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1 Introduction

The response characteristics of a self-pumped phase-
conjugate mirror (SPPCM) with respect to phase changes
of the incident wave have been investigated.'"”® When an
input signal wave with a phase distribution «, is incident
on a photorefractive crystal, an index grating corresponding
to the phasc distribution ay is formed in the crystal and a
phase-conjugate wave is generated. When a spatially uni-
form phase change Aa occurs in the incident wave, the
index grating in the crystal does not decay and the reflec-
tivity of the SPPCM does not change. The phase change of
the phase-conjugate wave is identical to the uniform phase
change impressed on the incident beam. This characteristic
of the SPPCM makes it possible to modulate the phase of
the phase-conjugate wave by the phase modulation of the
incident wave. In a laser diode (LD) interferometer with a
SPPCM a phase-shifting technique can be used by modu-
lating the uniform phase of the incident wave by varying
the LD frequencz, which offers improvements in measure-
ment accuracy.™ In a phase-conjugate Fizeau interferom-
eter for surface profile measurements described in Ref. 6,
spatially uniform phase changes of the incident wave
caused by vibrations of object surfaces are not reversed in
the phase-conjugate wave, and therefore the interferometer
is insensitive to object vibrations.

When the phase of the incident wave changes in a spa-
tially nonuniform manner, the phase change is not reversed
in the phase-conjugate wave immediately after the phase
change, while the reflectivity of the SPPCM decreases due
to the erasing effect on the index grating. The reduction of
the reflectivity is proportional to the nonuniformity of the
phase change. This proportionality relation makes it pos-
sible to measure the spatial nonuniformity of phase changes
of a light wave by detecting the relative reflectivity reduc-
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tion of a SPPCM. In this paper the spatially nonuniform
phase changes of the light wave are evaluated from the
spatial nonuniformity. Because even a low spatial nonuni-
formity of the phase changes causes a substantial reduction
of the reflectivity of the SPPCM, the measurement of the
phase changes using the reflectivity characteristic of a SP-
PCM has a high sensitivity. In the experiments of Ref. 1 a
spatial nonuniformity of 0.1 rad/mm caused the reflectivity
of the SPPCM to decrease by =14%.

The spatially nonuniform phase change Aa of a light
beam can be measured with optical interferometric meth-
ods. However, when the light beam is diffusely reflected
from a rough surface or transmitted through a transparent
diffuser, it is difficult to get a strong interference signal
because of the annoying speckle %allems. In this situation
the use of a SPPCM is effective.”™ If the phase change Aa
is evaluated from the spatial nonuniformity of A« obtained
from reflectivity changes of a SPPCM, the effects of
speckle patterns do not exist.

In Sec. 2, the method of calculating the phase change
Aa from the spatial nonuniformity D is described. A
method to reduce progressive calculating errors is dis-
cussed. Computer simulations are done in Sec. 3. The Aa
distributions calculated along one, two, and three directions
are analyzed and compared. In Sec. 4, the spatially nonuni-
form phase changes generated by deforming a semitrans-
parent sheet of silicone gum are measured from the spatial
nonuniformity of the phase changes, which is obtained
from reflectivity changes of a SPPCM.

2 Principle

When the phase of the incident wave changes by Aa in a
spatially nonuniform manner, a new incident wave is writ-
ten in the crystal. In the writing process, the old index
grating is erased and a new index grating corresponding to
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Fig. 1 Reflectivity change of a SPPCM with time before and after
the phase of the incident wave changes in a spatially nonuniform
manner.

the new incident wave is formed. Because of the slow re-
sponse of the crystal, the old and new gratings exist in the
crystal simultaneously over the decay time of the old grat-
ing. Figure 1 shows the reflectivity change of a SPPCM
before and after the spatially nonuniform phase change.
The phase change Aa occurs at t=1,. At the same time,
the reflectivity of the SPPCM decreases from R, to R, due
to the erasure of the old index grating. Between 7 and 1,,
the old grating dominates in the SPPCM and the refiectivity
R of the SPPCM scarcely changes. After 1=1, the decay of
the old grating quickens and R increases gradually with the
formation of the new index grating.

The spatial nonuniformity D of phase change A« of the
incident beam was defined as'

dAa\? [dAa)\’
Dlxy)= (T) * a\-)

172

(1

where x and y are Cartesian coordinates on the cross section
of the beam as shown in Fig. 1. The relation between the
relative reflectivity reduction R, /R, of the SPPCM and the
spatial nonuniformity D of the phase change of the incident
wave has been proved experimentally to be

D—C(R" 1) )
=clz2-1). 2

a

where C is a proportionality constant. Equation (2) de-
scribes the reflectivity characteristic of a SPPCM. When
the phase change of an incident wave is spatially uniform.,
D=0 and R,=R,. If the phase of the incident wave
changes nonuniformly, R, /R, increases from I.

When a light beam with a spatially nonuniform phase
change is incident on a SPPCM. the phase change of the
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light beam can be measured by detecting the relative reflec-
tivity reduction R,/R,, of the SPPCM and using Eqs. (1)
and (2).

Now. we consider how to calculate the phase changes of
the light beam when the spatial nonuniformity D is known.
In the discrete representation Eq. (1) can be written as

o Aa(i+1j)=Aalij)|?
D(t,j)=[( Ax d )
Aalij+1)—Aali,j) )"
+( Ay ) J
(i=1,.N=1. j=1,.N-1), (3)

where Ax and Ay are the spatial intervals of the measure-
ment points of D(i.j) in the directions of the x and v axes.
respectively, and N is the number of measurement points in
the direction of the x or y axis.

In Eq. (3). D(i.j) is known and there are threc variables
Aa(i,j), Aa(i,j+1), and Aa(i+1,j). We calculate one
of them on the condition that the other two variables have
been determined. To start the calculations, initial values of
the other two variables are necessary. Here boundary con-
ditions are used for the initial values. There are three meth-
ods. according to which variable is calculated:

(a) Aa(i,j+ 1) is calculated by the equation
Aalij+1 )=Aa(i.j):/_\y[D(i.j):

Aa(i+1.j)=Aali,j)\*]'"
)

(i=1..N=1, j=1..N-1), )
with boundary conditions Aa(N,j) and Aa(i.l) (i j
=1....,N), where the upper sign is for Aa(i,j+1)
=Aa(i.j) and the lower sign is for Aea(i.j+1)
<Aa(i.j).

(b) Aa(i+ 1) is calculated by the equation

~

Aa(i+ l,j)=Aa(i,j)1‘Ax[D(i.j)2

(Aa(i.j+ 1)—Aa(i.j))3]”3

Ay
(i=1,,..N=1, j=1,..N—1), (5)
with boundary conditions Aa(l.j) and Aa(i.N) (i,j
=1,..., N), where the upper sign is for Aa(i+1,))

=Aa(i,j), and the lower sign is for Aa(i+1,))
<Aali.j).

(c) Aa(i.j) is calculated by the equation

Aali.j)
AyiAa(i+ 1 j)y+Ax*Aa(ij+1)
= AT+ Ay
JA.EA)-IDU,J'F—AyzAa(H-1J)1—A.\'3Aa(i’j+1):
1 AxT+ Ay
AviAali+ 1)+ A% Aali j+ 1) 2]
‘( .’l.l'2+.§.\'2 ) }
(i=N=1...l. j=N=1l..1). (6)
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Fig. 2 Starting points and calculation directions of methods (a), (b).
and (c). For simplicity, only 5X5 measurement points are consid-
ered here. The boundary conditions are zero values. The numbers
in parentheses show the calculation sequences of the methods.

with boundary conditions Aa(N,j) and Aa(i,N)
(i,j=1,..N). where the upper sign is for Aa(i.j)
=[AY* Aa(i+ 1)+ Ax> Aa(i,j+1)]//(A+ Ay,
and the lower sign is forAa(i j)<[Av? Aa(i+ 1)
+AX P Aai j+ DA +AY?).

We illustrate the three methods in Fig. 2. First we con-
sider method (a) of Eq. (4). The boundary conditions of Eq.
(4), for simplicity, are assumed to be Aa(N,j)=Aa(i.l)
=0 (i,j=1,....N). Figure 2(a) shows the starting points
and the calculation direction to calculate Aa using Eq. (4).
The numbers in parentheses show the calculation sequence.
For simplicity only 5X5 measuring points are considered
here. First Aa(1,2) is calculated from the boundary condi-
tions Aa(l,1)=Aa(2.1)=0, then Aa(2, 2) from Aa(2.1)
=Aa(3,1)=0, and lastly Aa(4, 35) from Aa(4.4)
=Aa(54)=0. The boundary conditions Aa(i.l) and
Aa(i+1,1) are used to calculate Aa(i,2). The boundary
condition Aa(N,j)=0 is used to calculatc Aa(N— 1
+1).

Similarly, we use Eq. (5) or Eq. (6) to calculate Aa.
Be.cause of the different boundary conditions, the starting
points and calculation sequences are different. as shown in
Fig. 2(b) and 2(c).

It is feasible to calculate Ae using the above equations.
But the shortcomings of these calculation methods are evi-
dent. Take Eq. (4) for example. Since Aa(i.j+1) is cal-
culated from Aa(i,j) and Aa(i+1.j), and Ae(i.j) from
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Fig. 3 Starting points and switching of calculation directions for Aa.

Aa(i,j—1) and Aa(i+1,j—1). the calculating error of
Aa(i,j—1) or Aa(i+1j—1) is passed on to Aa(i,j
+1). The errors are accumulated and increase with the
incrementation of j.

In order to restrain the progressive errors in calculating
Aa. we use the threec methods in tum. A value of Aa(i.j
+ 1) is calculated by the substitution of Aa(i,j), Aa(i
+1.j), and D(/.j) into Eq. (4). Then substituting the val-
ues of Aa(i.j+1). Aa(i.j). and Aa(i+1.j) into Eq. (3)
gives the spatial nonuniformity of A« at the measuring
point (7,j), which is denoted by D .(i,j) to distinguish it
from the experimental datum D(i.j). Let € be a calculation
tolerance. If the relation

|D.(i.j)=D(i.j)|'<e (7)

holds, the calculation of Aa continues. When the left side
of the incquality is greater than or equal to € at a certain
point (i,j), instead of Eq. (4), Eq. (3) or Eq. (6) is used to
calculate the remaining A« values.

Figure 3 shows an example of calculating Aa with Egs.
(4), (5), and (6). The boundary conditions for the calcula-
tions are assumed to be Awa(6)=Aa(i,1)=Aa(l,))
=Aa(i,6)=0 (i.j=1....6). The calculation sequence is
indicated by the numbers in parenthescs. Equation (4) is
used first with the boundary conditions Aa(6,))
=Aa(i.1)=0. The inequality (7} is satisfied until the point
(3. 3). At the point (4, 3). the accumulation of calculation
errors results in a larger value of the left side of the inequal-
ity (7) than the calculation tolerance e. Therefore, instead
of Eq. (4), the calculations of Aa are continued with Eq.
(5). The calculations begin from point (2. 4) with the
boundary conditions Aa(l.j)=Aa(i.6)=0 (i,j=1,..6).
When the inequality (7) fails to hold again at point (4. 4),
Eq. (5) is replaced by Eq. (6) and the remaining A« values
are calculated with the boundary conditions Aa(i,6)
=Aa(6,/)=0 (i.,j=1,...6). Since the calculations using
different equations begin with different starting points and
the calculation direction changes. the progressive errors are
made to decrease.

The value of € in the inequality (7) has a direct bearing
on the calculation errors of Aa. If €is so large that only one
of Egs. (4) to (6) is needed to complete the calculation of
Aa. relatively large progressive errors in the calculation are
inevilable. On the other hand. a too small € value brings the
calculation to an end before completing the calculation of
Aatij) (i=1,..N. j=1...N) even if Egs. (4) to (6) are
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Fig. 4 A phase-distribution change used in computer simulations.

used in turn. We determine a minimum of the calculation
tolerance € with which the calculation of Aa can be com-
pleted using Egs. (4) to (6).

The sign * in Egs. (4) to (6) is determined through the
analysis of the distribution of spatial nonuniformity D(i.j)
and the comparison between e values obtained for different
determinations of the sign. Concrete examples are given in
Secs. 3 and 4.

3 Computer Simulation
Figure 4 shows an ellipsoidal distribution of phase change
A« as described by the equation

(i-10)* (j-10)*]"

a* b-
(i=1,..20, j=1,...,20), (8)

Aa(i,j)=c| 1~

where a=9, b=8, and ¢=0.5. Here 20X20 measuring
points are located at unit spatial intervals in both the i-axis
and j-axis directions. The boundary conditions of Eqgs. (4)
to (6) are Aa(20,))=Aa(i,)=Aa(l,j)=Aa(i20)=0
(i=1,..,20. j=1,..,20). The spatial nonuniformity D of
Aa calculated from Eq. (1) is shown in Fig. 5. Since the
nonuniformity D(i.j) reflects the rate of Aa change at the
measuring point (i,j), it has comparatively large values at
the edge of the semiellipsoid in Fig. 4. With an increment
of the Aa value, the D value decreases. It drops to a mini-
mum at the vertex of the semiellipsoid (i=10, j=10).
Adding a noise to the nonuniformity D. we obtained the
nonuniformity D*, which is shown in Fig. 6. The noise
consisted of random numbers with a normal distribution.
The rms value of the noise was 8% of that of D. In this
section, a phase distribution change A a* is calculated from
the spatial nonuniformity D* using Eqgs. (4) to (6).

Fig. 5 Spatial nonuniformity D of the phase distribution change Aa
of Fig. 4, calculated with Eq. (1).
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Fig. 6 Spatial nonuniformity D* obtained by adding noise with a
normal distribution to the nonuniformity D of Fig. 5. The rms value of
the noise is 8% of that of D.

First, with Eq. (4) a phase distribution A is calculated
from nonuniformity D* in the j-axis direction. Before the
calculation, we consider the appropriate choice of the sign
* in Eq. (4). It is known from Fig. 4 that the sign in Eq. (4)
is plus if j<<10 and minus if /= 10. The dividing line across
which the sign changes from plus to minus is j=10. When
Aaf is calculated from a nonuniformity measured in ex-
periments, the determination of the dividing line is some-
what complicated because only the nonuniformity. the
boundary conditions, and a broad outline of the phase-
distribution change are known. Now we determine the di-
viding line for the sign according to the D* distribution in
Fig. 6. It is simple to infer the dividing line from the D
distribution shown in Fig. 5. It is a straight line (j=10)
formed by connecting the points where the D(i.j) has its
minimum in the j-axis direction. In the casc of D*. the
dividing line cannot be determined simply by connecting
the minima of D*(i.j) in the j-axis direction. owing to the
effect of the noise. But it can be judged to be close to the
line j=10. The final determination of the dividing line is
made by comparing the values of the calculation tolerance
€ at which the calculation of phase distribution changes is
completed. When the dividing line was taken at j=9 or j
=11, the € value increased by 16% over that at the dividing
line of j=10. Thus the dividing line was concluded to be
j=10. Figure 7 shows the phase-distribution change Aaf
calculated with Eq. (4) from the D* distribution by use of
the boundary condition Aaf(20j)=Aaf(i.1)=0 (i
=1,...20, j=1,...20).

Comparing Fig. 7 with Fig. 4, it is clear that the progres-
sive calculation errors are relatively small initially. The er-

Fig. 7 Phase-distribution change calculated from the nonuniformity
D* with Eqg. (4) in the j-axis direction. The dividing line for changing
the = sign in Eq. (4) from plus to minus was j=10.
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Fig. 8 Phase-distribution change calculated from the nonuniformity
D* in the directions along which j increases and decreases. Equa-
tion (4) was replaced by Eq. (6) at the measurement point (16, 11).

rors obviously increase with the incrementation of j. The
difference between the phase-distribution changes in Figs.
4 and 7 is 34% of the rms value of Ac. Next, with Eqgs. (4)
and (6) we calculated the phase distribution A a3 from the
nonuniformity D*. Using Eq. (4) we started by calculating
Ao in the direction along which j increased. The bound-
ary condition was Aa¥(20,j)=Aa¥(i,1)=0 (i)
=1,...,20). The calculation tolerance ¢ was determined to
be 6% of the rms value of D*. The progressive error in-
creased with the continuation of the calculation. At the
measuring point (16, 11) the inequality (7) did not hold.
The calculation with Eq. (4) ended at this point. The re-
maining Aa¥ values were calculated using Eq. (6) in the
direction along which j decreased. The boundary condition
AaX(20,/)=AaX(i,200=0 (i,j=1,..,20) was used. Fig-
ure 8 shows the calculated result. In comparison with Fig.
7, it is obvious that the progressive errors have decreased.
The difference between the Aa3 and Ac distributions is
6.2% of the rms value of Aa.

Finally, using Egs. (4), (5), and (6), a phase-distribution
change A ¥ was calculated from the nonuniformity D* in
the three different directions. Equation (5) was used first. In
Fig. 8 the progressive errors are relatively large near the
boundary line /= 1. The errors near that boundary line were
decreased by using Eq. (5) with the boundary condition
A (1.j)=Aaf(i,20)=0 (i,j=1,..,20) and calculating
Aaf in the direction along which i increased. Hence the
calculating tolerance € was chosen to be 5% of the rms
value of D*. Equation (5) was switched to Eq. (4) at the
measuring point (8, 14). After that, Eq. (4) was switched to
Eq. (6) at the point (17, 10). Figure 9 shows the calculated
Aaf distribution. The difference between A and Ae is
5% of the rms value of Ae. Compared with the Aaj dis-
tribution, it is found that the rising part in the i-axis direc-
tion has been improved.

4 Experiments

Figure 10 shows an experimental setup to detect spatial
nonuniformity of phase changes of an incident wave. The
light beam from a single-mode argon-ion laser at A
=514.5nm was expanded with a microscopic objective
lens L, and lens L, into a 35-mm-diam beam. A sheet of
0.5-mm-thick semitransparent silicone gum was placed be-
tween the lens L, and the beam splitter BS. Three sides of
the sheet silicone gum was fixed as shown in the lower

Fig. 9 Phase-distribution change calculated from the nonuniformity
D* in three different directions. Equation (5) was switched to Eq. (4)
at the measuring point (8, 14), and then to Eq. (6) at the point (17,
10).

figure. The beam transmitted through the gum sheet was
focused with a lens L3 into a SPPCM of BaTiO; crystal.
The phase-conjugate wave from the SPPCM was directed
by the beamsplitter BS to a plane C. The plane C was taken
so that the distance between it and the BaTiO; crystal was
equal to that between the gum sheet and the crystal. The
light field of the phase-conjugate wave on C was imaged on
a 2-D CCD image sensor by a lens L. The 20X 20 photo-
detector elements in the CCD image sensor were used to
detect the intensity distribution of the light field. The inter-
vals of the measured points were 1.0 mm. The measured
region was 20 mmX20 mm.

First, a steady-state intensity distribution of the phase-
conjugate wave was detected; then the gum sheet was given
a spatially nonuniform deformation by touching it lightly at
a point. The deformation of the sheet caused a spatially
nonuniform phase-distribution change of the beam incident
on the BaTiO; crystal. That change resulted in a decrease
of the phase-conjugate reflectivity of the crystal immedi-

Sheet
of gum BS
-

Ar*Laser

BaTiO5

L4

CCD image
sensor

Sheet of gum

—y' 20mm_A—

B .. .
»* Measuring region

Forced point

Fixed

el 0Smm?t,"—
A~ 50mm ol

Fig. 10 Experimental setup for detecting spatial nonuniformity of
the phase changes of incident wave that are caused by deformation
of a semitransparent gum sheet.
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Fig. 11 Spatial nonuniformity D, of the phase-distribution change of
the incident wave caused by deformation of the sheet of silicone
gum. It was obtained by substituting the relative reflectivity reduction
of the SPPCM into Eq. (2).

ately after the sheet was touched. The intensity distribution
of the phase-conjugate wave was detected, and the relative
reduction of the phase-conjugate reflectivity of the crystal
was calculated from the intensity values of the phase-
conjugate wave detected before and after touching the
sheet. The spatial nonuniformity D of the phase changes of
incident wave was obtained by substituting the relative re-
flectivity reduction into Eq. (2). The proportionality con-
stant C in Eq. (2) was chosen to be 0.6 rad/mm."'

Figure 11 shows the obtained spatial nonuniformity,
which is denoted by D, . The D, values at the three bound-
ary lines of the measured region other than i=1 are very
small. Their average value is less than 10% of the maxi-
mum of D, . Since the two sides of the gum sheet along the
i axis and one side near the line i =20 along the j axis were
fixed, we deduced that the phases of the incident wave
transmitted through the boundaries at /=20, j=1, and j
=20 did not change. Thus we had the boundary conditions
Aa(i,)=Aa(i.200=Aa(20,/)=0 (i,j=1,..,20), which
were used for Egs. (4) and (6). It was found from Fig. 11
that the D, distribution was approximately symmetrical
about the line j= 12. The phase-distribution change Aa, of
the incident wave was calculated with Eq. (4) on the con-
dition that j= 12 was the dividing line. It was also calcu-
lated assuming that the dividing line was j=11 and j
= 13. In comparison with the case of j =12, the calculating
tolerance € needed to complete the Aa; calculation in-
creased by 180% and 90% in the cases of j=11 and j
=13, respectively. Thus the dividing line was determined
to be j=12. After that, the phase-distribution change Aa,
was calculated again with Egs. (4) and (6). The calculating

Fig. 12 Phase-distribution change Aa, of the incident wave calcu-
lated from the nonuniformity D, of Fig. 11.
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Fig. 13 Spatial nonuniformity D, of the phase-distribution change of
the incident wave obtained after augmenting the deformation of the
gum sheet.

tolerance € was chosen to be 7.2% of the rms value of D .
Equation (4) was switched to Eq. (6) at the measurement
point (13, 11). Figure 12 shows the calculated result. The
middle part of the A, distribution arches. Its maximum is
0.465 rad.

On augmenting the deformation of the gum sheet, a spa-
tial nonuniformtiy D, of phase changes of the incident
wave was obtained. which is shown in Fig. 13. The aug-
mentation of deformation resulted in an increment in spatial
nonuniformity. From the D, distribution the phase-
distribution change Aa, of the incident wave was calcu-
lated with Egs. (4) and (6). In the same way as previously,
the dividing line in the j-axis direction was determined to
be j=12. The calculating tolerance € was 11.4% of the rms
value of D,. Equation (4) was replaced by Eq. (6) at the
measurement point (4, 11). Figure 14 shows the calculated
A, distribution. Its maximum is 0.884 rad.

5 Conclusion

We have proposed a new method for measuring spatially
nonuniform phase changes of a light beam. The changes
were calculated from the spatial nonuniformity of the phase
changes obtained by detecting the reflectivity changes of a
SPPCM. The computer simulations made it clear that the
progressive calculating errors of the phase changes were
decreased by the change in calculation directions and the
use of different boundary conditions. In the experiments,
we obtained spatial nonuniformity of phase changes gener-
ated by deforming a semitransparent sheet of silicone gum,
and calculated the spatially nonuniform phase changes
caused by the deformation. The results show the feasibility
of the new measurement method for spatially nonuniform
phase changes.
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Fig. 14 Phase-distribution change Aa, of the incident wave calcu-
lated from the nonuniformity D, of Fig. 13.
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