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Factorization in analytic crossed products
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Abstract, Let M be a von Neumannalgebra, let a be a ^-automorphism of M, and
let M HgZ be the crossed product determined by M and a. In this paper, consideringthe
Cholesky decomposition for a positive operator in M >aaZ, we give a factorization theorem
for positive operators in M xaZ with respect to analytic crossed product M >3aZ^ de-
termined by M and ot. And we give a necessary and sufficient condition that every
positive operator in M ^Z can be factored by the form A*A, where A belongs to
M^z+n(M^z+rl.

1. Introduction.

Let 5(jf) be a set of all bounded linear operators on a Hilbert space jf.
The problem of factorization of operators with respect to a subalgebra 91 of
5(jf) consists in writing a positive operator C in the formA*A with A in 21. If
?t = B(j&), then this problem is trivial, however if Ö £ I?(jf% then it
complicated. Arveson ([2]) has introduced the notion of the outer operator in
analogy with the outer functions in Hardy spaces, He showed that each positive
invertible operator in B(M?) can be factored by the form A*A, where A belongs
to 31 and the inverse A""1is also in SI. The factorization of a positive invertible
finite matrix C as A*A with A and its inverse in upper triangular form is known
as the Cholesky decomposition. Power ([9], [10], [11]) has found a constructive
Hilbert space version of the Cholesky decomposition to be of fundamental signifi-
cance in the analysis of analytic operator algebras and the factorization prop-
erty. He proved that every positive operator C has a factorization C - A*Awith
A outer in a nest algebra if and only if the nest is well-ordered. Factorization
problems for other types of nest algebras are also studied by many authors (cf.
[1], [5]-[8], etc). McAsey, Muhly. and the second author,in [12]-[14] studied such
a factorization problem with respect to an analytic crossed product. Let M be
a von Neumannalgebra^ let a be a ^-automorphism of Af, and let M xtfZ be
the crossed product determined by M and a. They showed that every positive
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