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0. Introduction.

A complete Riemannian manifold M is said to be without conjugate points
if no geodesic contains a pair of mutually conjugate points. E. Hopf ([9]) and
L. W. Green ([7]) have proved that the integral of the scalar curvature of a
compact Riemannian manifold without conjugate points is nonpositive, and it
vanishes only if the metric is flat. The non-conjugacy hypothesis was discussed
in [10] and [11]. Namely, it follows that a compact Riemannian manifold is
without focal points if there is a point which cannot be a focal point to any
geodesic, although a pole and a point which is not a pole can exist simultaneously
in a torus T? of revolution. Recently, N. Innami ([12]) has proved that the
integral of the scalar curvature of a complete simply connected Riemannian
manifold R™ without conjugate points is nonpositive if the Ricci curvature is
summable on the unit tangent bundle, and it vanishes only if the metric is
flat. Here a function is called swmmable if its absolute integral exists. The
purpose of the present paper is to improve the topological hypothesis more.

Let M be a complete Riemannian manifold and let SM be the unit tangent
bundle of M. Let f':SM—SM be the geodesic flow, i.e., flo=7,(t) for any
veSM where 7,: (—, c0)—M is the geodesic with 7,(0)=v. We say that a
veSM is non-wandering if there exist sequences {v,}CSM and {t,}CR such
that t,—oo, v,—v and f‘"v,—v as n—oo. We denote by 2 the set of all non-
wandering points in SM under the geodesic flow.

THEOREM. Let M be a complete Riemannian manifold without conjugate
points.  Suppose 2 decomposes into at most countably many ft-invariant sets each
of which has finite volume and the Ricci curvature is summable on SM. Then,

the integral of the scalar curvature of M is nonpositive, and it vanishes only if
M is flat.

If the manifold M is flat outside a compact set, then the assumption of
summability for the Ricci curvature is automatically satisfied. Furthermore, the
theorem is true without assumption put on the set £ of all non-wandering
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points (see Corollary 3). The proof of Theorem divides into two parts: One
is for SM— and the other is for 2. The typical cases are the following.

COROLLARY 1 ([12]). Let M be a complete simply connected Riemannian
manifold without conjugate points. If the Ricci curvature of M is summable on
SM, then the integral of the scalar curvature of M is nonpositive, and it vanishes
only if M is Euclidean.

S. Cohn-Vossen ([4]) has proved that a plane without conjugate points has
the nonpositive integral curvature if it exists ([2]). Corollary 1 is the answer
of the question when it vanishes. L.W. Green and R. Gulliver ([8]) give a
partial answer as an application of the theorem of E. Hopf also, proving that a
plane whose metric differs from the canonical flat metric at most on a compact
set is Euclidean if there is no conjugate point.

COROLLARY 2. Let M be a complete Riemannian manifold without conjugate
points and with finite volume. If the Ricci curvature of M is summable on SM,
then the integral of the scalar curvature of M is nonpositive, and it vanishes only

if M is flat.

It is the difficulty of the proof that the summability of tr A on SM is not
established where A(v) is the limit of the second fundamental forms at w(v) of
the geodesic spheres S(z(v), 7,(2)) with center 7,(¢) and through =(v) in M as
t—oco, where & is the projection of SM to M. In fact, Corollary 2 is a direct
consequence of the method of E. Hopf and L. W. Green if we assume in addition
any condition which ensure the summability of tr A on SM, for example, that
the sectional curvature of M is bounded below ([7]). To escape from the sum-
mability argument we use the Fubini theorem for SM— and the Birkhoff
ergodic theorem for 2. This is why we assume that 2 decomposes into at
most countably many f‘-invariant sets each of which has finite volume.

There is a special case that we can calculate the integral of the Ricci cur-
vature over {2 without assumption of decomposition.

COROLLARY 3. Let M be a complete Riemannian manifold without conjugate
points which is flat outside some compact set. Then, the integral of the scalar
curvature of M is nonpositive, and it vanishes only if M is flat.

The author would like to express his hearty thanks to the referee who
suggests Corollary 3 without proof.
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1. Preliminaries.

Let M be a complete Riemannian manifold and let SM be the unit tangent
bundle. Let f®: SM—SM be the geodesic flow, i.e., flv=7,t) for any ic
(—o0, o) where 7,: (—o, )M is the geodesic with 7,0)=v. Let do be the
volume form induced from the Riemannian metric of M and let df be the
canonical volume form on the unit sphere in the Euclidean space E™, n=dim M.
Then, dw=do A\df is a volume form on SM and f‘-invariant.

We define a Riemannian metric g, on SM as follows: Leté=T,SM, veSM
and let c¢:(—e, &)>SM be a curve with ¢(0)=¢&. If c(t)=(c,(t), cx(t)) for any
te(—e, &) by the local trivialization, then

81§, &) = g(¢4(0), ¢,(0)+g(Ve,¢2(0), Ve ¢5(0))

where g is the Riemannian metric of M and V.c, is the covariant derivative
along ¢,. The orbits of the geodesic flow are geodesics in SM with the Rie-
mannian metric g,. If y:[a, b]J>M is a minimizing geodesic (a=—c0, b=co
admitted), then the lift 7 of y to SM is a minimizing geodesic in SM also.

1.1. The trajectories of the geodesic flow. We say that a veSM is non-
wandering if there exist sequences {v,}CSM and {t,}CR such that t,—oo,
va—v and f'*v,—v. We denote by 2 the set of all non-wandering points in
SM under the geodesic flow. It follows that 2 is closed and f’-invariant. We
introduce an equivalence relation~in SM—® in such a way that v~w if v=Fftw
for some {E(—oo, c0), where v, weSM—. Let N be the set of all equivalence
classes [v], veSM—Q. Since SM—£ is open and f‘invariant, there exists
locally a hypersurface H in SM—& containing v and diffeomorphic to an open
subset in E?"~? such that [w]NH={w} and H intersects [w] transversely for
any weH. The collection of such hypersurfaces H yields a differentiable struc-
ture of N with dimension 2n—2. We define the volume form d» on N such
that dnrnAdt=dw, for any [vJ€N. Then we have, for any summable func-
tion F on SM—Q,

(11) SSJI—-QF da) = g;leNdy]S_wF(ftl))dt ,
where Fr,;: [v]J—R is given by Fry(w)=F(w) for any we[v].

1.2. The Birkhoff ergodic theorem. Let D be an f‘-invariant subset of SM
with finite volume. The Birkhoff ergodic theorem says that for any summable
function F on D

e
1) F*) = lim -T—So F(ftv)dt
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exist and are f‘-invariant for almost all veD,
2) for any f’-invariant measurable subset BC D,

S F*dw:S Fdo.
B B

We say that a ve D is uniformly recurrent if for any neighborhood U of v,
we have

lim inf lSTx,,< Fio)dt >0,
Too 1 Jo

where Xy : D—R is the characteristic function of U. We denote by W(D) the
set of all uniformly recurrent vectors in D. It follows from the Birkhoff ergodic
theorem that W(D) has full measure in D ([1]).

1.3. The limit of the second fundamental forms of geodesic spheres.
Let R be the curvature tensor of M. For any veSM let R(v): vt—v* be a
symmetric linear map given by R(v)(x)=R(x, v)v for any x<wv*, where vi=
{fweT:wM; v, wy=0}.

We assume hereafter that M is without conjugate points unless otherwise
stated. Let M be the universal covering space of M. Then, M is diffeomorphic
to R™ and all geodesics are minimizing in M. For any v=SM let A,(v) be the
second fundamental form at z(v) of the geodesic sphere S(z(v), 7.(s)) with center
7.(s) through =(v) relative to —v. It follows from [5], [6], [7], [9], [13] that

lim A,(v) = A@v)
§—00
exists and

[<AW)x, x>| < max{|[<A_w)y, |, KAL)y, y>|; y=vt, |y|=1}
for any veSM and any x<vt, |x|=1. The map

A: SM—> \J L@v*)
v=SM

satisfies the following, where L(v*)={h; h is a linear map of v* into itself}.

1) trA is measurable.

2) A7(v) is symmetric for any v=SM.

3) ﬁ(f‘v) is of class C* for t&(—o0, ).

4) A(fo)+AfvrP+R(f) =0
for any t&(—o0, ), where Zl'(f‘v) is the covariant derivative of ﬁ(f‘v) along
7o at 7).

5) For any compact set KCM there is a constant C(K)>0 such that
I AWl < C(K) for any v=SK, where ||A(v)| is the norm of A(v).

By the construction of the map A we can induce the map A on SM which
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satisfies the same properties above.

1.4. The solution of a matrix equation of Riccati type. We consider the
following (n—1)X(n—1) matrix differential equation of Riccati type.
)] X'(O+Xt)+R({t) =0

on te(—oo, ), where R(f) is a symmetric matrix and tr R is summable on
(—o0, o0). The following lemma will be used in the case that R(t)=R(f‘) and
tr R@®)=Ric(f*v) for almost all v&SM such that the Ricci curvature Ric(f) is
summable over (—co, co),

LEMMA 1. Suppose there exists a symmetric solution A(t) of (J) on t<
(—co, ). Then, the integral of tr R(t) on (—oo, o) is nonpositive. If it vanishes,
then both A(t) and R(t) must be identically zero on (—co, o).

ProOF. The proof is the same as in [12]. We first prove that there exist
sequences {a,} and {b,}CR such that a,— o, b,——o0, tr A(a,)—0 and tr A(b,)
—0 as n—oo. Suppose for indirect proof that an ¢>0 and an s exist such that
|tr A(t)| >e¢ for any t>s. Since

(tr A®))® < ntr A@t)?
for any t=(—o0, o), and, hence,
[ er acrae = /mye—s)
for any ¢>s, and since

tr A(f)—tr A(s)—i—S: tr A(t)zdt+§: tr R()dt = 0

for any t>s, we see that tr A(t)——oo as t—oo, since tr R(f) is summable over
(—o0, ). If we take a u>s such that |tr A(#)| >1 for any t=u, then

t—u ¢ tr A(t)? (e tr A’ ¢ trR() |
= g u (tr A(t))zdt = \Su (tr A(t))zdt ’+ S u (tr A(t))zdtl
i 1 1 ¢ ,

<|-m3m +-———trA<u)!+Su]trR\t)\dt.

a contradiction, because the right hand side is bounded above. The existence
of a sequence {b,}CR we want is proved similarly.
Integrating (J) after taking the trace on [b,, a,] and taking n—co, we obtain

S“’ tr RO dt = —g’” tr At < 0.

If the equality holds, then
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trA@=0— A =0—A)=0—>Rt) =0

for any t&(—o0, ). Lemma 1 is proved.

2. The integral of the Ricci curvature on SM—Q.

Let M be a manifold as in Theorem. We will prove the following.

LEMMA 2. The integral of the Ricci curvature of M on SM—R is nonposi-
tive, and it vanishes only if Rw)=R(-, v)v=0 for any ve SM—Q.

PROOF. Since the Ricci curvature is summable and by the formula (1.1), the
integral of the absolute Ricci curvature is finite along the geodesic 7,: (—o0, )
—M with 7,(0)=v for almost all v&SM~—Q. It follows from (1.3.4) and Lemma
1 that

S“’ Ric (f')dt < 0

for almost all v&SM—Q. Integrating it on N as in 1.1, we obtain

Ss,\l-QRic do = S[vjz‘vdﬂginiC (ffuydt £0.

The equality means from Lemma 1 that R(v)=R(-, v)v=0 for almost all ve
SM—Q. Since R(v) depends continuously on the points vESM, we see that R
is identically zero on SM—2. Lemma 2 is proved.

3. The integral of the Ricci curvature on 2.

Let M be a manifold as in Theorem and let 2,CQ2 be an f!-invariant set
which has finite volume. We will prove the following.

LEMMA 3. The integral of the Ricci curvature of M over 2, is nonpositive,
and it vanishes only if Rv)=R(-, v)v=0 for any v=Q,.

PrOOF. Let X(2,) be the set of all vectors v such that Ric*(v) exists as in
(1.2.1). Then, X(2,)"W(2,) has full measure in Q,. Let a veX(Q)NW(Q))
and let K be a compact neighborhood of v in Q,. It follows from (1.3.5) that
there exists a constant C(K)>0 such that ||A(w)|<C(K) for any weK. Since
v is uniformly recurrent, there exists a sequence {T,}CR such that T,—co,
fFfrv—v as n—oo and fTrye K for all n. By (1.3.4), we have

Lt AT —tr Aw)+ ig”tr A( f‘v)zdt+~l~STnRic (fi)dt = 0
T, Tn.J)o T,Jo '

Taking n—o we obtain
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Ric*(v) = —lim %ST"UA( frdt<0.

n-o0 nJo

Hence, by the Birkhoff ergodic theorem (1.2.2), we get
[, Ricdo={_Rictdo <0.
2 2

Suppose the equality holds. Then, X(2,)={vef,; Ric*(v)=0} has full
measure in £2,, and, hence, X,(Q)"\W(R2,) has full measure in £,. We will
prove that Ric(v)=0 for any v&X(2,)"W(£2,). The idea of the proof is seen
in [14]. Let a veX,(Q)"\W(2,) and let 7:[0, co)—»SM be a geodesic with
rt)=f% for any te(—o0, ). We put A#)=A(f*) and Ric (t)=Ric(fv) for all
te(—oo, ). Choose a positive / such that the geodesic open ball B(l) in SM
with center v and radius / is strongly convex. The convex ball B(/) has a
property that for any points p, g= B() there is the unique minimizing geodesic
joining p and ¢ which is contained in B(/) possibly except for p and g, where
B({) is the closure of B(/) in SM. Since Ric*(»)=0 and veW(Q,), it follows
from the argument above that

tim A ("™t ActRdt = 0
n—c0 Tn SD r - ’

if a sequence {T,}CR is such that T,—oo as n—co and 7(T,) lie in the boundary
of B(!l) for all n.

ASSERTION. There exists a sequence {t,}C[0, «) such that
1) t,—> o as n—oo,

2) if An(t) is the matrix given by A (t)=A(t,+1t) for any t<[0, [], then
S: tr A(t)2dt — 0 as n— cc,

and tr A,()—0 for almost all t<[0, /] as n—oo,

3) if 7.:[0,1]—SM is the geodesic given by 7,(t)=f'»*'v for any t<[0, ],
then 7. converges to the geodesic 7,: [0, {J->SM with 7(t)=f"""% for any te<
[0, I] as n—oo.

PROOF OF ASSERTION. Let k=4 be an integer. Since B(//k) is a convex
ball and 7 is a geodesic, y~'(B(l/k)) is the union of intervals whose lengths are
less than or equal to 2//k, say

(al, b)), (@}, by, -, (@, b)), -+
A <b<ay<by< - <a,<b< o —> o0,
_aitbi ! aj+b; | !

“=T T =gty
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for each /=1, 2, ---. Then, 7([a;, b;1)C B(/) and y(a;), r(b;)& B(l/ k), since
l [ l l
a0, v £ d(y0, (a+5) +d(r(e+5), v) < 5 +5 <!
for any t<[a;, b;], and since

dy(r(a:), v) = d1<7(ai), T(ai+ é))—dl(7<ai+é), v) > %—-i; —/i— ,

from the choice of %, where d,(-, -) is the distance induced from the Rieman-
nian metric defined on SM in Section 1. It follows similarly that d,(y(b:), v)>
l/k. Suppose

I\

tim in {"er A(tdt > a > 0.

1—00
For any »n, we have

oo Aerdz [ 3 [ A(t)?dt]

n

1 2

=" [2= S tr A® dt]ﬂr,ﬂ 2, (bima)

> % 5 <b'—a>——~§ Xpcarm(rO)t— 7 3 (bi—ai)
T i i B(l/k) ZT 1 1/

where m, and m are chosen so that
by
bm, <Tn<am,+1 and jnfg tr At > a .
izm Jaj
This implies that

0 = lim LST tr Af1dt >g-liminfivx (fowydt >0
am r = 7RIy BCL/k) v ,

a contradiction. Thus we can find an integer 7(k)=k such that

Qicry+0;
T(--,__Mkz

bick) 1
. )e Bk andg tr A(Ydt < o

aickd

If t,=a;, for all k=4, the sequence {¢,} satisfies the condition 1) and the first
part of 2). For the second part of 2) and 3) we have only to choose a suitable
subsequence {¢,} of {¢,} if necessary.

We return to the proof of Ric(v)=0. Rewritting (1.3.4) in terms of 2), we
get for each n

(3.4) tr An(H)+tr An(t)*+Ric,(#) =0

for any t<[0, /], where Ric,(t)=Ric(t,4+¢). It should be noted that Ric,(t) con-
verges to Ric(t—//2) uniformly in t<[0, [] as n—oo. Suppose Ric(0)=Ric (v)#0,
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say Ric(v)>0. Then, there exist a and b<[0, /], a<//2<b, such that Ric(t—1/2)
>0 for any t<[a, b] and tr A,(a), tr A,(b)—0 as n—oo. On the other hand, by
integrating (3.4) on the interval [a, b] and taking n to infinity, we have

b N,

SaRxc<t—§)dt =0,
a contradiction. Therefore, Ric(»)=0 for any vEX(2,)"\W(2,). It follows
from Lemma 1 that R@w)=R(-, v)vy=0 for any veX,(2,)"\W(R,). Since R{)
depends continuously on the points v=SM, we see that R is identically zero on
2,. Lemma 3 is proved.

4. Proof of Theorem.

By Lemmas 2 and 3, we have
ﬁlg Sda:S Ricda):g Ric do+ %S Ricdw < 0,
n Ju sM SM-2 S Jo;

where @,-, is the volume of the unit sphere in E", S is the scalar curvature
of M and 2=37.2; is the decomposition of f’-invariant sets each of which
has finite volume. If the equality holds, then

Ssu_gRic do = SgiRic do=0,

for all /=1, 2, ---. Lemmas 2 and 3 state that the curvature tensor R(-, v)v is
zero for any veSM. Therefore, M is flat. This completes the proof of
Theorem.

5. Proof of Corollaries.

If a complete simply connected Riemannian manifold M is without conjugate
points, then all geodesics are minimizing in M. This implies that £ is a empty
set. Hence, Corollary 1 follows from Theorem. For Corollary 2 we have
nothing to prove.

For the proof of Corollary 3 we need the notion of totally convex sets.
We say that a set C in a complete Riemannian manifold M is totally convex if
for any points p, g=C all geodesic curves joining p and ¢ are entirely contained
in C. It follows that any totally convex closed set C is an imbedded submani-
fold in M (possibly with not differentible boundary), and if 7: [0, )M is a
geodesic such that 7(0) is in the interior of C and 7(s) is in the boundary of C
for some s, then 7(¢) is outside C for any t=(s, ). G. Thorbergsson ([15])
proved by a slight modification of the Cheeger and Gromoll basic construction
([3]) that if M is a complete Riemannian manifold with nonnegative sectional
curvature outside some compact set, then there is a family {K,; t>0} of com-
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pact totally convex sets with M=UK, and K,CK; for {<s.

5.1. Proof of Corollary 3. Let M be as in Corollary 3 and let K be a com-
pact set in M such that the sectional curvature is zero outside K. By Thorber-
gsson’s result we can find a compact set C such that the interior C° of C con-
tains K. We want to prove that SC° N2 is f‘-invariant, where SC°={v=SM;
7(v)eC®. If this were not true, then there is a v=SC°N\Q such that =(f*)
is in M—C for some s>0, since £ is f’invariant and C is a totally convex
set. We can choose sequences {v,}CSC® and {t,}CR such that ¢,—o0, v,—v
and flmv,—v as n—oo, since v is a non-wandering point under the geodesic
flow. Then it follows that f*v,—f®v as n—co. Hence, we can find a sufficiently
large m such that n(v,)=C’, n(f'mv,)eC’® and =n(f*v,)C. This contradicts
that C is a totally convex set in M, since 7: [0, co)—M given by y(t)==n(f'v,)
for any t is a geodesic with y(0)eC®, r(t,)=C® and 7(s)&C.

Thus, we can use Lemma 3 to integrate the Ricci curvature over SC°NQ2,
since SC°N2 has finite volume. Now we have in the same notation in Sec-
tion 4

0——1S Sda =S Ric do =S Ricdw+g Ricdw—i-g Ricdw < 0,
n M SM SM-Q2 SCon2 (SM-8COHNQ
because the third term in the right is zero, since the sectional curvature is zero
on M—C°. If the equality holds, then

S Ricdw:S Ricdw = 0.
SM-Q SCOf\Q

Lemmas 2 and 3 state that the curvature tensor R(-, v)v is zero for any ve
(SM—2)U(SC°N\R2). Therefore, M is flat. This completes the proof of Corol-
lary 3.
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