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Introduct ion

Let £ be a prime number. About forty years ago A. Frohlich [1] determined
the Galois group of the narrow central field of an abelian ^-extension over Q which
coincides with it's narrow genus field, by generators and relations. As an application
of this result he [2] also determined the abelian ^-extensions over Q whose narrow
class numbers are prime to t. These results appear in his recent book [3] in a more
modern fashion. Recently S. V. Ullom and S. B. Watt [19] determined the abelian
l-extensions over imaginary quadratic fields whose class numbers are prime to I,
which is considered as a generalization of the Frohlich's result. The proof by Ullom
and Watt is based on properties of number knots, and is more direct than that of
Frohlich.

The purpose of this paper is to generalize the argument used by Ullom and
Watt to that over an arbitrary algebraic number field of finite degree. Since the
Prohlich's results depend essentially on the triviality of units of base fields, it is no
longer possible to generalize the results as they are. We treat this problem as the
Ray class number problem modulo suitable m. Since the narrow class number is the
Ray class number modulo infinite primes, this approach may be a natural one. For
this purpose westudy the genus theory and central extensions modulo msomewhat
generally from our point of view.

Section 1 studies the genus group modulo m generally. The purpose of this
section is to prove Theorem 1.1. This is a rank formula for the genus group modulo
mfromwhich the ordinary genus number formula is obtained as a corollary.

Section 2 concerns with a theorem of Leopoldt on the genus theory over Q.

*This research was partially supported by Grant-in-Aid for Scientific Research (03640026),
Ministry of Education, Science and Culture.
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