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We examine anomalous flux quantization of the one-dimensional attractive Hubbard models with
imbalanced spin populations by using the exact diagonalization method. In the single chain Hubbard
model with sufficiently large attractive interaction and imbalanced spin populations, the period of
the flux quanta is determined by the difference between the system size NL and electron number Ne
as h/(NL − Ne )e, in contrast to the superconducting flux quanta of h/2e based on usual Cooper
pairs and/or the period h/4e derived by the mean-field theory. We find that similar anomalous flux
quantization appears in the zigzag and ladder Hubbard models with imbalanced spin populations,
when the band structure near the Fermi levels is regarded to be almost equivalent to that of the single
chain Hubbard model.
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1.

Introduction

Recently, Yoshida and Yanase [1] showed that the so-called Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) state [2, 3] indicates an anomalous flux quantization of period h/4e, which is a half of the
superconducting flux quantum h/2e. They analyzed the one-dimensional (1D) attractive Hubbard
chain with 200 sites by using the mean-field approximation based on the Bogoliubov-de Gennes
equation in the weak-coupling region [1]. Here the FFLO state is characterized by the formation of
Cooper pairs with finite center-of-mass momentum caused by the imbalance of the Fermi surfaces
of two-component fermions and exhibits inhomogeneous superconducting phases with a spatially
oscillating order parameter [4–13].
It is known that the strong quantum fluctuation effect is crucial for low-dimensional systems
such as the 1D mesoscopic chain [14–19] and the strong coupling theory is more suitable for the
experimental situation of the FFLO state realized in ultracold atomic gases [20–23]. However, most
of the theoretical works for the FFLO state have been performed within the mean-field approximation
whose application is limited in the weak-coupling region. To clarify the strong coupling effects, we
think that the nonperturbative and reliable approach beyond the mean-field approximation is required.
In the previous work [24], we investigated the 1D Hubbard chain with the attractive interaction
in the presence of the spin imbalance by using the exact diagonalization (ED) method for finitesize systems. To analyze the anomalous flux quantization, we numerically calculated the periodicity
of the ground-state energy E(Φ) with respect to the magnetic flux Φ without any approximation.
When the absolute value of the attractive interaction |U | is sufficiently larger than the hopping energy
of electrons, the period of the flux quanta was found to be determined by the difference between
the system size NL and electron number Ne as h/(NL − Ne )e [24]. The result is a contrast to the
superconducting flux quanta of h/2e based on usual Cooper pairs and/or the period h/4e claimed by
1

the analysis of the mean-field theory for the FFLO state [1]. It is noted that this anomalous behavior
is different with the the anomalous flux quantization discussed in the repulsive (U > 0) Hubbard
chain in the strong correlation regime with U ≫ n|t|, where E(Φ) shows oscillation with a period of
h/Ne [25, 26].
In the present study, we investigate the anomalous flux quantization of the zigzag and ladder
Hubbard models with the attractive interaction, in addition to the single chain model by using ED
method. Although our calculation is restricted to small systems, we think that the essential features
of the anomalous flux quantization in the FFLO state can be well described even in finite-size systems
[7–12, 14, 15].

2.

Model and Formulation
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Fig. 1. (Color online)Schematic diagrams of (a) the zigzag Hubbard model and (b) the ladder Hubbard model
under the magnetic flux Φ.

We consider the zigzag 1D Hubbard chain given by the following Hamiltonian:
H = −t1

∑
∑
∑
(ei2πΦ/NL c†i,σ ci+1,σ + h.c.) − t2
(ei4πΦ/NL c†i,σ ci+2,σ + h.c.) − |U |
ni,↑ ni,↓ ,
i,σ

i,σ

(1)

i

where c†i,σ stands for the creation operator for an electron with spin σ (=↑, ↓) at site i and ni,σ =

c†i,σ ci,σ . Here, t1 and t2 represent the hopping integral between nearest-neighbor sites and nextnearest-neighbor (NNN) sites, respectively. Φ corresponds to the magnetic flux through the chain
measured in units of h/e, and NL is the system size. The interaction parameter |U | stands for the
strength of the attractive interaction on the site.
We also treat the Hubbard ladder model as follows:
∑
∑ †
∑
H = −tl
(ei2πΦ/Nu c†i,m,σ ci+1,m,σ + h.c.) − tr
(ci,1,σ ci,2,σ + h.c.) − |U |
ni,m,↑ ni,m,↓ (2)
i,m,σ

i,σ

i,m

where c†i,m,σ stands for the creation operator for an electron with spin σ at site (i, m). Here, m(= 1, 2)
denotes the index of legs and i is the position on rungs. Here, tl and tr represent the hopping integral
between nearest-neighbor rungs and intra rung, respectively. Nu indicates the number of the rungs
and corresponds to half of the number of the total sites. Schematic diagrams of these models are given
Fig. 1.
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Fig. 2. (Color online) Dispersion relation ϵ(k) of (a) the zigzag chain model with several values of t2 and
(b) the ladder model at a typical value of tr , where Fermi energy EF is set to correspond to n = 0.5.

We numerically diagonalize the zigzag-chain Hamiltonian [eq. (1)] of up to 8 sites, and the ladder
model Hamiltonian [eq. (2)] of up to 8 rungs, using the standard Lanczos algorithm. If flux quantization appears, the lowest energy level is expected to alternate and oscillate with increasing Φ [14, 15].
To carry out a systematic calculation, we use the periodic boundary condition when N↑ and N↓ are
odd numbers and the antiperiodic boundary condition when they are even, where N↑ and N↓ are the
total numbers of up- and down-spin electrons, respectively [16]. The filling n of electrons is given by
n = Ne /NL for the zigzag chain, and n = Ne /Nr for the ladder chain, where Ne (= N↑ + N↓ ) is the
N −N
total number of electrons, and the spin imbalance is defined by p = ↑Ne ↓ .
In the noninteracting case (U = 0), these Hamiltonians are easily diagonalized and yield dispersion relations representing for the zigzag chain model ϵzig (k) = −2t1 cos(k) − 2t2 cos(2k), and
for the ladder model ϵlad (k) = −2tr cos(k) ± tl , where k is the wavenumber and these dispersion
relations are depicted for several parameters in Fig. 2. Hereafter, we set t1 = 1 and tl = 1.
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Fig. 3. Difference in the ground-state energy ∆E = E(Φ) − E(0) as a function of the magnetic flux Φ
with p = 0 and n=0.5 (4 electrons/8 sites) for (a) |U | = 0, 10, 1000 at t2 = 0, and (b) t2 = −0.5, 0, 0.5, 10
at |U | = 1000, respectively. Here, the open circle denotes the result of t2 = −0.5 and the cross is that of
t2 = 0.5.
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3.

Numerical Results

3.1

Zigzag model
At first, we examine the flux quantization of the zigzag Hubbard model as shown in fig. 1(a).
Figure 3(a) shows the difference in the ground-state energy ∆E(Φ) = E(Φ) − E(0) as a function
of Φ at quarter filling n=0.5 (4 electrons/8 sites) for |U | = 0, 10 and 1000 in the absence of spin
imbalance, i.e., p = 0. When t2 = 0, the model reduces the usual Hubbard chain and we expect
the usual flux quantization of Cooper pairs with zero momentum, i.e. the period h/2e [14, 15]. We
can see that the energy levels cross at Φ ∼ 0.25 and 0.75 for all values of the attractive interaction
(|U | = 10, 1000), where the usual superconducting flux quantization of period h/2e (= 0.5 in the
present unit of h/e = 1) is observed. The energy scale of the flux quantization of period h/2e seems
to be proportional to ∼ 1/|U |, because the energy scale of the pair hopping is considered to be given
as ∼ t21 /|U |.
Figure 3(b) shows the result of t2 = −0.5, 0, 0.5 and 10 at |U | = 1000 for p = 0. We find
that the flux quantization is almost independent of t2 . Especially, the difference between the result of
t2 = −0.5 and 0.5 is very small and it is hard to distinguish both cases in this figure. When t2 = 10,
the system should be considered as a double chain connected by electron hopping t1 . It also clearly
indicates the flux quantization of h/2e.
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Fig. 4. Difference in the ground-state energy ∆E = E(Φ) − E(0) as a function of the magnetic flux Φ with
p = 0.5 at n=0.5 (4 electrons/8 sites) for (a) t2 =0, 0.1, 0.25, 0.5 and (b) t2 =0, -0.1, -0.25, -0.5.

Figure 4(a) gives the ∆E(Φ) for t2 =0, 0.1, 0.25, 0.5 in the presence of spin-imbalance with
p = 0.5. Our previous work [24] has already pointed out that the period of the flux quantization
is given by h/(NL − Ne )e for t2 = 0 with sufficiently large negative interaction |U |. The result
is reconfirmed in Fig4(a), which indicates the period to be h/4e with NL − Ne = 4. It indicates
that the anomalous flux quantization of period h/4e survives, although its shape is fairly deformed
for t2 =0.25, in contrast with the usual flux quantization of period h/2e. When t2 = 0.5, the NNN
hopping prevents the appearance of the anomalous flux quantization and it is difficult to find the sign
of the anomalous flux quantization in the Φ dependence of E(Φ).
Figure 4(b) shows ∆E(Φ) in the case of t2 =0, -0.1, -0.25, -0.5. In this case, deformation of
> 0.25 and the anomalous flux quantization
∆E(Φ) as a function of Φ becomes significant for t2 ∼
vanishes even for t2 = 0.25. It indicates that the influence of the NNN hopping upon the anomalous
flux quantization is larger than the case t2 being positive. It may be caused by the band structure that
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the change at EF for t2 < 0 is larger that for t2 > 0 as shown in Fig.2. The result also suggests that
the anomalous flux quantization is sensitive to the band structure.
3.2

Ladder model
Next, we address the case of Ladder model depicted in Fig.1(b), where each of the upper and
lower bands is completely equivalent to the band of the single chain as indicated in the dispersion
relation of ϵlad (k) in the noninteracting model. Here, we note that the number of unit cells Nu is
corresponding to the NL in the chain model.
Figure 5 gives the ∆E(Φ) as a function of Φ of the ladder model at p = 1/2 with the result of
the single chain model. It clearly indicates that the period of the anomalous flux quantization appears
as h/(Nu − Ne )e for tr /tl = 10 at |U | = 500, where this period agrees with that of the single chain
with the same parameters [24].
On the other hand, the anomalous periodicity completely disappears for tr /tl = 0.1 and 1. In the
case of tr /tl = 0.1, the band gap between the upper and lower bands of the ladder model, which is
yielded by 2tr − 2tl , vanishes and both bands fairly close each other. Then, four Fermi points appear
at EF as a typical 1D two-band system and the electronic state is considered to be different from
that of the single band model. However, in the case of tr /tl = 1.0, the band structure at EF seems
to be almost equivalent to that of the single chain model with two Fermi points. It is strange and
interesting that the anomalous flux quantization vanishes at tr /tl = 1.0. We have also confirmed that
the anomalous flux quantization is not clearly observed even if tr /tl = 5.0(not shown). The result
suggests that the large band gap is crucial to the periodicity of the anomalous flux quantization of
h/(Nu − Ne )e. Further, the anomalous flux quantization is not determined by only the electronic
state at EF , but relates to that of the whole band structure.
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Fig. 5. (Color online) Difference in the ground-state energy ∆E = E(Φ) − E(0) as a function of the
magnetic flux Φ with p = 1/2 at n=0.5 (4 electrons/8 units) and |U | = 500 for tr = 0.1, 1.0 and 10. Here, the
result of the single chain is also added to compare with the ladder model at the same parameters.
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4.

Summary

We sturdy the anomalous flux quantization of the zigzag Hubbard and the ladder Hubbard models
with large attractive interaction and imbalanced spin populations by using the exact diagonalization
method. We found that the period of the flux quanta are determined as h/(NL − Ne )e for zigzag
model, and h/(Nu − Ne )e for ladder model. These behavior are corresponding to the result of the
anomalous flux quantization obtained in the single chain Hubbard model. However, the condition of
the anomalous flux quantization is restricted to the case of the electronic state is regarded to be close
to that of the single chain model.
At this stage, we could not explain the mechanism of the anomalous flux quantization of the
zigzag model and/or the ladder model except the case of the single chain model [24]. Further, it is not
clear how our results relate to the result of the mean-field analysis [1], and whether the anomalous
flux quantization appears in the other models such as ladder model with three or more legs and the
two-dimensional model [13]. These problems may be very interesting and we will address them in
future.
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A. Lüscher, R. M. Noack, and A. M Läuchli: Phys. Rev. A 78 (2008) 013637.
A. Ptok : J. Supercond. Nov. Magn. 25 (2012) 1843.
K. Kusakabe and H. Aoki: J. Phys. Soc. Jpn 65 (1996) 2772.
R. Arita, K. Kusakabe1, K. Kuroki and H. Aoki: J. Phys. Soc. Jpn 66 (1997) 2086.
M. Ogata, M. U. Luchini, S. Sorella, and F. F. Assaad: Phys. Rev. Lett. 66 (1991) 2388.
J. Solyom: Adv. Phys. 28 (1979) 201.
J. Voit: Rep. Prog. Phys. 58 (1995) 977.
V. J. Emery: Phys. Rev. B 14 (1976) 2989.
G. B. Partridge, W. Li, R. I. Kamar, Y.-a. Liao, and R. G. Hulet: Science 311 (2006) 503.
M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A. Sen. and U. Sen: Adv. in Phys. 56 (2007) 243.
S. Giorgini, L. P. Pitaevskii, and S. Stringari: Rev. Mod. Phys. 80 (2008) 1215.
Y. A. Liao, A. S. C. Rittner, T. Paprotta, W. Li, G. B. Partridge, R. G. Hulet, S. K. Baur, and E. J. Mueller:
Nature 467 (2010) 567.
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