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In r∝ent years,studies concernhg the nature ofthe el‐

genvalue sFtrum and the cigenstates of fractal systems
have revded a wealth ofinter(Ⅸ 3ting and exotic Featurese
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There are con判 ucntly tlⅣo tyド  Of 10Calized modes。
■ e fhst type of mode is temed as lnolcuhr state,sin∝

it has■onvanお hing〔unplitudes only at a inite set ofsites.

The s∝ ond type of mode,reFerTed as hienrchical state,is

localzod around the empty region of the fractal lattice.

More r∝ ently,Jayanthi and Wu(Ⅳ )camed out an in‐
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and inter(Ⅸ、ting Features have been found:(1)the frequcn‐

cy spect― of the regular VF is a pure point spEctrum

consisting of nondegenerate as well as degenerate modes,

while all the nondegenerate modes(NDM's)are extend‐

ed,and(五 )the extended states ofthe NDM's exist side by

side mth the superlocalized states of the persistent degen‐

erate modes,so that there ls no frequency demarcation

which separates the extended states from the l∝ ahzed

oneso h the present study,lve inv∝ tigate the nature of

the transve■図〕vibrational modes of particles arranged on

a regular VF with a hierarchical distribution of near"t‐

neighbor intenctionse lt is found that for a positive

hierarchtal panmeter R(0く R≦ 1)greateF than a criti‐

cal valuc R>Rc=:,the NDM's are extended,while for

Rく Rc,the NDM's exhibit a type of power‐ hw decay

behavlore

The lnodel treatod here is silnnar tO that of J¬V.6,7 The

缶st・stage VF consists of ive partick浴 宙 th four of them

located at the comers and the last one at the center of a

square。 「Fhe lbrce constant descHbhg the interaction bc‐

twcen the nearcttt‐neighbo五 ng particlcЮ is γ and the=nass
oF the particle mo With the use of the rduced unit of

γ/爾:=1, the transvel悶 c oquations of lmotion for the

nn3t‐Stage VF with nearest‐ neighbor interactions and

0163‐1829/94/50414)/10315(4)/006。00                   50

VOLUMiE",NUMBER 14 1 0CTOBER 199411

Porer.lrr elgensbtes of a regular Viccek frrctal with hierrrchicel interections

Zhifang Lin'
Grduatc schml ol slji,cace and Tchnologt, Niigau unhnnlty, Niigata 950-21, Japn

Masaki Godat
Grduate Sclpol of Scicnct and Tehaolog4 Nii3ato Unhnnity, Niigata 95G2 I , tapan

and Frctlty of Engineering Niigrita Unhnnity, Niigan 95021' Japn
Rcceivcd 28 Merch 1994)

ThG nrturc oftranrvctrc vibretional eigcnmodcr ofa rcguhr Vicscl fractd sith hicrarchical ocarcct'

ncighbor htcnctions hm bccn analyzrd uaing e rcat-rpacc renormdization.Sloup approach. Difrerent

typce of rpatiat rcaling bchevior for thc nondcgcneratc tnnsvcrrc vibrational modcs src obtained dc-

pcnding on a pcitive hicrarchical parsmctcr l: for X > X", thc nondcgcncntc modcs arc all crtcndcd

in nrturc, whih for R aX., thcy crhibit a type of powcr-bw bchavior, with the crponcot of power de'

pending cxplicitly on X.

with its outer particles anchored by force constant y to a
rigrd boundary arc

(4-ω2)“:_Σ υlα=0,

Q- rozlu to- u I  :0 (a: arbrcrdl ,  (21

where z 1 denotes the displacement of the central site and

u to, with a: o, b, c, and d, the displaccments of the four

outer sites on the first-stagc fractal.
The hierarchy of the interactions (force constants) for

thc model under consideration is introduced in the
sccond- and higher-stage fractals. fn the present model, a
second-stage VF is constructed by asscmbling five copies

of the first-stage fractd clusters with one at the center
and the other four at the corners of a square. However,
different from the rnodcl studied by JlV,c'1 in the present

model, the forcc constants between the particles in the
central first-stage fractal cluter and the nearest-
neighboring particles in the outer first-stage clustens are
set to be Ry (wittr 0 < R S I ) instead of T, see the
schematic illustration given in Fig. I (a). The higher-stage
fractals are built by a similar construction pattern. That
is, an h * I )th-stage fractal is nade by assembling fivc
copies of the nth-stage fractal clusters with one located at
the center and the other four at the corners of a square,
whereas eyery two adjoining nth-stage clusters are con-
nected by force constant R nT 

, tather than 7. Notice that
if one scts R - l, thc present model reduces to that stud-
ied by JW,6'7 while if we remain only a linear chain in onc
direction and remove all branches in the other direction,
we are left with a onedimensional hierarchical urodel,
which has attracted a lot of attention in recent years.t'e

The present hierarchical VF model prescrves both the
local symmetry and the sclf-similar nature. The heuristic
analysis by JW on the nature of the frequency spectrum
and eigenmodes remains tenable. So the present model
preserues persistent degencrate modes which are confined
to a finite region so that they do not "feel" thc effect due
to the hierarchy of the interactions and thus remain su-
perlocalizeA.6 On the othcr hand, as the NDM's are all
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FIG. l. Reduction of a sacond-stage fractal (a) to a "first-
stagc fractal," (b) consisting of five central sites (solid circlcs)
with renortrralizcd intcractions (dashcd lincs). In (a), the singlc
lines between the circles stand for the interactions with force
constanJ y, while thc double lines represcnt thc interactions
with force constant X I, i.c., eyery two adjoining ffrst-stage frac-
tal clusters are @nnccted by force constant R Z, instead of 7,
for the second-stage fractal.

extended throughout the entire fractal lattice when
^R : 1,7 one may expect the change of the nature of these
modes when the hierarchy of the force constants is intro-
duced. In this work, we shall focus on the investigation
of the NDM's.

As was found by JW,6 for a NDM of the nth-stage VF,
the displacement at the central site of the entire fractal
must be noruzero. Furthermore, the central sites of the
four outer (n - I )th-stage clusters must have equal and
finite (nonvanishing) displaccments. To take advantage
of this property, it is preferable to reduce the equations of
motion describing any stage of fractal to a set of equa-
tions connecting only the five central sites. To do so, the
decimation method proves to be useful.

For the second-stage VF composed of 25 particles, let
u 2 denote the displacement of the central site of the cen-
tral cluster, where?s u2o, with d-o, b, c, and d, denote
the displacements of the central sites of the four outer
component clusters. By eliminating all other displace-
ment coordinates except u 2 and u 2o (see the illustration
in Fig. 1), we are led to the following renormalized equa-
tions of motion connecting the decired five central sites

G-a )u2 -Kz2 r^ :0  ,  ( 3 )

Q- F)v 2a *r i r  r :o  (a:  a ,b,c ,d) ,  (4)

with

QZ:zOZ +
4 ( l + R - r a z l
(1+R_ω

2)2_R2'

I  +R  -@2

(1+R_ω
2)2_R2'

Kz: '

For a general nth-stage fractal with n23, let un be the

displacement at the ccntral site of the wholc fractal and
uno, with a-o, b, c, and d, the displacements at the c€D-

tral sites of the four outer (n - I )th-stage clusters. By de-
cimation, we can obtain a set of renorrnalized equations
of motion for the five central sites. They are

(4 -ao \ t tn - r ( r  
)  rno :O ,

Q -  P ^ ) u r o -  K n i r ^ : o  ( a : a , b , c , d ) ,

where the renorrralizcd parameters are given by

d n :  d n  -  t *

4κl_1[4-βソ上ll
[4-鶴
:主
l12_[κソ上l12'

κl_1[4-畔主11

[4-島1上112_[κソ主112'

κ"=

〔4-畔主1]2_[κソ主112'

暉  +

give rise to

「
す
轟 卜

L

nus,the roots ofthe cquation
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κ;_114-鷹11)]

κ「)=

[4-畔=|)12_[κ∵±|)12
κl_lκ「11)

14-鰤=|)]2_[κ∵=1)]2'
_ ω 2

2 -ω 2' ( 1 + R― ω
2)2 _ R 2

1 + R J + l― ω2

κr)=

( 1 + R : + 1 -ω
2) 2 _ R 2′+1 )

Rj+1

1 1 + R , + r - o . 2 f - p 2 ( i + l )  
'

with′ =〓1,2,3,。.. .

pr器ヽtp∫i∬魔雪卜躍電iF=I(1期:常

+

( 9 )

( 1 0 )

( 1 1 )

( 1 2 )

( 1 3 )

( 1 4 )

(15)

(16)

+

yield the eigenfrequencies of the NDM's of the nth-stage
fractal.

Now we are ready to examine the effect on the nature
of the NDM's due to the hierarchy of the force constants.
To this end, we have carried out an extensive numerical
calculation using quadruple precision. The outline of the
calculation is as follows: Given a fractal of certain stage
n, the eigenfrequencies of the fundamental NDM and the
highest excited NDM are first calculat4 .by usinp. Eq.
(16). The renormalizcd parameters on, FJ', and ri,'-) are

next calculated through Eqs. (5) and (8)-(14). The ratio
uoo/ttn, which has been used as a criterion for the extend'
Jrt"i€s,7 is then given by rn (coz) /[4- Fnlaz)]. Finally,

by usin g u no/u o and setting r n: l, the vibrational ampli-

tudes at any site of the fractal can be computed with the
help of the renormalized parameters.

Figures 2 and 3 show the log-log plots of the vibration-
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FIG. 2. logJog plot of the tnmsverte vibrational amplitude
a^(k) vs t( for (a) thc fundamental nondegencrate mode and (b)

thc higbcct cxcitcd nondegeneratc mode with R :0.3. Here
a^lk) dcnotes the vibrational amplitude at site & along one of
the four symmetric lincar chains starting from the central site of
an nth-stage fractal, so that ar(0):ua and ar(3" 

-l):uno. 
The

straight linc in the figurc is of slopc 0n3R -lm.zl /1n3 and servcs
as a guide to eye showing the power-law decay bebavior of the
maximum amplitudcg El,ong thc lincar chain. The data for thc
figure are obtaincd on a loth-stage fractal.

al amplitude an(k) vs k for the cases with R :0.3 and
O.72, respectively. Here o^(k) denotcs the amplitudes at
site k along one of the four symmetric linear chains start-
ing from the central site of the nth-stage fractal, so that
ur:an(O) and uro:a^(3' 

-l;. 
It can be seen from Figs.

2 and 3 that diferent types of spatial behavior appear de-
pcnding on the value of R. For R -0.3, the maximum
amplitudes decay by a power law with thc increasing dis-
tance from the ccntral 8ite. While for R :0.72,the rntr-
imum amplitudcs do not decay, suggesting that the
NDM's remain cxtcndcd throughout the whole fractal, as
in the casc with R : 1.7 To bc morc spccific, wc have cx-
amined thc positions of thc maximum anplitudcs along
the lincar chain. Our extensive numerical results indicate
that the maximum vibrational amplitudes (rccur at site
ls - 3', with I 1n, for the fundamental mode. While for
the highcst excited mode, thc maximum vibrational ttn-

l nた

FIG。 3。The mme asin Fig.2 except that R=0。 72 and the

dam fOr the ngre are OЫ tthαl on a 14th‐stage■ 8Ctale The

horiЮ ntal straight une"rves to show that the― um ttmp五 ‐

tud6 do not d∝ ay.

phtud∝ appear atた
==31E±3′

°
,with J・ dependent on the

環『)111麗:昭器乱脚糧 亀股 :
citod rnodco So fbr both the Fundamental and the l」ghest
mod“ ,the scttng behavior oF the vibntional ttnplitud“

職re:竃Th零ょy議よd罵籠rmttutrhずぉ
=α
"(3′
+1)/α
"(3′)for various values of R. Figure 4

shows a plol of J"(′ )vs′ for sEveral typical values of R。

It can be sEEn that ∠ "(′)approaches to direrent asymp‐

totic valu“ depending on Ro A careful analysis of the

numencaこ results indicat∝that
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So,the crossover ibr a tttnsition lをom the cltendod state

t o  t h e  p o w e r a l a w  s m t e  m  o b " r v e d  a t  R c = : .劇t h O u g h

we have only presented the data for the Fmdmend
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fore,concludod that when the positive hierarchical pa―

rameter R>Rc=:,the nondegenente transve■ e vbra‐
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FIG. 4. Plot of the ratio of the vibrational amplitudes
Ar]l:an(3r+tl/a,(}tl vs I along one of the four symmetric

lincar chains for (a) the fundamental nondegencrate mode and
(b) the highest excited nondcgenerate mode.

tional modes of the VF with hierarchical interactions are

all extended, while for R ( R., all NDM's exhibit a type

of powcr-law spatial scaling bchavior, with the exponent

of power given by

shoЧ′ that the value of И "(′)does not depend on the

stage number"for fairly large“ ,1.ee,any two sets ofthe

ratios, メ"l(r)and /"2(′ )With“ 1≠“2,agr∝ with each

other rather well up to r=min(“ 1-2,■ 2‐
~2)for both

the Fundamental and the highest mod∝ .As a result,al‐

thOugh 77e Can■ ot carry out the numerical calcuhtio■ lbr

extremely large",esFiany for sman」 R,due to the limit

of quadruple pr(Ⅸ〕ision,the asymptotic bchavior of J"(r),

as■ras shown in Fig。 4,is believable enough to draw the

conclusion(17)。  In fact,the data lbr Fig。 4 are obtained

on the fractals with the larg"t valuc of"which can be

achieved within the hmit of quadmple precision.

Finany,it is interesting to note that when R<:,the

exponent of power χ  is smaner than -1,¬ vhich imphes

that the NIDM's become power‐ law localid.  For

:<R<:,Our numerical results sugg∝ t that there is a re‐

譜 t譜 ∴ 苫 1五 L甘 :溜 漁 胤 軍薔 織 」肺

In this sense,there seenl to be two transitions when the

value of R is d∝ rea"d from unity to zero,although■ re

are unable to nnd the crOssover behavior ibr the transi‐

tion frolm the power‐ law critical state to the power‐ law

localized state on the basis oF the numerical results in

quadruple precision.
To summarize,by a real‐ space renoma五 zation‐group

approach,wc have ex― ned the spatial behavior of the

nondegenerate eigenmodes ibr the transverx〕 vibration of

particles arranged on a reguhr VF with a hierarchical
distribution of the nearestoneighbor interactionse lt is

found that the NDM'sc五 splay difbrent types of spatial

bchavior depending on the positive hierarchical parme‐

ter Ro WheniR>Rc,anthe NDM's are extended,7Jhile

f o r  R < R c , t h e  N D M ' s  e x h i b i t  a  t y p e  o F  p o w e r‐l a w  s p a‐

tial scaling behavior,vath the exponent of power depend‐

ing explicitly on Rc
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χ=ln3R IttL for R<: (18)

It should be emphasized that the numerical results
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