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Calculation of nonleptonic kaon decay amplitudes from A一打matrix elements
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We explore the application of the domain wall fernlion fornlalism of lattice QCD to ca一culate the K-7T7T

decay an-plitudcs in terms of the K+-tt+ a一一d K--0 1-adronic matrix elements throimh relations derived in

chiral perturbation theory. Numerical sinlulこitions are carried out in quenched QCD using the domain-wall

fermion action for quarks and a renon一一a】izatio一一group-improヽ′ed gauge action for gluons on a 16- ×32× 16

and 243×32× 16 lattice at β-2.6 corresponding to the lattice spacing 1/ォ-2 GcV. Quark loop contractions

which appear in Penguin diagrams arc calculとited by the random noise method, and the A/- 1/2 matrix

eleilnents which require subtractions with the quiirk loop contractions are obtained with a statistical accuracy of

about 10%. We investigとite the chiral properties required of the K -7T matrix elci一一cnts. Matching the lattice

matrix elements to those in the contmuunl at /n- I/a using the perturbativc rcnomlalization factor to one loop

order, and running to the scale /x=mc= 1.3 GeV 、vith the renormalization group for Nf=3 flavors, we calcu-

late al川Ie matrix elements needed for the decayこunplitudes. With these matrix elements, the A/-3/2 decay

amplitude RcA2 shows a good agreement witll experiment after an extrapolation to山c chiral limit. The A/

-1/2 amplitude Re/i。, on the other hand, isこIbout 50-60% of the cxpcrilllental one even after chiral

extrapolation. In view of the insufficient enhancenlcm of the A/- 1/2 contribution. We employ the expenmen-

tal values for the real parts of the decay amplitudes in our calculation ofe /e. The central values of our result

indicate that山c A/-3/2 contribution is larger than the A/- I/2 contribution so that e'/ど is negative and has

a magnitude of order lO~　We discuss in dct;lil possible systematic uncertainties, ヽvhich seem too large for a

definite conclusion on the value ofe'/C.

DOl: 10.1 103/PhysRevD.68.014501

I. INTRODUCTION

Understanding ilonlcptonic weak processes oftllc kaon, in

particular, the K-1r汀decay, represents one of the keys to

establishing the standard lllodel and probing tlle pllysics be-

yond it. This decay exhibits two significant phenomena:

namely, the AJ- 1/2 rule, wllicll is a large enl-al一ccmcnt of

the decay mode with A/-1/2 relative to that with A/

-3/2, and direct CP violation [1,2], which is naturally built

in the model for three or more families of quarks [3J. While

both of these pilenomella are well established by expernllcnt,

tlleoretical calculations with su用cient reliability tllat allow

exallrrinations of tlle standard nlodd predictions against tllC

experimental results arc yet to be made. The main reason for

tllis status is the di用culty in calculating the hadronic matrix
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elements of local operators wllich appear in the effective

weak Hamiltonian for the decay amplitudes. At the energy

scales relevant for these operators, analytic treatments such

as the l!Nc expansion arc not sufficiently powerful to reli-

ably evaluate the effect of the strong interactions in the ma-

trix elements. In fact, the A/- 1!2 rule, whicll is supposed to

arise from QCD effects, has not been quantitatively ex-

plained by analytic methods so far. With these backgrounds,

Monte Carlo simulations of lattice QCD provide a I-opcful

method for the calculation of the decay amplitudes.
A natural fralllework for theoretical calculations of the

decay amplitudes is provided by the effective weak Hamil-

tonian Hw, which follows from an operator product expan-

sion (OPE) of weak currents [4J:

Hw-等K/iSw,(m>)QM-　0.0J

Here the Wilson coefficients Wx contain the effects of the

energy scales higher tl-an /i so that they can be calculated

perturbatively. Nonpcrturbative QCD effects are contained in
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the matrix elements of the local operators O,, and the cal-

cu一ation of these matrix elements, often called hadronic ma-

trix elements (HME), is the task of lattice QCD [5-8]. Our

am in tllis paper is to report 01- our atteilipt to obtain these

matrix elements tl-rough numerical simulations of latlicc

QCD using the domain wall forma一ism [9-1 1] for quarks.

The amplitudes for K-tttt decay with A/- 1!2 and 3/2

are written as the matrix elements ofHw,

(( TTTT)/!//,,′lKO)…Afiit,　　　(1.2)

where the subscript 7-0 or 2 denotes the isospin ofthe丘nal

state co汀esponding to A1- 1/2 or 3/2, and ♂/ is the phase

shift什om final state interactions tttt-7T汀caused by QCD

effects. The A/- 1/2 rule, which is one of the focuses of our

calculation, is described by the ratio of isosp-n amplitudes

A,:

w-I-慧-22.2.　(1.3)
Anotllcr focus is the parameter e'/e of direct CP violation in

the standard model. The recent experimental results are

妄-孟監一語]

-漂37:2.8)XIO"4(KTeV)[l],

2.6)Xl。-4(NA48)[21.-4an^。¥r^n¥・/

In tllC nullencal simulation of lattice QCD. matrix ele-

ments arc general一y extracted from Euclidean correlation

functions of the relevant operators and those which create the

initial and final states in their lowest energy levels. For suf一

伝ciently large Euclidean time distances, excited states damp

out and the matrix elements of the lowest energy states are

left. In fact, the kaon B paranletcr BK has been successfully

obtained from the three-point correlation function ofK and

K- and an insertion of the A5-2 weak Hamiltonian [12].

However, in the calculation of the four-point function,

(7r(/2)7T(/-)H^tH)K(tK)) necessary for the K-tttt de-

cay, tllere is a severe limitation as pointed out by Maiani and
Testa [13]. TIicy have silown that it is dimcult to obtain the
matrix elements unless the momentum of each of the two

pions in tllc final state is set to zero.

One of the ways to overcome the di用culty pursued in the

past is to calcLilatc tllC lllatrix elemcnts witl- tllc two pions at

rest, allowing a nonzero energy transfer aE-2m^-mK at

the weak operator. This generally causes mixings ofunphysi-

cal lower dimension operators through renormalization,

which has to be removed. (Sec Rcf. [8] and references

therein.) Furthermore, the unphysical amplitudes obtained

with A」≠O need to be extrapolated to physical ones by use

of sonic effective theories such as cl-iral perturbation theory.

Due to these problems and numerical difficulties of extracト

ing reasonable signals froill four-point functions, this ap-

proach has not been successful for the A/- 1/2 alllplitude

despite many efforts over the years [14J. For the A/-3/2
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amplitude for which the operator mixing is absent, on the

otller lland, a recent study las obtained a result in agreement

with experiment [16].

Several proposals have been presented over the years for

extracting the physical amplitude什om the four-point ftxnc-

tions [17-19]. Feasibility studies for implenlcnting them in

practical simulations are yet to come, however.

In tins paper we explore a mctl-od proposed by Bernard

et al. [15] which is alternative to calculating the three-point
function. In tllis method, which we shall call as reduction

method, chiral perturbation theory (#PT) is used to relate the

matrix elements for K→汀汀to tllosc for K→77 and K→0

(vacuum), and the latter聖一一plitudcs arc calculated in lattice
QCD. Since this calculation involves only three- and two-

point correlation functions, the Maiani-Testa problem men-

tioncd above is avoided. Statistical fluctuations are also ex-

pcctcd to be diminished compared with the case offour-point

correlation functions.

Early attempts with this method [14] encountered large

statistical月uctuations in the correlation functions so that

meaningful rcsults were dimcult to obtain. For the Wilson

fermion action or its O(a) improved version, there is an

added difficulty that the mixing of operators of wrong chiral-

ity caused by explicit chiral symmetry breaking of the action

has to be removed. TllC llllxing problenl llas been resolved

only for the A/-3/2 operators so far [20-22].

The first results on the A/- I/2 rule and e'/e calculated

with this method were recently reported [23] using the stag-

gered fermion action which keeps the U( 1 ) subgroup ofchi-

ral symmetry. In this work, however, a large dependence of

tlle AJ-3/2 amplitude o一一the mcsOI一一一一ass was seen, which

made the chiral extrapolation difficult. Moreover, large un-

certainties due to perturbative renormalization factors de-

pending on the value of the matching point were reported.

Hence clear statements on the viability of the method were

difficult to make from this work.

In this paper we report on our attempt to apply the

domain-wall fcrmion fon一一alisn- of lattice QCD [9-1 1] to ll一c

calculation ofK-> tttt decay amplitudes in the context of the

reduction method. A major advantage of this approach over

the conventional fermion fonlrialisms is tllat full chiral sym-

metry can be expected to be realized for sumcicntly large

lattice sizes in tlle fifth dimension. Good chiral property of

one of the K-tv matrix elelllents, equivalent to the kaon B

parameter, was observed in the pioneering application of the

fon一一alism [24]. Detailed investigations into the realization of

the chiral limit have been made in the quenched approxima-

tion for tlle plaquette alld a re一一ormalization groLip (RG)-

improved gluon action [25-27]. It was found that the use of

RG-improved action leads to much better chiral properties

compared to the case of tllc plaqucttc action for similar lat-

tice spacings [26]. This prompts us to adopt the RG-

improved action in our simulation.

Another possible advantage of tl-c domain wal1 formalism

is O(a-) scaling violation from the fcrmion sector as op-

posed to O{a) for tl-e Wilson case. Indeed our domain wall

fermion calculation ofBK [28] exl-ibits only a small scaling

violation. The magnitude of violation is much smaller com-

pared to the staggered fcrmion case [29] which is also ex-
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pected to be O(cr). An improved scaling behavior may be

enhanced witll tllc use of tl-c RG-improved glLion action.

This paper is organized as follows. In Sec. II, we summa-

nze the main points of the ,VPT reduction method. For the

construction of the formulas whicll relate the matrix ele-

ments for K-it and the K-7777 decay amplitudes, the re-

lations between the four quark operators Q, and #PT opera-
tors arc considered at tree leve一 on the basis of chiral

transformation properties. The necessity of chiral symmetry

on the lattice is emphasized. In Sec. Ill we smlllllarize tllC

details of our numencal si-1uilation procedure. We discuss

the form of lattice actions and the choice of an optimal set of

simulation parameters from the point of view ofchiral prop-

erties. Some of the technical issues are also explained includ-

ing renormalization of the four-quark operators and RG-

running of tl-e matrix elements to the relevant energy scale.

The numencal rcsults are reported in Sees. IV and V. Tl-e

fornler contains results of hadromc matrix elements. In par-

ticular, we show that the subset of Kーit matrix elements

which are expected to vanish in tl一c chiral Hi一一it satisfy this

requirement. We then present the physical matrix elements

and combine them with the Wilson coe用cients, which are

already calculated perturbatively. Tllis leads us to results for

theA/- /2 ruleande le. Ourconclusions arcgiven in Sec.
Vl.

A preliminary report of the present work was presented in

Ref. [30]. We refer to Rcfs. [3 1 ,32] for a similar attempt, and

Refs. [33,8] for reviews.

II. CHIRAL PER'RJRBA'I ION THEORY

REDUCTION METHOD

A. Local operators

We

the OPE for the weak Hamiltoman (1.1) equa一 to the cllanll

quark mass wc-1.3 GcV. In this case only u,d, and s

quarks appear in the local four-quark operators. Convention-

ally these operators are written as

where the indices a,b denote color, and the summation over

q appearing in 」}3 to 」2io mns over tne three ligllt navors,

q-u,d,s, with the charge e,,-2/3 and ej-es-- 1/3.

With tl-e use of Fierz rea汀angements, one can derive the

relations,

24-02+03-01　　　　　　　　　(2.ll)

3　1

Qq=テQ.-テ03.　　　　　　(2.12)

3　1　　1　1

」io=テQ2-テQa=Q2-テQ3+テOi. (2.13)

Hence Q4, Q9, and Q¥S are not independent operators. We
emphasize that these relations do not hold in general

^/-dimensions where Fierz rearrangements cannot be used.

1n terms of the i汀educible representations of the clliral

SU(3h ⑳SU(3)R group, 」>,'s are classified as

Oi,02,09,Oio: (27^,1月)㊨(8i,l*),　(2.14)

03.04,05,06: (8t,lォ),　　　　　(2.15)

07,e8: (8」,8ォ).　　　　　(2.16)

The operators (?,・(/-1, ‥.,10) are invariant under CPS

symmetry, i.e., the product of CP transfonlnation and d◆→s

interchange. A basis of operators which are irreducible under

chiral symmetry and invariant under CPS is given by

where (sd)L‡Sγ,(1 -γ5)d and (scf)R=sγ,(1 +γs)d. Tl一c
color and spinor indices arc summed within each current

except for Y, for which the color summation is taken across
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the two currents. While X,'s Ilavc the Lorcntz structure of

LョL, y,'s have that ofLョR. All the independent local op-

crators are written as li-1car coi-lbilutions of tllese operators:

The expressions for the dependent operators Qas,…之ire easily

derived using Eqs. (2.1 1)-(2.13).

Tlle final states in tllC K一打7T decay can have cither isos-

pin 1-0 or 2, i.e.I A/- l/2 or 3/2. LIcnce (2,'s arc dccoi-1-

posed as

Qi- Qr+Q)(2)　　　　(2.29)

This decomposition is accomplished by constructing another

basis of irreducible representations witll the intrinsic isospin

/. The details are described in Appendix A.

B. Chiral perturbation theory

In the low energy region of strong interactions, the octet

of pseudoscalar mesons tt ,汀±,K-,K-,K±,ワp】ay a pnnci-

pal role as tl-c Nanlbu-Goldstoi-c bosons of spo一一ta11cously

broken chiral sylllmctry SU(3)L⑳SU(3)R-suv)l・. ln

chiral perturbation theory (A'PT) as a low energy effective

theory of QCD, tllcsc Nambu-Goldstonc boson fields arc

used to parametrize tl-e broken axiとil syn一metry・ at-d we col-

lcct them in a 3×3 matrix.

PHYSICALREVIEWD68,014501(2003)

whereX"areGell-Mannmatrices,and/isthedecaycon-
stant.UnderSU(3)L⑳SU(3)Rclliraltransformation,≡

eSt/(3)transformsas

∑-gR∑g工,∑'-gl.∑†g忘(2.32)

TllechiralLagrangiantothelowestorder,witlltheadditional

massternl.isgiヽ′enby

」.v-j*<∂〆∂p∑)-jtiMa,+∑)],(2.33)

whereA/-(250)-diag[/;;,/,wj,/サ5]denotesthequarkmass

matrixandBoisaparameter.InternlSOf三,thelen-and

right-handedcurrentsaregivenby

(v;-2-/簸∑'・鋤,(M-2/(*m∑・∑†)!・,(2.34)

respectively.

Theideaofthe^PTreductionmethodbyBernardelal.

[15]istore一atethehadronicmatrixclcilicntsforK-好打

decaystothoseforK一打andAT→0(vacuum)usingXPT,

andcalculatethelatterthroughnumericalsn-1ulationsoflat-

ticcQCD.Asthefirststepofthe^PTreductionmethod,we

constructoperatorsin^PTwhichcorrespondtoX-
,sand/,sinQCD,i.e.,thosewindltransfonllunderthesameirreduc-

iblcrepresentationsofSU(3)i⑳St/(3)*a一一dinvariantunder

CPSsymmetry.Inthefollowing,wediscussthecaseof

{(27L,¥R),(SL,】R)¥and(8/,8/?)reprcscntationsseparately・

C.Reductionmethodfor(27か¥R)and(S/,lw)operators

Fortheirreduciblerepresentations(27L,1ォ)and(8^,1/}),

whichcoverQx-,Q(y,Q9andQw,theproductofleft-

1-andcdcurrents(Z.//)j(Z,/z)/isoneofthecandidatesforthe

operatortotl-elowestorderinA'PT.A一一explicitformofthe

operators,whicharealsoCPSinvariant,isgivenby

(SL,¥R):A-(L/iyi(Lfl)j,(2.35)

(nLi¥R):C-3(LMLll)¥+2(L〝)j(Vi(2.36)

whereAcorrespondstoX]orX2,whileCisthecounterpart
of.Y3.Thelatterisdecomposedintotwopartswith∫-0a一一d

2inthesamewayasX}(seeAppendixA):

h addition to the operators above, there is another

(8^,1/?) operator which is allowed什om CPS invariancc:



whereV -(R +Lu)/2andA　-{R -L )/2arevectorand

axial vector currents with Lサand Ru defined in Eq. (2.34).

The equation of motion for ≡ is used to derive the third line

from the second line in Eq. (2.40).

The counterpart of this operator for QCD can be obtained

easily by SU(3)LョSU(3)R and CPS symmetry,

where tllc equation of motion fors and dquark fields is used.

For physical Kー7m processes, Qslかand hence B, do

not contribute sn一cc tllcsc operators arc a total dcrlvativc of

local operators and the energy-momentum injected at the

weak operator vanisllcs. However, for the unpllysicとil pro-

cesses such as Kー77 and K-0 (vacuum) which we arc to

ca一culate on tllc lattice, the matrix clcmcnts of'Q川,, or B do

not vanisll due to a finite energy-momentum transfer for /;;∫

≠md. Therefore a mixing between (2;'s and Q、.I in A'一万

matrix elements exists which should be removed. We silould

also note that this I-nixing inevitably arises in the case of

nij-m.‥ as is often chosen in numerical simulations on the

lattice, since Qsu^ is not a total divergence for this case.
We assume tllat there are linear relations in the sense of

matrix elements between the local operators　{Q,(i

-1,…A9,lO),Osub} and {A,B,C} whicll belong to the

same representations, i.e., {(27/,】R),(8L.ォ)}:

Where the coefficients 〟, J)j ,c) , and r arc unknown param-

eters. Taking the matrix elements of tllc two sides of Eqs.

(2.42)I (2.43) and (2.44) for K--0, K+-7T+, alld KO

→汀+1T~, one obtains

whereαi=bi/J・inEqs.(2.45)and(2.46),pKandpTarcthe

momentaofkaonandpion,respectively,and/?denoteseitl-cr
oftl-em.InEqs.(2.48)and(2.49).誓kandmTarethephysi-

calmesonmasses.A鮎reliminating`Jj-CjfromEqs.

(2.46)and(2.48),wearriveattherelationbetween
(汀-Ir><o+TT-¥Q)lIKO)and(汀+¥Q{r¥K+)intl-c7-0case:

The AT->0 (vacuum) matrix elements arc used only to deter-

mine the (*,'s which govern the subtraction of unphysical

contributions originating from Q、ub. The relation for the /

-2 case is derived in the same way from Eqs. (2.47) and

(2.49):

Letusnotethattheessentialpointofthereductioll
(o)A-.(2)
methodisacalculationoftheparametersa,-c¥andc¥
斤omK-itthree-pointcorrelationfunctionsinnumerical

silllillationsoflatticeQCD.Sincetheseparametersappearin

Eqs.(2.46)and(2.47)asthecocnicicntsofPkPtt*their

valuesarcsensitivetothechiralpropertiesoftheK一万

matrixelementsontheleft-handsideoftheseequations.

HenceSU(3)L⑳S(/(3)/jchiralsy一m-ctryonthelatticeisan

indispensablerequirementforasuccessfulcalculationusing

thisnlCtllOd.

D.Reductionmethodfor(8/.,8サ)operators

In order to construct (8/.,SR) operators in ^-PT, we ob-

serve tl-at (∑>;<∑'), transfon一一s as (8ォ,8/) [34-36] where

(M) and (/,/) correspond to 8/. and 8〟, respectively. One

finds a CPS invariant operator



whichiscommonfortllC∫-0a一一d2coiliponents.

III.DETAILSOFSIMULATIONS

A.Latticeactions

TheRG-improvedgaugeactionweuseisdennedby

s帥on->]cO・2TrC/,

aqucttc+cTrC/,
IX2rectangleng(3.1)

wherethecoe用cientsoftheplaqucttcand1X2Wilsonloop
termstakethevaluesc0-3.648andc)=-0.331[37].This

actionisexpectedtoleadtoafasterapproachofphys-cat

observablestothecontinuumlimitthanwiththeunimproved

plaquettegaugeactioil.
Inordertosatisfytherequirementofchiralsymmetryon

thelattice,weusethedomain-wallformalism[9]forthe
quarkaction.AdoptingtllCSllamir'sfon一一illation[10,11]、the

actioniswrittenas

PHYSICAL REVIEW D 68, 014501 (2003)

where D" is tl-e ordinary Wilson-Dirac operator in four di-

mensions, M is the domain-wall heigllt WIljcll llas to be ad-

justed to ensure the existence of chiral modes, e.g., 0<M

<2 at tree level, and ∫ IS tllc Wilson parameter which we

choose to be unity. Tl-c operator D is the extended part in

the fifth direction in which the coordinate is bounded by 1

isj^N5.

Using the chirality projection operators

pL-1芋pサ-工学　(3.6)

quark fields are dentied by

q(x)=PL¢】(x)+PRtffN {x),　　　(3.7)

ci(x)= i/fNs{x)PL+ ¢¥(x)Pr ,　(3.8)

and their mass mr is introduced as a parameter in the bound-

ary condition in the鮒h direction:

w<+-(x)-myaf//,(-Y), i/fo(x)=in/a^- (x). (3.9)

The operators Qt and Qsub in our numerical simulation are

constructed from q and q only, by identifシing u, d, and s with

qu, qd, andqs
Axial vector transformations in five dimensions are de一

石ned as

St/fs(x) - iQ(∫)入`LEごU)ォA,U),

<5<//,(.v) - - /<A.v(.v)OCv)入〟e'(x),　(3. 1 0)

wllere Q(s)-s¥gn(2N5-s+ 1 ) and eご(x) is an in丘nitesimal

parameter. This definition leads to the variation

∂q{x)-iγ5人at?(x)q(x),　　　(3.1 1)

∂q(x)- iq(x)γ5人"e%v),　　　(3.12)

in terms of quark fields. and tl-c axial-vector current takes the

form
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FIG.1.(Left)Anomalousquar

representdataat(0,M)=(2.2,1.7㌢mass/ォ51/asafiinc

。na163(123)x24霊nofiV5inthemja->O

ticc.Filledsquaresare霊fortheRG-improvedactio

at(/?,M)=(2.6,1.8)。nal'6冒票d(empty)circles
2lattice.Forthe

latter,dataatfourlargerNsareusedforfits、viththefunctionsαe-?A'5(dottedline)andc+αe-*'V5(solidline).(Right)Sameforthe

plaquetteactionat(β,〟)-(5.65,1.7)and(6.0,1.8).

The axial vector current A'docs not conserve automatically

even in the chiral limit m√-0 due to tl-c first termJ5(/ on the

right-hand side. Effects of this breaking term, however, are

expected to vanish as 〃5-冗 In practice it is necessary to

determine the value ofjV5 for a given set of lattice param-

ctcrs and a type of gluon action, so that tllC Clliral breaking

effect due to thus term is acceptably small.

In Refs. [26,27], the chiral propc什y of the domain-wall

ferrmon was investigated in detail in the quencl-cd numerical

simulation. Defining an anomalous quark mass by [26]

(ol∑ J冒,<x.′)P''(0)|0)
ヽ

'5q<*=　　　　　　　　　　　(3.1 7)

(oI∑ p`∫(x,/)Pfc(O)|O)
1

tlle axial Ward一mkallaSlli idclltity (3. 14) yields

vJ S A"fl(x)P"(0)¥ -2a(m/+〝15v>( E pa(x)pb{o)

(3.18)

In Fig. 1, we quote results ofw5(/ as a function ofN5 from
Refs. [25,26]. In the right panel data from the standard

plaqucttc gluon action for a-i-　GeV (circles, β-5.65)

and a s=2 GeV (squares, β-6.0) are summarized with

two types of exponcntia川ts. Tllc counterparts from the RG-

improved gluon action arc found in the left panel, where β

-2.2 and 2.6 correspond toa'宗旨　and 2 GeV, respectively.

Tlle anoillalous quark r一一ass for the RG-in-proved action is an

order of magnitude smaller than that for the plaquette action

for both a' -　and 2 GcV. This clearly demonstrates the

advantage of tlle use of RG-ii一一proved gluon action, whicll

we tllerefore adopt in our work.

B. Simulation parameters

Our numerical simulations arc carried out in the quenched

approxnl-ation at tl-c inverse gauge couplir一g of β-2.6.

From the string tension ¥Ja-440 MeV [38-40], this value

of β correspoilds to

l/(∫- 1.94(7) GcV,　　　　(3.19)

which we adopt in our analyses. If we use other quantities

such as the rho meson mass or the pion decay constant to

determine the scale, the lattice spacing is different from the

above value, due to tllc quenched ambiguity as well as the

scaling violation. We do i-ot include sucl- an ambiguity ofd
in the systematic uncertainty of our results.
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TABLE I. Number of gauge configurations, independently gen-

erated for each value ofnija, in our numerical simulation.

163x32　　　　　　　243x32

0.02 407 432

0.03 406 200

0.04 406 200

0.05 432 200

O Ofi 435 200

Denotingthe丘ve-dimensionallatticesizeasN:×Nt

XNc,wechoosethenftlトdimensionallengtlltobeN5-16

andthedomainwallheightoftllequarkactiontobe〟

-1.8.Fortheseparameterchoicestheanomalousquark
massat/?-2.6isgivenbym5-0.283(42)McV[26].We

expectthismagnitudetobesufficientlysmallforviabilityof

the#PTreductionformulas.Chiralpropertiesofmatrixele-

mentswillbediscussedindetailinSec.IVA.
-¥t3ToinvestigatetheeffectoffinitespatialvolumeV-N,

twosizesoflatticesgivenby〃∫-16and24areexamined,

mbothcasesusingthetenlporalsizeN′-32.

Weworkwithdegeneratequarkmassesforu,d,ands

quarks,anddenotethecommonbarequarkmassas間′

=mu=md-ms.Matrixelementsareevaluatedforthebare

quarkmassesm/a-0.02,0.03,0.04,0.05,and0.06.Masses

anddecayconstantsofthepseudoscalarmesoncalculatedon
thelattice,whicharecommonforpionandkaon,aredenoted

asntMandfM.

Gaugeconfigurationsaregeneratedbycombiningone

sweepofthefive-hitpseudoheatbathalgorithmandfour

ove汀elaxationsweeps,whicllwecallaniteration.Weskip

200iterationsbetweencon6gurationsformeasurements.In
TableI,thenumbersofconfigurationsusedinouranalyses

aregiven.
Weemphasizethatγegenerategaugeconfigurationsin-

dependencyforeachvalueofmja.Thisispracticallyfea-

siblesincemostofthecorlriputertimeinourrunsisspentin

calculatingquarkpropagators.Aclearadvantageisare-

movalofcorrelationsbetweendataatdifferentvaluesofmy,

andhenceamorereliablecontrolofthechiralextrapolation
asah-ctionofwyormesonmasssquaredm烹′onthebasis

ofAT-触ingofdata.Forerroranalysesateachwyasingle

eliminationjackkrufeestn-nationisemployedthroughoutthe

presentwork.
TableIIshows/;;孟forbothsizesof163×32and243

×32.Theinterceptsinnij-andm-Mareobtainedbytakinga

linearextrapolation.Valuesofnwinthelimitofm-si-0arc
0.95(62)MeVand1.09(31)MeVon163×32and243×32

一attices,respectively.Thesevaluesarelargerthantl-evalue

m5q-0.283(42)MeVatmf-0.AspointedoutinRef.[26],

thediscrepancybetweenthedirectmeasurementofw5</and

theestimatefromthepionmassislargelyexplainedbyfinite
つspatialsizeeffectsonthepionmass.Weuse/n¥,asavan-

ableinourchiralextrapolationthroughoutthispaper.We

havecheckedthatourresultsremainidenticalwithinesti-

matedstatistica一errorsifnifisusedinchiralfits.

PHYSICAL REVIEW D 68, 014501 (2003)

TABLE II. Lattice pseudoscalar meson mass squared

m-u [GeV-] at each mjo. The x and y intercepts are obtained

through a linear chiral extrapolation. Physical scale of lattice spac-

ing equals ¥la- 1.94 GeV determined by V(r-440 MeV.

163×32　　　　　　　　　　　243×32

mfa in王′[ GcV2]　　>ija J GeV2]

ー0.0004932 0.00 -0.0005616) 0.00

0.00 0.0059(37 0.00 0.0066(ー9)

0.02 0.2434(26 0.02 0.2445(ll

0.03 0.3568(29 0.03 0.3534(17

0.04 0.4741(28) 0.04 0.4714(19

0.05 0.5932(29) 0.05 0.5957(19

0.06 0.713430) 0.06 0.7158(20

C. Calculation of matrix elements

In Fig. 2 we disp一ay tlle quark line diagrams oftllree- and

two-point correlation functions needed for our simulation.

Filled squares represent the weak operator Q¥ ) or Qsnb lo-

cated at the site {¥,t). Crosses are tlleson operators. We丘x

gauge configurations to the Coulomb gauge. A wall source

for pion is placed at /-0 and that for kaon at t-T-N,

- 1. Quark propagators are solved by the conjugate gradient

algorithm, imposing the DirichJet boundary condition in time

and tlle periodic boundary condition in space. Tlle stopping

condition is given by

¥¥(D+m)-x-6||2<10-9　　　　(3.20)

where b is the source vector,.v is the solution vector, and D is

the lattice fermion operator. With this stopping condition a
precision of better than 0.1% is achieved for arbitrary ele-

ments of three-point correlation functions.

The three-point correlation functions for K- it matrix el-

ements have the contractions of Figs. 2(a), 2(b), and 2(d).

For calculating the /-0 amplitudes (^¥QT¥k+), both the
figure-eight contraction of 2(a) and the eye contraction of

2(b) are needed, while for the　7-2　amplitudes

(k+¥Q¥ ]¥K+) only the丘gure-eight contributes. Writing

0(0- ¥IV∑ (O(x,/), we extract the matrix elements from

calcu一ation of the ratio of form

(o¥7r+(T)Q¥′)(∫)(K+)千(0)lo)

We note that a local current A J-x)-q(x)γfLγ蝣tq(x) is cm-

ployed in the denominator ratller than the conserved current

014501-8
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FIG. 2. Types of contractions needed for our calculation. Solid lines represent quark propagators on a backgroui-d gauge field. Crosses

represent points where meson sources are placed, while filled squares denote four quark operators or the subtraction operator, (a) …figure-

eight," (b) …eye" which contributes only for matrix elements ofQ¥ ', (c) "annihilation" with a quark mass derivative in the external line

(type 1) or in the quark 一oop (type 2), (d) …subtraction," and (c) "two-point."

given in Eq. (3.13) in order to match with the local form of

the four-quark operator in the numerator.

The contractions in Fig. 2(c) show the K -0 (vacuum)

annihilation matrix elements from which tl-c parameters α,.

in the #PT reduction formulas (2.50) are obtained. Ifdand s

quarks are nondegeneratc, these parametersとire cとisily ob-

tained from the ratio of propagators:

In tlle limit of degenerate quark nlasses, whichとipphcs to our

numerical simulation, some care is needed. From the denni-

tion of Qsuh (2.41) and tllc fact that CPS syl1imctry gives

(O|o/|*-)I",I-′〝.′-0, we derive

The dcri、′こitivc acts both on tl-c operator Q¥ 'and on the

kaon, and lencc there are two contributions as shown in Fig.

2(c). The necessary derivative of the quこirk propagator is

obtailled through

01450ト9
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FIG. 3. Time dependence of the propagator ratio de丘ncd by Eq. (3.22) for Q^ (upper) and 0(6n) (lower) for 7^-0.03. Le銃and right

columns are for the 一attice size -63×32 and 24Jx32, respectively.

To calculate the quark loops that appear in the eye and

annihilation contractions, we employ the random U( 1 ) noise

method. We generate JJ¥x)-ei'Kx)(j- 1,. ‥,M) from a

uniform random number 0(x) in the interval 0≦0<2tt. In

the limit N-→=c, we have

志2?n*(x)?niy)-S(x-y).(3.27)N-*

Therefore,calculatingquarkpropagatorswith」(%y)asthe

source,

T?'¥x)…∑(D+m)U,.v')r"(.v'),(3.28)

/.t'

wefind

志2V"(-vK<'>*(.Y)

1=]-(D+w)-'(-v,-v)(3.29)

.＼'-ォx

asthequarkloopamplitudeforeacllgaugeconfiguration.

In our ca一culation, we generate two noises for each spinor

and color degJee o/ freedom, i.e., 2×(No.color)

×(No. spinor)- 24 noises for each configuration. In Figs. 3

and 4 we show propagator ratios for the QP and QT op-
erators, and tllose for α-> and α　The horizontal lines indi-

cate the values extracted from a constant fit over /- 10-21

and the one standard deviation error band. Here correlations

between different time slices are not taken into account for

the fit. Instead errors arc estimated by the jackkmfe method.

We observe rcasoilable sigllals, which silOW tl-at 24 noises

for eacll configuration we employ is sufficient to evaluate the

quark loop amplitude. From Eq. (3.22), the ^PT reduction
formulas derived in Sees. II C and II D are converted to the

following fortlls at the lowest order of#PT:
For ∫-1‥‥,6.9,10:

(r+7r-|0<O)|K-)-V2/.(′亮一/Hw)

(-+ln<->--¥Q¥α/」?subl^+)
×~
(77+K|o)(O¥AA¥K+)

(3.30)
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FIG. 4. Time dependence of the propagator ratio defined by Eq. (3.25) to calculate the parameter `∫2× α2 (upper) and `L2× α do、ver) at

nija-0.03. Left and right columns arc for the lattice size 16 ×32 and 243×32, respectively.

where we set pK-(im。u,0) and /? -(-t'′〃.u,0) for K+

一万　matrix elements on tlle rigllトlland side. We identify

fsl with/ and assign to it tl-e physical va一ue of/jj, sincefsl

agrees with /. in tlle chiral limit. On tllc other hand, the

meson masses m-K and m-^ in Eqs. (3.30) and (3.31) represent

the experimental values since they arise froili the physica一

K一打77 matrix elements. All of tllc experimental values

used in our calculation are summarized in Appendix B. We
emphasize that these fonllulas are valid to the lowest order in

^PT. If higher order corrections are small, the right-hand

sides of Eqs. (3.30)-(3.32) should depend only weakly on
つ

the lattice meson mass m¥M'

The two-pion states in the isospin basis are decomposed

aS

We use a sllortlland notation

014501-ll
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FIG. 5. Effect of subtractions illustrated for 0(2()) (upper) and Q{」り(lower) as a function of m王′　The origina一 matrix element

(*+10H*+) (circles) and the subtraction term - αi(汀+lQ、ub|/k+) (diamonds) are added to obtain the physical matrix element (squares).

Values are multiplied with a factor yJ2f訂(iii-^-mz-)/(汀+|i44|0)(0|/1.4|^+) so that the vertical axis has dimension [GeV3]. Left and right

columns are for the lattice sizes 16 ×32 and 243×32, respectively.

(Qi)l=((汀ir)/10/l*-) /-0,　(3.37)

for the matrix elements in the isospin basis hereafter.

D. Subtractions in A/-1/2 matrix elements

According to Eq. (3.30) tllC COIltribLition of tlle unpllysical

operator Q$lib has to be subtracted for calculating the A/

- 1/2 matrix elements. Figure 5 shows tl-c original matrix

clement (打+¥Q{r¥f(+) (circles). the subtraction term

-αi( r+12、ub¥K ) (diamonds), and their sum (squares),

multiplicd with a factor　¥j2f汀(nrK-m三)/(k+¥Aa¥O)

(o¥A4¥K+) for conversion to tllC K-1T汀matrix elements

[see Eq. (3.30)]. The left and right columns correspond to tlle

spatial sizes 16　and 24 , respectively, and the upper and

lower rows exhibit the data for 0" ar>d Q¥, as typical

examples. These matrix elements play a dominant role in tl-e

A/- /2 rule and e'/e as we see in later sections. The nu-

merical details of subtractions for all of tlle relevant opera-

tors 」>JO) for /- 1,2,3,5,6 are collected in Table III.

We observe that the subtraction term represents a crucial

contribution m tlle physical nlatrix elenlent. In tlle case of

Q㌢ the subtraction term is twice larger than the origina一

matrix element and opposite in sign. Thus the physical ma-

trix element is similar in magnitude but flipped in sign com-

pared to the original matrix element.

For tl-e case of Q{ョ'the subtraction tern- almost cancels

the original matrix element so that the physical matrix ele-

ment is an order of magnitude reduced in size. Nonetheless,

as one can see from inspection of Table III, the physical

matrix clclllcnts are well detenllined witll errors of 1 0-20 %.

01450ト12



CALCULATION OF NONLEPTONIC KAON DECAY ‥. PHYSICAL REVIEW D 68, 014501 (2003)

TABLE 111. Subtraction in K-it matrix element (T+loH* ) for /- 1,2,3,5,6 il-ultiplied with a factor
、耳/訂(∫"a--'サIv(7T+la4¥o)(o¥a4¥k十). The values of the K'-77　matrix element (first), the subtraction

term - αt・(TT+¥Q、ub|*+) (subtraction), and their sum (total) are given in units ofGeV.

163X32　　　　　　　　　　　　　　　　　　　　243X32

m rd first subtraction total first subtraction total

Q(r 0.02 -0.0135(44) ー0.0ー34(25 -0.0269(56) -0.0028(23) -0.016412) ー0.0192(28)

0.03 ー0.0084(29) ー0.0133(20 -0.02】739 -0.005224) -0.0115(14 ー0.016730)

0.04 ー0.0091(21) ー0.0107(16 -0.0198(30) 一0.008214 -0.0092(10) -0.017421)

0.05 ー0.0096(16) -0.0085(13 -0.0181(24) -0.0056(12) -0.0076 10) -0.0ー3118

0.06 ー0.0071(14) -0.0073(12) -0.014420 -0.0085(ll) ー0.00752(82) ー0.016016)

2V(0) 0.02 ー0.041040) 0.0825(25 0.04ー546 -0.0500(19) 0.0875(13 0.0375(23

0.03 -0.041924) 0.0755(21) 0.033629 -0.0450(19) 0.0823(】6) 0.0373(22

0.04 ー0.0392(18 0.0752(18 0.036】22 -0.0434(18) 0.0743(14) 0.030916)

0.05 -0.0375(15) 0.065914 0.028416 ー0.0394(13) 0.0680(12 0.028613)

0.06 -0.034613) 0.0627(13) 0.0281(14) -0.0354(ll) 0.0636(ll) 0.02821(94)

Q¥0) 0.02 ー0.130(17) 0.1253(90) -0.005(21) -0.1ー5ー81 0.1256(46 0.010(10

0.03 ー0.日810) 0.110781) -0.007(14) -0.1140(84) 0.1311(53) 0.017(ll

0.04 -0.1137(76) 0.ー17961) 0.004(ll) ー0.1198(61 0.1206(42) 0.0008(80

0.05 -0.1132(65) 0.1055(50) -0.007786) -0.1052(46) 0.1146(43 0.0094(66

0.06 ー0.100050) 0.】031(47) 0.0032(75) -0.1049(44) 0.1051(35) 0.0002(55

2ォ> 0.02 1.71945 -1.743(36) -0.024(24) 1.832(24 -1.853(185) ー0.022(ll

0.03 .608(37) -1.657(32) -0.04815) 1.73131) -1.768261) ー0.036(ll

0.04 1.59133 -1.633(30 ー0.04211) 1.593(27) ー1.635249) ー0.0420(80)

0.05 1.438(26) ー1.482(25 -0.0444(82) 1.521(25) ー1.553224) -0.0321(67

0.06 I.430(26ー ー1.46523ー -0.0359(71) .412(23ー -1.448(205 -0.036153)

Q? 0.02 4.98(13) -5.0ー10 ー0.025(5ー) 5.264(67 一5.350(54) -0.086(22)

0.03 4.66(10) ー4.79291 ー0.12926 4.960(88 -5.110(76) -0.150(20

0.04 4.632(97) ー4.721(86) -0.08919) 4.595(80 -4.732(71) ー0.137(14)

0.05 4.155(78) -4.28771 -0.ー3212 4.385(72) -4.496(65) -0.1ー1(ll

nnti 4I?H7一、 ー4914′f17、 ー∩1190′q̀i、 4∩只Kfsくー ー4IS"Ufin、 -nnqく7(只穴、

Theseresultsshowthatthesubtractionplaysacrucialrole

incalculationswiththereductionmethod.Numericallythis

procedureiswellcontrolledinourcase.

E.RenormahzationandRG-running

Throughoutthispaper,therenormalizationoftheopera-

torsandtheRG-runningofthematrixelementsarecarried

outwithintheperturbationtheoryinmodifiedminimalsub-

tractionMSschemewithnaivedimensionalreduction
(NDR).

ThephysicalK-1T汀amplitudesintheisospinbasisAj

aregivenby

lOAl-篇VV*A

rusrud∑W,{p)〈0,>n/*),(3.38)
i-I

wherewesetd/-0sinceourcalculationatthetreelevelof

#PTdoesnotincorporatetheeffectofthefinalstateinterac-

tion;thiseffectbeginsfromthenexttoleadingorderof^PT.

TheWilsoncoe用cientfunctionslaveafonll

Wi{fJL) -Zi{tJL)+ T-yi{fl)　　　(3.39)

where yf are nonvanishing only for /-3,...,10 and r-

- (F* F,d)/( ^*s^ud) 's a complex constant. With our choice

of scale fi-mc- 1.3 GeV, the functions Zj{mc) are neghgi-

blysmall for;-3,‥.,10 [41].

The coefficient functions　}>,(/*) and z,(ytf) at m(
- 1.3 GeV have been calculated for several values of the

QCD parameter A温[41]. We employ A温-325 MeV for
our main results, and also consider A宗-215 and 435 MeV
to examine the magnitude of the systematic error. The choice

of the central value is motivated by recent phenomenological

compilations of the strong coup一ing constant, e.g., Ref. [42]

quotes A宗-296三44 MeV corresponding to α㌢¥Mzo)

-0.1 184(31). We list the values ofcoe用cient functions we

use in Table lV. The experimental parameters are summa-

nzed in Appelldix B.

To calculate the renonllalized matrix elements in the MS

scheme (Q,・)㍗(/a), we first translate the lattice values into
the renormalized ones at a. 1-1atching scale q*¥
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TABLE IV. Wilson coefficient functions [41],

PHYSICAL REVIEW D 68, 014501 (2003)

^ 宗 二1
.V ) )'A ) s >'(, v 7 / (* .ー▼8 ′(r .、,。′LT V io /α

2 ー5 M c V ー 0 .3 4 6 I. 7 2 0 .0 2 3 - 0 .0 4 8 0 .0 0 7 - 0 .0 6 8 - 0 .0 3 1 0 .10 3 I .4 2 3 0 .4 5 ー

3 2 5 M c V - 0 .4 ー5 一.2 16 0 .0 2 9 ー 0 .0 5 7 0 .0 0 5 - 0 .0 8 9 - 0 .0 3 0 0 .13 6 一 一.4 7 9 0 .5 4 7

4 3 5 M e V - 0 .4 9 0 I.2 (ゝ 5 0 .0 3 6 ー 0 .0 6 8 0 .0 0 1 - 0 .1 1 8 ー 0 .0 2 9 0 .17 9 一 .5 4 8 0 .6 6 4

This step is carried out using the renormalization factor cal-

dilated to one-loop order of perturbation theory [43-46].

The dctailed form of the one-loop ternls and explicit numen-

cal values fox q*- 1/(/ in quenched QCD, appropriate for our

case, are glven in Appendix C.

The next step is to evolve the renormahzed matrix ele-

ments from the scale q*- ¥la to f*--itic using the renormal-

ization group, and combine them with the Wilson coefficient

Rinctions Wj(fi). The RG-evolution of the matrix elements

(Qih (/*) is inverse to that of tl一c coefficient functions

W,(/i), i.e.,

Perturbative calculations of U(mc ,q*) at the next-to-leading

order are available [41]. In Appendix C we adapt the known
results to calculate the numerical values of the evolution ma-

tnx for our case in which /z1-wc- 1.3 GeV and /j12-1/a

-I.94GeV. Tlle evolution may be lllade cither for

quenched QCD or for Nj=3月avors corresponding to u, d,

and s quarks, depending on the view if tl一c matching at JA

- I/a is made to the quenched theory or to the Nf=3 theory

in the continuum space-time. This is an uncertainty inherent

iヮquenched lattice QCD, and we choose the Nf=3 evolu-
tion in our calculation. We have also tested the evolution

with quenched QCD. and found that tlle results for hadronic

matrix elements do not change beyond a 10-20 % level.

For the coupling constant in our Nf=Z evolution, we em-

ploy the two-loop form

IV.RESULTSOFHADRONICMATRIXELEMENTS

A.ClliralpropertiesotK-7rmatrixelements

AswementionedinSec.IllB,theRG-improvedgauge

actionprovidestheadvantagethatthellneasureofresidua一

chiralsymmetrybreakingm51/duetofiniteN5issmallat
〟-l=2GcV.Itisnonctllclcssdesirabletoclleckthesizeof

thechiralsymmetrybreakingeffectdirectlyfortheK-1T

matrixelements.
Explicitchiralsymmetrybreaking,ifpresent,causesmix-
ingofthe7-0four-quarkoperatorsQ)(01withthelower

dimensionaloperatorsdwithoutquarkmasssuppression,so

thatA:-7Tmatrixelementsatm`1=m∫=nifbehaveas

・k+¥Q¥(0)-α/0,J*+,-争∫(Oh

/-<・:・"')+砦+芸-/)

×(汀+¥sd¥K+)+O(mま′)(4.1)

for(8/,1R)operators,and

・*+|oiO)|J0--^iO)+芸〈ir+¥sd¥K+)+CHmii)(4.2)

for(8;,,SR)operators.Hereβi,γand♂,arcdimensionless
quantitieswhichrepresentmagnitudesofresidualchiral
symmetrybreaking,andhenceareproportionaltoe-ciVc

witl-someconstantc.Tl一cmatrixelement(7T+¥sd¥K+)stays

nonzerointlleClliralHillit.MotivatedbyEqs.(2.41)and

(3.14),onemayconsidermodificationsofthesubtraction

operatorsuchas

Qsub-(ms+m.∫+2m51])sd-(m∫一md)sγ5d.(4.3)

Suchmodifications.lowcvcr,willnotensurethecomplete
removalofresidualchiralsymmetrybreakingfromthema-

tnxelemelltS.
The1-2operatorsQ¥2]donotmixwitl‖hesdoperator.

Theirmatrixelementscanhaveconstanttermsinthecrural

limit,however,duetomixingswithdimension6operators
suchasQ¥-linll-cpresenceofcl-iralsymmetrybreaking.

Hencewealsoconsiderthechiralbehaviorofthesematrix

clenlcnts.

OfthetenoperatorsQt,werecallthatQ^gjoaredepen-
dentoperatorsassi-owninEqs.(2.11ト(2.13).Furthermore.
thereisanidentityQ¥-)-Qゝ2)wl-ichfollowsfromEqs.

(2.22),(2.23),andthe/-2componcntisabsentintheO3,5i6

operators.Tl-uswe0--lyneedtoexa一一一il-Ctl一cmatnxelen-ents
-fOIV3.5.6and0(2)
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FIG. 6. Ratio of matrix elements (7T+|^<./)|/:+)∫( r ¥A4¥0)(0¥A4¥K+)×m-Ma- as a function ofin烹′[GeV2] for /- 1,2,3,5,6 (7-0) and

/- 1 (∫-2) from top to bottom. Left and right columns are for仙e lattice sizes 163×32 and 243×32, respectively. Solid lines represent the

chiral extrapolation to in烹′-0 with a quadratic function ofm烹′, while dashed lines are with a cubic function as described in the text.
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Figure 6 shows these matrix clcillcuts as functions of

"t三′ (GeV2) for the two spatia一 volumes V- ¥6i (left coレ

umn) and F- 24 (right column), adopting the nonllalization

de伝ned by
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TABLE V. Fit parameters for the chiral extrapolation of the K-77 matrix clcn-ents defined by Eq. (4.4) which should vanish in山c
ヽ

chiral limit. The parameters (a,,,`/] ,a2) arc dctcnnined by the fit functionォ+</1//;}′+uコ(′''i′)二.

163×32　　　　　　　　　　　　　　　　　　　　　　　　243×32

a,[GeV~2]　uコ[GcV-41　xヱ/dor o<,　　aJGeV"2]　a,[GeV~4l xコ/do√

lォl) ー0.00738 -0.09(17 0.04(17) 0.63 0.0ー7(24 ー0.1011) 0.01(ー2) .88

Iα0M.b 0.00425) ー0.17(ー2) 0.15(13) 0.19 -0.041(ー5) 0.03774 -0.064(81) 0.06

or-^Q、ub -0.007(51 -0.24(24) 0.17(24 0.12 ー0.02431 -0.06(15) ー0.06(ー6) 1.16

ey,((サ) 0.02ー34 ー0.51(ー5) 0.25(15 0.07 -0.002(23) -0.50(1り 0.26(12) 0.35

-<tiQ、uh 0.000(26 0.82(13) -0.37(13 2.43 0.017ー8) 0.80292 -0.37(10) 0.71

QV}-ォ2Qゝub 0.01940 0.31(18 -0.1318) 2.09 0.02425) 0.26(ll) ー0.06(12 1.40

Q～(り 0.02(15) -1.36(64) 0.5965 0.42 0.06390) -1.43(44) 0.58(47 0.92

.α3Qゝub 0.0014(95) .12(46 ー0.3149) 0.89 -0.08959) 1.7ー30 -0.9233 0.34

C?3-ォ,Ĉuh 0.02(19) ー0.19(86 0.23(89 0.58 ー0.02(ll 0.27(56) ー0.32(60) 0.87

QT- 0.37(48) 14.7(2.3 一3.72.5 2.56 0.27(34) 16.8(1.7) ー6.4(1.9) 0.48

lα5Qゝllb ー0.15(42 ー16.1(2.0) 4.72.2) 2.56 ー0.1129) ー17.8(1.5) 7.0一.7) 0.40

Qlり一α5Q、llb 0.020(20) -1.27(90 0.95(92) 0.17 0.1312 -0.85(57) 0.51(61) 0.48

QT 0.8(1.4) 44.1(6.6) ー12.4(7.1) 2.96 0.86(97 47.6(5.0) -】7.2(5.6) 0.31

lα(,Q、llb -0.1(1.2 ー47.85.8 14.86.3 2.61 ー0.1985) ー52.1(4.5 2一.0(5.0 0.42

qtーα.Q.sub 0.053(38) ー3.0(1.6 .71.6 227 0.59(22) ー4.01.0) 3.3(1.1 0.62

n<2サ T∩nn蝣nm、 nn171ん4、∩∩!7XfA父、 nlO ー∩∩∩~>fA′Fi弓、nn7くim、∩n14nn7ー ms

b。　　6,[GeV -]　b2[GcV-4]　/dof b{ [GeV -】 b2[GcV~　　　/do√

sd　　　　　　- 170(1 1)　1 16(46)　　-64(45)　　　2.21　　- 186.2(4.0)　151(19)　　- 82(19)　　　3.72

For the 1- 0 channel, three data sets are plotted, correspond-

ing to the original matrix element Ay--Q)') (circles), the

subtraction tenll -αiQsub (diamonds), and the subtracted

matrix element Q)しαiQsub (squares). For the 1-2 chan-

nel, subtractions are absent and hence A^! -Q¥′).

The denonlinator of Eq. (4.4) behaves as

(7T+M4|0>(0¥A4¥K+)-2f-U'サ王′　　(4.5)

irrespective of whether clliral symmetry holds exactly or not.

Tlle advantage of our normalization is that the coe用cicnt of
7

the m-KI term of the ratio is directly related to the K

-⇒汀+汀　matrix elements. An alternative nonllalization is

provided by tlle ratio

where P-qγ5q is the pseudoscalar density. This method

avoids the use of measured values ofpion mass, but it loses

tl-c straightforward relation to the physical matrix elements.

We use the normalization (4.4) in our analyses. We 1-avc
checked, however, that the conclusion remains unchanged

even ifEq. (4.6) is employed instead.

For chiral extrapolation we consider an expansion of the

form

Chiral extrapolations using the first three terms are indicated

by the solid line in each panel ofFig. 6. The fit parameters

arc summarized in Table V. The results for the intercept ao in

the chiral limit are consistent with zero within the fitting

errors except for the 1-2 operator Q¥-) for the volumes V

- 163(I.8tr) and 24 (4a-), the 7-0 subtracted operator

m(ォサ)- `*60sub for V- 163( 1.40-) and 243(2.7<r), and the sub-

traction term for the /-1 operator　-αi2sub for V

-243(2.8<x). Since no systematic tendency that the inter-

ccpts become larger for smaller volu-nc is observed, it is

unlikely tllat the nonzero intercepts of these matrix elements

arc caused by the丘rute spatial size effect. Indeed even an

opposite tendency that the intercept becomes larger for larger

spatial volumes is observed.

The absence ofa systematic trend in our data suggests the

possibility that nonzero intercepts observed for some of the

matrix elements are artifacts of the long extrapolation in

"7ミ′. To test this point, we attempt a fit with a cubic polyn0-

mial of fon一一。l壷′+C12(壷′)2+aA(m王′)3 and a form with

chiral logarithm given by ci¥m-si+`/l(/>/ミ′)2

1

+us{m三′)2ln/?ru, both having a builトin chiral behavior of
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1

TABLE VI. Same as Table V for仙e fit function `甲-ru+a2(nru)-+〝4(mミ′)3.

.63×32 243×32

叫【G eV -I tJヱ[G cV ー a,[G eVー6] X 2′d0r a.[G cV --1 ∫̀二[G cV ォ.[G cV y-/dof

Q ¥0) ー0.10(ll 0.0 1 44 0.06 4り 0.64 0 .004 (67 - 0.18(2 8) 0.10 (27 2 .07

- ォ¥Q 、tHー ー0.15 9(72) 0.14 (30 ー0.0 1(29 0.20 ー0 .27 1(40 0.64 (ー8 ) ー0.49 (】8) 0.12

0 1 α)Q 、llb ー0.2 8(ー5) 0.2 1(60 0.00 57) 0.13 - 0 .257 (87 ) 0.42 (37 - 0.36 (36) 0.98

Q {(0) ー0.37 ー0) - 0.0 6 39 0.2 1(37 ) 0.10 - 0 .4 99 (63 ) 0.23 (27 ) 0.02 (28) 0.35

I α2Q uゝb 0.826 (75) ー0.3 9(3 1) 0.02 (30) 2 .4 3 0 .942 (47 - 0.72 (2 1) 0.26 (22) 0.4 3

O S(0)ーα2Q 、"h 0.46 (ー2 ) ー0.4 6 4 5 0.23 (42) 2 .07 0 .4 " (67 - 0.56 (28 0.3 7 27 0 .98

Q 0ゝ ) - 1.09 (4 3) ー0.2 (1.7 0.6 一.6 ) 0 .35 - 1.00(25) - 0.3(1.0 0.6 (1.0 ) .02

ーα30 M,b I.20 (2 7 - 0.4 1.1) 0.l l.1 0 .90 .07 16 ) 0.5 1(7 1) - 0.9 7(7 1) 0 .57

Q <ゝサ)_ ォ30 hlJb 0.05 (55 ) ー0.4 (2 .2 ) 0.5 2.1 0 .55 0 .ー0(32 0.1(1.3 ー0.3 (1.3) 0.87

Q {)) 17.7 (I.4 ) ー 11.1(5 .7 5.6 5.6 2 .36 18 .82 88) 一 一一.0(4.0 3.3 (4 .1 0.50

- ォ,0 、1一b - 17 .5 (1.2 8.5 (5 .0) ー3.0 5.0 2 .4 4 ー 18 .68(76) 9.2 3.5 - 1.6 (3 .7 0.38

e <ー>- αsQ utb 0.08 (5 9) ー 1.9 2 .3 I.9 2.2 0 .23 0 .03(34) 一 1.3(1.4 ・2 (1.4 0.68

Q i(<>) 50 .9 3.9 - 29 16 13 16 2 .80 54 .0(2.5 - 32 (12 10 12 0 .34

- α6Q uゝb - 49 .6 (3.4 ) 2ー14 ー6 14 2 .54 ー53 .6(2.2) 25 10 ー2.8 (I.0 0.4 1

Q T - α6Q lゝlb 0.6 日 ) ー5.9 (4 .1 5.0(3.8 2 .36 0 .04(63 ) - 5.3(2.6 5.7 (2ー5 ) 1.54

Q ¥:) 0.055 5 38) 0.05 7 16) - 0.027 15 ) 0 .18 0.0 557 (17 0 .057 3 77 ー0.029 9(79 1.50

vanishing at /;;i/-0. We show the former fit curves by

dashed lines in Fig. 6 and the fitted parameters in Table VI.

Numerical results of the chiral logarithm fit are given in

Table VII. The伝t curves arc similar to those of the cubic fit.

Both functions provide good fit of data with reasonable

r/dof.

Let us try to analyze the chiral behavior of1-0 matrix

elements in tenlls of mixing with the sd operator as given in

Eq. (4.1). Tlle existeilce of tlle corlStallt βf can be detected

from tllc chiral limit of the matrix elements. On the other

hand, separating the contribution of γ,- and 8; from the physi-

cal ones would require results at different Ns. We leave such

')　　　　　　　　　　　　　　　　　1  .

TABLE VII. Same as Table V for the fit function a¥in-s/+a2(inミ′y+a3(mミ′)2ln/サ-u including a cl-iral logarithm term.

163×32 243X 32

′̀[G cV●2] ォ,[G eVーJ] a3[G eV -当 v2/dof - 〟,[GcV ー21 〟,[G cVー4] 〟,[G eVー4] y2/dof

& r - 0.日 20 0.07(14) 0.02(39 0.65 0.04(12) - 0.110(84) 0.13(25) 2.0ー

ーα0 sub - 0.15(13) 0.128(90) 0.01(27 0.20 - 0.369(74) 0.268(49 ー0.46(16) 0.06

Q (r ー" 10、llb ー0.29(27) 0.2 1(19) - 0.03(54 0.13 ー0.32(16) 0.ー5 11) ー0.3 1(34) 1.05

0 V(0) - 0.32(18 0.09(13) 0.20(35) 0.09 ー0.50(ー2) 0.259(77 0.0 1(25) 0.35

ーαヱQ LゝLb 0.83 ー3) - 0.376(93) 0.01(28 2.43 0.987(88) - 0.515(56) 0.23(20) 0.52

& iォサ_ α2Q、llb 0.50(2 1) - 0.29(15) 0.21(41) 2.08 0.53(ー2) ー0.276(85 0.33(25) 1.tl

q P 一 .0 1(76 0.32 56) 0.5(I.5) 0.38 - 0.85 45) 0.ー0 3 1) 0.59(97 0.98

ーα3Q lゝlb .22(49 ー0.40(34) 0.1(1.0) 0.89 0.86(29) ー0.21(19 - 0.93(66) 0.49

q T - α3Q Sub 0.12(98) - 0.0 1(7 1) 0.4 2.0) 0.56 0.05(58) - 0.ー4 39 ー0.2(1.2 0.87

2 <-> ー8.7(2.4 ー6.8(1.7) 4.8(5.2) 2.44 ー9.5(I.7) - 8.6(1.0) 3.1(3.8 0.48

ーα5Q lゝlb - 17.9(2.1 6.1(1.4 - 2.4(4.6) 2.49 一一9.0(1.4) 7.99 88 ー1.4 3.4 0.38

q T - α5Q uゝb 0.5 1.1 ー0.54(77) .9(2.り 0.21 0.32(61) ー0.46(42 .2 1.3 0.6

2 (0) 52.9(7.1 - 19.5(4.9) ー1(15 2.87 56.1(4.8 ー24.2 3.0 ー0 11 0.32

ーα6Q、llb - 50.1(6.1 16.5(4.1) - 4(13) 2.58 一54.1(4.2 22.6(2.5) - 2.5(9.7) 0.42

c? "しォhC>、"b 1.8(1.9) ー2.2 1.5 5.0(3.7) 2.35 1.4(1.1 I .16(80 5.7 2.3 1.21

Q ¥2) 0.0498(68) 0.0364(47 - 0.026 ー5) 0.ー5 0.0494 32) 0.0351 20 - 0.0285(73) 0.99
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TABLE VIll. /2/a/"(7T+¥sdlKつas a function ofntjO.

間ノ`1　　　　　0.02　　　　　　0.03　　　　　　0.04　　　　　　0.05　　　　　　0.06

an investigation for future studies, and assume that the latter

contributions are negligible. We also ignore mixings with the

dimension five operators sa^^F'xd since tl-cir contributions

are sublcading in Ma.

We estimate βi什om the values ofa。 obtained in the

chiral fit of the matrix elements for the subtracted operator

Q)(OL αiQsub given in Table V. For tl-is p叩osc, we repeat

the calculation of Eq. (4.4) for塞′)--sd, and extract

where powers ofa arc supplied to absorb dimensions of ma-

tnx elements. We then fit the results to a quadratic polyn0-

mial bQ+b¥m王′+b2(mミ′)2. The numerical values of Eq.

(4.8) arc given in Table VIII, and the results for /;,・are given

in Table V. Normalizing with ni5(/-0.283 McV to take into

account the e　5 dependence expected for yS,, one lias

In the case of F-243, the results are /S/7(w/5(yォ)-0.9(1.1)

for /-I. -0.91(87) for /-2, 0.8(4.2) for /-3,

-4.7(4.4) for/-5, and -21.6(8.1) for/-6. Except forthe

/-6 operator for whicl- the coefficient is exceptionally 】argc,

we石nd values consistent with zero within tllc errors.

The analyses described llere do not silow strong evidence

for the effect of residual chiral symnletry breaking in the K

-77 matrix elements. Although more data at slllaller quark

masses will be needed for the definite conclusion, we con-

elude 〕ere that our results for the 111atnx clclllcnts arc coiレ

sistent with the expected chiral behavior within the statistical

precision of our data. Therefore, for the chiral extrapolation

in tlle rest of this paper, we employ tllc cubic polynomial

without a constant term for the central value and use the

form with a chiral logantllm to estimate tllc systematic un-

certainty. Since nonzero intercepts beyond statistical errors

cannot be cxc】uded for some of tlle matrix elements, wc

examine possible effects of the residual chiral syi-nmetry

breaking to the physical matrix elements in Sec. V.

Let us also lllakc a coilllllCllt on tllC COIllpansoil of lattice

data with predictions of quenched chiral perturbation theory.

For the /=O cl-annel, data for more values ofwy are required

for such a comparison because of the presence ofa number

of unknown parameters as well as a new term of form
l

b¥nrミ′ln/サ-u in the predicted matrix elements [47]. On the

other hand, quenched chiral logarithm terms are absent for

thc /-2 111atnx elements governed by the (27^,1^) operator,

and the ratio a-ila¥ for Q¥-) is predicted to beォ3/tf]-

-6/(16万実)ニー2.180GeV"2.WeobserveinTab】cVII

tllatthefittedvalueagreesinsignbutis3to4timessmaller

inmagnitudethantheprediction,e.g.,a3/ォ|-

-0.58(10)GeV-ona24jx32lattice.

Quenchedcluralperturbationtheorymakesthesameprc-

dictionforthecoefficientofthelogarithmtermofthechiral

expansionofβ〝asitisgovernedbytllCSalllcoperatorlll

^PT.Forthiscase,similardiscrepanciesoflatticeresults
fromthepredictionarefoundforthecaseofthestaggered

fcnllionaction[29]aswellasforthedomainwallfermion

action[28].Apossibleexplanationfortheselargediscrepan-

ciesisthathigherordercorrectionsin(quenched)#PTare

non-negligibleatquarkmassesemployedinthecurrent
sil一一ulation.Indeedwehaveconfirmedtl-atdataforQ({]can-

notbefittedbythefon一一a.m孟′+tfi(w王′)2+a3(m烹′)2lnw;u

+a4(壷f)jwithtf3/"i--2.180GeV~fixed.Thecomplete

formin^PTtothisorder,

a,〃7ミ′+a2(tn]f)2+a3(ml,)2¥nmlt+a4(nil,)2¥il

+a^{m言′)3Inm-M+a6(m烹′y(¥nm王′)2,

unfortunately,cannotbeemployedforourdatacalculated

onlyatfivevaluesofquarkmasses.Understandingthesmall
valueofa^laxforQ¥-^requiresfurtherstudies.

B.Physicalvaluesofhadronicmatrixelements

WetabulatethevaluesofalltheK-⇒7T7Tmatrixelements
inTablesIX(for163×32)andX(for243×32).Theupper
halfofeachtableliststhebarelatticevalues,(Qi)㍗,and

thelowerhalfthephysicalvalues,(Qi)㍗,obtainedthrough

matchingatthescaleq*-1/afollowedbyanRG-evolution
tofi-mc.Notethat(03-<)㍗becomenonzeroduetothe

RG-evolutionwhichbreakstheisospinsymmetryinthe

presenceoftheQEDinteraction.Thetwosetsofnumbersdo
notdifferbeyonda10-20%levelexceptfor(05.6.7.8>O.for

whichthedifferenceamountsto30-40%.Thelattersitua-

tionarisesfromalargermagnitudeofmixingoforder
5-10%amongtheQ^J,,78operatorscomparedtotheother

operatorswhicharetypicallylessthan5%.Inthefol一owing,

thesuperscriptMSwillbeomittedunlessconfusionmay

arise.
InTableXIweillustratethemagnitudeofuncertaintydue

tothechoiceofqbycomparingthevaluesofphysical

hadronicmatrixelements(Qt・)i(mc)fortllchoicesq*
-Maandq*-ir/aatmj-0.02ona243spatialvolume.

One石ndsthatthedifferenceisatmost20-30%.
hFig.7weplotthephysicali-natrixelei一一entsfortl-e

A/-1/2amplitudes(」,)o(/-!,...,6,9,10)asafunction
ofw王′Theseeightmatrixelementsinvolvethesubtraction
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TABLE IX. Hadronic n-atrix elements(Qi)n a一一d(Qi)ヱ(/- ! ,10) in竺堕sofGeV- ateachnifa on a 163×32 lattice.The upperhalf

of the table lists the bare values. The lo、vcr half arc those rcnonnalized in the MS scheme at fi- 1/a and run to fx.- 1.3 GeV forNf-3 using

J嶋-372 MeV, 、、・hich corresponds to A㌫-325 McV.

0.02　　　　　　　　　0.03　　　　　　　　　0.04　　　　　　　　　0.05　　　　　　　　　0.06

bare {Q ih - 0 .032 9(69) - 0.0 26 6 48 - 0.0242 (37) - 0.0 222 (29 - 0.0 176(25)

[G eV 3] <0 2>O 0 .050 8 57) 0.04 12(35) 0.044 2(27 0.0 34 7 (20 0.0 34 5(17 )

〈Q -1〉0 - 0 .006 (2 6 ー0.0 08 ー8) 0.005 (13 ー0.0 09(10 0.0 039 9 1

〈Q 4〉0 0 .078 24 0.0 59 ー6) 0.074 (12) 0.04 75 93 ) 0.0 560 82

<0 5>O ー0 .030 (2 9) - 0.0 59(18 - 0.05 1 13 ー0.0 54 10) - 0.04 39 8 8

<0 6>O - 0 .03 1(6 2) ー0.157(3 1) ー0.ー0 9(2 3 ー0.16 1(15 - 0.138(12)

<0 7>C. .635 (30) 2.04 3(33 2.574 (42 2.8 35(43) 3.3 28(49)

〈Q 8〉0 5 .0ー2 (9 1) 6.2 5(10) 7.90 (13 ) 8.6 6(13 10.18(15)

<0 9>O - 0.0464 (58) ー0.0 357(35 ー0.03 89(28 ー0.0 285 (2 0 - 0.0 284 18)

<O IO>O 0 .0372 (69 0.0 32 1(48 0.02 94 38 0.0 284 (3 0 0.0 237 25 )

<0 .h 0 .0 13 14 15 0.0 14 02 (12) 0.0 14 87(1ー) 0.0 1539 9 98) 0.0 1595 7(90

(Q :): 0 .0 13 14 (15 0.0 14 02 12 0.0 14 87(ll) 0.0 1539 9 98 0.0 ー595 7 90

〈Q 7〉2 0 .4 1ー0 (4 2) 0.4 292(34 0.46 56 2 8) 0.4 863 2 7 0.5 264 24

(Q ォ)ヱ 1.238 (13) I.2 6 1(tl) 1.33 57(87) 1.3 639 (7 7 1.44 5 1(70

0 9>2 0.0 19 7】23 0.0 2 103 18 0.022 3 1(16) 0.0 23 10 (15) 0.0 239 3 13 )

2 ,0 2 0.0 19 7 1(23 0.0 2 103 (18 0.02 23 1(16) 0.0 23 10 15) 0.0 2393 (13 )

0.02　　　　　　　　　　0.03　　　　　　　　　　0.04　　　　　　　　　　0.05　　　　　　　　　　0.06

ren ornーalizcd O I><> 一 0.029 ー(68 - 0.0 234(47 - 0.02 06 37) - 0.0 19 1 2 9 - 0.0 144 25

at t.3 G cV 0 2>O 0.05 10(69 0.0 360(43 0.04 15 33 0.0 29 1 24 0.0 30 1 2 0)

[G eV 3] 0 3 0 0.004 (28) ー0.0 12(20 0.00 7 14 - 0.0 15 (ll) 0.0 002 9 9)

〈0 4>O 0.082 (27) 0.04 9(18 0.06 9(13 0.0 35 (10) 0.0 460 (92

(Q sh - 0.026 2 6 - 0.0 32(16 ー0.03 3(ー2) - 0.0 253 94 ) ー0.0 187 82)

<0 6>O - 0.0 12 (4 8) ー0.一一一24 - 0.07 ー18 ー0.115(12) - 0.0 960 9 0

<0 7>O 0.797 (17) 1.0 2 1(18) .26 9 2 1) .4 17 (2 1 .6 40(23)

〈(?ォ)(. 3.4 28 (69) 4.3 74 (73 5.46 9 86 6.04 6 (87 7.0 24 94)

ォ?.サ>(. ー 0.045 3 70 一0.0 287(43 - 0.0 34 1(34 ) ー0.0 205 (24 ) - 0.0 2 12 (2 1)

<0 .O>(. 0.034 7 68) 0.0 306(48) 0.02 78(37 0.0 275 (2 9 0.0 23 1 2 5)

(Q ih 0.0 134 5(16 0.0 14 36 13) 0.0 】524(ll) 0.0 157 8(10) 0.0 ー636 1(9 1)

C?:>: 0.0 13 28(16) 0.0 14 17 (12) 0.0 】504(ll) 0.0 155 7 1(99 0.0 16 137(9 1)

<0 3>J ー 0.000 0274 0(3 1 ー0.0 00030 58 27 ー0.0 000339 5(2 5 ー0.0 000 367 7(24 ) - 0 .0 0004 007 23

〈Q J〉ヱ ー0.000 2 19 8(36 ー0.0 00234 9(30 ー0.0 00252 1(2 5) - 0.0 0026 52 (2 1 ー0 .0002 830 20

<G s>2 0.000 2056 (37 0 .0002 ー9 6(3 1 0.0 00235 7(2 5) 0.0 0024 83 (22 0 .0 0026 56 20)

〈Q 6〉: 0.000 758 (14 ) 0.0 00789 (ll) 0.0 008274 (9 1) 0.0 00 85 17 77 0 .000 89 13(70

<0 7>2 0.204 5 36 0.2 24 3(30) 0.24 66 25) 0.2 655 2 2 0 .2 89 7(2 1)

〈Q 8〉: 0.846 (16) 0.880 (13) 0.92 2(ー0) 0.948 8 86 0 .9922 (79)

〈Q 9〉ヱ 0.020 26 24) 0 .02 16 H t9) 0.02 295(16) 0.0 23 76(15) 0 .02464 14 )

<0 .O>2 0.020 06 24 0 .0 2 I4 H t9) 0.02 272(16) 0.0235 3 15 0 .0243 9(14 )

ofunphysicaleffects.Theemptyandfilledsymbolsindicate
thedatafromV-16and24Jvolun-cs,respectively.Within

thestatisticalerrorsateacl-脚andthe月uctuationfordiffer-

entval

spatialごesofmy,bothofwl

ize163,thedatafr。m霊arelargerforthesmal

tw。spatialvolumesd。i霊

sllowindicationsoftllcpresenceoffinitesizeeffects.

Theremainingmatrixelements(Q7品fortheA/-l!2

amplitudc,vvlliclldollotrequiretllcsubtractioil,arcsilOWllil一
Fig.8.TIleSelllatnxclcnlcntsarcwel一dctcnllinedaildex-
hibitclearinもdependences.

TllCmatnxelclllentsfortIICA/-3/2cllallnclgivcilby

(QI)2-(Q2)->and(07.S)2arcplottedinFig.9.Theirstatis-

tical quality and m王′ dependence are similar to those for

(27.8>。-

As discussed in Sec. IV A, for extracting the values in tllC

clliral limit, we adopt a quadratic polynomial ionll
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TABLE X. SこImc as Table IX for the 243×32 lattice.

Itljil　　　　　0.02　　　　　　　0.03　　　　　　　0.04　　　　　　　0.05　　　　　　　0.06

bare 」io - 0.0235 34 - 0.0205(37 - 0.02 17 25 - 0.0 161 22) - 0.0196(19)

【GcVj】 (Q zh 0.0460(28) 0.0457 27 0.0378(19 0.0351(16 0.0345 11

〈Q tl〉0 0.013(12) 0.02一日3) 0.00 10(98) 0.0日6 81) 0.0003 68)

〈Q J〉0 0.082(ll 0.087 12) 0.0600 91 0.0627(74) 0.0544(58

<O S>O - 0.027(14 - 0.044 13) - 0.05 15(97 - 0.0393(82 - 0.0442(65)

(Q *h - 0.105(26) - 0.ー83(24 - 0.167(17) ー0.ー36(14) ー0.117(ll)

(Q ih I.697(ー5) 2.157(29) 2.5(ゝ3 35 2.990(40) 3.295(44)

〈Q 8〉0 5.211(44) 6.5糾 85 7.84(ll 9.13(12 10.08 13

<Q サh - 0.0417(28 - 0.0412 28 - 0.0324(20) ー0.0299(】7) 一0.0295(ー2)

<2 .0>0 0.0278(34) 0.0250(38 0.0267 26) 0.02ー2 22 0.0246(19

<O I>2 0.0ー3154(43) 0.0 14 163(52 0.014781(48 0.015335(45) 0.0ー5853 43)

<Q zh 0.0ー3154 43) 0.0 14 163(52) 0.014781(48 0.0ー5335 45 0.0 15853 43

(Q lh 0.3996(15 0.4222 18 0.4559(15 0.4900(14) 0.5 184(13

〈Q 8〉ユ .2119 48) 1.2444(55 I.3128(45) .3783 4ー) 1.4271(40

(Q サh 0.019730 65) 0.021244(78) 0.022 172 72 0.023003(67) 0.023779(65)

(Q w h 0.019730 65) 0.02ー244(78) 0.022 172(72) 0.023003(67) 0.023779(65)

間ノ̀′ 0.02 0.03 0.04 0.05 0.06

renorm aIlzed <0 .)o - 0.0203(34 - 0.0 173 36) - 0.0182(25 - 0.0130(21) - 0.0】63(19

at 1.3 G cV <0 2>O 0.0433(33) 0.0401(34 0.0322(23) 0.0309(19 0.03ー0(14

[G cV 3] 〈Q .t〉0 0.0 15(14 0.0 17(14 - 0.004(ll) 0.0084 88) ー0.00ー4(73

〈Q J〉0 0.078 13 0.076(14) 0.048(ー0) 0.0535 84 0.0466 65)

<e $>o ー0.008 ー2) - 0.0日(1り ー0.02ー4(90) - 0.0144(74) ー0.023ー(57

<0 6>O - 0.072 20) - 0.132 19) - 0.120(14) - 0.095(ll) - 0.0790(84)

C?7 0 0.8415(80 1.072(15 1.271(17) 1.488(19 1.637(21)

〈Q 8〉0 3.631(33) 4.566(60) 5.434(70 6.352(79) 7.002(86)

〈Qり)O - 0.0376 33) - 0.0338(34) - 0.0247(24) ー0.0233 20 ー0.023】(14

0 10 0 0.0259(34 0.0234 37 0.0256(26 0.0205(21 0.0239(19)

<e .>2 0.0ー3469 44 0.0 14499(53) 0.015ー4049 0.0157ー7 46 0.0ー6253(44

C?2>: 0.0ー3295(44 0.0 14317(53 0.014944 49 0.015507 45 0.0ー603 1(43)

〈Q-t〉: - 0.00002694(ll) - 0.00003018 14 - 0.00003331(13 ー0.00003662(13) - 0.00003960(13)

〈QJ〉ヱ - 0.0002 180(15 ー0.000230ー(17 一0.0002476(15) ー0.0002660(13) - 0.0002807(】3)

(Q sh 0.0002037 15 0.0002142(17) 0.00023 12(15) 0.0002492(ー3) 0.0002634 13

(Lh ): 0.0007562(57 0.0007728(63 0.0008 144 54 0.0008575(48 0.0008866(46)

ォ?7 : 0.2010 】5) 0.2 180 17) 0.2409(15 0.2658(14 0.2866(14)

〈Q 8〉ヱ 0二8440(64) 0.86 18(70 0.9078 60) 0.9552(53 0.9872 5 1)

〈QL,〉二 0.02028 1 66 0.021830(80) 0.022796(74) 0.023666 69) 0.024474(66)

(Q uh 0.020083 66 0.02ー623(80) 0.022575(73 0.023431 68) 0.024228 66

In Tables XII and X日. results from these chiral extrapo-

lations are sunmlarizcd with tl-e va-ues of ^-/dof. The dif-

fercnces between two types offits silould be taken as a mea-

sure ofsysten-atic error. For (Q6)0, one observes iII Fig. 7 an

except-onal behavior of tl-c data at間′=0.02. A一一additio。al

chiral extrapolation excluding this quark mass is hence also

made for comparison and the fit lines indicated in the figures

are obtained.

C. B parameters

We convert renormalized hadromc mとitnx elements at /A

-/nc- 1.3 GcV into B pとu・乙川leters defined by [41]
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TABLE XI. Renornlali/cd hadronic nlatrix clcmctlts at fx

- 1.3 GeV in units of GcV3 from different matehing points q

- I/(/ (left co一umn) and ttIu (right column). V乙ilues arc t乙Ikell at

…ノ〟-0.02 on a 243×32 -atticc.

ij*-¥la q　-irla

2.)o -0.0203(34) 一0.0152(33

〈Qコ〉0 0.043333 0.042433

03>O 0.015(ー4) 0.01914)

ー(Q4〉O 0.078(13) 0.076(13

(Qsh -0.008(12 一0.005ー2)

」?60 ー0.072(20 -0.050ー6)

(Qih 0.8415(80) 0.7986(77

〈QS〉0 3.631(33) 2.873(26)

(Q9〉0 -0.037633 ー0.031733

<2.o)o 0.0259(34 0.0257(34

(Qih 0.01346944) 0.0143ー4(46)

(Q:)2 0.013295(44 0.013760(45)

(Qih 0.20ー0(ー5) 0.19ー2(14

〈Q8〉二 0.8440(64 0.6678(51)

〈Q。〉ユ 0.020281(66) 0.021754(70

(Qwh 0.020083(66) 0.02日49(69)
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We sim1Illanzc the values ofB paraillctcrs in the chiral linlit

obtained by the fit witl- quadratic poIynomial or chiral loga-

ritllm in Table XIV. Quark masses a-1d otllcr parameters used

in the ca】dilations arc given in Appendix B.

Let us coillpare our values of B paralllctcrs with typical

ones quoted in phenomenology (sec, e.g., [41]). For the B

parameters nllportant for the ⊥11- 1/2 rule, tllc experimental

value of KcA2 indicates Byjr^R(mc)-OA53 with A㌫
-325 MeV, with whidl our vとiluc B¥3/2)(mc)-0.4 to 0.5 is

consistent. On the other hand, our results B¥] -¥mc)-8 to 9

and Bゝ1/2),′′',)-3 to 4 arc smaller than B¥　¥mc)-15 ai-d

B濃r('サ`・)-6.6 needed to explain t1-2 experimental value of
Re/l。. For the parameter Bと'relevant for the direct CP

violation, tl-c largest of our estimate B6onl(wc)=ォ0.3 from

the four-point fit oftl-c data什0--日hc 24　spatial volume is

still i一一uCl- sl一一allcr than Bと-ri)-- 1 in the ¥INc approach, while

Bォ3 )(/ォ,.)・*・0.9 is comparable to B¥?'ウー- 1 again in the ¥/Nc

approach. In general tl-e B paramctcrs for 7-0 are smaller

than the usual estimates.

previous studies gave By-}(/x-2GeV,NDR)
-0.58(7) and Bとm¥fi-2 GeV.NDR)-0.81(4) [20]、

B¥m (/x-2 GcV,RI(MOM))-0.38(ll) and B[iP-¥fx

-2 GcV,RI(MOM))-0.77(9)　[2日　　bT (m

-")2 GcV,NDR)-0.58(9) and B{*'-¥ji-2 GcYNDR)

-0.80(9) [22],什0m quenched lattice QCD, and fl7 '(/i

-2 GcV,NDR)-0.55(12) and fi'3/2I(fi-2 GeVNDR)

-1.日(28) from dispersive sum rules where ms+m`1

-100McV is used [48]. Our v'allies are B¥m¥fJ.

- 1.3 GcV.NDR)-0.62(3) a一一d　5^-'(/z- l-3 GcV.NDR)

-0.92(4) 011 24jx32 lattice ill broad agreelllent wit!1 the

above. Note that tllc scale fi is different between our results

and Ulose of otllcr studies.

In Table XV. we list the values of Re//0, RcA2, and 。d1

-RcA()/ReAっ for cacl- value ofnif and spatial volume, and

for the tl-rcc cl-oices of the A parameter A㌫-325, 215、 and
435 McV.

Figure 10 plots RcA2 (left panel) and RcAo (right panel)

as functions of /;;ミ′ for A霜-325 McV. In both panels,

empty and filled syi一一bols denote the results什om tl-c volui一一C

v- 163 ai-d 24J、 respectively. Signals for ReAっarc quite

clean, while tllosc for RcA。 exhibit more fluctuations. Since
l

both amplitudes show a vanとition with 〝ru, we need to ex-

trとipolとitc them to the cl-iral limit to cxtrとict the physical pro-
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FIG. 7. Physical hadronic matrix elements (Qi) for /- 1,2,3,4,5,6,9, and 10 as a function of/;;ミ′ from top lo botton一. These mこitnx

elements involve subtractions of unphysical effects. Empty and filled symbols are from the spatial volume V- 16　ai-d 243, respectively.

chiral extrapolations with a quadratic polynomial arc shown by solid (F-243) and dashed (V- 16 ) lines. Fit error in the chira川mit is
added for the former.
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FIG. 8. Physical hadronic matrix elements (Q,.ボ) as a function of壷′. The organization of each panel is the same as that in Fig. 7.

diction. Following tl-c analysis in Sec. IV A, we examine

two types offit functions given by

(5.2)

Chiralextrapolationsfromthequadraticfitareindicatedby

solidlines,andthosefromthechirallogarithmfitbydashed

linesinFig.10.

FortheA/-3/2amplitudeplottedontheleft,theextrapo-
一atedvaluesshowgoodagreementwitlltllcexpernllcntal
valueRe/*,-1.50×10~ポGeVindicatedbythehorizontal

arrow.Ontheother一and,theA1-1/2amplitudeRcA。is

smallatmeasuredvaluesofquarkn-asses,andonlyamounts

toabout50-60%oftl-eexperimentalvalue33.3

×10GeVevenafterthechiralextrapolation.

Abreakdownoftheamplitudesintocontributionsfrom

thetenoperatorsQ{with/-】,.‥,10isillustratedinFig.H

fornija-0.03.ThehistogramsfortheV--6and24cases

areshownbydashedandsolidlines.respectively.Tl-chon-
zontallineswithstatisticalerrorsindicatetl-ctotalampli-
tude,thedashedandsolidlinescorrespondstoV-163and

24.Anapparentabsenceofcontributionsfromtheoperators

with∫-3‥‥,10isduetotl-esmallvalueoftheparan-eter

RcT宍ゴ0.002;therealpartofthedecayamplitudesisdeter

minedbythematrixelements(Ql)and(Q2)I,、vithtl-c

latterprovidingthedominantpart.
Theratiocj-I--RcA()/RcAっisshowninFig.12.Re-

fleetinganinsu捕cicntcnllancementoftheA/-I/2ampli-

tude,itonlyrisestoabouthalfoftheexperimentalvalue
w-I-22.ThesituationhardlychangesforA㌫-215or435

MeV,for、vhichtheamplitudesshiftbyabout510%(see

TableXV).Wecollectcllira川tparametersforthecaseof
largerspatialvolumer-243inTableXVI.

Altogetherwenlld

Re^。-16.5(2.2)(+4.2)(+0.7)(工0.8¥
1.6'×】0~[GeV],
(5.3)

Rc/I2-1.531(26)(-178)(-4)C)×10'【GeV],

(5.4)

'-9.5(1.1)(+2.8)(0.6)(三0.7-3)-(5.5)

TtlccentralVaIucsaretakenfromtllcresultona24×32
latticefromthequadraticpolynomialfitwithA宗

-325McV.TllC伝rsterrorisstatistical,thesecondoneisan

estimateofuncertaintyofchiralextrapolationusingthechi-

rallog'aritllmfit.tllCtllirdoneisfinite-sizevariationesti-
matedbythecl-乙ingcofvaluefortheV-163lattice,andthe

fourtllone,associatedwithrenormalization,isestimatedas
thelargestvariationunderchangesofA霜,q*、andthe

RG-ninning.Ifthechiralsymmetrybreaki一一gterm」_I/mミ′

isincludedinthechiralfit(5.2),allonzerovalueof」_|

beyondthestatisticalerrorisobtainedonlyforReA2,resulト

Ingii-a60%increaseofthevalueofReJ2.Thedisagree-

mcnt什0---experimentbecomesworseinthiscase.Theseal-
ingviolationandthequenchingerror,wl-ichcannotbe

estilllatcdinourcalculation,arcnotincludedinoursystem-

aticuncertainty.Inparticular,thepllySICa】scaleoflattice

spacingsetbythestringtensioninthispapermaydifferby

about10-20%什omscalesdeterminedbyotllcrphysical
quantitiesduetothequencl-cdapproxii一一ation.Tllisunceト

taintyisnotincludedintheaboveerrorestinlate.
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FIG. 9. Physical hadronic matrix elements (Ql) and (07,8)2 aS

a function ofin王′. The organization of each panel is the same as

that m Fig. 7.

and the parameter Jl,,+t/′-0.25(5) re月ects tl-c isospin

breaking. Since tl-c A1- 1/2 rLIie is only partially reproduced

with our data, we employ the experimental values for RcAo ,

(O, and e as input.

In Fig. 13 our data for P{i/2) (Ic爪panel) and P(m (right

panel) calculated with A霜-325 MeV are plotted as a ftinc-

PHYSICAL REV旺W D 68, 014501 (2003)

TABLE XI Hadronic matrix elements in units ofGcV3 in the

chiral limit m王′-0 on a 163×32 lattice. The columns named -qua-

dratic," Hchiral log." correspond to two types o捕t forms described
in the text. Chiral extrapolations are made using data at all m.a

=0.02-0.06 (5 points) except for an alternative extrapolation of

¥{?6)o excluding the point at /ォyi/- 0.02 (4 points).

quadratic　　/dof chiral log. x2/dof

2 . サ - 0 .0 34 2 0 0.14 - 0.0 35(36) 0.14

(Q ih 0.0 70 (19) 3.03 0 .083(34) 3.05

<0 3>O 0.0 33 82 ) 0.9 1 0.06 (15 ) 0.94

〈Q 4〉O 0.13ー78 1.68 0.17 ー4 ) 1.7 1

<0 5>O - 0.0 08 72 0 .03 0.03 (13) 0.02

<0 6>O 0.0 8(ー2) 2 .64 0.20 2 1 2 .63

<0 6>O (4 pts.) - 0.04 (17) 4 .32 - 0.02 (3 ! 4 .38

〈Q 7〉U 0.24 7 78 ) 1.78 0.11 15 ) 1.69

〈Q 8〉0 1.0 7(32) 2 .87 0.48 (60 ) 2 .77

<0 9>O - 0.0 67(19 3 .32 ー0.082 (3 5) 3.35

<2 io>o 0.0 37(2 1) 0 .17 0.03 7(3 7) 0.17

〈Q l〉2 0.0 1 102 54) 0 .34 0.00 990(98) 0 .29

(0 2 2 0.0 1087 54 ) 0 .33 0.00 975(97) 0 .28

0 3>2 - 0.0 0002 03(12) 0 .4 9 ー0.000 0 195 2 1) 0 .4 6

〈Q 4〉2 - 0.00 0 18 8(12) 0 .33 - 0.000 187 (22 ) 0 .37

(Q 5〉2 0.00 0】7 7(】2 ) 0.3 3 0.00 0 179 23 ) 0 .34

{Q oh 0.000 694 (46 ) 0.3 1 0.00 0694 83 ) 0 .3ー

(Q lh 0.164 (12 0 .36 0.16 7 2 3) 0 .38

〈Q 8〉2 0.7 76 (5 1) 0 .30 0.77 5(92 ) 0 .3 1

〈Q 9〉2 0.0 16 60 (8 1 0 .34 0.0 14 9 15) 0 .29

〈Q lO〉2 0.0 16 42 (8 1) 0 .3 3 0.0 14 7(15) 0 .29

tion ofm孟′. Results for e'/e are shown in Fig. 14. Since

p{¥n) is smaHer than P(i/2) in our data, e'le tends to be

negative.

A breakdown of P{i/21 and P(I/2) into contributions from

tlle operators 」?,・(/-3‥ ‥ 、10) is displayed for the case of

7/0=0.03 in Fig. 15, where dashed and solid lines denote

data斤om V- 16　and 243, respectively. This figure demon-

strates that (Q8)-> and (Q6)0 are, respectively, dominaiやn
p( 'and f(1/2) as usually considered. However, tl-e matrix

clement of {Q6)o is too small; if the experimental value of

c ∫/e is to be reproduced by a change of this 1-natrix clement,

it has to be increased by about a factor of5.

Numerical values of p^m¥p^3/2¥ and s'/e for each /〃′
are summarized in Table XVII. In addition to the features of

tlle data discussed above, we observe tllat cllangmg tlle A

paran-eter from A霊-325 to 215 MeV decreases Pm) by
20% and Pm) by 25%. Employing A㌫-435 MeV leads to
an increase by similar percentages for the two functions.

Tllerefore the trend toward a negative value of e /e is not

altered.

If we make a quadratic chiral extrapolation we find e'/8

--7.7(2.0)× 10~　witll #2/dof-1.75 on a 243×32 】atticc.

Including the chiral syl一一mctry breaking term 」_ /"7烹′ in the

fit changes tllis value to　+30(20)×10~4　with x二/dof

-0.0015. The small x- indicates that more data pomts, in

particular data at smaller masses, are necessary to constrain
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TABLE XIII. Same as Table XII for the 243×32 lattice.

quadratic　　二/dof chiral log.　*-/dof

〈Qih -0.031(12 0.98 -0.03921) 1.04

<02>O 0.066(‖ 0.36 0.082(20) 0.43

<03>O 0.032(48 0.83 0.044(86) 0.82

<(?4>0 0.124(45) 0.69 0.15582) 0.69

<05>O 0.00ー40 0.44 0.00373 0.43

〈Qb〉0 0.0ー4(66 】.53 0.1612) 1.20

〈Q6〉o(4pts.)-0.19(13) 0.10 -0.18(25) 0.10

070 0.25253 0.43 0.07(1り 0.45

〈Q8〉0 I.23(22 0.27 0.58(43) 0.35

〈Qサh -0.06311 0.45 -0.08220) 0.53

<0.o>o 0.034 12) 1.09 0.039(22) I.14

〈Q.〉2 0.0ー104(ー9 4.55 0.0097936) 2.99

<(?:>: 0.01089(19) 4.79 0.00964(35 3.16

〈03: ー0.00001942(50) 0.25 -0.00001832(96) 0.18

〈QJ〉2 -0.000184859) 1.28 -0.00018711) 1.25

(Qsh 0.0001737(61) 1.67 0.000179(ll) 1.57

〈Qb〉: 0.000691(22) 2.08 0.000708(42) 1.98

<07>2 0.158060) 1.27 0.163(日) I.18

〈Q8〉ユ 0.772(25) 2.09 0.792(47) 1.99

〈Q9〉: 0.01663(28) 4.48 0.01476(54) 2.94

<OIO>2 0.01646(28 4.66 0.0145853 3.07

the fit parameters well. The existence of large uncertainties

associated with tl-c possible presence of the chiral breaking

tcnll. and also a subtle quenching effect mentioned below.

make it difficult to draw a conclusive estimate ofe'/ど.

Recently, Go】tcrman and Pallantc pointed out tl-at the re-

lation between K→7T and K-⇒TT7T matrix elements in clliral

TABLE XIV. B parameters in the clliral limit ＼lilh the chirこII

logarithm fit.

163×32　　　　　　　　243×32

quadratic ct-iral log.　quadratic chiral log.

B VU) 8.3 5.0) 8.6 8.9 7.7(2.9) 9.6(5.2)

B ¥012) 3.43(95 4.l l.7 3.23(55) 4.04(98

M "ヱ) 2.7(6.7 5(ー2) 2.6(3.9 3.6(7.り

* v(1/2) 3.6 2.り 4.5 3.8 3.4 1.2 4.3 2.3

B 1ゝ/21 0.04(40 ー0.15(7り 0.0ー(22) ー0.02 4 り

>l1/2) ー0.ー4(22 - 0.38(38) - 0.03(12) ー0.29(22)

B ォ*>(4 pts.) 0.07(31) 0.03 58 0.35(25) 0.34(47)

B om 0.49(ー5) 0.22(29) 0.50 10 0.14(2 1)

>(U2) 0.73(22 0.32(4 1) 0.83(15 0.39(29)

B もM2) 5.5(I.6) 6.8(2.8 5.ー9(92 6.7(1.7

サ<l/2)fl l(l 3.0 一.7) 3.0(3.0 2.78(98) 3.2(1.8

j(3/:> 0.480 24 0.431 43 0.4809 82 0.426(16

〟?′2) 0.473(23 0.425(42) 0.4745 8 1) 0.420(15

畔 ′:) 0.640(49 0.651 88 0.6 16(23 0.634(44)

B iV2) 0.924(6り 0.92 日) 0.920(30 0.944(55

ー9° 0.482(24) 0.433(43) 0.4830 82) 0.429 16)

(3/2) 0.477(24 0.428(43) 0.4779(82 0.423(15

PHYSICAL REVIEW D 68. 014501 (2003)

perturbation theory should be mod捕cd in the quenched
thcory [49]. We havc applied the modified relation to the

Q(5%1 matrix elements and found that the effect is large, rang-

ing between 20% and 100% in magnitude. For example,
the rcnonl-alizcd (Q6)。 on a 24Jx32 一attice increases in

magnitude to　-0.154(17), -0.182(16), -0.144(ll),

~0・1238(90), and -0.0969(72) at w^0.02, 0.03, 0.04,
0.05, and 0.06, respectively. (This modification has been

tested a一so in the case oftl-c staggered fern-ion [50], and an

mcrease of(Q(,)o ofa similar magnitude las been observed.)
In terms of e'/e、 tllc modified relation leads t0

-1.70(53), -0.53(51), -1.48(32), -2.09(26), and

-2.85( 19) for A霜-325 McV. The modi鮎ation increases
the value ofe lc, but it is sti】I negative. A con-plctc analys-s

still remains to be made both in the tl-corctical analyses of

the relation in quenched chiral perturbation theory and in
numerical simulations.

VI. CONCLUSIONS

In tl-is paper we have presented results of our investig'1-

tion into the reduction method in tllC什amcwork of chiral

perturbation theory at tllc lowest order to calculate tllC K

一打77 decay amplitudes. The K一打and AT-0 hadronic ma-

tnx clcmcnts of four-quark operators were calculated in a

quenched nui一一encal simulation using domain-wall fermion

action for quarks and an RG-improvcd gauge action for glu-

ons to satisfy the requirements of cl-ira】 symmetry on the
lattice. We have seen that the calculation of quark loop con-

tractions vvhicl- appear in Penguin diagrams by the random

noise metl-od works successfully. As a result the A/- 1/2

amplitudes which require subtractions with the quark loop

contractior-s were obtaii-ed witl- a statistical accuracy of

about 10%. We have investigated the chiral properties re-

quired for the K-*tt matrix elements. If we leave aside

」<"¥ we l-avc found no strong sign for the existence of the

chiral symmetry breaking effect within tllc statistical prcci-

sion of our data in the range of quark masses employed in

our simulations. However, Q¥ 'appears to si-ow an excep-

tionally large chiral symmetry breaking effect compared to

other channels. It is not clear to us if this is an effect beyond
statistical f一uctuation. For the dcfillite conclusion on this

point, more data, particularly at smaller quark masses. will

be needed. Matching the lattice matrix elements to those in

tlle continuum at fi- Ma with the perturbative rcnormaliza-

tion factor to one loop order, and running to the scale fx

-mc- 1.3 GeV witll tlle rCllormalization group, we obtained

al川一c matrix elements needed for the decay amplitudes. Un-

fortunately the physical amplitudes tl-us calculated si-ow un-

satisfactory features.

One of the pathologies of our results is a poor enhance-

ment oftl-c A/- /2 decay amplitude; the value ofRcA。 is

about 50-60 % of the experimental one in contrast to RcA2

which reaches the expected value in the chiral limit. Another

deficiency is a small value of the A/-1/2 contribution to

e /e; if we assume tllat tllc A/-3/2 contribution llas a cor-

rcct order of magnitude, the A/- 1/2 contribution is too

sll1aIl by about a factor of5 to explain the cxpenillcntal value

と2×10-3
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TABLE XV. Values ofRcAn, RcA2,こmd w~ obtained at eachnija forboth lattice sizes, with A品-325, 215, and 435 MeV.

]63×32　　　　　　　　　　　　　　　　　　　　243×32

ReA。[10~ lGcV]　Rc/4,【 IO~8GcV]　　　　　　Rc^。| 10"ボGcV]　Re/J2[ l(T8GeV]　。~.

0.02 13.ll.4) 1.867(22 7.01(78 10.80(69) 1.868962) 5.78(37

0.03 9.45(84) 1.992(17 4.75(43) 9.90(69) 2.0129(74) 4.92(35)

0.04 10.42(68) 2.ー14(15 4.93(33) 8.26(45) 2.1006(68 3.93(22

0.05 7.66(49) 2.188(14 3.50(22) 7.61(38) 2.179264) 3.49(17

0.06 7.52(40) 2.267(tj) 3.32(17) 7.86(28) 2.2527(6り 3.49(12)

^品=215McV

0.02 12.5(I.4) I.911(23 6.55(72) 10.40(66 I.9ー30(63) 5.43(34)

0.03 9.ー281 2.039(ー8) 4.47(40) 9.59(66) 2.060276) 4.66(32

0.04 10.04(64) 2.164(16 4.64(31) 8.01(43 2.ー50070) 3.72(20

0.05 7.4ー47 2.24014 3.3ー21 7.38(36) 2.2306(65 3.31(16)

0.06 7.30(38) 2.32ー(】3) 3.ー5(16 7.60(26) 2.305863 3.29(12

^品=435MeV

0.02 13.7(1.5) 1.821(22 7.52(84 一一.20(72) .822860) 6.ー440

0.03 9.78(89) I.943ー7) 5.03(46) 10.18(73) .9635(72) 5.19(38

0.04 10.80(7日 2.062ー5) 5.24(35) 8.5048 2.0489(67 4.15(23)

0.05 7.87(5り 2.ー34(14 3.69(24) 7.82(40 2.】25462 3.68(ー9)

0.06 7.74(42) 2.211(12) 3.50ー9) 8.日(29 2.ー970(60 3.69(ー3)

The ladroruc matrix elements for A/- /2 involve sign捕-

cant subtractions. For some of tllC Ilnatrix clclllCIlts, tllis re-

suits in月ips of sign and a reduction in the magnitude. Hence

insu用cicnt cl-oices of lattice parail-cters in simu一ations may

lead to sizable systematic errors in these matrix elements.

Possib一e origins of the errors are (i) finite fiftlトdimensional

size iV5 0f the domain wall fermion, (ii) fitlitc spatial size

Ns, (iii) finite lattice spacing f/, (iv) quenching effects, and

(v) the neglect oftlle Cllanll quark. Our use of(vi) re一一Or一一一aト

ization factors in one-loop order of perturbation theory is

another source of error in the renormalized matrix elements.

Finally (vii) higher order corrections in clliral perturbation

theory is also a possible source of error. It may well be that

the origin of tllc deficiency resides in physical phenomena

FIG. 10. RcA2 (left) and RcA。 (right) in units ofGcV as a function of/;;ミ′. For chiral extrapolation, quadratic (solid) and chiral

logari血11 (dashed) forms are used. For tllc tonllcr, fit errors are sholl,n in the chiral limit. Killed and empty syn-bols are for the spatiこ11

voluI一一c 24　and 16 , respectively.
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FIG.11.Breakdownof'.

placed。nhorizontalliness芸eA2(left)andReA{

。wtotalvaluesand盈;ht)intocontributionsfromtheoperatorsQX'i-1

s.ThesolidanddashedlinesareforthespatialJ;..,10)atmfa=0.03.Dat;

lume243and163,respect冒.pon
velyrtS

such as tlle effect offx resonance which are difficult to take

into account once the reduction to K→77 matrix clcnlcnts is

tlladc.
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APPENDIX A: DECOMPOSITION OF 0,'s INTO A/-l!2

AND A/-3/2 PARTS

Four-qu之irk operators which trai-sform under tl-c irreduc-

iblc representations of SU(3)L⑳SU(3)〟 chiral group and

having definite isospin 7-0 or 2 are given by`

where we use the notation of A"s and y.s for the Lorentz
structure L⑳L and L⑳R. Tlle subscripts "i,j" stand for the

representation ( iL JR) oftl-e operator ai-d thc superscript (0)

or (2) denotes tllc isospin. A sllortl一之ind notation, e.g.
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TABLE XVI. Fit plirallletcrs for Re//,,, ReA二, and `山1 、、・ith f。+^l";A/+^3(";Af)二(quadratic fit) and

」。+」i'''a/+」末.lt一間ミ′ (chiral logarithm fit). Results on a 243×32 lattice 、、,ith A㌫-325 MeV are sho、、rn.
1

2 4 3 X 3 2 i (, f l i : f 3 X ヱ′d0 r

q u a d ratic R e /I,,f tO ~ *G c V ー 16 .5 (2 .2 - 2 7 .7 (9 .2 2 1 .8 (8 .8 ) 0 .3 4

R e A ユ[ K )- KG eV 】 I.5 3 1(2 6 ) 1.6 2 (ー2) - 0 .8 6 ( 13 4 .9

ft j- ' 9 .5 1. 1 ー 18 .2 (4 .6 ) 13 .7 (4 .3 ) 0 .13

c h ira l lo g . R e .-U 10 " *G cV | 2 0 .7 4 .0 - ll .4 (2 .8 ) 2 0 .1 (8 .3 0 .5 0

R e /M 10 " HG eV I .3 5 3 (5 0 ) 0 .9 7 7 (3 1 ー0.8 2 11 ) 3 .2 5

iu - ' 12 .3 (2 .0 一8 .0 ( 1.5 12 .9 (4 . 1 0 .2 6

(sd)

and玩,sc恕aTs骨ISCI

with霊oycd

c。l。霊Eqs.(2.17)-(2.21),

mati。nchangedt。

crossthetwocurrents.Intermsoftheseoperatorstheinde-

pendentlocaloperatorsarerewrittenas

FIG. 13. Pm) (一eft) and Po/2) (right) as a fimction ofmミ′ Empty and filled symbols arc for the spatial volume 163 and 24 , respecti、・cly.
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where color indices are understood within each cu汀ent in the

operators with two color traces. The equivalence between

Q¥　and QF is valid due to Fierz rearrangement, hence

o9　-010 Allows.

APPENDIX B: EXPERIMENTAL INPUT PARAMETERS

We collect the input parameters which were used in our

nulllerical calculation [51 ,52].

FIG. 15. Breakdown ofP(m) (left) and P-/ '(right) into con-

tnbutions from the operators 」?,(/=3,... ,10) at ntja-0.03. Data

points placed on horizontal lines show total values and e汀ors. The

solid and dashed lines are for the spatial volume 243 and 163,

respecti vely.
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TABLE XVlI. Values ofP川:-. p(V:-, and e'IC at each //;/∫/ for both lattice volumes, with A霜-325,
215, and 435 McV.

163×32　　　　　　　　　　　　　　　243×32

/><1/ヱ　　　pO/2)　C'/e[ l(T4 |　/3(IA2)　　p(-Vユ)　e 7e| 10~41

0.02 0.1(1.2ー 4.93(ll) ー6.3(I.5) 1.69(50) 4.り2345 -4.21(64)

0.03 2.り7(61) 5.084(88) 蝣2.74(78 3.36(47) 4.944(49 -2.06(60)

0.04 2.ー9(44) 5.29ー70 -4.03(56) 3.50(33) 5.200(4り ー2.21(41)

0.05 3.65(29 5.416(59 ー2.30(37) 3.19(26) 5.470(37) -2.96(33

0.06 3.42(22 5.657(53) 蝣2.9028) 3.01ー9) 5.632(35 一3.4】(24

^震=215MeV

0.02 0.06(94 3.713(87) -4.7(1.2 1.34(4り 3.707(36 -3.07(52)

0.03 2.38(50) 3.81570 -1.86(63) 2.70(38) 3.7" (39 l t.31(49)

0.04 1.74(36 3.962(56 -2.89(45 2.8126) 3.892(33) ー1.40(33)

0.05 2.93(24 4.04947) 一一.45(30) 2.56(21 4.094(27 一一.99(27)

0.06 2.75(18 4.228(42) 一一.92(22) 2.41(16 4.2!1(28 -2.34(19

八宗=435MeV

0.02. 0.1(1.4 6.ー6(13 -7.8(1.8) 2.05(61) 6.150(54) ー5.33(78)

0.03 3.63(75) 6.36(ll -3.56(95 4.09(58) 6.197(58 ー2.74(73)

0.04 2.67(54 6.62984) -5.15(68 4.26(40) 6.518(50 一2.93(50)

0.05 4.43(36) 6.790(71) -3.06(46 3.88(32) 6.85344) -3.87(40

0.06 4.16(27) 7.09ー(64) ー3.82(34) 3.65(24) 7.059(42 ー4.43(29)

Tllc rcnornlalizatioll formula has the ionll

is tllC Sul1- 0f coiltributioi-S什0-ll pcngun- operators. Since

our illatrix elements arc obtained ill the form of propagator

ratios, ZK and Zv arc also ratios of tllc rcnormalization

factors ZRtj and Zy calculated fron- corresponding vertex

functiolls and that of the local axial currcrlt ZA [43]:
APPENDIX C: RENORMALIZATION FACTORS AND

RG-EVOLUTION MATRIX

In this appendix, we sunnllarize (he rcnorl11alizとition fac-

tors and the RG-cvolution matrix, and calculate their numcri-

cal va一ues for our choice ofparailictcrs. Tllroughout this pa-

per, we emp一oy the perturbative calculation in MS scllelllC

wltll NDR.

014501-31
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While for off-diagonal parts, one -as

Similarly the contributions斤om the penguin operators [45]

arc g】ven by

where Cっ= ]・C3=2,C4=C6=,V/・Cs=CxQ=Nu-Ndl2」,

- - 1 , and Cj-0 forother /with Nj,Nu,Ndbeing tl-c num-
bcr of flavors- up-like quarks・ and do、vn-like quarks i一一Oy's、

and zyn are constants. In our calculation, we si-ould set N/

=3,W,,- 1 , and N`1-2. Finally the axial vector rcnormとIliza-

tion constant las the form

In the above z土.=卜=2,U12、v2¥. and zA are constants dc-

pending on the choices of simulation parametersとind renor-

mahzation schcil-c. With thc use of mean field improvement

at one-loop IcvcL we obtain tlle following values 【46]こIt β

=2.6 and M- 1.8 for the RG-improved gauge action:

1

g2…S*is< /`i) -2.273,　　　(C8)

Fro11川-e definition of Qpc", Z?e can be written in the form

or '1 10×10　mこUrix Zpon, defined as ZSn-Z%n-

--Pcnwc,Zff-Z琵一一--pcn and Z?cn-0 for other j. Tl-e

renorll1a】izationたictor can then be sumnlanzed as a lox 10

matrix given by

014501-32
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0.9997 ー0.0350 0 0 0 0 0 0 0 0

- 0.0350 0.9997 - 0.0106 0.0318 - 0.0106 0.0318 0 0 0 0

0 0 0.9785 0.0287 - 0.0212 0.0636 0 0 0 0

0 0 ー0.0597 .0739 ー0.0247 0.0742 0 0 0 0

0 0 0 0 .0154 - 0.0924 0 0 0 0

0 0 ー0.0247 0.0742 - 0.0884 1.0190 0 0 0 0

0 0 0 0 0 0 1.0154 - 0.0924 0 0

0 0 0 0 0 0 ー0.0637 0.9448 0 0

0 0 0.0106 一0.0318 0.0106 ー0.03 8 0 0 0.9997 ー0.035

0 0 0 0 0 0 0 0 - 0.0350 0.9997

For the derivation of the RG-evolution matrix, we start

with constructing the renonlnalizatioi一group equation (RGE)

of Wj(fiys, and hence of U{fx,¥/a)'s. lfwe write the rcnor一

malization of Q, as Qi -Z,jQj where the superscript (0)

indicates the value at tree level, RGE for 」?,'s are readily
obtained as

孟Qi--yuQj, γ-ォ-蝣孟Z. (CI6)

On the other hand, interpreting W,-'s as coupling constants in

the effective Hamiltonian, renormalization of W-'s is pos-

sible, Wi?)-Z'jjWj, in place of tl-at of 0,'s. Froi一日1-e

equivalence of these renormalizations, ZC-(Z )γ follows.

Tllerefore using Eq. (C16) we obtain

Using the lox 10 anomalous dimension matrix γ, defined in

Eq. (C16), the RGE for U(/m、l/(蝣/) has been solved for tlle

QCD β function and anomalous dimension γ calculated at

next to lcadiilg order 【53,54]:

PHYSICAL REVIEW D 68, 014501 (2003)
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0 .9 7 3 8 0 .0 7 3 0 0 .0 0 3 5 ー 0.0 0 0 3 ー0 .0 0 3 3 - 0 .0 0 0 2 0 .0 0 0 5 0 0 .0 0 0 5 0 .0 0 0 1

0 .0 7 3 1 0 .9 7 3 6 - 0 .0 0 2 4 0 .0 14 9 - 0 .0 0 5 3 0 .0 1 16 0 .0 0 0 2 0 0 .0 0 0 1 0 .0 0 0 1

0 0 0 .9 7 9 4 0 . 10 4 3 ー0 .0 2 12 0 .0 2 4 7 - 0 .0 0 0 2 0 - 0 .0 0 0 6 ー 0.0 0 0 1

0 0 0 .0 7 3 ー I.0 ー0 5 ー0 .0 1 8 6 0 .0 3 0 6 ー0 .0 0 0 5 0 - 0 .0 0 0 4 0

0 0 - 0 .0 0 8 3 - 0 .0 0 6 5 1 .0 4 6 5 ー 0 .0 9 9 6 0 .0 0 0 5 0 0 0

0 0 - 0 .0 0 9 0 0 .0 2 2 8 - 0 .0 4 2 1 0 .7 8 7 8 0 0 .0 0 0 7 0 0

0 0 0 0 0 .0 0 0 2 0 .0 3 4 9 - 0 .0 9 2 9 0 .0 0 0 8 0

0 0 0 0 0 0 .0 0 0 4 一0 .0 3 6 7 0 .7 6 0 2 0 .0 0 0 1 - 0 .0 0 0 ー

0 0 0 .0 0 2 一 0 .0 14 9 0 .0 0 5 3 - 0 .0 1 16 0 .0 0 0 9 0 .0 0 0 1 0 .9 7 5 0 0 .0 7 3 1

0 0 ー 0 .0 0 3 5 ー 0 .0 0 0 1 0 .0 0 3 2 0 .0 0 0 2 0 .0 0 0 6 0 0 .0 7 3 6 0 .9 7 4 0
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In order to check the systelllatic error associated with the

matching procedure above, we also employ an alternative

procedure in which the RG-evolutioll is carried out m the

quenched theory from f12-(l tO /▲1-/*,・- 1.3 GeV where

matching to t!-c Nf-3 theory is i-lade. For the quenched
RG-evolution, tllc two-loop anomalous dimension matrix

元一l is modified according to [54]

PHYSICAL REVIEW D 68, 014501 (2003)

Note tl-at Nf-3 in this case. For tl-c gauge coupling in the

quenched theory, we e一一一ploy ` MS( 1/ォ)-0.18089- from Eq.

(C8), and αs (1.3 GcV)-0.20439 obtained by the two-

loop ruIIIlH1g Wltll 〟/= 0・
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