing in

quenched and full QCD (right figure). Individua一 points in the left

figure arc from separate partially quenched fits ll,hile lines are from

combined fits. The star denotes the experimental value. Points for

full QCD in the right 6gure are at the physical pion mass.

is reduced. At fixed lattice spacing, on the other lland, we do

not see a clear dependence as a function of the sea quark

111ass.

On tllc ngllt hand side ofFig. 27 we plotJat the physical

point for quencl-ed and two一月avor full QCD as a function of

lattice sp'acing. For quenched QCD, the values do not si-ow

mucll variation, and a linear extrapolation to tlle continuum

limit gives J-0.375(9)^塁　where tllc second error reprc-

sellts tllc systclllatic e汀or estilllatcd in tllC Salllc way as iII
Sec. VII A. This is consistent with earlier observations of a

too smaII value ofJ in quenched QCD.

Full QCD data at 0-1.8 and 1.95 do not differ much

from this value. It is intriguing, holvcver, that at β- 2.1 (and

also β-2.2) J is sizably larger. Consequently the continuum

value of7-0.440(15)三27, estimated by a 一inear extrapola-

tion, lies much closer to experiment.

C. Sea quark mass dependence

An interestlng question with dynamical sea quark effects

is how their magnitude depends on sea quark mass. We ex-

amine this point by calculating the mass ratio mK*lmp for

fixed valence quark masses as a function of sea quark mass.

The analysis proceeds in the following steps. We leave the

sea quark 。lass parametrized by /XSC as a free parameter, and

first dctcnllinc the valence pion illaSS "m. 'and the rho me-

son mass `7// " corresponding to a given ratio mps/Htv
ヽヽ

"/"/サ" which may be different from the physical

one, e.g., //;pS/niy-0.5 in an exaillpic silown below. In the

next step the strange pseudoscalar一一一cson n-ass "mT,?ォ

fixed by a phenomenological ratio

"/-//!¢n- yj2 M2K- Ml/M¢- 0.674

To be specific, for full QCD an intc叩olation to this ratio

consists of solving the equation
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""I t,言'

A'+B^+Bl,'蝣'ォ; "+c|/4+cJ'"′〃㌃'+O*sc " V,s

fbr`/?;".Finallyus
%smgH/;;-"and"determined
abo、′e,andsetting/xva,-("w-"+H'"-,/')!2inEqs.(48)or

(59)weobtainthelllaSS"間AVofafictitiousK*nlcson.In

tllAthissetup…/;;"isagainusedtosetthescalebycalculating

themassratio``I"K*!'.用/,".Asameasureforthelattice

spacing・"/;jp"inlatticeunitsisusedforcontinuumextrap0-

lation.

InFig.28weillustrこitctl-cratio"′′'K*/…///"asafunc-
JJ
tionofwps/wvofseaquarkswhenm^/niyoftl-C、,alcnce

quarksisfixedto0.5.Naivelywewouldexpectthepoilltsto

beasmoothlydecreasingfunctionof//;ps/ntv,rCとidlingtllC

quenchedvalueatinI-～/wv-1correspondingtoaninfinitely

heavyseaquark.Il-contrasttotllisexpectation、butconsis-

tentwiththe61-dingsfortheJparai-letcr,seaquarkeffects

arealmostconstantuptomps/mv宗旨0.7-0.8,whichroughly
correspondstothestrangequark.Thismaybeanindication

thatseaquarkeffectsturnonratherrapidlywhenseaquark

massdecreasesbelowatypicalQCDscaleofafewhundred

MeV.

VIII.L】GUTQUARKMASSl王S

HadronmasscalculationsinlatticeQCDprovideuswith

auniqueandmodel-independentwaytoobtとunquark

masses.Themainfindingsofourlightquarkmasscalcula-
tionhavebeenpresentedinRef.[31].Wegivehereamore

detailedaccountoftheanalysisandresults.

A.Extractionofquarki-lasses

Quarklllassescallbecalculatedbyillvcrtu一gtllcrelatio-I

(40)and(44)betweenquarkmassesandpscudoscalarmeson

valencemp8/m㍉0・5

1.08

0.
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ゝ 1.07
'k
E

l.06

日日王王I
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o Nf-0
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FIG. 28. Sea quark mとiss dependence of fictitious mliss ratio

Hサ'K* /=;;/p" in the continuu-n limit.
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1

masses, and substituting m-Tt and rn-f determined in Sec.

VA.

For tl-c average up and down quark mass. we set k[,J

-- ^val--K、 and evaluate the I-opping parameter kJ′`J for

these quarks by solving the equation mj^(kuJ;kiuI,kuiI)

-′nz.. The VWI quark mass is then determined by m]jll

- ( ¥lKud- ^Ikc)I2 where kc is the critical hopping parameter

where the pseudoscalar meson mass made of sea quarks van-

ishes, '"PSU、 ¥= Ksea^ Kc)=O.
An alternative de丘nition for the VWI quark mass, called

partially qucnclled VWI quark mass (VWl,PQ), has been

proposed in Ref. [55]. The partially quenched (PQ) chiral

lilllit is defined as the point of k、.1 Wllere the pscudoscalar

meson mass vanisllcs for fixed /csca, and tllc corresponding

I-opp-I-g paran-eter is denoted as 〝誓. As appare一一t斤oI一一Fig.

9, values of Ky* exhibit a clear depci-dcncc on icst.a and co-

incide with kc only in the limit Ksea-k`‥ The proposal in

Ref. [55] consists of defining the quark mass via mlu㌢岬

-(1!K,ul- 1/* Q)/2 where for /c(. the value at Ksea-k′"∫ is

substituted. This is equivalent to a fictitious situation ¥vllCrC

the simulation is performed with dynamical quarks at tl-cir

physical value of up and down quarks, the spectrum ofpseu-

doscalar mesons is measured for several values of the va-

lcncc quark and the chiral limit is defined at the point wllCrC

masses of pscudoscalar mesons vanish.

A third determination of the average up and down quark

mass is obtained using the AWI definition of quark mass. It is

unambiguously determined from Eq. (44) by setting m霊′l
->　　　1

-m�"I and solving for /?;^s-/;;^r.

The determination of the strange quark mass is made in a

similar way. Keeping the sea quark mass fixed at the average

up and down quark mass determined above, i.e., Ksca- k,"1日l

Eq. (40) andm�"-m?d in Ec¥- t44)'wc calculate the point
l

of strange quark by tuning k、ai or m盟so tllat wj^ equals
w- , obtained什om the spectrum analysis.

Since m-v depends on the physical input, the strange

quark n-ass also depends on this -nput. alld we consider tllC

two cases where the K meson mass and the め meson mass

arc Lised as l叩ut. In an exact parallel vvitll tlle average up

and down quark mass, we calculate the strange quark mass
with three definitions.

Bare quark masses are converted to rcnormalized quark

masses in the modified minimal subtraction (MS) scheme at

fi- ¥la by the use of one-loop renormalization constants and

impro＼′ement coe用cients, sumn-anzcd in Appendix C. For

the two dc伝nitions of VWI quark mass tllis consists of a

collversioll of tlle form

・サR、、′一-ZJ¥+bn昔)豊, (63)
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TABLE XVI. Renonnahzed quark masses (in McV) in the MS-scheme at fi-2 GeV at fiilite lattice spacings in full and quenched QCD.

Values in the continuum limit obtained 、州i separate linear fits to each definition are also listed. For full QCD data at β-2.2 lvere not
included in these fits.

β　　ml㌢′'　ml㌢''・町　　サc　サo'wian vwi.po(/O　、 (K)用VWI.¢　　VWI.PQ ¢　サ>rv)

Nf=2 Full QCD

.80　　　2.277(27)　4.183(42)　3.322(37) 102.92(92)  104.54(93)

.95　　　2.489(38)　4.064(43)　3.321(38) 100.65(98)  102.08(99)

2.10　　　2.966(55)　3.816(47)　3.344(46)　95.6(1.1)　　96.4(1.I)

2.20　　　3. 1 1(22)　3.75( 15)　3.35( 15)　94.4(3.5)　95.0(3.5)

〟-　　　3.47(10)　3.50( 10)　3.36(9)　89.4(2.3)　　89.5(2.3)

x2/Nt 10.8　　　2.4　　　0.07　　　2. 1　　　2.7

Nf=O Quenched QCD

88.0(1.0)  129.1(2.2)

87.2(1.0)  123.I(1.7)

87.0(1.2)  108.0(2.2)

86.9(3.9)  1 09.4(4.7)

85.8(2.4)　90. 1 (4.9)

0.03　　　　　6.0

130.7(2.2)　1 13.9(2.4)

124.5(1.7)　109.8(1.7)

108.8(2.2)　100.0(2.2)

1 I 0.0(4.7)　102.6(5.0)

90.3(4.9)　　88. 1 (4.9)

6.5　　　　　　2.4

2. 1 87　　4.429(50)

2.2 14　　　4.387(47)

2.247　　4.273 (59)

2.281　　4.374(63)

2.334　　4.458(47)

2.416　　4.481 (57)

2.456　　4.378(45)

2.487　　4.363 (56)

2.528　　4.426(53)

2.575　　4.425(53)

o-* 0　　　4.449(87)

flNt 1.2

3.873(53) 109.8(1.2)

3.791(52) 109.1(1.1)

3.802(53)  107.0(1.3)

3.913(52) 109.2(1.4)

3.950(56) 110.9(1.0)

4.045(60)  1 1 1.4(1.3)

3.955(43) 109.9(1.0)

3.994(51) 109.1(1.3)

4.013(47)　10.1(1.2)

3.984(53)　10.2(1.1)

4.269(86)  I 1.2(1.9)

1.0

一oo.7(1.2) 133.5(2.5)

99.1(1.2)  132.2(2.6)

99.3(1.2)  128.2(2.7)

102.0(1.2) 134.8(3.2)

102.6(1.3) 135.5(2.5)

104.5(1.3) 137.3(3.3)

102.4(1.0) 130.2(2.3)

103.3(1.2) 131.8(2.8)

103.9(I.り　132.0(2.3)

103.5(1.2) 131.8(2.4)

109.4(2.0) 130.8(4.2)

0.9　　　　　1.0

125.7(2.6)

124.1 (2.9)

122.0(2.8)

129.8(3.3)

129.4(2.7)

1 32.6(3.4)

125.5(2.4)

127.7(2.9)

128.2(2.5)

127.8(2.5)

1 32.4(4.4)

1.0

while the renormalized AWI quark mass is obtained with

Zサ1-fb育)
AWI　　　(64)

4.0
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FIG. 29. Average up and dot,vn quark mass for three different

definitions in full QCD. Line声arc from linear extrapolations to the

continuum limit made separately for eacll definition.

Since (b.ィーbp)mvw-///0--0.0019g誌,VWIluQ-0.0006

・^ 1 is negligible even for tl-c strange quark, we have ignored

this contribution. Aflcr conversion to the MS scheme we

employ the three-loop beta function to run quark masses to a

common seaIc offi-2 GcV. Numerical results are listed in

Table XVI.

FIG. 30. Strange quark mass for three different definitions and

two different expenmcntal inputs in full QCD. Lines are from linear

extrapolations to the continuunl limit made separately for each defi-

nition.
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TABLE XVII. Brcakdolvn of contributions lo tot;ll error of full

QCD quark nlasses in the continuulll lilllit.

Stat.　　ConL cxt.　almil Z lactor

サ/ ,/　　　　　　+2.6%　　+ 1.7%　　+ 1.2%　　+2.3%

-2.6%　　　-2.3%　　　-2.3%　　-5.0%

'サ, (Aft input)　+2.4%　　+ 1.4%　　+ 1.6%　　+2.2%

-2.4%　　　-2.8%　　　-2.2%　　-5.6%

m、 (A/^input)　+4.8%　　+0.9%　　+1.5%　+1.7%

-4.8%　　　- 1.6%　　　- 7.6%　　-6.9%

B. Continuum results and systematic uncertainties

Quark masses are plotted as a function oftllc lattice spac-

ing in Figs. 29 and 30. In these figures we also si-ow lines for

conti一一uum extrapolations pcrfon一一cd for cacll definition of

quark mass separately. For extrapolation we employ fits lin-

car in the lattice spacing, corresponding to the leading order

scaling violation. We only include data frolli runs at three

latticc spacings for extrapolatioi一、 1cavillg tllC mll at β-2.2

for a cross-cl-eck. Results of these extrapolations arc given in

Table XVI.

For m,"∫ scali-lg violations are very sil-all if the AWI defi-

nition is used. The difference between the value at the coars-

cst lattice spacing and the continuum value from a linear

extrapolation is only l%. In contrast, the two other defini-

tions show sizable scaling violations. The partially quenched

quark mass at the coarsest lattice spacing is 20% higher than

in the continuum limit while the VWI quark mass is lowerby

34%. Furthenllore, the VWT quark masses exhibit some cur-
vaturc.

The situation is similar for the strange quark mass when

the K meson mass is used as input. Scaling violations are

small for the AWI quark mass, alllounting to a value 3%

higher at the coarsest lattice spacing than in the continuum

limit. For the two VWI quark masses, on tlle other hand, tllis
difference amounts to 15%. If the ¢ meson mass is used as

input, scaling violations are larger. In tllis case even tllC Aw一

quark mass is 30% larger at the coarsest Iatticc spacing than

in the continuu一一一日間it and for the two VWI quark masses the

difference is as large as 45%.

Having data at only three lattice spacings. it is dimcult to

explore scaling violation for each definition of quark lllass in

further detail. An important observとMoll for linear continuum

extrapolation is tlle fact that tllc difTercllt fits to eacll dcfini-

tion converge in tl-e continuum limit within two-sigma of

stとitistics (sec Table XVI). In particular, VWI quと1-k masses,

where the largest scaling violations arc observed, are consis-

tent with AWI masses, where scaling violations arc generally

small. This leads us to perform a further fit, linear in the

lattice spacing and having a common continuuili value. With

sucll fits we obtain m,,d-3.44(9) witll X2/Nlw-2.9 and

m.～-88.3(2.1) with　^/^df-1-3 (K input) or nr,

-89.5(4.3) with ¥ /jVdf-3.0 (0 input). These nlとisses lie

between the cities from individual fits and can be considered

as a weighted average. We utilize these numbers for central
values of quark masses.

PHYSICAL REVIEW D 65 054505

The errors quoted above are only statistica一 Systematic

errors arise from tl一c conti一一uum extrapolation. the chiral ex-

trapolation at eacll lattice spacing, and什0111 tlle use ofone-

loop rcrlormahzation factors i一一relating tl-c lattice values of

quark illasses to those for tllc continuum

One way to examine systematic errors in the continuum

extrapolation is to illClLidc ligller order ternls in the colll-

bined fits. Sucll fits, however, are unstable and do not lead to

higher confidence levels, in particular for m,,j. We therefore

estimate uncertainties of tllc contmuuill extrapolation什om

the spread of values obtとIined by separate fits to data froi一日hc

three definitions. Taking differences between the values from

separate fits and tllat什om the combined fit leads to the errors

quoted in Table XVII.

We cstilllate tllC e汀Or什0111 Clliral extrapolation by cllang-

ing the fit formu一a. The functional form used for the deter-

munition of physicとII points, and hence quark masses, is

given with Eq. (48). Cl-anging this to the alternative fortll Or

Eq. (49) has several effects which, combined together, lead

to a decrease of the continuum va】uc by 2-8% frollHhc

main analysis. This is used as an estilllate of the lower error.

For the upper error we add cubic ten一一S用　to the formulas

(40) and (44) for pscudoscalar mesons as hictions ofquとIrk

masses. This results i一一an increase of the quark masses at

each lattice spacing andとIlso in tllc continuum limit.

Turning to tlle problem of renormalization factors, we list

one-loop corrections in Table XXVI. Their contribution is at

most 13% at the strongest coupling, and hence we may ex-

pect higher loop contributions to be smaller. Since a no-ト

perturbativc determination of the renormalization factors is

yet to be made for our lmproved actions, we estimate effects

of higher order corrections willl a shift of the matching scale

斤om fx- Ila to fi-汀/(;, and with use of an alternative den-

nition oftl-e coupling given in Eq. (C3). The fon一一er leads to

an nlcrease by 2%, wllilc tllc latter leads to a decrease of
5-7%.

Finally we add the statistical and the systematic errors

listed in Table XVII in quadrature to obtain the total error.

This leads to the final vaIucs

サC(2 GcV)-3.44:^呈MeV.　　(65)

for the average up and down quark mass and

mさ1S(2 GcV)-:霊MeV MK input,　(66)

-90!亨- MeV Mのnput　(67)

for the strange quこlrk mtiss. These va】ucs are significai一日y

smaller than the quenched estimates. They, however, are con-

sistcnt with tlle lower bound derived froill dispersion rcla-

tions if uncertainties due to higher order corrections in the

perturbative estimates of tl-　dispersive integrals are taken

into account [56].

C. Sea qimrk effects on light quark masses

In Figs. 31 and 32 we compare quark masses in full QCD

(fi‖ed syt一一bols) with those in quenched QCD (open syi-ト

bols). The qucncllcd results for improved actions (tl-ick ope一一
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0.0　　　　　　　　0.5　　　　　　　　1.0　　　　　　　1.5

a [GeV~1】

FIG. 31. Comparison of average up and do、,vn quark mass in

quenched and full QCD. Lines are froi一一combined linear continuum

extrapolations as described ill tllc text.

symbols) arc obtained什0111 the analysis ofSec. VI in parallel

to those offull QCD. There is tlo ambiguity in clloicc of the

critical hopping parameter and so there is only one definition

of VWI quark mass. We also show quark l一一とisscs for the

standard action reported in Rcf. [5] (thin open symbols).

Long dashed lines arc from tl一c combined fit for ful一 QCD,

for which the errors drawn in the continuum limit include the

systematic errors. The continuum limits for quenched QCD
arc estimated with a combined linear colltinuum cxtrapola-

tion. They arc listed together with quark masses in flill QCD

in Table XVIII.

Compar】ng tl-c two qLIeI-ChcCl calcLilatiot-s of quark

masses we first note that scaling violations are visibly re-

duced for the improved actioi-・ This is n-ost noticeable for

the strange quark mass ll,here n-asses from improved actions

show a flat dependence against the lattice spacmg 〟, while

they exhibit a sizable slope for the standard action. Nonethe-

less quark masses in tl一c continuM一一limit from the two cal-

culations are in good agree-llent.

This confirms an inconsistency of 20-30% in the

quenched estimate of tllc strange quark i一一ass [5】, depending

on whether the 〟 111CSOIl 111ass or the め mCSOll nlass is used

as input.

A comparison of full and quenched QCD establishes that

the effect of dynamical quarks decreases estimates of quark

masses. T!-is point was previously argued from

renormalization-group runl川lg of tllc gauge coupling and

quark masses in Rcf. [26]. For two dynalllical flavors exam-

ined in the present work m〟` bccoillCS Smallcr by about 25%.

For the strange quark tl-　　　　　　　　　　　　　　as

input, and 30-35% for め as input.

In two-flavor ftill QCD the strange quark mass is consis-

tent between tllc two different ‖1puts within tllc errors of

5-10%. This is caused by a different aillount of decrease

between quenched and full QCD. Thus the inconsistency in

the strange quark mass of quenched QCDこ11---0st disappears

in tllc presence of two flavors of sea quarks. Tl-is is directly

related to the finding in Sec. VII A that the K-K* and the

冒
a)

≡
.　　　4

一一hニ4

>
①

O
N
I

:ま.

if
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FIG. 32. Comparison of strange quark mass in quenched and

full QCD using as experimental input the K meson mass (a) or the

¢ meson mass (b). Lines are from combined linear continuum ex-

trapolations as described in the text.

K- め mass splittings show a close agreement with expen-

merit while there is a clear discrepancy for quenched QCD.

IX. DECAY CONSTANTS

A. Pscudoscalar meson decay constants

The pseudoscalar decay constant/ps is dehed from ma-

trix elements of the axial vector current through the relation

(o¥A4¥PS)-/ps"'ps・　　　　　(68)

TABLE XVIII. Continuum limit quark masses in山e MS

schcnlC al 〟-2 GcV (iil McV).

Action　　　/;;, /　　　　　　　/;/.,

ル/K input Ms input

N,- 2　　　mipr.　3-44*2:22　　　霊　　　*>! ,

N,- 0 impr.　4-36:"::弓　　not*　　132霊

Nf-0 stand.[5]　4.57(18)　116(3)　144(6)
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(a)　　　　(m^ Ks iKv^ KvJ+m £(Ks;Kv2. Kv2))/2

β=1.95

0.0　　　　　　0.2　　　　　　0.4　　　　　　0.6

(b)　　　　(m孟(KsiK^.Kv,)十mpzs(Ks;Kv2,Kv2))/2
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FIG. 33. Chiral extrapolations of pseudoscalar decay constants. Lines are from fits with Eq. (73).

We include the 0(〟) improvement ternl in the axial vector

cu汀ent, and employ one-loop renonllahzation constants as

described in Appendix C. The decay constant is evaluated

from the formula

・pS-2/a/oZj¥+b,畿J票(69)
Here for m we substitute the VWI,PQ quark mass, super-

scripts / and s distinguish local and smeared operators, and

vanoi】s amp】itudes are extracted i。 ttlc following steps. Tlle

pscudoscalar mass mps and the amplitude C呂arc determined

from

</サ/(/)P*(O))-CKexp(-/#ips/)+ exp(-#wps(Lf-/))].

(70)

Values of間ps are listed in Appendix A. Keep】ng tllC nlaSS

fixed, we extract Cp and CsA from the fits

(p'(t)p'(O))- cj,[exp(-inps/)+ exp(-mps(L,-/))]、
(71)

(AIA(t)P'{0))- C*[exp(-サw)-exp(-mK(L,-t))].

(72)

Tl一c chiral cxtrapolation of tl-e decay constant is ca汀icd

out in tlle Samc way as for vector illeson nlasses. Hence we

employ a combined fit in sea and valence quarks of the ion一一,

/pS( *sea J "111*. "la. ) -AF+ B^m+ 5>val+ C>…C。

+ cvtJ-la¥+ csvfis ㌦、　(73)

where the /z's have the same meaning as in Sec. IV B. Pseu-

doscalar decay constants together with fits with Eq. (73) are

shown in Fig. 33. Parameters of the fit are g-ven in Table
XIX.

Setting in Eq. (73) /xsea-m^ and /*val-/w^ or /iva)
1

-(nr +m-K)/2 obtained什om the spectrum analysis in Sec.

V A,/.- and/A- arc obtained in lattice units. Decay constants

054505-32



LIGHT HADRON SPECTROSCOPY WITH TWO FLAVORS ‥. PHYSICAL REVIEW D 65 054505

TABLE XIX. Parameters of chiral fits to pseudoscalar decay constants (upper part) and vector decay

constants (lo、vcr part) 、＼′ith Hq. (73).

β　x:/N,　　　　　　　　　　　　　　　CF　　　　　　　　　　こ,

1.80　47.1/30　0.2082(52)　0.086(13)　0.1309(61)　-0.0228(84)　-0.0110(32)　-0.0069(41)

1.95　14.6/30　0.1207(54)　0.087(22)　0.1502(56)　-0.029(21)　-0.0253(44)　-0.0266(68)

2.10 14.8/30　0.0696(37) 0.168(35) 0.189(12)　-0.218(73)　-0.101(23)　-0.029(30)

2.20　10.6/30　0.051(12)　0.29(15)　0.211(32)　-0.79(44)　-0.123(92)　-0.08(15)

1.80　11.0/30　0.362(10)　0.226(24)　0.065(13)　-0.072(15)　　0.009(7)　-0.016(10)

1.95　17.3/30　0.2105(73)　0.184(28)　0.061(12)　-0.068(27)　　0.020(ll)　-0.015(15)

2.10　　8.0/30　0.1290(51)　0.160(41)　0.130(22)　-0.092(90)　-0.049(39)　-0.080(52)

2.20　　9.7/30　0.0970(90)　0.25(10)　0.128(45)　-0.29(33)　　0.02(12)　　-0.24(16)

in physical units arc finally calculated us】ng the lattice spac-

lng from the rho meson mass and are listed in Table XX.

The cxtractioil of decay collstants lll quellClled silllula-

tions is made similar to that in full QCD. For chiral cxtrapo-

lation a simpler version ofEq. (73) ignoring sea quark mass

dependence is used, and tl-e quadratic term /x-al is dropped as

linear創s already yield good ¥- as >'】ustrated in Fig. 34. /

and fK obtained from calculations in qucncllcd QCD arc

quoted in Table XX.

In Fig. 35 we silow the lattice spacing dependence of/^

and/K in full and quenched QCD. For a comparison we also

include results obtained in quenched QCD witll the standard

action [5]. The nlost noticeable point is 】argc violation of

ヲcahng in frill QCD. The values at tl一c coarsest lattice spac-

ing a-0.22 fm are 50% larger than tllat at the伽1cst lattice

spacing of a-0.ll fin. Scaling violation is milder for

quenched QCD, but still decay constants at a-0.22 fm arc

15% larger than those at a-0.ll fm.

The origin of large scaling vio一ation in the pscudoscalar

decay constant is not clear at present. Possible origins are

contributions of higher order corrections in the renormahza-

tion factors and O(a) terms in the axial vector currents. A

suggestive hint pointing toward tllese origins is provided by

the ratio f^lf.万一1 for which such corrections may largely

cancel out. As shown in Fig. 36, one observes llluch reduced

scaling violation for this quantity. Furthermore, a trend of

increase toward the experimental value as effects of sea

quarks are included is also apparent.

B. Vector meson decay constants

Vector meson decay constants are defined as

<O| F,|V>- e/Fvmv, (74)

where牀j is a polarization vector and wv is the mass of the

vector meson.

The numerical procedure employed to calculate vector

meson decay constants parallels the one for pseudoscalar de-

TABLE XX. Decay constants at finite lattice spacings in full and quenched QCD. All decay constants are
in GcV units.

β　　　f有　　　A-(tf)　A-(¢　　　　　　　FA-*(K)　FK*(¢)　F+(K)　F+(<f>)

隼=2 FLill C〕CD

I.80　0.】954(51) 0.2273(45) 0.2359(43)

1.95　0.1565(70) 0.1832(65) 0.1896(64)

2.10　0.1311(66) 0.1542(63) 0.1573(63)

2.20　0.120(26)　0.141(26)　0.】45(26)

0.3378(66) 0.3546(61) 0.3595(61) 0.3726(65) 0.3833(65)

0.2705(73) 0.2823(64) 0.2854(63) 0.2952(60) 0.3019(58)

0.2394(73) 0.2555(65) 0.2577(64) 0.2708(65) 0.2749(65)

0.224(16) 0.237(14) 0.2397(14) 0.251(14) 0.2555(14)

Nf=O Quenched QCD

0.3280(25)

0.3149(31)

0.3 122(32)

2.187　0.1695(44) 0.1912(36) 0.1966(33) 0.2861(44) 0.3029(32) 0.3070(30) 0.3197(26)

2.214　0.1622(39) 0.1841(32) 0.1894(30) 0.2761(38) 0.2917(29) 0.2955(28) 0.3074(30)

2.247　0.1574(42) 0.1797(35) 0.1847(27) 0.2706(37) 0.2876(30) 0.2914(29) 0.3046(33)

2.281 0.1477(34) 0.1722(29) 0.1787(27) 0.2704(38) 0.2834(29) 0.2868(27) 0.2963(27) 0.3033(26)

2.334　0.1511(43) 0.1716(37) 0.1768(34) 0.2601(30) 0.2713(22) 0.2742(22) 0.2825(22) 0.2882(23)

2.416　0.1407(40) 0.1607(31) 0.1661(28) 0.2471(54) 0.2557(37) 0.2581(34) 0.2644(28)

2.456　0.1482(40) 0.1661(34) 0.1700(33) 0.2332(44) 0.2460(34) 0.2488(32) 0.2588(31)

2.487　0.1391(37) 0.1586(31) 0.1632(29) 0.2467(42) 0.2558(30) 0.2579(29) 0.2648(27)

2.528　0.1436(48) 0.1626(40) 0.1669(38) 0.2293(45) 0.2422(34) 0.2451(32) 0.2551(27)

0.2690(29)

0.2645(3り

0.2691 (28)

0.261 0(25)

2.575　0.1476(55) 0.1658(43) 0.1699(40) 0.2417(37) 0.2487(29) 0.2503(27) 0.2557(26) 0.2589(27)
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FIG. 34. Crural extrapolations of pseudoscalar decay constants

in quenched QCD.

FIG. 35. Lattice spacing dependence ofpseudoscalar decay con-

stants/訂andfK in full QCD (filled circles) and quenched QCD

with improved actions (large open circles) or st別1dard action (small

open squares). The strange quark mass used in the calculation of/^-

is fixed with the K meson mass as input.

PHYSICAL REVIEW D 65 054505

FIG. 36. Comparison o¥fKlf^- 1 in full and quenched QCD.
Fit lines are linear for all data.

cay constants. As discLisscci in Sec. IlI A, tllC rllO CO汀clator

with smeared source is fit with

(V'{t) Vs(Q))- Cs}/[cxp( -mvt)+ exp(-mv(L,-/))],

(75)

which determines mv and Cy. Using mv as input we make

fits to the correlator

(V'(t)V'(O))- C',{cxp( -′〃vo+exp(-#サv(」/- /))],

(76)

where the amplitude Cv is the only fit parameter. Renormal-

lzed vector nlcson decay constants are then obtained tllrougll

F¥j=2 kuqZv (77)

where expressions for perturbative renormalization factors

are given in Appendix C, and for間We SLibstitute the

VWI,PQ quark mass. We note in passing that we do not

include the improvement tenll Cl′∂,.TnfJLl. in Eq. (C15), since

the corresponding correlator has not been measured.

For chiral extrapolations we again employ combined qua-

dratic fits as dc伝ncd by Eq. (73). These fits describe the data

well, as shown in Fig. 37. Fit parameters are given in Table

XIX. Vector meson decay constants obtained from quenched

sil1nulations are plotted in Fig. 38. As for pseudoscalar decay

constants they arc well described by linear fits. Final values

ofFp, FK* and F^, in pi-ysical units are listed in Table XX

for both full and quc一一Ched QCD.

The lattice spacing dependence ofFp and F^ in full and
quenclled QCD is shown in Fig. 39. We again include results
obtained in quenched QCD with the standard action [5] for

comparison. Vector meson decay constants in full QCD ex-

hibit scaling violatl011S Sl111日ar to tllose found for pscudo-

scalar decay constants; e.g., F is　40% larger at a

-0.22 fnl than at (;-0.1 1 fn一. Consequently, a continuum

extrapolation poses similar dimculties as for pseudoscalar

decay cor-stalltS.
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(d)　　　　( m孟( Ks;Kvl.Kvl )+mpzs (Ks;Kv2,Kv2))/2

FIG. 37. ChiraI extrapo】ations of vector meson decay constants. Lines arc frolll fits ll・i山Eq. (73).
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FIG. 38. Chiral extrapolation of vector mson decay constants in

quenched QCD.

Since scaling violation is siillilar in vector and pseud0-

scalar decay constとints, one may examine the ratio ofFp to

/. The lattice spacing dependence is mucll reduced for this

quantity (sec Fig. 40), atld F,,IJv is consistent with experi-

merit within the error of5-10%. In contrast to pscudoscalar

decay constants, sea qu乙irk effects arc not apparent.

C. Non-pcrturbativc r川orina】ization factors for vector

currents

For tllc clover quark action one can define a conserved

vector current lvhich reads

l -

ff(/l)-テ{fn^Uljγ,+ 1 )g′,+fォUサ.Aγ/- I )gB+の・

(78)

The non-rcnormalization oft!lis current can be used to obtain

a non-perturbative estimate of the renormalization constant

for the loca一 current [57,58] according to the relation,
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FIG. 41. Pcrtiirbativc and non-pcrturbative Z-factors for vector

current at zero quark lllass.

Z㌍p-
(o|サ7|v)

<O| F,|V>
(79)

Tlle non-pcrturbativc renornlalization factors obtained

from Eq. (79) and extrapolated to zero quark mass are plot-

ted as a function of the gauge coupling constant in Fig. 41. 1n

the sanlc figure 、ve also plot mean-field llllproved one-loop

perturbative rcnonllalization factors as calcu一ated in Appen-

dix C. Non-perturbative values of Zt, are significantly

s111aHcr tllan those obtained from perturbation theory. This

may be partly due to corrections of O(a) which are neces-

sarily included in Zr calculated from Eq. (79) [57-59].

In Fig. 42 we compare Fp determined with either pertur-

bativc or non-perturbativc renonlvalization factors. We ob-

serve that decay constants ca】culatcd 、vith Z㌍　exhibit a

mucll natter bcllavior as a function of the lattice spacing. We

take tllis as an encouraging indication tl-at a further study

with non-pcrturbとitivc rcnormalization factors wi】 help mod-

eratc an apparc-1tly large scaling violation in the pseudo-

340
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▲ Nf=2, Improved. Z"p

° Nt '0, Improved. ZT

A Nf-0, Improved, Z"p

o Nf-O, Standard, ZPT

a Nf=0. Standard. Z"p

至ロが

。両群
iM^nR鴨。

0.0　　　0.2　　　0.4 0.6　　　0.8

a 【GeV~1】

1.0　　1.2

FIG. 42. Compこirisoii of Fp m fullとind quenched QCD lvith

pcrturbativc (circles) and non-perturbativc 7. factors (triangles).
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scalar and vector decay constants. We do not quote tlle corl-

tinuum values of tllc decay constants here since taking the

continuum extrapolation reliably would requ-re sucl- an in一一

provenlent.

X.CONCLUSIONS

Inthisarticlewehavepresentedasimulationoflattice

QCDfullyincorporatingthedynamicaleffectsofupand
downquarks.Asalientfeatureofourwork,goingbeyond

previoustwo一月avordynamicalsimulations,isanattemptto-

wardcontinuumextrapolationthroughgenerationofdataat

threevaluesoflatticespacingswitllinasing一esetofsimula-

tions.lnordertodealwiththelargecomputationalrequire-

mentthatsuchanattemptentails,wehaveusedllllproved
quarkandgluonactions.Thishasallowedustoworkwitll

latticespacingsintherangea符o.22-0.11fnl,whichis

twiceascoarseastherangea≦0.1fmneededforthestan-

dardplaquettegluonandWilsonquarkactions.Still,this

workwouldhavebeendi用cultwithouttheCP-PACScom-

puterwithapeakspeedof614GFLOPS.Withatypical
sustainedefficiencyforconfigurationgenerationof30-

40%,thetotalCPUtimespentforthepresentworkequals

415daysofsaturateduseoftheCP-PACS,ofwllicl1318

dayswereforco崎gurationgenerationand84daysformea-

sureillents.
Amajorphysicsissueweaddressedwithoursimulation
wastlleoriginofasysteillaticdiscrepancyofthequenclled

spectrumfromexperiment[5J.Ournewquenchedsimulation

employingthesameimprovedactionsasforfullQCDhas
quantitativelyconfirmedtheresultsofRef.[5]forbothme-

sonsandbaryons.
Formesons,massesintwo一月avorfullQCDbecomemucl-

closertocxpcrlmentthantlloseinquenchedQCD.UsingtllC

Kmesonmasstofixthestrangequarkmass,thedifference
betweenquenchedQCDandexperimentof2.6ニー。j%forthe

K*mesonmassandof4.1三?:言%fortheめmesonmassis

reducedto0.7三昌%and1.3IJ+1.芸%infullQCD.Whenthe¢

mesonmassisusedasinput,thedifferenceintheK*meson

massislessthanl%forbothquenchedandfullQCD,while

thedeviationfromexperimentfortheKmesonmassisre-
ducedfrom8.5*呈:1%inquenchedQCDto1.315:¥%ini¥ill

QCD.SimilarlytheJparametertakesavalue∫
-0.440三22!intwo一月avorfullQCD,whichismuchcloser

totheexperimentalvalueJ-0.48comparedtoJ
-0.375三。.'。。9'nquenchedQCD.Wetaketheseresultsas

evidenceofseaquarkeffectsinthemesonspectrum.

Acommonpointinreachingthisconclusionistheimpor-

tanceofcontinuumextrapolation.Differencesbetween
quenchedandfullQCDmesonmassesarelessobviousat

finitelatticespacingsbuttheslopeofthecontinuuillextrapo-

lationisdifferentbetweenthem.Unexpectedly,thescaling

violationforfullQCDisapparentlylargerthanforquenched

QCDwiththesameimprovedactions.Apossibleoriginof

thisfeatureisthecommonchoiceofcswwemadefortlle

twocaseswhilethecorrectcsfi′necessarytoremoveO(a)
scalingviolationsneednotbetllesame.

FullQCDbaryonmassesexllibitthepatternthatthedif二

PHYSICAL REVIEW D 65 054505

ference from expernllent increases with decreasing strange

quark content. While masses of ≡ and fi are in agreement
with experiment, the nucleon mass differs most from experi-

ment among the octet, being larger by 10%, and the A

anlong the decuplet by 13%. Tllis pattern of disagreement

suggests that丘nite-size effects sizably distort light baryon

masses for an La-2.5 fm spatial size employed in our study.

We leave detailed finite-size analyses in full QCD for future

investigations, however.

The sea quark effects m the meson sector have an inter-

esting consequence tllat tlle Iigllt quark nlasses decrease by

about 25% in two-月avor full QCD compared to quenched

QCD. An lllconsistency of 20-30% in the strange quark

mass for quenched QCD, depending on the particle used as

input, disappears in full QCD within the errors of5-10%.

In contrast to the encouraging results above, 111cson decay

constants exlubit large scaling violations which obstruct a

continuum extrapolation. We have found this trend to be

common through hgllt pseudoscalar and vector decay con-

stants of this work as well as in heavy-light decay constants

[33,34]. Possibly this problem arises from two-loop and

higher order corrections in the renormalization factors not

included in our analyses. An indication for this explanation is

given by a much flatter behavior of vector meson decay con-

stants when using a non-perturbative renormahzation factor

derived斤olln a conservred vector current.

While we consider that the present work has brougllt SIZ-

able progress in our effort toward fully realistic simulations

ofQCD, it is also clear that a number of gaps have to be

丘Iied in future studies. One of them is an examination of

finite-size effects, particularly for baryons. Another is the

exploration of ligl-ter values of sea quark masses below

mps!/サv宗旨0.6 for better control of the clliral extrapolation,

and generation of data at illore points in the lattice spacnlg

for a better control of continuum extrapolations. Important in

the latter context will be the use of non-perturbative lm-

provement coe用cients and renormalization factors. Finally,

the inclusion of a dynamical strange quark will be necessary

to remove the last uncontrolled approximation.
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APPENDIX A: HADRON MASSES

In Tables XXI-XXIII we set out the hadron masses mea-

sured in full QCD simulations. We list fitting ranges, x-/NDF

and masses in lattice units for all values ofβ and all combi-

nations of /csea and k¥!^. We quote errors determined with the

jack-knife method witll a bin size of 10 configurations or 50

HMC trajectories.
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TABLE XX】 Meson masses and AWl quこirk masses.

PHYSICAL REVIEW D 65 054505

vval K-val　　'"pS L'min''inaxj　ヱ/Nr　　、,　lI・一,iH.'mad x-Wy　'"ps/")V　　用q^Wl

β= 1.80, K-aea-0.1409

0.1409　　0.1409　　15601(61)

0.1409　　0.1430　1.09336(63)

0. 1409　　0. 1445　1.04660(64)

0.1409　　0.1464　　0.98441(68)

0.1409　　0.1474　　0.94996(71)

0.1430　　0.1430　1.02733(65)

0. 1 445　　0. 1 445　　0.92555(69)

0. 1 464　　0. 1464　　0.77767(78)

0. 1474　　0.1474　　0.6843(I 1)

[5,12]　1.1(9)　1.4330(13)　[5,1 1]

[5,12]　1.2(9)　1.3908(15)　[5,1 1]

[5,12]　1.3(9)　1.3603(16)　【5,1 1]

[5,12]　1.5(1.0)  1.3217(18)　[5,1 1]

[5,12]　1.6(1.1)  1.3016(20)　[5,11]

[5.12]　1.3(1.0)  1.347叩6)　[5Jり

[5,12]　1.5(1.1)  1.2856(20)　[5,1 1]

[5,12]　1.7(1.1)  1.2051(29)　[5,11]

[5,12]　　0.9(8)　1.1627(45)　[5,1 1]

β- 1.80, k吋.,-0.1430

1.4( 1.2)　0.80669(71)

I.4(1.1)　0.78616(80)

1.3(1.1)　0.76938(88)

1.0(1.0)　0.7448(10)

0.7(8)　　0.7298(1 1)

1.3(1.1)　0.76219(91)

I.3(1.0)　0.7199(‖)

I.0(9)　　0.6453(16)

0.7(8)　　0.5885(24)

0.22483 (43)

0.20056(40)

0.1 8328(39)

0.16141(38)

0. 14984(38)

0. 1 7649(38)

0.14231(35)

0.09916(37)

0.07564(50)

0.1409　　0.1409　　　日574(82)

0.1409　　0.1430　1.05 106(85)

0. 1430　　0. 1430　　0.98267(89)

0.1430　　0.1445　　0.93 1 12(92)

0.1430　　0.1464　　0.8616( 10)

0.1430　　0.1474　　0.8225(1 1)

0. 1445　　0. 1445　　0.87676(96)

0. 1464　　0.1464　　0.7204(1 1)

0.1474　　0.】474　　0.6201(17)

[6,】2]　1.3日.1)

[6,12]　1.2(I.0)

【6,12]　1.0(9)

[6,12]　l・0(9)

[6,12]　　l (9)

[6,12]　1.2(I.0)

【6,12]　1.0(9)

[5,12]　】・4(1.1)

[5,12]　　2.6(I.1)

1.3930(19)

.3497(2り

1.3057(24)

1.2743(27)

1.2348(33)

1.2 】49(40)

1.2424(3 1)

1.1588(42)

1.1 156(68)

β-1.80, k-　-0.1445

[6,】2】　1.1(1.0)　0.80091(97)

[6,12]　1.0(9)　0.7787(1 1)

[6, 12]　　0.8(0.8)　0.7526( 13)

[6, 12】　　0.7(8)　0.7307( 14)

[6, 12]　　0.6(7)　　0.6978(18)

[6, 1 2]　　0.7(8)　0.6770(22)

[6, 12]　　0.5(7)　　0.7057( 17)

[5, 1　　　0.4(6)　0.62 I 7(23)

[5, 1 1]　　0. 1(4)　　0.5558(37)

0.21272(71)

0.1883】(66)

0.16412(61)

0. 14692(57)

0.125 17(52)

0.11359(51)

0. 12983(53)

0.08687(54)

0.06365(78)

0.1409　　0.1409　1.07014(71)

0. 1409　　0. 1445　　0.95358(75)

0. 1430　　0. 1430　　0.93270(76)

0.1430　　0.1445　　0.8792 1(78)

0. 1445　　0. 1445　　0.82249(82)

0. 1445　　0.1 464　　0.74507(83)

0. 1445　　0. 1 474　　0.69993(92)

0. 1464　　0.1464　　0.65780(95)

0. 1474　　0. 1474　　0.5464( I 6)

[6,12]　　2.1(I.3)

[6,12]　1.8(I.3)

[6,12]　1.8(I.3)

[6,12]　l・7(1.2)

[6,12]　1.6(1.2)

【5,12]　l・5(1.1)

【5,12]　l・5(1.1)

[5,12]　1.叩.2)
[5,12]　　3.0(1.4)

1.3415(16)

1.2637(20)

1.2502(21)

1.2174(23)

1. 1 844(27)

. 1433(35)

1.1227(43)

1.1021(37)

1.0600(65)

β- I.80, #^-0.1464

[6, I 2]　　0.4(6)　0.79774(85)

[6, 1 2]　　0.4(6)　　0.7546( 1 1)

[6, 1 2]　　0.4(6)　0.7460( 1 2)

[6, 1 2]　　0.4(6)　　0.7222( 14)

[6,12]　　0.5(7)　0.6945( 16)

[6,12]　　0.7(8)　0.65 1 7(20)

[6, 1 2]　　0.7(8)　　0.6234(25)

【5, I 2]　　0.5(6)　0.5969(2り

[5,12]　　0.5(7)　　0.5 154(34)

0. 1 9874(77)

0. 15664(63)

0. 1 4976(62)

0. I 3250(56)

0.11517(40)

0.09359(37)

0.082 13(38)

0.07237(34)

0.04904 (46)

0.1409　　0.1409　　0.9818(1 1)

0.1409　　0.1464　　0.7873( 12)

0.1430　　0.1430　　0.8346(12)

0.1430　　0.1464　　0.6993(13)

0.1445　　0.1445　　0.7152(13)

0. 1 445　　0.1464　　0.6300( 14)

0.1464　　0.1464　　0.5306(17)

0. 1464　　0. 1474　　0.4666(25)

0. 1474　　0. 1474　　0.3872(52)

[6,12]　1.8(1.3)  1.2427(20)　[6, 1 2]

[6,12]　　Ll(l・0)　1 157(40)　[6,12]

[6,12]　1.3(1.1)  1.1436(27)　[6,12]

[6,12]　　0.9(9)　1.065 1(48)　[6, 12]

[6,12]　　0.9(9)　1.0725(38)　[6,1 2]

[6,12]　　0.8(8)　1.0286(59)　[6, 12]

[6,12]　　0.7(8)　0.9708(71)　[5,1 1]

[6,12]　　0.7(8)　0.944( 10)　[5, 12]

[6,12]　1.1(1.1)　0.9307(81)　[4,9]

β-1.95, h¥`-0.1375

1.2(1.0)　0.7901(ll)

I.5( 1.2)　0.7056(26)

1.1(1.0)　0.7298(17)

I.7(1.3)　0.6565(31)

1.4(1. 1)　0.6669(24)

1.7(1.3)　0.6125(37)

1.5( 1.2)　0.5466(44)

I.3( 1. 1)　0.4940(64)

0.7(8)　　0.4 161(70)

0.17153(77)

0. 10892(57)

0. 1 2322(64)

0.08532(45)

0.0895 1 (46)

0.06884(40)

0.04822(36)

0.03690(40)

0.02478(63)

0.1375　　0.1375

0.1375　　0.1390

0.1375　　0.1400

0.1375　　0.1410

0.】375　　0.1415

0.1390　　0.1390

0.89400(52)

0.83986(54)

0.80222(56)

0.763 15(58)

0.74298(59)

0.78290(56)

[7,16]　1.8(1.0)

[7,16]　1.8(1.0)

[7,16]　1.9(1.0)

[7,16]　1.9(1.0)

[7,16]　1.8(1.0)

[7,16]　1.9(I.0)

.1113(13)

.0728(14)

I.0470(15)

1.0213(17)

1.0086(18)

1.0337(16)

[7, 1 6]　1.2(8)　0.80446(80)

[7, 1 6]　　0.9(7)　0.78289(92)

[7, 16]　　0.7(6)　0.7662(10)

[7, 1 6]　　0.6(6)　　0.7472( 1 2)

[7, 16]　　0.7(7)　0.7366(13)

[7, 16]　　0.6(6)　　0.7574( 1 1)

0.161 12(63)

0. 14242(58)

0. 12998(55)

0.1 1755(53)

0.ll 132(52)

0. 12387(53)
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LIGHT HADRON SPECTROSCOPY WITH TWO I-LAVORS. ‥

TABLE XXI. (Continual).

PHYSICAL RtVIEW D 65 054505

<l　　"'ps　['min*'max] AT^I　　、　k,血,t肌.*] x-INt　'"ps/m、・　　m:W-

β- I.95, #^-0.1375

0.1400　0.1400　0.70121(59)　[7,16]　1.8(1.0)　0.9810(19)　[7,16]　　0.5(5)　0.7148(14)　0.09928(47)

0.1410　0.1410　　0.61020(63)　[7,16]　1.6(1.0)　0.9274(20)　[6,16]　　0.7(6)　0.6580(15)　0.07484(42)

0. 141 5　　0.1415　　0.55935(67)　[7,1 6]　1.3(9)　0.9010(24)　[6, 1 6]　　0.8(7)　0.6208( 1 8)　0.06264(41)

β- 1.95, ^,-0.1390

0. 1 375　　0.1 375　　0.84401 (65)

0. I 375　　0.1390　　0.78790(66)

0. 1 390　　0.1390　　0.72857(68)

0. 1 390　　0.1400　　0.68683(69)

0.1390　　0.1410　　0.64291(72)

0.1390　　0.1415　　0.61988(74)

0. 1400　　0.1400　　0.64284(71 )

0.1410　　0.1410　　0.54556(78)

0.1415　　0.1415　　0.48957(89)

[7,16]　1.6(1.0)  1.0495(15)　[7,14]

[7,16]　1.6(1.0)  1.0092(17)　[7,14]

[7,16]　1.5(9)　0.9686(18)　[7, 14]

[7,16】　1.3(9)　0.941 5(19)　[7, 14]

[7,16]　1.2(8)　0.9146(2日　　【7,14]

[7,16]　1.1(8)　0.9015(23)　[7,14]

[7,16]　1.2(8)　0.9141(20)　[7, 14]

[7,16]　1.0(8)　0.8597(27)　[7, 14]

[7,16]　1. 1 (8)　0.8325(36)　[7,14]

β-1.95, K-　-0.1400

0.8(8)　0.80423(99)

0.7(7)　　0.7807( 1 1)

0.5(6)　　0.7522( 12)

0.5(6)　　0.7295( 13)

0.5(6)　　0.7029( 1 5)

0.5(6)　　0.6876( 16)

0.4(6)　　0.7032( I 5)

0.7(7)　　0.6346(20)

1.1(9)　　0.5881(25)

0. 14824(57)

0. 12948(52)

0. 1 1090(46)

0.09855(41 )

0.08621 (37)

0.08002(35)

0.08628(37)

0.061 80(30)

0.04954(28)

0. 1 375　　0.1 375　　0.80471(59)

0.1 375　　0.1400　　0.70643(63)

0. 1 390　　0.1 390　　0.68539(63)

0. 1390　　0.1400　　0.64 192(66)

0. 1400　　0.1400　　0.59580(69)

0.1400　　0.】41 0　　0.54639(74)

0.1400　　0.1415　　0.51994(80)

0.1410　　0.14】0　　0.49232(82)

0.1415　　0.1415　　0.4311(10)

[6,16]　1.2(7)　1.0020(13)

[6,1 6]　　0.9(6)　0.9327( 16)

[6,16]　　0.8(6)　0.9 1 84(16)

[6,1 6]　　0.7(6)　0.8906(1 8)

[6, 1 6]　　0.7(6)　0.8630(20)

[6, 1 6]　　0.6(5)　0.8354(23)

[6, 1 6]　　0.6(5)　0.8224(25)

[6, 1 6]　　0.6(6)　0.8082(26)

[6, 1 6]　　0.8(6)　0.7820(33)

β-1.95, ^ -0.1410

[6, 16]　1. 1(7)　0.80308(86)

[6,16]　1.1(7)　　0.7574(1 1)

[6,16]　1.1(7)　0.7463(12)

[6,16]　1.1(8)　0.7208(13)

[6, 1 3]　　0.7(7)　0.6904( 14)

[6, 1 3]　1.2(8)　0.6540(17)

[6,1 6]　1.2(8)　0.6322( 19)

[6,16]　1.1(9)　0.6091(20)

[6,13]　1.4(1.1)　0.5512(26)

0. 13868(56)

0. 1 0705(46)

0. 1 0087(44)

0.08839(40)

0.07602(36)

0.06369(33)

0.05750(32)

0.05 143(30)

0.03906(29)

0. I 375　　0.1375　　0.7571 7(73)

0.】375　　0.1410　　0.61 1 14(83)

0.1 390　　0.1390　　0.63303(82)

0. I 390　　0.1410　　0.53898(87)

0. I 400　　0. 1400　　0.53870(85)

0. 1400　　0.141 0　　0.48589(91)

0.1410　　0.1410　　0.42700(98)

0.1410　　0.1415　　0.3942(10)

0.1415　　0.1415　　0.3582(1り

[7,16]　　0.3(4)　0.9416(16)

[6, 1 6]　　0.3(4)　0.8393(24)

[7,16]　　0.3(4)　0.8527(21)

【6, 1 6]　　0.4(5)　0.7938(30)

[6, 1 6]　　0.4(5)　0.7929(29)

[6, 1 6]　　0.6(6)　0.7636(34)

[6, 1 6]　　0.8(8)　0.7339(40)

[6,16]　1.1(8)　0.7191(43)

[6, 16]　1.6(1.0)　0.7040(48)

β=2.10, ^.,-0.1357

[6,15]　1.3(9)　0.8041(12)

[6, 14]　　2.0(1.2)　0.728 1(20)

[6, 14]　1.9(1.2)　0.7424(1 8)

[6, 14]　　2.2( 1.2)　0.6790(25)

[6, 1 4]　　2.3( 1.2)　0.6794(24)

[6,14]　　2. 1 ( 1.2)　0.6363(28)

[6,14]　1.7(1.1)　0.5819(32)

[6,14]　1.3(1.0)　0.548 1(34)

[6,14]　1. 1(9)　0.5089(37)

0. 12759(44)

0.08329(49)

0.0898 I (39)

0.06473(44)

0.06477(44)

0.05243(4 1 )

0.04020(37)

0.03406(35)

0.02793(34)

0.1357　　0.1357　　0.63010(61)　[10,24]

0. 1 357　　0.1 367　　0.58676(62)　[ 10,24]

0. 1 357　　0.1 374　　0.55502(64)　[ 10,24]

0.1357　　0.1382　　0.51712(56)　[10,24]

0. 1 357　　0.1 385　　0.50240(70)　[10,24]

0. 1367　　0.1367　　0.54107(63)　[10,24]

0.1374　　0.1 374　　0.47 157(64)　[10,24]

0.1 382　　0.1 382　　0.37964(71)　[10,24]

0. I 385　　0.I 385　　0.33926(75)　い0,24】

0.9(7)　0.7822(16)

1.0(7)　0.7509(12)

I.0(7)　0.7292(19)

1.2(7)　0.7056(21 )

1.3(8)　0.6974(22)

1.0(7)　　0.7194(19)

I.2(7)　　0.6762(23)

1.4(9)　0.6273(28)

1.5(9)　0.6092(38)

[10,24]　1.1(7)　0.8055(14)

[10,24]　1.2(7)　0.7814(16)

[10,24]　1.3(7)　　0.761 1(17)

[ I 0,24]　1.4(8)　　0.7329(20)

【 I 0,24]　1.5(8)　　0.7204(22)

[10,24]　1.2(7)　　0.752】(18)

[ 1 0,24]　1.5(8)　0.6974(22)

[9,2 1]　1.7( 1.0)　0.6052(29)

[9,2 1]　1.9( 1.0)　0.5569(38)

0.10748(51)

0.09386(48)

0.08407(44)

0.0731 I(43)

0.06898(43)

0.0803 1 (44)

0.061 19(37)

0.03957(29)

0.03 144(24)
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TABLE XXl (Continue(A.

PHYSICAL REVIEW D 65 054505

-(1)
sal盟サ'ps′n血''nuxJ二/Nr間、,【,一,li,,,'maJx-Mtサ'ps/1)1y

β-2.10,k--0.1367

0.1 357　　0.1 357　　0.60740(64)　[10,24]

0.1357　　0.1 367　　0.56332(66)　[10,24]

0.1367　　0.1 367　　0.5 167 1(67)　10,24]

0. 1 367　　0.1374　　0.48208(68)　[ 10,24]

0. 1 367　　0.1382　　0.44003(70)　[ 10,24]

0. 1367　　0.1385　　0.42339(71)　[10,24]

0. 1 374　　0. I 374　　0.44539(68)　[ 1 0,24]

0.1382　　0.1 382　　0.34991 (68)　10,24]

0.1385　　0.1385　　0.30689(70)　[10,24]

1.6(9)　0.7508(13)

1.6(9)　0.7179(15)

.5(9)　0.6843(16)

1.4(9)　0.6612(19)

1.2(8)　0.6352(24)

1. I (7)　0.6262(26)

1.3(8)　　0.6373(23)

0.8(7)　0.5801(23)

0.8(6)　0.5597(27)

β-2.10, Kxa-0.1374

[ 10,24]　1.8(9)　　0.8090(13)

[ 10,24]　1.6(9)　　0.7846(16)

[9,24]　1.5(9)　　0.755 1 ( 17)

[9,24]　1.6(8)　　0.729 1 (20)

[8,24]　1.9(9)　　0.6928(25)

[8,24]　1.9(9)　　0.676 1 (27)

[8,24]　　2.0(9)　　0.6989(24)

[7, 1 6】　　2.4( 1.4)　0.6032(25)

[7, 16]　　2.0(1.2)　0.5483(28)

0. 1 0267(44)

0.08912(41)

0.07564(38)

0.066 17(35)

0.05525(31)

0.051 14(29)

0.05671 (32)

0.03476(24)

0.02644( 1 9)

0. 1357　　0.1 357　　0.58900(50)

0.1357　　0.1374　　0.5 1 133(48)

0.1367　　0.1 367　　0.49686(47)

0.1367　　0.I 374　　0.46154(46)

0. 1 374　　0. 1 374　　0.4240 1 (46)

0. 1374　　0.1 382　　0.3775 1 (47)

0.1374　　0.1 385　　0.35879(48)

0.1382　　0.1382　　0.32517(50)

0. 1385　　0.1385　　0.27972(59)

[10,24】　　2.1(9)　0.7281(13)　[1 1,24]

[10,24]　1.6(8)　0.6716(17)　[1 1,24]

[10,24]　1.6(8)　0.6612(17)　[1 1,24]

[10,24]　1.4(8)　0.6375(20)　[I 1 ,24]

【10,24]　1.1(7)　0.6133(23)　　1 ,24]

[ 1 0,24]　　0.9(6)　0.5853(27)　[ 1 0,24]

【 1 0,24]　　0.7(6)　0.5757(32)　[ 1 0,24]

[ 1 0,24]　　0.7(6)　0.5573(36)　[ 1 0,24]

[ 1 0,24]　　0.6(5)　0.5367(52)　[ 1 0,24]

β-2.10, #csこ,-0.1382

.6(8)　　0.8089( 13)

1.9(1.0)　0.7614(19)

.8(9)　　0.75 14( 19)

1.8( 1.0)　0.7240(22)

1.7(1.0)　0.6914(25)

1.5(9)　　0.6450(29)

.5 (9)　　0.6232(34)

1.2(8)　　0.5835(37)

1.1(7)　　0.5212(49)

0.09906(47)

0.07574(33)

0.07174(31)

0.062 1 9(26)

0.05267(22)

0.04177(17)

0.03766( 16)

0.03092( 14)

0.02271(13)

0.1357　　0.1357

0.1357　　0.1382

0.1367　　0.1367

0.1367　　0.1382

0.1374　　0.1374

0.1374　　0.1382

0.1382　　0.1382

0.1382　　0.1385

0.1385　　0.1385

0.56682(64)

0.44670(7 1 )

0.47282(67)

0.39191(75)

0.39753(73)

0.34943(78)

0.29459(85)

0.27 142(88)

0.24604(90)

[1 1 ,24]　　0.7(6)　0.6923( 12)

[10,24]　1.2(7)　0.6053(】6)

[ I I ,24]　　0.8(6)　0.6227(】3)

[10,24]　1.3(7)　0.5689(18)

[10,24]　1.3(7)　0.5721(16)

[10,24]　1.3(7)　0.541 7(21)

[ 10,24]　1.3(7)　0.5 1 14(29)

[ 1 0,24]　1.2(7)　0.5003(34)

[ 1 0,24]　1.2(7)　0.4887(42)

β=2.20, /v-　-0.1351

[10,24]　　0.6(5)　　0.8 1 88(12)

[ 10,24]　　0.6(5)　　0.7379( 18)

[ 10,24]　　0.7(6)　　0.7593( 15)

[ 10,24]　　0.9(7)　　0.6888(21)

[ 1 0,24]　1.0(7)　　0.6949(20)

[9,24]　1.1 (8)　　0.645 1 (27)

[9,24]　1. 1 (7)　　0.5761 (35)

[9,24]　1. 1 (6)　　0.5425(40)

[9,24]　1.0(6)　　0.5034(46)

0.09396(53)

0.05992(31)

0.06682(37)

0.04640(26)

0.04784(27)

0.03693(23)

0.02613(18)

0.02208( 1 7)

0.01803(15)

0. 1 35 1　0.1 35 1　0.49996(83)

0.135 1　0.1358　　0.46683(86)

0.135 1　0.1 363　　0.44209(89)

0.1351　0.1368　　0.41631(96)

0.1351　0.1372　　0.3948(1 1)

0.1358　　0.1 358　　0.43202(89)

0.1363　　0.1363　　0.37822(96)

0.1368　　0.1368　　0.3174(1 1)

0. 1 372　　0.1372　　0.2599(12)

[ I I ,24]　　0.5(6)　0.6260(23)

[1 1,24]　　0.5(6)　0.602 1(22)

[ I 1 ,24]　　0.5(6)　0.5849(22)

【 I 1 ,24]　　0.5(6)　0.5677(24)

[ 1 1,24]　　0.5(6)　0.5538(30)

[ I I ,24]　　0.5(6)　0.5778(23)

[ 1 1 ,24]　　0.5(6)　0.5428(29)

[ 10,24]　　0.5(7)　0.5087(41)

[10,24]　0.9( 1. 1 )　0.4829(66)

β-2.20, Kxa-0.¥35Z

[ 1 1 ,24]　　0.6(9)　　0.7987(28)

[1 I ,24]　　0.4(7)　　0.7753(29)

[1 1 ,24]　　0.3(6)　　0.7558(30)

[1 1 ,24]　　0.4(5)　　0.7334(33)

[10,24]　0.7(6)　　0.7 130(4り

[1 1,24]　0.4(6)　　0.7471(31)

[】 1 ,24]　　0.5(6)　　0.6969(39)

[ 10.2り　　1.3( 1.0)　0.6239(55)

[10,21]　1.3(1.1)　0.5382(80)

0.082 18(60)

0.07232(52)

0.06522(45)

0.05806(38)

0.05230(33)

0.06247(43)

0.04830(30)

0.03413(28)

0.02271 (27)

0・1 35 1　0.1 35 1　0.4879( 15)　[9,24]　1.6(1. 1)　0.6047(21 )　[ 10,24]　　0.6(7)　　0.8070(33)　0.0797( 10)

0. 1 35 1　0.1 358　　0.4544(14)　[9,24]　1.4( 1.0)　0.5803(26)　[ 10,24]　0.4(7)　　0.7830(38)　0.06972(85)

0. 1358　　0.1 358　　0.4 190( 13)　[9,24]　1.3(1.0)　0.5567(27)　[9,24]　　0.6( 1.5)　0.7528(39)　0.05971 (77)

0. 1358　　0.1 363　　0.3924(12)　[9,24]　1.3(1.0)　0.5391(30)　[9,24]　　0.6(1.7)　0.7278(41 )　0.05274(67)
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L】GHT HADRON SPECTROSCOPY WITH TWO FLAVORS ‥.

TABLE XXI. (Continueff).

PHYSICAL REVIEW D 65 054505

-(1)　Av.il　　'"ps L'niin''max-　x2fN{　　mv　/I-ljr一,/nux]　三/Nr　'"]-S/ply　　"1

β-2.20, K-sea-0.1358

0.1358　0.1368　　0.3643(12)　[9,24]　1.3(1.0)　0.5217(35)　[9,24]　0.7(1.4)　0.6983(45)　0.04561(61)

0.1358　0.1372　　0.3407(ll)　[9,24]　1.3(1.1)　0.5084(42)　[9,24]　　0.6(9)　0.6701(53)　0.03990(59)

0.1363　0.1363　　0.3643(12)　[9,24]　1.3(1.0)　0.5218(29)　[9,19]　　0.4(5)　0.6981(37)　0.04544(55)

0.1368　0.1368　　0.3023(ll)　[9,24]　1.4(1.3)　0.4855(33)　[8,19]　　0.6(6)　0.6227(40)　0.03144(44)

0.1372　0.1372　　0.2434(ll)　[9,24]　2.0(1.5)　0.4608(49)　[8,19]　　0.6(6)　0.5282(58)　0.02004(40)

β-2.20, #csca-0.1363

0.1351　　0.1351

0.1351　　0.1363

0.1358　　0.1358

0.】358　　0.1363

0.1363　　0.1363

0.1363　　0.1368

0.1363　　0.1372

0.1368　　0.1368

0.1372　　0.1372

0.47893(93)

0.42030(98)

0.41 009(97)

0.3835( 10)

0.3554( 10)

0.3256(1 1)

0.3002( 12)

0.2934(1 1)

0.2338( 13)

[1 1,24]　1.4(1.1)　0.5914(20)

[1 1,24]　1.3(1.1)　0.5481(26)

[1 1,24]　1.3(1.1)　0.5406(26)

[1 1,24]　l-3(1.2)　.5223(31)

[1 1,24]　1.3(1.2)　0.5041(40)

【1 ,24]　1.3(I.1)　0.4862(49)

[1 ,24]　1.3(1.1)　0.4717(50)

[】 1,24]　1.4(I.2)　0.4676(54)

[1 1,24]　1.5(1.4)　0.4336(68)

β-2.20, k-　-0.1368

[ 1 1 ,24]　　0.8(7)　0.8099(22)

[日,24]　1.4( 】.0)　0.7668(34)

[1 1,24]　1.4(1.1)　0.7585(34)

【1 1,24]　1.6(I.3)　0.7341(42)

[10,24]　l.6(I.6)　0.705 1 (54)

[ 1 0,24]　　上6( I.6)　0.6698(66)

[ 1 0,24]　1.4( 1.3)　0.6364(66)

[10,24]　l-4(I.3)　0.6274(71)

[10,24]　1.6(1.1)　0.5392(81)

0.07808(87)

0.06115(71)

0.05839(67)

0.05134(60)

0.0443 1 (54)

0.03724(47)

0.03156(39)

0.03016(39)

0.01874(27)

0.1351　0.135 1　0.4659(16)

0.1351　0.1368　　0.3810(24)

0.1358　　0.1358　　0.3968(21)

0. 1358　　0.1368　　0.341 9(23)

0. 1 363　　0.1 363　　0.341 8(23)

0.1363　　0.1368　　0.31 15(23)

0. 1 368　　0.1 368　　0.2785(22)

0. 1 368　　0.1372　　0.2496(23)

0. 1 372　　0.1 372　　0.2170(25)

[10,24]　4.3(1.9)

[10,24]　　3.4(1.8)

[ 1 0,24]　4.0(2.0)

[10,24]　　3.2(1.8)

[】0,24]　3.4(1.9)

[10,24]　2.9(I.8)

[10,24]　2.5(1.6)

[10,24]　2.2(1.4)

[10,24]　　2.0(1.4)

0.5715(24)

0.5077(34)

0.5181(31)

0.4805(39)

0.4806(39)

0.4606(42)

0.4407(44)

0.4249(5 1 )

0.4086(66)

[10,24]　1.6(1.1)　0.8152(45)

[9,23】　　0.8(8)　0.7504(63)

[10,24]　1.2(1.0)　0.7658(61)

[9,23]　　0.7(8)　0.7 1 14(69)

[9,23]　　0.7(8)　0.7日(70)

[9,23]　　0.7(8)　0.6763(72)

[9,22]　　0.6(8)　0.6320(70)

[9,22]　　0.8( 1.0)　0.5874(79)

[9,22]　1.0(1.1)　0.531(10)

0.0773(12)

0.05265(88)

0.05724(96)

0.042 78(69)

0.042 89(70)

0.03569(56)

0.02854(39)

0.02284(39)

0.01721(31)

APPENDIX B: JACK-KNIFE ANALYSIS FOR FULL QCD

SIMULATIONS

In quenched simulations masses of hadrons with different

quark content arc obtained from the same gauge con丘gura-

tions and are therefore correlated. O負en tllc quality of data

docs not allow a co汀elated chiral extrapolation and it is

usual practice to resort to uncorrelated fits. By using tllC

jack-knife method, errors of fit parameters can still be cor-

rectly determined.

At first sight the situation seems simpler for full QCD

with valence quarks equal to sea quarks. Separate runs have

to be made for different sea quark masses, and are manifestly

uncorrelated. Errors on parameters of chiral fits can be cor-

rcctly calculated斤om an uncorrelated ¥- fit- Nevertheless,

tllc jack-knife metllod is extremely useful even in this case.

Since the月t paranleters are often highly correlated, the de-

tcnllination oftlle C汀or of derived quantities callnot be llladc

with naive error propagation. Tlle jack-knife illetllod takes

such correlations into account correctly. Moreover, in the

setup of two-flavor QCD, entire sets of hadron masses witl-

different valence quark content are measured on the sallle

col捕gurations created with a given sea I-opping paramctcr.

Combined fits according to the method ofSec. IV have cor-

relatioils between some of the data, and therefore one is in a

silllilar situation to quenched (〕CD.

A difference from quenched QCD is that there are as

many sets of gauge configurations as sea quarks in the simu-

lation. They are mutually independent and can di恥r in num-

ber between runs w川l various sea quarks. A generalization is

implemented in tl-c follow-ng way. First, ha血on lllasses are

determined with the usual jack-knife method. This yields

mass estimates w , '(kさea) for each jack-knife ensemble ob-

tained by omitting the gauge configuration number / from the

run with sea hopping parameter number k. Mean values and

variances are de伝ned by

m

〝>H(<ea)-哀2 -ifvU

054505-41
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TABLE XXll. Baryon masses with degenerate quark combinations.

^・、ト　　　　　"サN　　　　　′mi一一'蝣maxj　　　　ユ//vdf mユ　　　　[ /一°.I ,I-,ォJ　　　　二!NDF

β=1.80, k虻-0.1409

0. 1 409　　　　　2.2596(49)

0. 1430　　　　　2. 1085(62)

0. 1445　　　　1.9950(82)

0. 1464　　　　1.8355(78)

0.1474　　　　1.746(1 1)

[6, 12]　　　　0.9(8)

[6, 1 2]　　　　　0.5(6)

[6, 12]　　　　　0.3(5)

[5,日　　　　　　0.3(5)

[5, 1 1]　　　　　0.4(6)

β-1.80, *s ,-0.1430

2.4151(71)

2.2853(94)

2.193(13)

2.061(13)

1.999(19)

[6,1 1]　　　　　2.7(1.8)

[6,I 1]　　　　1.4(1.3)

[6, 1日　　　　　0.6(8)

[5,9]　　　　　0.3(6)

[5,9]　　　　　0.3(6)

0.1409　　　　　2. 1797(53)

0. 1430　　　　　2.0237(70)

0. 1 445　　　　1.9037(90)

0. 1464　　　　1.7397(93)

0.1474　　　　】.644(1 1)

[6, 1 2]　　　　　0.5(7)

[6, I 2]　　　　　0.8(8)

[6,12]　　　　1.3(1.り

[5,10]　　　　1.0(1.1)

[4,7]　　　　　0. 1 (8)

β=1.80, *　-0.1445

1.3326(88)

2.206(12)

2.104(16)

1.984(16)

I.918(24)

[6,10]　　　　1.1(1.3)

[6,10]　　　　　0.9(1.1)

[6, 1 0]　　　　　0.6(9)

[5,9]　　　　　0.2(5)

[5,9]　　　　　0.4(8)

0. 1409　　　　　2.0963(56)

0. 1430　　　　1.9362(70)

0.1445　　　　　1.8126(93)

0.1464　　　　1.620(12)

0.1474　　　　1.525(13)

[7, 1 2]　　　　　0.7(9)

[7,12]　　　　1.0(1.1)

[7,12]　　　　1.2(1.2)

[6,9]　　　　】・7(1.9)

[5,8]　　　　1.9(1.7)

β- I.80, /fsea-0.1464

2.2364(58)　　　　[6,I 2]　　　　　0.7(7)

2.1033(78)　　　　[6, 10]　　　　　0.6(9)

.9978(67)　　　　[5,9]　　　　　1.3( 1.4)

.871 (12)　　　　　【5,9]　　　　　0.7(1.0)

1.826(24)　　　　　[5,9]　　　　　0.8(1. 1)

0. 1409　　　　　1.9222(53)

0. 1 430　　　　　1.7438(64)

0. 1445　　　　　1.6031(80)

0.1464　　　　1.405(1 1)

0. 1474　　　　1.277(17)

[6,12]　　　　1.6(1.1)

[6,】2]　　　　1.4(I.0)

[6, 1 2]　　　　　0.9(8)

【5,9]　　　　　1 (3)

[4,9]　　　　　0.3 (5)

β=1.95, /v^0.1375

2.0548(68)

.9032(97)

1.789(14)

】.655(】2)

1.572(21)

[6, 1 2]　　　　　0.7(8)

[6,1 2】　　　　1.0(9)

[6, 1 2]　　　　　0.8(9)

【4,9]　　　　　0.2(4)

[4,9]　　　　　0.7(8)

0. 】 375　　　　】.7035(34)

0.1390　　　　1.5671(39)

0. 1 400　　　　1.4700(45)

0.1410　　　　1.3662(59)

0.141　　　　　1.31 17(70)

【8,叫　　　　　0.4(5)
[8, 1 4]　　　　　0.4(6)

[8, 14]　　　　　0.5(7)

[8, 14]　　　　　0.5(7)

[8, 14]　　　　　0.4(6)

β-1.95, ^-0.1390

1.8289(47)

I.7125(55)

1.6361(66)

1.5601(88)

1.523(lり

[7, 1 4]　　　　　0.6(7)

[7, 14]　　　　　0.5(6)

[7,14]　　　　　0.5(6)

【7,1 3]　　　　　0.6(7)

[7, 1 3]　　　　　0.6(8)

0.1375　　　　1.6001(36)

0.1 390　　　　1.4559(38)

0. 1400　　　　1.3549(42)

0. 1410　　　　　1.2482(47)

0.141　　　　1.1911(49)

【8, 1 3]　　　　　0.4(7)

[7,13]　　　　　0.5(6)

[7, 1 3]　　　　　0.6(7)

[7, 12]　　　　　0.7(8)

[6, 1 2]　　　　　0.6(7)

β-1.95, k-　-0.1400

1.7193(50)

.6023(66)

I.5186(65)

1.4398(85)

I.40】(ll)

[8, 1 6]　　　　　0.4(5)

[8, 16]　　　　　0.5(5)

[7, 14】　　　　　0.3(5)

[7, 1 4]　　　　　0.2(4)

[7,14]　　　　　0.1(3)

0.1375　　　　　1.5241(28)

0. 1 390　　　　　1.3748(33)

0. 1400　　　　1.2679(39)

0.141　　　　1.1525(49)

0.1415　　　　　1.0891(56)

[6,15]　　　　1.0(7)　　　　】.6386(43)

[6,I 5]　　　　1.4(9)　　　　1.5 127(50)

[6,I 5]　　　　　l (I.2)　　　1.4325(54)

[6,15]　　　　　2.4(1.3)　　　1.3450(60)

[6,15]　　　　　2.2(1.1)　　　1.3040(72)

[6,15]　　　　1.2(9)

[6,】5]　　　　l・1(8)

[6,15]　　　　1.0(8)

[6, 1 1]　　　　　0.6(8)

[6,1 1]　　　　　0.7(9)
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TABLH XXII. (Continued).
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・・、.I-　　　　　　　　　　　　[ 'n、i., ''max]　　　　ヱ/Nr　　　　　　ユ　　　　[Jnj,, ,/max]　　　　ユINr

β-1.95, k-　-0.1410

0.1375

0.1390

0. 1400

サ1 LUI

0.1415

1.4360(35)　　　　[6, 16]

1.2826(41)　　　　[6, 15]

. 1728(46)　　　　[6, 1 5]

.0532(5 1)　　　　[6,1 3]

0.9898(67)　　　　[6, I 3]

1.9(1.0)　　　1.5418(50)

1.8(1.0)　　　　1.4126(53)

.4(9)　　　　　1.3273(59)

.2(1.0)　　　　1.2493(84)

.7(1.1)　　　　l.206(ll)

β-2.10, k-　-0.1357

[6,16]　　　　1.8(1.0)

[6,14]　　　　1.5(1.0)

【6, 14]　　　　　l (8)

[6, 1 2]　　　　　0.7(8)

[6,1 2]　　　　1.0(9)

0.1357

0.1367

0.1374

0.1382

0.1385

Ll855(26)　　　　[1 1,20]

1.0747(28)　　　　[1 1 ,20]

0.9930(34)　　　　　】 ,20]

0.8885(43)　　　　[ 1 0,20]

0.8461 (56)　　　　[10,20]

2.2(1.4)　　　　1.2775(44)

1.8(1.2)　　　　1.1809(58)

.5(1.0)　　　　1.1099(56)

1.5(1.0)　　　　1.0299(6り

1.4(9)　　　　　1.0041(72)

β=2.10, /v-　=0.1367

[1 1 ,22]　　　　　0.8(7)

[1 1 ,22]　　　　　0.7(6)

[10,19]　　　　1.1(8)

[8, 1 8]　　　　　0.9(7)

[8,13]　　　　1.2(1.1)

0.1357　　　　1.1375(26)　　　　[1 1,23]

0. 1367　　　　1.0226(32)　　　　[1 1,23]

0. 1 374　　　　　0.9363(35)　　　　[10,23]

0.I 382　　　　　0.83 1 1(45)　　　　【9,20】

0. 1 385　　　　　0.7888(55)　　　　[9,20]

1.9(1.0)　　　　1.2244(52)

l・3(9)　　　　　1.1255(64)

0.9(7)　　　　　1.0562(71)

1.0(8)　　　　　0.9770(85)

・1(8)　　　　　0.951(‖)

β-2.10, ^-0.1374

[12,22]　　　　　2.5(1.2)

[1 1,22]　　　　　2.6(1.2)

[10,22]　　　　1.6(1.0)

[9, 1 8]　　　　　0.6(7)

[9, 1 6]　　　　　0.4(6)

0. 1 357　　　　1. 1046(34)　　　　[12,24]

0.1367　　　　　0.9873(33)　　　　[12,24】

0.1374　　　　　0.8955(35)　　　　[1 1,24]

0. 1 382　　　　　0.7866(49)　　　　【 1 0,24]

0. 1 385　　　　　0.7438(67)　　　　[9,24]

1.5(1.0)　　　　1.1797(44)

1-3(8)　　　　　】.078 1(60)

1.2(8)　　　　　1.0089(59)

1.2(7)　　　　　0.9301(93)

1.2(7)　　　　　0.905(13)

β=2.10, Kxa=0.1382

[1 1,24]　　　　1.2(8)

[1 1,24]　　　　　0.9(6)

[10,19]　　　　　0.8(8)

[9,19]　　　　1.0(1.0)

[9,19]　　　　1.3(I.1)

0. 1357　　　　1.0526(33)　　　　[12,24]

0. 1 367　　　　　0.93 19(36)　　　　[12,24]

0.1374　　　　　0.8383(38)　　　　[1 1,2り

0. 1 382　　　　　0.7204(42)　　　　[10,21]

0. 1385　　　　　0.6680(65)　　　　[10,21]

0.6(6)　　　　1.1233(41)

0.8(7)　　　　　1.0168(55)

0.5(5)　　　　　0.9389(59)

0.7(6)　　　　　0.8887(92)

1.5(9)　　　　　0.826(12)

β-2.20, h-　-0.1351

[1 1,24]　　　　　0.6(5)

【1 1,24]　　　　1.0(7)

[ 10,22]　　　　1.0(8)

[9,20]　　　　　0.6(5)

[9,I 9]　　　　　0.7(6)

0. I 35 1　　　　0.9330(76)　　　　1 1 ,23]　　　　　2.2(1.6)　　　1.021 9(65)

0. 1 358　　　　　0.8463(84)　　　　[1 1 ,23]　　　　　2.6(1.5)　　　　0.9474(73)

0. 1363　　　　　0.7843(79)　　　　10,22]　　　　　2.2(1.6)　　　　0.893 1(74)

0.1 368　　　　　0.7155(90)　　　　[10,22]　　　　　2.6(1.6)　　　　0.8444(89)

0. 1 372　　　　　0.6540(88)　　　　[10,22]　　　　　3.0(1.3)　　　　0.796(10)

β-2.20, Kxa-0.1358

[1 1,22]　　　　1.2(1.0)

[11,22]　　　　1.3(1.0)

[1 1 ,20]　　　　　0.9(9)

[11.16]　　　　1.2(1.0)

【10,15]　　　　1.3(9)

0.1351

0.1358

SIIH聖

0.1368

0.1372

0.91 79(47)　　　　[12,23]　　　　1.2(1.1)　　　　0.9806(69)

0.8252(47)　　　　[ 1 1,23]　　　　l-5(I.1)　　　　0.9102(93)

0.7598(50)　　　　【 I 0,22]　　　　　0.8(8)　　　　　0.8563(92)

0.6925(68)　　　　[10,22]　　　　1. 1 (1. 1)　　　　0.8090(85)

0.6387(82)　　　　[10,20]　　　　1.2(1.0)　　　　0.782(12)

い1,24]　　　　1.2(1.1)

【lI m　　　　　】(1.0)
[1 I,2日　　　　　0.6(8)

[9,2 1]　　　　　0.7(8)

[9,20]　　　　1.4(1.0)
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^'、,　　　　　サ'N L 'min.fmaxJ x二wr　　　　　　ユ　　　　【 /nunサ'maxJ x-INt

β=2.20, ^.,-0.1363

0.1351　　　0.8915(41)　　　[13,23]　　　　0.9(9)　　　　0.9610(46)　　　[13,21]

0. 1 358　　　　0.8028(43)　　　[ 12,23]　　　　0.9(9)　　　　0.8882(46)　　　[ 12,2 1]

0.1363　　　　0.7349(42)　　　[1 1,23]　　　　0.8(1.2)　　　0.8343(62)　　　[1 1,2 1]

0. 1 368　　　　0.6663(60)　　　[ 1 1,22]　　　　0.4(7)　　　　0.7775(97)　　　　10,2 1]

0. 1372　　　　0.6014(98)　　　[ 19,22]　　　　0.5(7)　　　　0.728(15)　　　　[ 10,2り

β-2.20, Kfea-0.1368

0.1351　　　　0.8606(36)　　　[1 1,24]　　　1.5(1.2)　　　0.9158(64)　　　[I I.20]　　　　2.1(1.2)

0. 1358　　　　0.7728(39)　　　【 10,24]　　　1.2(1.0)　　　　0.8386(72)　　　[ 10,20]　　　1.6( 1.0)

0・ I 363　　　　0.7060(50)　　　　10,24]　　　　1. 1 (8)　　　　0.7819(74)　　　　[9,20]　　　　1.4(9)

0. 1 368　　　　0.63 14(55)　　　　[9,23]　　　　0.7(6)　　　　0.7235(86)　　　　[9, 1 9]　　　　1.5( 1.0)

0.1372　　　　0.5679(72)　　　　[9,23]　　　　0.6(9)　　　　0.676( 13)　　　　[9, 1 9]　　　　1.5( 1.2)

Chiral fits are then carried out by replacing mean values

mH(Kきgj with jack-knife estii一一atcs m¥f'(Kきea) ^ tl-c sea

hopping parameter number A'while keeping masses at all

other sea hopping parameters at their mean value. This pro-

cedure gives error estimates (AP)A as above, where P stands

for a fit parameter or a quantity derived什onl月t parameters.

Since runs at different sea quarks are uncorrelated, tllc tota一

error AP is dctcnllined by quadratic addition (AP)-

- ∑A.[(AF)A.]-. Errors quoted throughout tllis paper arc dc-

termined with this method.

APPENDIX C: RENORMALIZATION FACTORS

AND IMPROVEMENT COEFFICIENTs

In this appendix we summarize renormalization factors

and improvement coefficients used in the calculation of ma-

tnx elements and quark masses. Perturbative calculations to

one loop have been carried out in Refs. [36,60].

For the couplmg constant we adopt a mcan-held improved

value [61] in the modified miniillal subtraction (MS) scllCme

obtained in the following way. We start with the one-loop

perturbative relation between the bare and MS couplings for

the RG improved gauge action and the O(w)-improved VVil-

son quark action [60],

l l

T=「+0.1000+0.03149Nf+
g*tsU) g-

ou( /u/).

(CD

The formula is reorganized so that l/g- becomes the coeffi-

cicnt in front ofF孟in the continuum limit after tl一c mean

員eld approximation. Using tllc one-loop expressions [24] P

- 1 -0.1402gヱand /?- l -0.2689gヱfor the expectation

value of the plaquette P-(W]×l) Land tl-C 】 ×2 rectangle

R-(Wlx2), we obtain tllc relation

cor+8c,/?

gkA*)
-0.1006+ 0.03¥49N/

og(pa) (C2

Tadpole-improvement is realized by using nonperturbativcly

measured values ofPとind R. For full QCD we use values

extrapolated to tllc chiral limit of the sea quark. Numerical

values ofP and R used in tlle calculation are given in Tables

XXIV and XXV.

As an alternative we define the tadpole improved coupling

constant with the usual procedure which only uses the

plaqucttc P,

l ∫)

叫　　-「 + 0.2402+0.03149Nf+

g'sdv) r

目口-Ei

Sir

ThcVWIquark一一lassisrenon一一alizcdwitl一

mR-ZJ¥+b′,///¥/;;

"n/"o

where

and

For //

0545 05-44

(C3

(C4

zM-l+gKis(M) 0.0400-吉¥0g{fia] (C5)

1　　　　　,

**= -テ一o.0323i?^K/x).
(C6)
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TABLE XXIII. llaryon masses 、vith non-degenerate quark combinations.

・・t,ま　　*s Kval　,,′∑　L'miiu'…蝣J X2INi mA I'minj'maxj A"ニIN,　′"ユ　[/…nサ'maxI　二/Nn-;

β= 1.80, ^-0.1409

0.1430　0.1430　0.1409　2.1634(57) [6,12]　0.6(7)　2.1557(57) [6,12]

0.1445　0.1445　0.1409　2.0924(68)

0.1464　0.1464　0.1409 1.9981(64)

0.1474　0.1474　0.1409　　9501(80)

0.1409　0.1409　0.1430　2.2064(52)

0.1409　0.1409　0.1445　2.1670(56)

0.1409　0.1409　0.1464　2.1153(64)

0.1409　0.1409　0.1474　2.0872(72)

[6,12]　0.4(6)　2.0778(68) [6,12]

[5,1り　　0.4(6) 1.9750(94)  [6,11]

[5,11]　0.3(5) 1.919(14)  [6,11]

[6,12]　0.7(7) 2.2135(53) 【6,12]

[6,12]　0.6(7) 2.1798(57) [6,12]

[6,12]　0.5(6)　2.1366(68) [6,12]

[6,12]　0.4(6)　2.1144(77)  [6,11]

β- 1.80, 1^-0.1430

0.6(7)　2.3280(84)

0.5(6)　2.267(1 0)

0.3(6)　2.188(14)

0.2(5)　2. 148(19)

0.7(8)　2.3700(76)

0.6(7)　2.3392(83)

0.7(8)　2.2993(94)

0.5(7)　2.277(I 1)

【6,I 1]　L8(I.4)

[6,11]  1.1(1.1)

[6,1り　　0.4(6)

【6,1 1]　0.3(5)

[6,1 1]　2.2(1.6)

[6,日j 1.9(1.5)

[6,1り　　・4(I.2)

【6,11]　1.2(I.I)

0.1409　0.1409　0.1430　2.1246(58)

0.1445　0.1445　0.1430

0.1464　0.1464　0.1430

0.1474　0.1474　0.1430

0.1430　0.1430　0.1409

0.1430　0.1430　0.1445

0.1430　0.1430　0.1464

0.1430　0.1430　0.1474

.9490(84)

1.8505(77)

I.7946(73)

2.08 13(64)

1.9806(76)

.9230(64)

.8922(70)

[6,12]　0.6(8)　2.1328(58)  [6,12]

[6,12]  1.1(1.0) 1.9402(82)  [6,12]

[5,10]  1.2(1.2) 1.8257(76)  [5,10]

[4,10]  1.0(1.0) 1.761(10)　[5,10]

[6,12]　0.7(8)　2.0721(64)  [6,12]

[6,12]　0.9(9) 1.9886(77)  [6,12]

[5,10]　0.7(9) 1.9426(91)  [6,12]

[5,10]　0.9(1.0) 1.916(10)　[6,12]

β=1.80, *　-0.1445

0.6(7)　2.2893(97)

I.1(1.0)　2.137(14)

0.8(9)　2.060( 12)

i.Kl.0)　2.020(15)

0.7(8)　2.246(I I)

1.0(9)　2.169(13)

.2(1.0) 2.1302(96)

1.1(9)　2.111(10)

[6,10]  1.1(1.2)

[6,10】　0.7( 1.0)

[5,9]　　0.3(6)

[5,9]　　0.3(7)

【6,10]　1.0(1.2)

[6,10]　0.8(1.0)

[5,9]　　0.5(9)

[5,9　　　0.4(8)

0.1409　0.1409　0.1445 1.9982(65)  [7,12]

0.1430　0.1430　0.1445 1.8920(76)  [7,12]

0.1464　0.1464　0.1445 1.6892(65)　[5,9]

0.1474　0.1474　0.1445 1.6319(81)　[5,9]

0.1445　0.1445　0.1409 1.9103(62)  [6,12]

0.1445　0.1445　0.1430 1.8479(66)  [6,12]

0.1445　0.1445　0.1464 1.7321(59)　[5,9]

0.1445　0.1445　0.1474 1.6965(64)　[5,9]

0.6(8)　2.0035(55)

0.9(1.1) 1.8892(62)

0.9(L2) I.6729(65)

0.7(1.0) 1.6038(84)

2.2(1.3) 1.8907(63)

2.1(1.3) 1.8388(66)

I.5(1.4) 1.7505(82)

I.1(I.2) 1.7242(94)

β= 1.80, 1^-0.1464

[6,12]　2.3(I.4) 2.1595(68)

【6,12]　2.2(I.4) 2.0716(86)

[5,9]　1.3(1.4) 1.9103(99)

[5,9]　1.8(1.4) 1.873(14)

[6,】2]　2.0(I.4) 2.0851(85)

[6,12]　2.1(1.4) 2.0406(97)

[6,12]　1.7(1.3) 1.9519(80)

[6,12]　1.3(1.1) I.9314(91)

[6, 1 0]　0.6(9)

[6,1 0]　0.7(1.0)

[5,8]　0.6(I.2)

[5,8]　0.6(1.1)

[6, 10]　0.7( 1.0)

[6,10]　0.8(I.0)

[5,9]　1.0(1.2)

【5,9]　1.0(1.2)

0.1409　0.1409　0.1464

0.1430　0.1430　0.1464

0.1445　0.1445　0.1464

0.1474　0.1474　0.1464

0.1464　0.1464　0.1409

0.1464　0.1464　0.1430

0.1464　0.1464　0.1445

0.1464　0.1464　0.1474

1.7494(66)

1.6253(78)

1.5320(97)

I.333(14)

.6086(77)

1.5364(85)

1.4809(92)

1.3579(96)

【6,12]　1.0(8) 1.7765(65)

[6,12】　0.8(8) I.6465(79)

[6,12〕　.0(9) 1.5454(99)

[4,9]　　0.2(5)  1.307( 16)

[5,11]　0.9(9) 1.5700(92)

[5,11]　0.8(9)  1.509(1 1)

[5,1り　　0.9(I.0) 1.465(13)

[4,9]　　0.2(4)  I.372( 1 1 )

β-1.95, *　-0.1375

[6,11]　1.8(1.4) 1.9173(78)

[6,11]  I.1(1.0) 1.8138(99)

[6,11]　0.8(9) 1.7379(91)

[5,10]　0.5(7)  I.600(16)

[6,12]　0.7(7)  1.782(12)

[6,12]　0.9(9) I.7305(94)

[6,12]  1.1(I.1) 1.694(10)

[4,9]　　l (2)  1.624(13)

[5, 1 0]　0.2(4)

[5,10]　0.3(5)

[4,9]　　0. 1 (3)

【4,9]　　0.5(8)

[5,10]　0.1(4)

[4,9]　　0. 1 (3)

[4,9]　　0. 1 (4)

[4,9]　　0.3(6)

0.1390　0.1390　0.1375

0.1400　0.1400　0.1375

0.1410　0.1410　0.1375

0.1415　0.1415　0.1375

0.1375　0.1375　0.1390

0.1375　0.1375　0.1400

0.1375　0.1375　0.1410

0.1375　0.1375　0.1415

.6161(39)

1.5571(41)

1.4971 (47)

1.4669(53)

1.6544(37)

I.62 12(38)

1.5868(39)

.5691 (40)

[8,13]　0.I(3) 1.6103(36)

[8,13]　0.I(4) I.5437(39)

[8,13]　0.2(5) 1.4727(46)

[8,13]　0.3(5) I.4354(52)

【8,13]　0.1(4) 1.6引1(37)

[8,13]　0.1(4) 1.6335(39)

[8,13]　0.1(4) I.6059(40)

[8,13]　0.1(4) I.5922(42)

[8,16]　0.5(6) 1.7508(51)

[8,16]　0.5(5) 1.7005(57)

[8,16]　0.5(6) 1.6512(67)

[8,16]　0.6(6) 1.6271(74)

[8,13]　0.I(3) 1.7883(49)

3,13]　0.1(3) I.7631(51)

[8,13]　0.2(4) 1.7383(53)

[8,13]　0.2(5) 1.7262(55)

[7, 1 4]　0.5(6)

[7, 14]　0.5(6)

[7, 1 4】　0.5(6)

[7J 4]　　0.6(7)

[7, 1 4]　0.5(6)

[7, 14]　0.5(6)

[7, 1 4]　0.4(6)

[7, 1 4]　0.5(6)
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PHYSICAL REVIEW D 65 054505

"i-;,1　*V.1 /IJ ヽ・
ltm川,/max.1 Xユwr　　、  ['min./,,,J x-Mvこ　　mユ　　rI血,>'max] AT-!Nl"

β- 1.95, /fKa-0.1390

0.1375　0.1375　0.1390

0.1400　0.1400　0.1390

0.1410　0.1410　0.1390

0.1415　0.1415　0.1390

0.1390　0.1390　0.1375

0.1390　0.1390　0.1400

0.1390　0.1390　0.1410

0.1390　0.】390　0.1415

I.5494(38)

1.3928(41)

.3288(45)

1.2962(44)

1.50り3(40)

1.41 92(39)

1.3819(41)

1.3623(42)

[8,】3]　0.5(7) 1.5566(38) [8,13]

[7,13]　0.5(6) I.3852(40)  [7,13]

[7,13]　0.5(6) 1.3109(44)  [7,12]

[6,13]　0.5(6) 1.2718(47)  [7,12]

[8,13]　0.5(7) 1.5001(36)  [7,13]

[7,13]　0.6(7) I.4261(40)  [7,】3]

[7,12]　0.6(8) 1.3966(42)  [7,13]

[7.12]　0.7(9) I.3821(43)  [7,13]

β-1.95, /v-　-0.1400

0.4(7)  I.6790(54)

0.6(7)  1.5452(62)

0.7(8)  1.4937(72)

0.8(8)  1.4688(81 )

0.5(7)  1.6391(59)

0.5(6)  1.571 5(59)

0.4(6)  1.5457(63)

0.4(5)  1.5335(66)

[8, 1 6]　0.4(5)

[7, 1 5]　0.4(5)

[7, I 5]　0.3(5)

[7, 15]　0.3(4)

[8, 1 6]　0.4(5)

[7, 1 6]　0.3(4)

[7, 1 6]　0.3(4)

[7, 1 6]　0.3(4)

0.】375　0.1375　0.1400

0.1390　0.1390　0.1400

0.1410　0.1410　0.1400

0.1415　0.1415　0.1400

0.1400　0.1400　0.1375

0.1400　0.】400　0.1390

0.1400　0.1400　0.1410

0.1400　0.1400　0.1415

.4350(31 )

.3363(35)

. 1978(45)

1.1619(49)

1.3646(34)

1.3080(37)

1.2254(42)

1.2029(45)

[6,15]　1.2(8) 1.4480(30)  [6,15]

[6,15]  1.6(1.0) 1.3431(34)  [6,15]

[6,15]　2.5(1.3) 1.1862(46)  [6,15]

[6,15]　2.5(1.2) 1.1416(51)  [6,15]

[6,15]  1.5(1.0) 1.3477(35)  [6,15]

[6,15]  1.9(1.1) 1.3002(37)  [6,15]

【6,15]　2.1(1.2) I.2355(41)  [6,15]

[6,151　2.0(I.2) I.2195(43)  [6,15】

β-1.95, Kxa-0.14¥0

1.1(8)  1.5687(48)

1.6(1.0) 1.4844(51)

2.3(1.3) 1.3733(56)

2.1(1.2) 1.3467(61)

1.5 9)  1.4991(51)

1.8(1.0) 1.4567(52)

2.4(I.3) 1.4005(53)

2.5(1.3) 1.3869(55)

[6,15]　1.2(9)

[6.15]　1.1(8)

[6,1 1]　0.5(8)

[6,1 1]　0.6(8)

[6,15]　1.1(8)

[6,15]　1.I(8)

[6,1 1]　0.6(8)

[6,1 1]　0.6(8)

0.1375　0.1375　0.1410

0.1390　0.1390　0.1410

0.1400　0.1400　0.1410

0.1415　0.1415　0.1410

0.1410　0.】410　0.1375

0.1410　0.1410　0.1390

0.1410　0.1410　0.1400

0.1410　0.1410　0.1415

1.3059(42)

1.2018(45)

1. 1290(48)

I.01 56(60)

I.2050(48)

1. 1440(49)

1.0997(48)

1.0286(56)

[6,15]  1.8(1.0) 1.3260(41)  [6,14]

[6,15]　1.5(9) 1.2167(45)  [6,14]

[6,15]　1.4(9) 1.1381(46)  [6,13]

[6,13]  1.5(1.0) 1.0072(62)  [6,13]

[6,14]　1.0(8) 1.1722(44)  [6,13]

[6,14]　1.0(8) 1.1217(45)  [6,13]

[6,13]　0.8(8) 1.0874(47)  [6,13]

[6,13]  1.5(1.1) 1.0364(55)  [6,13]

β-2.10, ^.-0.1357

I.4(1.0) I.4441(52)

1.0(8)  I.3574(57)

0.7(8)  1.3003(65)

1.6(1.1) 1.2191(98)

0.7(7)  I.3464(62)

0.8(8)  1.3026(66)

1.0(9)  1.2737(72)

I.3(1.0) 1.2327(9日

[6, 14]　1.4(9)

[6,14]　1.2(9)

[6, 14]　0.9(8)

[6,12]　1.0(り)

[6, 14]　0.8(8)

[6, 14]　0.8(7)

[6,14]　0.8(8)

[6, 14]　1.2(9)

0.1367　0.1367　0.1357　1.1157(28)

0.1374　0.1374　0.1357　1.0661(32)

0.1382　0.1382　0.1357　1.0059(34)

0.1385　0.1385　0.】357　0.9845(41)

0.1357　0.1357　0.1367　1.1460(26)

0.1357　0.1357　0.1374　1.1173(26)

0.1357　0.1357　0.1382　1.0832(28)

0.1357　0.1357　0.1385　1.0701(28)

[11,20]　2.2(1.3) 1.1086(27) [11,20]

[11,20]　2.2(1.2) 1.0513(28) [11,20]

[10,20]　2.2(1.2) 0.9808(33) [11,20]

【10,20]　2.3(1.2) 0.9523(37) [11,20]

[11,20]  1.9(1.3) I.1521(27) [】U20]

[11,20]  1.7(1.2) 1.1285(28) [】1,20]

[11,20] 1.6(1.1) 1.1013(33) [11,20]

[11,20]  1-6(1.0) 1.0912(36) [11,20]

β-2.10, ^.,-0.1367

1.8(1.2) 1.2098(41)

1.5(1.0) 1.1658(47)

1.I(0.9) I.1125(50)

1.0(0.9) 1.0952(58)

2.3(1.4) 1.2409(38)

2.4(1.4) 1.2190(40)

2.3( l・4)　1 940(45)

2.2(1.3) 1.1853(49)

[10,19]　1.0(8)

[10,19]　1.1(8)

[9, 1 8]　0.9(7)

[9, 1 8]　0.8(7)

[10,19]　1.1(8)

[10,19]　1.0(8)

[10,18]　0.8(7)

[10,18]　0.7(7)

0.1357　0.1357　0.1367　1.0970(27)

0.1374　0.1374　0.1367　0.9683(33)

0.1382　0.1382　0.1367　0.9061(40)

0.1385　0.1385　0.1367　0.8832(44)

0.1367　0.1367　0.1357　1.0647(30)

0.1367　0.1367　0.1374　0.9909(31)

0.1367　0.1367　0.1382　0.9542(34)

0.1367　0.1367　0.1385　0.9402(36)

[11,23]  1.6(1.0) 1.1026(28)

【10,23]　1.0(7)　0.9627(37)

[9,20]　1.2(8)　0.8890(39)

[9,20]　1.3(8)　0.8599(41)

[11,23]　1.6(9) 1.0584(29)

[10,23]　1.1(8)　0.9972(36)

[10,23]　0.8(7)　0.9680(34)

[10,23]　0.7(6)　0.9578(37)

[11,23]  l.8(I.0) 1.1929(57)

[11,23]　1.0(8) 1.0788(66)

[10,21]　0.7(7) 1.0266(70)

[10,19]　0.8(7) 1.0087(80)

[11,23]　1.4(9) 1.1621(63)

[11,23]　1.3(8) 1.1007(61)

[10,23]　1.2(8) 1.0770(69)

[10,23]　1.2(8) 1.0691(74)

[12,22]　2.3(1.1)

[10,22]  1.9(1.0)

[9,2 1]　1.2(8)

[9,2り　　.0(7)

[12,22]　l(l・0)

[10,22]　l(1.日

【10,22]  1.8(1.0)

[10,22]  I.7日.0)
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PHYSICAL REVIEW D 65 054505

x[ま　K"val　^　　∑　[1-,、i.,,′maxj A"/N,  '"A　　′minサ'maxJ Xヱ/N,ド mA　[' ∫ J rw,

β-2.10, k-　-0.1374

0.1357　0.1357　0.1374 1.0339(36)

0.1367　0.1367　0.1374　0.9530(30)

0.1382　0.1382　0.1374　0.8303(44)

0.1385　0.1385　0.1374　0.8065(48)

0.1374　0.1374　0.1357　0.9728(33)

0.1374　0.1374　0.1367　0.9286(33)

0.1374　0.1374　0.1382　0.8553(32)

0.1374　0.1374　0.1385　0.8395(35)

[12,24] 1.5(1.0) I.0418(33)

[11,24] 1.8(I.0) 0.9576(30)

[10,24] 1.0(7)　0.8177(38)

[9,20]  1.1 (8)　0.7839(49)

[ 1 1,24]  1.0(7)　0.960 1 (32)

【1 1,24]  1.1(7)　0.9226(31)

[ I 0,24]  1.3(8)　0.8648(36)

[ 10,24]  1.4(8)　0.8540(42)

β-2.10, Ksca-0.1382

[12,23]　0.8(8)  1.1224(54)

[1 1,23]  1.2(8)  1.0531(50)

[10,23] 1.3(8)　0.9549(76)

[10,23]  1.3(7)　0.9395(94)

[11,23]　2.0(I.2) 1.0641(50)

[11,23]  1.7(1.0) 1.0284(53)

[10,23]　0.9(6)　0.9789(64)

[ 10,23]  i.0(7)　0.9705(70)

い1,24]　0.9(6)

[10,19]　0.8(8)

[9,19]　0.9( 1.0)

[9,19]　1.0(1.1)

[10,19]　0.9(8)

[9, 1 9]　0.9(7)

[9, I 9]　0.8(8)

[9, 1 9]　0.9(9)

0.1357　0.1357　0.1382　0.9425(35)

0.1367　0.1367　0.1382　0.8596(38)

0.1374　0.1374　0.1382　0.7969(33)

0.1385　0.1385　0.1382　0.6894(55)

0.1382　0.1382　0.1357　0.8529(37)

0.1382　0.1382　0.1367　0.8047(37)

0.1382　0.1382　0.】374　0.7677(38)

0.1382　0.1382　0.1385　0.7005(42)

[11,24]　0.8(7)　0.9568(33) [10,24]

[11,24]　0.9(7)　0.8717(35) [10,24]

[10,21]　0.6(6)　0.8058(35) [10,21]

[10,2り　1.I(8)　0.6824(48)  [9,2り

[10,21]　0.3(5)　0.8270(37) [10,24]

[10,2り　0.4(5)　0.7863(37) [10,24]

[】0,2り　0.5(5)　0.7561(35) [】0,2り

[9,21]　0.8(6)　0.7066(42)  [9,21]

β-2.20, k-　-0.1351

0.9(6)　1.0352(59)

0.9(6)　0.96 14(56)

0.4(5)　0.9098(70)

1.0(7)　0.836(1 1)

0.7(6)　0.9440(64)

0.7(7)　0.9073(75)

0.6(6)　0.88 14(74)

0.7(6)　0.8448(99)

[11,24]　0.9(6)

[10,22]  1.0(7)

[10,22]　0.9(7)

[9,20]　0.7(6)

[10,22]　0.9(7)

[10,22]　0.8(7)

[9,22]　0.8(7)

[9,20]　0.7(6)

0.1358　0.1358　0.】351　0.8784(78)

0.1363　0.1363　0.1351 0.8382(85)

0.1368　0.1368　0.1351　0.801(ll)

0.1372　0.1372　0.1351　0.768(ll)

0.1351 0.1351　0.1358　0.9022(82)

0.1351　0.1351　0.1363　0.8793(86)

0.1351 0.1351　0.1368　0.8562(91)

0.1351　0.1351　0.1372　0.8397(91)

[11,23]　2.3(】.4) 0.8729(81) [10,23]

[11,23]　2.5(1.5) 0.8279(93) [10,23]

[10,23]　2.6(1.7) 0.7834(81) [10,23]

[10,23]　2.3(I.6) 0.7452(72) [10,23]

[11,23]　2.3(1.5) 0.9064(72) [10,23]

[11,23]　2.6(1.6) 0.8880(73) [10,23]

[10,23]　3.0(1.8) 0.8698(78) [10,23]

[10,23]　3.8(2.2) 0.8561(85) [10,23]

β-2.20, a-　-0.1358

2.3(I.4)　0.9723(70)

3.0(1.6) 0.9372(78)

3.5(1.8) 0.9016(81)

2.6(1.4)　0.874(10)

2.0(1.3) 0.9963(67)

2.0 I.3) 0.9792(70)

1.9(I.4) 0.9623(74)

1.9(1.4) 0.9489(80)

【日,22]  】-3(9)

[11,22]  1.5(I.0)

[11,19]  1.1(1.0)

[11,19]  1.5(1.0)

[1 I ,22]  1.2(9)

[1 1,22]  1.3(9)

[11,21]  1.3(8)

[11,21]  1.5(1.0)

0.1351 0.1351 0.1358　0.8874(48)

0.1363　0.1363　0.1358　0.7842(46)

0.1368　0.1368　0.1358　0.7438(56)

0.1372　0.1372　0.1358　0.7144(70)

0.1358　0.1358　0.1351 0.8616(49)

0.1358　0.1358　0.1363　0.8016(43)

0.1358　0.1358　0.1368　0.7776(45)

0.1358　0.1358　0.1372　0.7586(48)

[12,23]  1.3(I.1)

[10,22]　0.8(8)

[10,22]　0.7(8)

【10,22]　0.9(9)

[ 12,22]  1.0(9)

[10,22]  1.1(8)

[10,22]  1.0(9)

[10,22]  I.1(1.0)

0.8859(44)

0.7795 (46)

0.732 1 (55)

0.6930(57)

0.8523 (44)

0.8057(44)

0.7863 (48)

0.7719(57)

β-2.20, k-　-0.1363

[11,23]  1.6(1.1)

[10,22]  1.0(8)

【10,22]　l(1.0)

[10,22]  1.0(1.2)

[11,23]  1.7(I.2)

[10,22]　0.9(8)

[10,22]　0.7(7)

[10,22]　0.6(8)

0.9565(77)

0.8748(84)

0.8443(84)

0.8224(82)

0.9326(87)

0.8914(83)

0.8764(84)

0.8664(80)

[1 1,24]  I.2(I.1)

[10,21]　0.5(7)

[10,2り　0.6(8)

【9,20]　0.9(9)

[11,24]  1.1(1.り

[10,21]　0.6(7)

[10,2日　0.6(8)

[9,2 1]　0.8(8)

0.1351 0.1351 0.1363　0.8366(44)

0.1358　0.1358　0.1363　0.7792(45)

0.1368　0.1368　0.1363　0.6939(54)

0.1372　0.1372　0.1363　0.6595(70)

0.1363　0.1363　0.1351 0.7940(46)

0.1363　0.1363　0.1358　0.7612(46)

0.1363　0.1363　0.1368　0.7107(45)

0.1363　0.1363　0.1372　0.6883(52)

[12,23]　0.9(9)　0.8446(43)

[12,23]　0.8(9)　0.7831(45)

[11,22]　0.4(6)　0.6865(52)

[11,22]　0.2(4)　0.6400(63)

[12,23]　0.8(9)　0.7847(46)

[12,23]　0.8(1.0) 0.7570(48)

[11,22]　0.6(8)　0.7166(47)

[11,22]　0.5(8)　0.7003(55)

[12,23]　0.8(8)　0.9203(50)

[12,23]　0.8(9)　0.8702(56)

[10,22]　0.6(8)　0.7960(97)

[10,22]　0.5(8)　0.764(12)

[12,23]　0.8(9)　0.8778(56)

[12,23]　0.8(1.0) 0.8528(60)

[10,22]　0.6(7)　0.8143(73)

[10,22]　0.5(6)　0.8002(85)

[12,20]　0.4(7)

[12,20]　0.8(9)

lJ U9]  1.2(1.2)
【10,19]  1.1(1.日

[12,20】　0.8(9)

[12,20]　L0(I.0)

[11,20]  1.3(1.1)

[10,20]  1.3(1.0)
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TABLE XX川. (Continuef/).

PHYSICAL REVIEW D 65 054505

K'val　ォ」!　hv.,1　　三　　Lt-,…,''maxI x-/N,　、　Ltm….'maxI /Wr　　ユ　I'min''maxj X/N,

β=2.20, kゞ -0.1368

0.】351 0.1351 0.1368　0.7827(38)

0.1358　0.1358　0.1368　0.7242(46)

0.1363　0.1363　0.1368　0.6793(51)

0.1372　0.1372　0.1368　0.5935(64)

0.1368　0.1368　0.135! 0.7204(53)

0.1368　0.1368　0.1358　0.6858(53)

0.1368　0.1368　0.1363　0.6599(54)

0.1368　0.1368　0.1372　0.6076(57)

[10,24]  1.2(9)　0.7956(41)

[10,24]  1.0(7)　0.7329(48)

[10,23]　0.9(7)　0.6847(52)

[9,22]　0.4(5)　0.5858(64)

lIO,23]  1.2(8)　0.7060(46)

[10,23]  1.0(7)　0.6767(51)

[10,23]　0.9(7)　0.6541(47)

[9,23]　0.5(6)　0.6138(64)

[10,24] 1.6(1.2) 0.8536(69)

[10,24]  1.3(1.0) 0.80日(74)

[ 10,24]  1.1 (8)　0.7624(74)

[9,23]　0.5(7)　0.691 ( 12)

[10,24]　0.8(7)　0.7898(74)

[10.24]　0.7(6)　0.7625(75)

【り,24]　0.7(6)　0. 7424(78)

[り,23]　0.7(7)　0.707( 10)

[ 1 0,20]  1 -4(9)

[9,20]  1.3(8)

[9,20]  1.4(9)

[9,19]　1.5(1.1)

[9,20]  1. 1(8)

[9,20】  1.2(9)

[9,20]  1.3( 1.0)

[9,20]  I.3( 1.0)

--1-'4-,,0-A"ォ-1-等1/4(cl)

isused.

ThelocalpseudoscalardensityP-j//,.γ5小,isrcnonllal-

izcdwitll

p*-2knoZp¥¥+bp-¥Pn

"o/(C8)

where

TABLEXXIV.1×1andlX2WilsonloopsillfullQCDat
eachsimulatedseaquarkm;issandextrapolatcdtothechirallinlil.

β　　　　　^・　　　　くけ′1×])　　　(II′1×2)

1.80

ド KB,

2.10

2.20

0. 1409　　　0.490527(30)　　0.232 1 59(35)

0. 1 430　　　0.495049(39)　　　0.237880(53)

0. 1445　　　0.49936 1 (37)　　0.243370(49)

0. 1464　　　0.507204(57)　　0.253308(78)

… ,-0　　　0.51471(34)　　　0.26274(45)

0. 1 375　　　0.553355(20)　　0.305089(27)

0.1 390　　　0.556667(21 )　　0.309890(31 )

0. 1400　　　0.559143(2 1 )　　0.3 13473(34)

0.1410　　　0.5引884(27)　　0.3 17457(36)

間,-0　　　0.56518(20)　　　0.32228(31)

0. 1357　　　0.5980283(76)　　0.362 139( 12)

0. 1 367　　　0.5992023(76)　　0.363979( 12)

0. 1 374　　　0.6000552(67)　　0.365297( 1 0)

0. 1 382　　　0.60108 19(84)　　0.366883( 13)

mps- 0　　　0.602197(64)　　0.36862( 10)

0.135 1　　　0.620027(10)　　0.390976( 16)

0.1358　　　　0.620616(7)　　　0.39191 1(12)

0.1 363　　　　0.62 1035(8)　　　0.392570(1 1)

0. 1 368　　　　0.62 1490(8)　　　0.393289(12)

///ps- 0　　　0.62233(22)　　　0.39465(26)

zp-1+g諒fi)[-0.0523+吉Iog(/i`i)2.(C9)

and

lbp=¥+0.07,91g示(A*).(CIO)

Thercnon-nalizedaxialvectorcurrentA,improvedto
o(g2〟).isobtainedthrough

AK
nll-2K,ioZA¥1+bA-j(Anfl+cAd/lPn),(Cll)

whereA,,-ォ///γF,γ5¢〃istllcbarelocalcurrentand∂'/.'サ1C

symmetriclatticederivative.Perturbativeexpressionsforthe

renonllalizationfactorandtheimprovementcoefficientsare

z.,-I-0.0215gkao,(C12)

一I/>.-,=l+0.0378g示(fl),(C】3)

C.ィニー0.0038g諒/*).(C】4)

sin-ilarly,tl-crenormalizedvectorcu汀e・-I㍗isobtai一一ed

fromthebarelocalvectorcurrentV,-也.γ,<//andT

=ip,,i(TM>一晩,tllrougll

TABLEXXV.IXandX2Wilsol-loopsinqucncllcdQCD.

β　　　　　(W.×-)　　　　　(W.×:)

2.187

2.214

2.247

2.281

2.334

2.416

2.456

2.487

2.528

2.575

0.592 1 968(62)

0.599 1 994(56)

0.6072343(59)

0.6149775(51)

0.626 1 248(48)

0.641 5604(20)

0.64845 12( 17)

0.6535537(2 1 )

0.6600072(20)

0.6670422(ほ)

0.343 8930(92)

0.35335 12(86)

0.3642759(92)

0.3748875(80)

0.3902635 (80)

0.41 17512(34)

0.42141 17(29)

0.4286002(36)

0.4377232(34)

0.4477 I 45(25)
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TABLE XXVI. Numcrical values for coupling constants, Z factors and improvement coefficieilts in ful QCD. Z factors and iilnprovemcnt

coefficients are evaluated using gk I/`′). We also quote rM- r'ictors used for running quark masses fro一一一fl- ¥/a to /la-2 GeV 、、,ith the

three-一oop beta function.

β　sms　嵐I/ォ)sTa^^o)g-^ir/a) Zn　/>,　Zp b′・ Z. ZAIZp hA　」　　　　　runfactor
(Ma)

1.80　3.155　2.185　　2.188　　1.673　1.126　-0.602　0.835 1.125　0.932 1.116 1.119　-0.0120

1.95　2.816　2.054　　2.019　　1.595　1.113　-0.591 0.853 1.112　0.939 1.102 1.106　-0.0107

2.10　2.567　1.946　　1.888　　1.529　1.103　-0.583　0.866 1.102　0.945 1.091 1.097　-0.0098

2.20　2.429　1.882　　1.812　　1.489　1.097　-0.578　0.873 1.096　0.948 1.086 1.092　-0.0092

0.913 1.121　0.8662

0.922 1.108　0.9239

0.929 1.098　0.9885

0.933 1.093　1.0219

V:〟-2/C//OZj′¥+by-¥{V,lfl+cv7lvTnlll).(C15)

u。/

Here the perturbativc results are

zv-ト0.0277g諒FL).

/>r- l +0.0382g誌(/*),

C,,ニー0.0097g諒/*)・(C18)

(C16)N
imprごmcricalvaluesforcoupling

vementcoefficientsarelistedてcms

nT'tants,Z
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