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   1. Notation and the result. 

   Let l be an odd prime number and let k be an algebraic number field of 
finite degree. For an integer i>0, let ~ti denote a primitive l2-th root of unity 

and put k= k(1). For an ideal a of k, let k(a) denote the group of elements 
of k prime to a and let ka denote the ray number group of k modulo a, i. e., 
ka={xE k(a) I x=1 mod a}. Further, let 1(a) (resp. P(a)) denote the group of 
ideals (resp. principal ideals) of k prime to a, and Pa the ray ideal group of k 

modulo a, i.e., Pa={(x) xEka}. Moreover let PQ (resp. kQ) denote the group 
of elements of P(a) (resp. k(a)) whose order modulo Pa (resp. ka) is prime to 

1. The purpose of this note is to prove the following. 

   THEOREM. Assume bl k and k1 ~ k2. Let 

g                  1 --~ N -~ M -> I /P --* 1 

be an abelian extension of the ideal class group I/P of k by a finite abelian l- rout 
N. Then there exist infinitely many ideals S o f k which satisfy the following : 
there is an isomorphism (P: I(S)/Ps-~M such that (P induces an isomorphism 
(P : P(S)/Pb-~N and the diagram 

       1--~ P(S)/Ps --~ I(S)/P, --~ I /P -~ 1 

                     IIZ 112 

               1--> N --~ M --* I /P -~ 1 

commutes. 

   2. Proof of the theorem. 

    Let (ati)~=1,...,g and (b;);=1,...,r be bases of M and N, respectively. Choose dis-
tinct prime ideals a1, a$ prime to l which represent g(a 1), ..•, g(as), respec-
tively (if g(ay)=1, then choose an arbitrary principal prime ideal ati). Put A= 

   This research was partially supported by Grant-in-Aid for Scientific Research (No. 
61540022), Ministry of Education, Science and Culture.



540 T. TAKEUCHI

dal, • • • , as) (the ideal group generated by a1, • • • , a3). Since A is free, we can 
define an epimorphism f : A-~M by setting f (a1)=a1. Then f induces an epi-
morphism f : AnP-;N. Indeed, if b=ll1ai~ ~ Af P, then g(f (b))=g(Ij1aii)= 
(f~aii mod P)=1, hence we see f (b)EN. Conversely, if b=HzaiiEN, then 1= 
g(b)=g(lliatiti)=(ll~atiti mod P), and so rjzaitiEP. Thus for b=f1aziEAnP we 
have f (b)=b. Therefore, since ker (f )CAnP, we have a commutative diagram 

          1-~ AnP/ker (f) - A/ker (f) -~ A/AnP -* 1                  

II IR IR 

        1--> N --> M -> 1/P ->1, 

where A/AnP-->1 /P is the natural injection. 
   Let F= {x E k I (x) E AnP}, then F is finitely generated and F/Ek is free 
since AnP is a finitely generated free abelian group, where Ek denotes the 
group of units of k. Hence there exists a direct decomposition F=Ek®D such 
that D Z m for some positive integer m. Let cp : F-~A f P/ker (f) be the epi-
morphism defined by cp(x)=[(x) mod ker(f )]. Let N;=lni be the order of b; for 
j=1, ••• , r. Put No=max N1. Since f o~o : F-*N is an epimorphism and EkC 
ker(f°cp), we can choose elements j3; (j=1, •••,r) of D with f(co(j;))=b;. Let 
F0=< S1, • • • , Pr>, then DCF0 • ker (f o ff) since f (cp(D))= f (cp(F0))=N. Moreover, 
since { f (~(S;))};=1•.,,,r is a basis of N and D/DN0 (Z/N0Z)m, we have a direct 
decomposition D/DNO=(F0 • DNo/DNA)®(F" • DNo/DN0) with F"Cker (f ocp). Put 
F'=F" • Ek • FNO, F'=F'/FNO, and <p;>=<J3;>FNo/FN0. Then F/FNO=<,~1>®<~2> 

    ®<jr>®F' with f o cp(F')=1. Furthermore, put F;=</31, ..•, /3;-1, /S;+1, . . . , 
3r> • F' for f-1, , r. 

   Now, by assumption, we can choose prime ideals 11, • • • , ~r of k which 
satisfy the following conditions : For f=1, • ••, r, it holds that (i) ~; is prime 
to l and al, ..•, a3; (ii) the decomposition field of a prime divisor of p; in 

          is kn~(Nis/F;); (iii) a prime divisor of p, in inerts in k+1. To 
see this, we first note k1* k2 implies kid k1+1 for i=1, 2, •••. Moreover we see 
that 1>2 implies FNS= Fn k n7i. Indeed, if x = r "i E F for 7'E k n~, then by [l, 
Satz 1] there exists an element c of k such that x=cNi. On the other hand, 
since x E F, we can write (x)=(c)Ni=JTtiaii. Here we note that a1 are distinct 
prime ideals of k, so that we have N; I e1 and (c)=lllatii/Ni E A. Thus we ob-
tain c E F and x=cNiE FNi. Hence we have a natural isomorphism F/FNJ= 
F/(FnknNi)~F• knNi/knNi, and so Gal (knj(N~~/F)/kn;) is isomorphic to the dual 
of F/FNJ. Furthermore knj(Nis/F) and kn~+l are linearly disjoint over kn,. In 
fact, if kn;+1Cthen we can choose an element x of F such that kn;+1 
=kn;(~/x ). Since kn;+1/k is an abelian extension, it follows that k(,/x )/k is a 
cyclic extension of degree l; in particular, k(,/x) contains ~1• On the other hand,
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[k(~1) : k] divides l-1, and hence from [k(1,/x) : k]=l we see that b1E k, which 
contradicts the assumption. This proves that kn;(Ni VF) and kn;+1 are linearly dis-

joint overkn;. Therefore we can take elements Q and r of Gal(kn;+1(N'/F)/kn;) such 
that <y>=Gal(k n;+l(N' ,/F )/ k n;+1(Ni ~ F;)) and <z>=Gal( k n;+1(N' /F )/ k n;(N' s/F ))• 

Put p==QT and let K be the fixed field of <p>. Then kn;+1(Ni /F)/K is cyclic 
of degree N;. Hence by the Cebotarev density theorem we can choose a prime 
ideal ; of kn;+1(N'v/F) prime to a1, , as, and l such that the decomposition 

group of ; is <p>. Put Then ~; satisfies (i), (ii), and (iii). 
   Put S=,1 • • • ~,. We prove this S satisfies the conditions of our theorem. 
First we see the following : (1) #(k(~;)/k;)=N; ; (2) F;C k; ; (3) F'C ks, in 

particular, EkCks, i. e., P(S)/PsNk(S)/ks; (4) F• is cyclic 
of order N;; (5) F• k' /ksNll (F• k1/k) ;(direct product). Indeed, from (ii) and 

(iii) we see that ~; is completely decomposed in kn; but not in so that 
(1) holds by [2, Teil I, Satz 19, S. 39]. Let ~3 be a prime divisor of ~; in kn;. 
Then, as is easily seen, k(~;)/k~; and kn(kn;)=since ~; is 
completely decomposed in kn;. Therefore using (1) we have that, for x 
x is N;-th power residue modulo l3 in kn~ if and only if x E k,. Hence, by 
Kummer Theory (e. g. see [2, Teil II, S. 45]) x E k; if and only if p; is com-

pletely decomposed in kn;(Ni~/x)/k, and so we have (2) and (3) from (ii). 
Furthermore (4) follows from (1) and (2), because we know by (ii) that ~; is 
not l-th power residue modulo ~;. Finally we check (5). Clearly the natural 
homomorphism : F• ks/ks--;jT;(F• k1/k1) is injective. Moreover, using the direct 
decomposition F/FN0=< p1>E • • EB< j >EBF' and (4), we see this is surjective, so 
that (5) holds. 
   Next we prove ker(f)=AnPs. If jjzai iE Ps, then lza~=(x) for x E Fnks. 

Here we write x=1JS53y with yEF'. Since f (~o(y))=1, we see f ~~p(x)= 

f; f ocp(J;)ti, i.e., Iliac z=ll;b;i. On the other hand, x, y E ks implies 1;j35' 
E ks, so that N; I t; by (2), (4) and (5). Hence we obtain jl~ai=II;b;~=1, which 

shows AfPsCker (f). In particular, #(AnP/AnPs)>_ #(AnP/ker (f))= #(N). 
On the other hand, using (1)x(5), we see AnP/AnPs ~ F/Fn k ^' F• ks/ks N 

fl (F• k/ ;ko;)NII;(, II,(kQ;)/k ;)N k(S)/k'8 P(S)/Ps. In particular, 
#(AnP/AnPs)=#(P(S)/Ps)=f;N;=#(N). Thus we have ker (f)=AnPb. 
   Therefore we obtain a commutative diagram: 

      1---> P(S)/Ps --> I(S)/P. --> I /P --> 1 

                                       IIl 

          1-~ AnP/AnPs --~ A/AnPs - A/AnP-~ 1 

                 112 IR IR 'j,                                                  Ill 
1 --~ N ---~ M -~ I /P -~ 1.
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Since AfP/AfPs~P(S)/Ps, we see by the diagram that the natural injection: 
A/AnPs-HI(S)/Ps gives an isomorphism. Thus we obtain an isomorphism 
P : I(S)/P-M, as required. This proves the theorem. 

   3. Remark. 

   The assumptions1 k and kid k2 are necessary for the theorem. However 
we can prove similarly without these assumptions that for an arbitrarily given 
abelian extension M of the ideal class group I /P of k by a finite abelian 1-

group N there exist infinitely many tamely ramified abelian extensions K/k 
which satisfy the following: (1) K coincides with the genus field of K/k (i, e., 
the maximal abelian extension of k contained in the Hilbert class field of K) ; 

(2) there exists an isomorphism : Gal (K/k)-~M inducing an isomorphism 
Gal (K/k)-N, which makes the diagram 

            1-~ Gal (K/k) -> Gal (K/k) -- > Gal (k/k) ---> 1 

              If If 
            1-~ N --~ M --* I /P --~ 1 

commutative, where k denotes the Hilbert class field of k. 
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