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   In this paper we study the symbolic calculus for a Banach function algebra 

with certain conditions. First we define a class of Banach function algebras 

which contains the class of all function algebras and the class of all ultraseparating 
Banach function algebras. Our purpose is to prove the theorem asserting that if 

A is a non-trivial Banach function algebra in the class, then only analytic func-

tions can operate on A. It is a generalization of theorems of de Leeuw and 
Katznelson [6], Bernard [2] and Bernard and Dufresnoy [3].

   1. Introduction. 

   Let A be a Banach function algebra on a compact Hausdorff space X, that 

is, a point separating unital subalgebra of C(X) (the algebra of all complex 

valued continuous functions on X) with the Banach algebraic norm N(.). We 

say that A is a function algebra if N(.) is the supremum norm II II ~. Suppose 

that h is a complex valued continuous function on an open subset D of the 
complex plane. We say that h operates by composition on A if h c f is in A 

whenever f E A has the range contained in D. 

   de Leeuw-Katznelson [6] proved that if A is a non-trivial function algebra 

(=non C(X )), the nany non-analytic function does not operate by composition on 
A. But it is not the case for Banach function algebras as many examples show. 

For example the algebra 

              A(f')= { f C(T) : If(n) <oo} 

of all continuous functions on the unit circle F with absolutely convergent 

Fourier series with the norm 

                   N(f)=~ I f(n) 

for f in A(F), where f(n) denotes n-th Fourier coefficients, is conjugate closed 
non-trivial Banach function algebra. Bernard [2] defined ultraseparability for 
Banach function algebras and showed that z does not operate by composition on 
a non-trivial ultraseparating Banach function algebra. Bernard-Dufresnoy [3]
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also showed that if a non-analytic function h operates boundedl y on an ultra-

separating Banach function algebra, then it is trivial one. Our result is a 

generalization of above results by de Leeuw-Katznelson and Bernard and Bernard-
Duf resnoy. 

   We denote the uniform closure of A in C(X) by clA in this paper. 

   2. Definition and examples. 

N 

   Let E be a normed space with the norm n(.). E denotes the space of all 

bounded sequences in E. Suppose that A is a Banach function algebra on X 
                                             N N 

with the norm N(.). We may consider that A is a subalgebra of C(X), where 
X is the Stone-Cech compactification of the direct product of the space of all 

positive integers N and the compact Hausdorff space X, with the Banach alge-
braic norm N(.) which is defined as follows : 

                                          N iv 

                    N( f )=Sup{N(f n) : n=1, 2, ...} 
      ,y N N N 

for f = (f n) in A. If A separates the points of X, we say that A is ultra-

separating on X. Suppose that Y is a compact subset of X. Put 

             AlY={ f IC(Y): FIY=f for FA}, 

where F Y is the restriction of F to Y. Then A I Y is a Banach function 

algebra on Y with the norm 

               NY(f)=inf {N(F) : FE A and F I Y= f } 
                                                   N N 

for f in A I Y. If A is ultraseparating on X, then A is ultraseparating on X 
with N(.) [1] and A l Y is also ultraseparating on Y with N(.). We may 
suppose that (Al Y)"=A l Y and NY(.)=(NY)"(. ). We denote (A)" by A and 

(N)"(•) by N(.) and (X )" by X respectively. For further information for ultra-
separability, see [1], [2] and [3]. 

   DEFINITION. Let A and B be Banach function algebras on X. We say that 
                           N N N 

A is B-ultraseparating if A separates the points in X which are separated by B. 

   Let A be an ultraseparating Banach function algebra on X with the norm 

IV(.). Then A is C(X )-ultraseparating and clA-ultraseparating on X. If A is a 

function algebra, then A is clearly clA-ultraseparating by definition. If A is 

B-ultraseparating on X and Y is a closed subset of X, then A I Y is B I Y-ultra-

separating on Y. 
   Let H°° be the uniformly closed subalgebra of L°° (the algebra of all bounded 

measurable functions on the unit circle F in the complex plane) consisting of 

L°° functions whose negative Fourier coefficients vanish. Then H°° is ultra-

separating on the maximal ideal space of L°° since H°° is a logmodular sub-
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algebra of L°°. 

   PROPOSITION 1. Let B be a Douglas algebra on I' (uniformly closed algebra 

lying between H°° and L°°). We consider that H°° and B are function algebras 
on the maximal ideal space M(B) of B. Then H°° is B-ultraseparating. Suppose 

that Y is a closed restriction set for B (B I Y is uniformly closed) ; then H°° I Y is 

cl(H°' I Y)-ultraseparating. 

                                                                 N N N 

   PROOF. Suppose that x and y are different points in ii(B) and f =(f n) E B 
separates them. Let CB be the C *-algebra generated by invertible Blaschke 

products in B. In [5] it is shown that the linear span H°°+CB equals B. By 
the open mapping theorem there is a constant K which depends only on B with 
the property that for every f in B there are a g H°° and an h E CB such that 

f =g+ h and II g II ~~ K I f I and ll h'i <K I f II ~. Thus we have an expression 
fn=gn+hn with IIll ~<KIIfnII and Ihnll~<K fnllO for gnEH°° and hnECB 
for every positive integer n. So g=(gn)EH0° or &=(h) CB separates x and 

y. Suppose that g does not separate them. Without loss of generality we may 
           N N 

assume h(x)=0 and h(y)=1. Put 
                                             N N 

            Xnl'=({n} xM(B))n{zEM(B): Ih(z)I <1/3} 
and 

                                               N N 

            X=( {n} xM(B))n{zEM(B): Ih(z)I>_1/2}. 

Let us denote 

      PX nl' _ { p E IV1(CB) : 3z X n" such that f(z)=f(p) for ti f CB} 
and 
      PX= { p&V1(CB) : 3z~X„2' such that f(z)=f(p) for d f ECB}. 

Since we may consider that the maximal ideal space M(CB) of CB is the equiva-
lent class of the points of M(B) which is not separated by functions in CB, it is 

easy to see that we may suppose that PX nl' and PX n2' are disjoint compact 

subsets of M(CB). Since H°°fCB is a logmodular subalgebra of CB on M(CB) 

 5], we can take functions j n in H~nCB with II j n II < 3 and I j n I < 1 on . PX nl' 
N and I j n I >_2 on PX n2' for every n. It follows that j =(j n) E (H°°fCB)" separates 

N x and y as a function on M(B). Thus we have concluded that H°° is B-ultra-

separating. 

   Let x and y be a point in Y and suppose that (cl (H°° I Y))" separates them. 
                                        N N 

Then (B I Y)" separates x and y since Y is a closed restriction set for B. Thus 

(H°° I Y)" separates x and y since i1 is B-ultraseparating. 

   Generally H°° l Y is not uniformly closed nor ultraseparating, because Y may 

not be a closed restriction set for H°° and because Y may contain analytic disks. 

   Let Ai be Bi-ultraseparating Banach function algebra on X1 with the norm



106 0. HATORI 

Nti(•) for i=1, 2. Suppose that X is the formal union X1UX2. Then we see that 

              A= { f E C(X) : f I X1 Al and f I X2 E A2} 

is a Banach function algebra on X with respect to the norm 

                NA(f)=max{N1(f X1), N2(f I X2)} 

and B-ultraseparating on X where B denotes the Banach algebra 

               { f ~C(X) : f IX1EB1 and f IX2~B2} 
with the norm 

              NB(f )=max{Ni(f X1), NZ(f I X2)}. 

(Ni(•) denotes the norm of Bi for i=1, 2.) 
   There are many other examples of B(clA)-ultraseparating Banach function 

algebra A which is not uniformly closed nor ultraseparating. 

   PROPOSITION 2. Let A and B be Banach function algebras on X. Then 
A is B-ultraseparating on X i f and only i f for every positive integer m, there 

exist a positive o and a positive integer l with the following property (*) :

        For every disjoint compact subsets X1 and X2 of X with the condition 

      that there are a1, a2, , am and b1, b2i , bm in the unit ball of B such 

     that 

m 

                       1(I aj - I bj l)>>-_1/2 on X1 1 

m (*) ~(lajl-Ibjl)c-1/2 on X2, 
                                    j=1 

      there exist f1, f2, , f c and g1, g2, • • • , gc in the unit ball of A such that 

                    (ifj l - I gj )~~ on X1 
                                      j=1 

l 

                   ~(Ifjl-Igjl)~-b on X2.                                       j=1 

   Proposition 2 is a generalization of the characterization for ultraseparating 

Banach function algebras [1] and we can prove it almost in the same way as 

Theorem in [1]. 

   3. Main result. 

   In this section we show a generalization of the theorems of de Leeuw-

Katznelson [6], Bernard [2] 

   THEOREM. Let A be a 

with the norm N(•) and h 

subset of the complex plane.

and Bernard-Dufresnoy [3]. 

c1A-ultraseparating Banach function algebra on X 
be a continuous but non-analytic function on an open 
Suppose that h operates by composition on A; then
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we have A=C(X). 

   PROOF. It is trivial that h operates by composition on ciA. It follows that 
clA=C(X) by the theorem of de Leeuw-Katznelson. So we may consider only 
the case of ultraseparating Banach function algebras. Without loss of generality 
we may assume that h is defined on the closed unit disk and that h is not 
analytic at the origin. Let d~ be a positive C°°-function on the complex plane 

C supported in {w E C : I w <o} with a small positive 8 such that d b(w)dxdy= 1, 
where w=x+ yi. Put 

         H~(z1, z2)= h(z1-z2w)d~(w)dxdy I zl I <1-o , I z21<1. 

Then Ha(z1i z2) is a C°°-function and tends to h(z1) uniformly on a compact sub-
set of 

                  {(z1, z2) E C2 : 1 z11<1, 0<1z21<1} 

as o tends to 0. We consider the following two cases : 
   (1) For some z2 with 0 < I z2 I <1, there exists a i > 0 such that a/az1H~(z1, z2) 

= cs for every small o on {z1 C : I z1 I <72}. 

   (2) For every z2 with 0 < I z2 I <:1 and for every small i >0, there exists a 
small oo such that for every u1 with 0<o1<50 there exists o with 0<o<b1 such 
that a/az1Hb(z1, z2) is not a constant on {z1 E C : I z1 I <7} with respect to z1. 
   Case (1). We may suppose that H5(z1i z2)-caz1=Po(z1) is analytic on 
{z1 E C : I z1 i </2} and continuous on {z1 E C : I z11 <_ /2}. Suppose that 
sup I P~ II ~= oo (supremum takes for all small 8 >0). Then sup c,= oo. So 
sup inf { II c~z+ f : f E Ao} =oo, where Ao is a disk algebra on {z1 C : I z1 l <,/2}. 

It is a contradiction since Hb(z1i z2)=co21+Po(z1) and 

        sap sup { I Ho(z1, Z2) I : I z1 i/2} <sup { I h (z) I : I z I <_ ~/2} < oo . 

Thus we have sup II Po II < oo and it follows by the normal family argument that 
there is a sequence {8(n)} of positive numbers converging to 0 which satisfies 
that Pa(n) tends to an analytic function P as n tends to 0. So left hand side of 

                        Ho(n)(zl, z2)-Po(n)(zl)=ca(n)zl 

tends to h(z1)-P(z1) and thus right hand side to cz1 as n tends to oo. We con-
clude that h(z)=cz+P(z) on {z C : I z I <_ ri/3} where P(z) is analytic near 
{z E C : I z I /3} and we may suppose that c * 0 since h is not analytic at the 
origin. Let f be a function in A. Put a sufficiently small positive real number 
a with 

                 af(MA)C{zEC : IzI <~/4}
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for the maximal ideal space 1VIA of A. Then 

                     h(af)=c.af +P(af) 
and 

                       P(af) 

are functions in A since P(z) is analytic near {z E C : I z I < i/3}. So we see that 

f is in A since c ' a f is in A and ca *O. Thus we conclude that A=C(X) by 
a theorem of Bernard [2] since we have shown that A is conjugate closed and 
since A is ultraseparating. 
   Case (2). Put 

       Ax= { f E A : f(x)=O} 

and Ax = { f E Ax : I f I 1 } for a point x in X. Then we have 

                 Ax=U{ f EAx : N(hf )<n} 

n and it follows that there is an integer no such that the closure of {f EAx 

N(h c f) < no} with respect to the topology on Ax induced by the norm N(S) 
contains an open subset by the Baire's category theorem. Therefore there exist 

an E > 0 and a g in Ax and a dense subset U of 

                  { f +gEAx: N(f)<2} 

N such that N(hoF)<no for every F in U. Since A is ultraseparating, A and A 

N are ultraseparating on X and X respectively. So we have 

         inf sup{I f(y1)I : f A, f(y2)=0, N(f)~1}=2M>0, 

where infimum takes for all different points yl and y2 in X [2]. Put a compact 

neighborhood 
                   Y= { y E X: i g(y) I <_ M°E/6} 

of x. We will show that Y is an interpolation set for A, that is, AI Y=C(Y). 

Suppose that it follows that A I Y=C(Y) for each point x in X. Then we have 
a finite number of interpolating compact subsets Y1i Y2, ..•, Y, of X which 

                 N N 

cover X. Since X=UY~ and 
                                N N N N 'V 

                  clA I Yi~A Y1=(A I Yi)"=C(Yi) 
                                  N N 

for i=1, 2, , n, we see that clA=C(X ). So we have A=C(X) by Bernard's 
lemma. 
   Let Yx be the quotient space reduced by identifying the points of Y which 

                     N N 

are not separated by Ax I?. Let xo be the point in Yx which corresponds to 

              J={xEY: ?)=O for vAxI}. 

N In fact xo is the only point in Yx which is identified more than one points in
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N N ?=(f) N Y. Let x 1 and x 2 be points in Y\J, then we see that an nin A separates 
x 1 and x 2 since A is ultraseparating on X and since we may suppose that x 1 
and x2 are points in X. Suppose that (f -(f n(x))) I Y separates xi and x2. It 
shows that Ax I Y separates xi and x2 since (f -(f n(x))) Y is in Ax Y. Suppose 
that (f -(fn(x)))(x1)=(J-(fn(x)))(x2), it follows that (f n(x))(x1)~(fn(x))(x2). 
There is a k in Ax I Y such that k(x 1)*0, because x 1 is in Y\J. Thus k or 
(f n(x))k separates xi and x2. We have just shown that Ax Y separates the 

             N N 

points of Y\J. Let I be the uniform closed subalgebra of C(Y) which is 
              N N 

generated by Ax I Y and constant functions. Then we may suppose that I is a 
                   N N 

function algebra on Y,. By the definition of J and xo, for each y in Yx\{xo} 
there exists an f o in Ax I Y such that f o(y) ~ 0 and I (f0-(g))</3 swhere (g) 

                          N N 

denotes (g I Y, g I Y, • ) in A x Y. We put a compact neighborhood 
                                  N N N 

              G={z~V : Ifo(z)I?(1/2)I .fo(y)I } 
        N N 

of y in Yx and we may suppose that G is also a compact subset of Y since .                                                   N ?(
.)=o. is the only point which is identified more than one point in Y and o

Put 
                           N N N 

           V={f ~C(G): fFE_cl(Ax G)for tiFECI(AxIG)} 

N and let [VV+((cnk))] be the uniformly closed subalgebra of C(G) which is 
generated by 

                 {F1F2+((cn k)) : F1, F2 E V, ((cn k)) E 1°°} 

where F denotes the complex conjugation of F. Let F1, F2, ••• , Fm and G1, G2i 
   G,n be functions in V and let ((cnk)) be in l°°. Then G1(())(/0) is in 
cl(Ax I G) by definition of V since ((cnk))(f o) is in Ax I G where (f o) 
=(fo) G, 7 I G, ••) in Ax I G. By the same way we see that FjGI((cnk))(JO) is in 

   z N 

cl (Ax I G), so we have 

                F1F2... FmGiG2... Gm((cnk))(fo)~cl(AxIG) 

in general. Thus we have 

                [ V V+((cn k))] X (fo)Ccl (Ax I G). 

N Since [VV+((cnk))] is a self-adjoint closed unital subalgebra of C(G), if we prove 

N that [V V+((cnk))] separates the points of G, it follows that [V V+((cnk))]=C(G) 
by the Stone-Weierstrass theorem. Thus we have 

                                                     N N 

                 C V V ~((~n k))] X (f0)-C(G) 

since (?o) is bounded away from 0 on G. It follows that cl (Ax I G)=C(G) and 
N then Ax I G=C(G) by Bernard's lemma, so I I G=C(G). Since I is a function 

N algebra on Yx and since there is an interpolating compact neighborhood of 
                 N N 

every point in Yx\{xo}, we have I=C(Y) by Corollary 2.13 in [4]. So we
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N have A I Y=C(Y) by Bernard's lemma since cl (A ?)=[I, (ca)] is conjugate closed 
N and separates the points of Y, where [I, (ca)] is the function algebra generated 

by 1 and l°°. Thus it remains only to prove that [V V+((cnk))] separates the 

N points of G. 

N 

   LEMMA. [V V+((cnk))] separates the points of G for case (2). 

N 

   PROOF. Suppose that Ji=((f)n)k nkand J2=((f)n)k nkare in Ax G with 
I(L)<e. Then we have 

N 

                  h(f 1+((g))-f 2w) E cl (Ax I G) 

for a complex number w with the sufficiently small absolute value, where ((g)) 
N =((g) , (g), ••)k. •GFor, if f nk +g I Y- f ~k w is in U for every n and k, then 

                 NY(h(f nk +g Y-f nk w)) < no 

for each n and k and we see that 

            h(f1+((g))- ,few)=(h(f nk +g I Y-f nk w)n)k 
         N N 

is in Ax I G, thus in cl(Ax I G). For the general case, 71+((g))-72w is the uni-
form limit of the functions in U, thus we have 

N 

                 h(7 1+((g))-72w) E cI (Ax I G). 

Since Ho(f 1+((g)), f2) is the uniform limit of linear combinations of h(f 1+((g)) 
-72w), it follows that 

N 

                 Hd(f 1+((g)), 72)EcI(Ax { G) 

N for sufficiently small o and for f 1 and 72 in Ax I G with J(7) 1< s. For the same 
reason 

             {H5(f 1+((g))+473, J 2)-Hb(fl+((g)), f2)} l4 

of sufficiently small o is in cl (Ax I G) for f 1 in {7A I I(J)<} and for f2 
                   SC N N 

and f 3 in Ax I G such that 72 is bounded away from 0 on G and for a complex 
number 4 with the small absolute value. If 4 is real number and tends to 0, 
then _ _ 

            {Ho(f 1+((g))+4f 3, 72)-Ho(71+((g)), f2)}l4 
tends to 

        (Ref 3)alax1Ho(f 1+((g)), ,f 2)+(Imf 3)a/ay1H5(f 1+((g)), f 2) 

N in cl(Ax I G), where z1=x1+ y1i. By the same way, if 4 is purely imaginary 

number, then we see that 

        i(Im f 3)a/axiHa(f1+((g)), 72)-i(ReJ3)&/y1Ha(f1+ ~ ((g)), 72 ) 

N is in cl (Ax I G). Thus we have 

N 

                 a1H5(f1+((g)), 72)7cl(A 3E x1 G)
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for sufficiently small o and for f 1, 72 and f 3 in Ax I G which satisfy that N(J) 
<s and that f2 is bounded away from 0 on G, where we denote (1/2)(6/6x1 
+i6/ayl) by O1. So 

                 a1Hb(f 1+((g)), f 2).f 3 E cl (Ax G) 

for f 1 in { f E Ax I G : N(/)< Gs} and for f 2 in Ax I G such that f 2 is bounded away 
            N z N 

from 0 on G and for f3 in cl (A x I G). Thus we conclude that 

                   a1Hb(f l+(g)), /2)EV 
                 N N 

for f 1 in { f E Ax I G : I(7)<} and for f 2 in Ax I G such that f 2 is bounded away 
N from 0 on G. 

                                                         N ~r 

   Let a and b be different points in G and suppose that l°° does not separate 

x them. By the definition of M, there is an /=((fk)fl)k nin A such that 

            N(f) < 1/M, /(a)=1 and /(b)=O 

z since we may suppose that a and b are points in X. So f'= f -((f rck)n)k is in 
Ax and 

                       7'(a)-J'(b)=l. 

Without loss of generality we may assume J'(b) I >>-1/2. (If not, take f instead 
of f " below and change a and b.) There is f " in A such that 

        N(7")1/M, 7"(a)=O and /"(b)= 1. 

Thus we have 7'J"A, 7JE I(f'f~")~2IM2, If'ff"(b)I 1/2 and J'7"(a)=0. 7Since                                x? 
N N 

we may consider that b is in Y, we have I ((g))(b) I <M2~/6 by definition on Y. 
   There exists a complex number a with i a I < 1 such that 

                ((g))(b)+f , f„(b) x aM2~/2=0. 

Put = I ((g))(b)+ f ' f "(b) x aM2/(21 a ) I if a ~ 0 and put = I j17h1(b)xM2/2I Eif 
N a=0 and put z2=(fo)(b). Since we consider only the case (2), there is a 

sufficiently small 8 such that a1H~(z1, z2) is not a constant function on {z1 E C : 
Iz1I <,i}. Since f'/"(a)=O we can choose appropriate complex numbers a1 and 
a2 with absolute values less than 1 which satisfy that 

                F(a1)(a)F(a2)(a) F(a1)(b)F(a2)(b), 

where we denote 

N 

            F(j3)(p)=a1Ha(((g))+f 'f " x pM2~/2, (/0))(p), 

which shows that V V separates a and b. Thus we conclude that [V VH-((cnk)f 
N separates the points of G.
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