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On some compact Einstein almost Kahler manifolds
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§1. Introduction.

An almost Hermitian manifold M=(M, J, <, >) is called an almost Ké&hler
manifold if the corresponding Kihler form of M is closed (equivalently,
KDY, Zy4+<eNZ, Xy+<z )X, Y>=0, for all X, Y, Zc¥(M), where ¥(M)
denotes the Lie algebra of all differentiable vector fields on M). By the defini-
tion, a Kihler manifold (V/=0) is necessarily an almost Kihler manifold. If
the almost complex structure J of an almost Kéhler manifold M is integrable,
then M is a Kihler manifold [10]. A strictly almost Kihler manifold is an
almost Kéahler manifold whose almost complex structure is not integrable.
Several examples of strictly almost Kidhler manifolds are known [1], [2], [3],
[71, [9]. By an Einstein almost Hermitian manifold we mean an almost Hermi-
tian manifold which is Einstein in the Riemannian sense. The following con-
jecture is well-known [4], [9]:

CONJECTURE. The almost complex structure of a compact Einstein almost
Kdahler manifold is integrable.

Concerning this conjecture, some progress has been made under some
curvature conditions ([4], [6], and etc.).

In this paper, we shall give a partial positive answer to the above conjec-
ture. Namely, we shall prove the following

THEOREM. Let M=(M, J, <, >) be a compact Einstein almost Kdhler mani-
fold whose scalar curvature is non-negative. Then M is a Kdhler manifold.

§2. Preliminaries.

In this section, we prepare some elementary equalities which will be used
in the proof of Theorem in §1.

Let M=(M, J, <, >) be a 2n-dimensional almost Hermitian manifold with
the almost Hermitian structure (J, <, >) and Q the Kihler form of M defined
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by X, V)=<(X, JY>, for X,YeX(M). In the sequel, we assume that M is
oriented by the volume form o=((—1)"/n!)2". We denote by V, R, p and =
the Riemannian connection, the curvature tensor, the Ricci tensor and the scalar
curvature of M, respectively. The curvature tensor R is defined by

2.1) R(X,Y)Z = [Vx, Vy1Z—Vix, 2 ,

for X, Y, ZeX(M). We introduce a tensor field p* of type (0,2) (the tensor
field p* is called the Ricci *-tensor [8]) defined by

2.2) o*(x, v) = (1/2) trace of (z—> R(x, Jy)]2),

for x, y, z€T,M (the tangent space of M at p), pcM. We denote by z* (r*
is called the *-scalar curvature) the trace of the linear endomorphism Q* defined
by <Q*x, y>=p*(x, y), for x, yeT,M, pcM. By (2.2), we get immediately

(2.3) o*(x, y) = p*(Jy, Jx),

for x, yeT,M, pc M. We denote by TM and A*M (k=1) the tangent bundle
of M and the vector bundle of real exterior k-forms over M, respectively.
Then we may regard A*M as a Riemannian vector bundle over M in the
natural way. The curvature operator (also denoted by R) is the symmetric
endomorphism of the vector bundle A?M of real exterior 2-forms defined by

2.9 CREINLY)), D Nw)y = —<{R(x, y)z, w),

for x, y, z, weT,M, p= M, where ¢ denotes the duality : TM—A*M=T*M (the
cotangent bundle of M) defined by means of the metric {,>. For l-form o, Jo
is the 1-form defined by Jo(X)=—w(/X), for XeX¥(M). Then we have J(¢(x))
=¢(Jx), for xeT,M, pM. Let {e;} be an orthonormal basis of T,M at any
point p M. In this paper, we shall adopt the following notational convention :

(2.5) Ruijr = {Ren, eiej, er),
Rﬁijk = <{R(Jes, ei)ejy er,

Rﬁiis = {R(Jen, ]ei)]ej: Jery,

Pij = P(ei, ej)y T Pif = P(.]ei; fej) s

o*i; = p*(es, €5), -, .0*2] = P*(fé’i, ]ej) ’

Jis=<LJey e, Nl =< e, ery,
and so on, where the Latin indices run over the range 1, 2, ---, 2n. We get
easily _
(2-6) Vi]}'i = —“Vi]jlz .

Now, we shall define differentiable functions f;, ---, fs on M respectively by
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2.7) fi(p) = ZRavif(Rapi;— Rasis)
fo(p) = ZRaaif(Rusi;— Rosis)
fo(p) = ZRaais(VsJix)Vo s
Ji(p) = ZRavif(VsJix)Va s,
fi(p) = ZUR(e* Ne!—Jet N]e?), e Neb—Je? N]e))* ,

at any point p€ M, where e‘=¢(e;) (1=<i<2n). We shall evaluate the values of
the functions f;, ---, f, at each point pM. By the definition of the function
f1, we have easily the following

LEMMA 2.1.
fi(p) = —%2<R(ei/\ef—]eiA]ej), e* N R(e*Nel—Je N]e), Je* N .
Similarly, taking account of (2.2) and (2.3), we have the following
LEMMA 2.2.  fy(p) = 232(p*i;—p*;0)%

In the rest of this section, we assume that M=(M, J, <, >) is a 2n-dimen-
sional almost Kihler manifold. Then it is known that M is a quasi Kihler

manifold [10], i.e.,
(2.8) Vx DY +Vox NJY =0,
for X, Yex(M).
LemMA 2.3, Z(VeJi)(Va)i2)Va in)Vs in = 0.
Proor. Taking account of (2.8), we get
(2.9) 2o J i) Va 1) VaJin)Vs in = Z(VoJie)Va J5:)Va Jin) V5 in
= _'Z(vbjik)(vd]jk)(vdjih)vb]jh
= =2 Jir) Vi) Vo Jir) Vo Jsn -

On one hand, we get also

(2.10) 2 Jin)(VaJi8)Va in)Vs in = Z(VJi) Vo J i) VaJin)Vo Jjn -

From (2.9) and (2.10), the lemma follows immediately. Q.E.D.
By (2.8), we get

(2.11) ?‘_J!(Va]u)vsfij = —;} Va iV Jiz = —2(VaJip)Vs s -

g

Similarly, by (2.6) and (2.8), we get
(2-12) izj(vjjia)vj]ii =z§ (Vi]iaWifii = —iZ; (v;‘]ia)vjfib .
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Since M is an almost Kihler manifold, we get

(2.13) i}zk (ViJou)JaiN3 e = %i%)k (ViJor =V Jo:) a5  p1

= —%‘%(Vb]ki)v’&jki .

Similarly, we get

@) 3 Ju@da)Vis= = 3 JCals0sSse= 3, IVl s)

?‘T,k Jox(Va )50V ke Vi S e )+ 12.: (ViJ:a)V3] 5

l\‘>|r—-

i,

o=

=— ;2; (va]ij)vﬁfij'}‘?j(Vj]ia)vj]ii .

From (2.8), taking account of (2.11)~(2.14), we get

(2.15) ;V%E]{:i = sz JorJaiVii vi
= —E‘V%a]bi—g‘_,;k (Vijbk)]ajvj]ki_i’jzk Jor(ViJai)ViT ki
= _Eivga]bi'*'i% (ViJiaVsJw .

LEMMA 2.4. 0*apt 0% = pab+pas+§(Vj]m)ijw .

Proor. By (2.2) and the first Bianchi identity, we get
(2.16) 20*05—20%2 = 2 Ritar+ 2 Ruizs

=~ Rissi— 2 Riia— 2L Rasi— L Rsia -
On one hand, we get easily
(2.17) ;v%ajbi_gvtzzijbi = pas+§Rm: .
From (2.17), taking account of (2.8), we get
(2.18) Zi)Riaoz = —Pa5+2iv%a]bi .
By (2.12), (2.15), (2.16) and (2.18), we get
(2.19)  2p*;5—2p%z = 2pas——2pab—;V%a]br‘zilV%a]sri";v%b]ari-gv%fa
= 29as—2pab+2§ (V3J1)V5] 35«

From (2.19), the lemma follows immediately. Q.E.D.
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Now, we evaluate the value f;(p) of the function f; at any point peM.
We may choose an orthonormal basis {e;}={e., er+a=Jes} (1=<a, B<n) in such
a way that

(2.20) ]_,Ek(vj]k ViJrs = 4400,

where A,=2,1;< - £4,=4;,. We denote by f the continuous function on M
defined by

(2.21) f()= Z Q=2

By (2.21), we get

(2.22) f(p)y=4n ;2%—2%1,-2,- =4n ;2%—2[[V]H‘(p) .
LEMMA 2.5.

1 1
fs(p) = =23 Pij(vb]ik)vbfjk— Zn"f(P)“% ]]V]I[‘(I)) ’
at any point peM.
Proor. By (2.7), (2.8), (2.20), (2.22) and Lemma 2.4, we get

o) = 2 Razij(N5J 1)V ] jx
= zRaEti(Voftk)vb.]jk
= —32(p*i;+0%)NoJix)Vs Jjx

= 20V lu— g D= g D).

Lastly, we evaluate the value f,(p) of the function f, at any point pe M.
We denote by & the vector field on M defined by

(2.23) = ?(b iEj) kRabij(vbjik)jjk)ea , at peM.
From (2.7) and (2.23), by the direct calculation, we have easily the following

LEMMA 2.6.
fi(p) = [divEXP)+Z(V:00;—V300:) Vo Js 1) i

+ %Z‘,(<R(ei/\ el—Jel N Jel), e* NebH)?.
By Lemmas 2.1, 2.6, and (2.7), we have the following immediately

LEMMA 2.7.

fl(P)—zfA(P): —2(divé&)(p)— %fs(f’)—ZE(Vthj—Viji)(Vb]ik)]jk .
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§3. An integral formula.

In this section, we establish an integral formula on a compact almost Kéhler
manifold which plays an essential role in the proof of Theorem in §1.
First, we start with a general almost Hermitian manifold M=(M, J, <, >).
We assume that dimM=2n=4. We denote by ¥’ the linear connection on M
defined by

(3.1) ViY =Va¥ — 2],

for X, YeX%(M) [10]. Then we may easily check that both of the Riemannian
metric {,> and the almost complex structure J are parallel with respect to the
linear connection V’. Furthermore, by direct calculation, we have the following

LEMMA 3.1. The curvature tensor R’ of the linear connection N’ is given by
1 1
R(X,Y)Z = ~2—(R(X, Y)Z—-JR(X, Y)]Z)—7‘:((Vx])(vyf)Z—(Vyf)(fo)Z),
for X, Y, Ze¥(M).

We denote by p#,(V) (resp. ¢#:(V’)) the first Pontrjagin form corresponding to
the metric connection V (resp. V’). Then, by the well-known Chern-Weil theo-
rem, the first Pontrjagin class p,(M) of M is represented by the 4-form g,(V)
(resp. #,(V)) in the de Rham cohomology group. The 4-form g,(V) (resp. ¢:(V”))
is given by
1

(32) 4D = 5

> RasijReasje® NeP Aet Nes

1
(resp. ,ul(V’)pzﬁn_TE RisijRiqije® Ne® NefNe?), at any point peM, [5]. Let

{e;} be an orthonormal basis of the tangent space T,M of the form {e;}=
{ea, Je}. Then we get

(3.3) 2= —Za‘, e“NJe“.
From (3.3), we get easily
(3.4) Qr-2 = (—=1)"2%(n—2)! a%el/\jel/\

—N —
AN NJeA N+ NeBAJeBN - Nem A Je™,

where ™ denotes the delation. We here assume 2°=1. By (3.2) and (3.4), we
get
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1) —2)!
35  m@Agt= T T R Ry~ 28 ResiiRase)o
— )" n—2)
(resp. p(@IAQ2 = D5 Ry Risy 25 Ry Risi)o).

In the rest of this section, we assume that M is a 2n(n=2)-dimensional
compact almost Kihler manifold. Then it follows that the 2n-form g,(V)AQ""?
—(V)ANRQ"* is exact. Thus, by Stokes’ theorem, we get

3.6) SM(pl(w—yl(v»)/\m-z —0.

From (3.5) and (3.6), taking account of (2.7), (2.8) and Lemmas 2.3, 3.1, we
have finally the following

PROPOSITION 3.2. Let M=(M, J, <, >) be a 2n(n=2)-dimensional compact
almost Kdhler manifold. Then we have

SM<f1— ‘é‘fz‘*’fs—zﬁa)o =0.

§4. Proof of Theorem.

It is well-known that any 2-dimensional almost Hermitian manifold is a
Kihler manifold. On one hand, the present author has proved that Theorem
is true in the case dimM=4 [6]. So, for the proof of Theorem, it suffices to
consider the case dimM>4. Let M=(M, J, <, >) be a 2n(n>2)-dimensional
compact Einstein almost Kdhler manifold. Then we have

T
4.1) o(X,Y)= %<X, Yy,
for X, Ye¥(M). By (4.1) and Lemma 2.7, we get
1
(42) [ (ri—2roe == feo.
Furthermore, by (2.20), (4.1) and Lemma 2.5, we get
T 1 1 .
@3) [ foo= =1, CG1wme+o r+o-191)s.
Thus, from Proposition 3.2, taking account of (4.2) and (4.3), we have finally
1 1 . T ., 1 1 .
(4.4 [ (Frt5h)e == (CI+ L+ 5 11

From (4.4), taking account of (2.7), (2.21) and Lemma 2.2, we may easily show
that if the scalar curvature ¢ of M is non-negative, then V/ vanishes identically
on M, that is, M is a Kdhler manifold. This completes the proof of Theorem.
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