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Error Rate Analysis of Coherent and Differential
Multiphase Parallel Combinatorial Spread

Spectrum Systems
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SUMMARY This paper investigates the error rate perfor-
mance of parallel combinatorial spread spectrum (PC/SS) com-
munication systems that use coherent and differential multiphase
modulation: multiphase parallel combinatorial spread spectrum
(MPC/SS) communication systems. The PC/SS systems are mul-
ticode SS systems based on orthogonal pseudo-noise (PN) se-
quences. Data is transmitted by delivering a combination of mul-
tiple PN sequences among a set of pre-assigned PN sequences. In
the MPC/SS systems, every PN sequence on transmission is mod-
ulated by g-ary coherent or differential phase shift keying (PSK).
Symbol error rate (SER) and average bit error rate (BER) in
coherent and differential MPC/SS systems are investigated. The
BER comparison between the MPC/SS systems and simple mul-
ticode SS systems with g-ary coherent and differential PSK is
also presented. Numerical results show that the MPC/SS sys-
tems are superior to the conventional g-ary PSK systems, if they
have equal spectral efficiency.

key words: spread spectrum, multicode systems, multiphase mod-
ulation, symbol error rate, bit error rate

1. Introduction

Code-division multiple access (CDMA) systems based
on spread spectrum (SS) technology have been inves-
tigated in many recent studies to explore their use in
various kinds of wireless communication systems[1]-
[4]. The future mobile data communication systems and
wireless LANs will need high-speed data transmission
capability for advanced multimedia applications. Di-
rect sequence spread spectrum (DS/SS) systems using
orthogonal codes[5], such as M-ary/SS systems, and
simple multicode DS/SS systems[6] have been stud-
ied, and the latter is attractive from the point of view
on high-speed data transmission. Unfortunately, simple
multicode SS systems cannot improve error rate perfor-
mance over conventional DS/SS systems. An alternative
SS method has to be developed.

In this paper, we propose one of multicode DS/SS
systems: multiphase parallel combinatorial spread spec-
trum (MPC/SS) communication systems. PN sequences
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for simultaneous parallel transmission are selected by
the R-out-of-M combination among a set of pre-
assigned PN sequences, where R and M are the num-
ber of PN sequences to be transmitted and the number
of pre-assigned PN sequences, respectively. In the pro-
posed system, PN sequences to be transmitted are mod-
ulated by g-ary coherent or differential PSK in order to
speed data transmission. If coherent PSK is applied, the
proposed system is referred to as the coherent MPC/SS
system. If differential PSK is applied, it is referred to
as the differential MPC/SS system. Particularly the ad-
vantage of a differential MPC/SS system over a coherent
MPC/SS system is that the former does not require the
estimation of carrier phase, which is difficult in mobile
communication environment. To clarify the fundamen-
tal properties, we focus our discussion on the analysis
of the symbol error rate (SER) and average bit error
rate (BER) analysis on additive white Gaussian noise
(AWGN) channels.

In the next section, transmitter and receiver model
of the MPC/SS systems is described. Symbol error rate
and bit error rate analysis are presented in Sects. 3 and 4.
Numerical results are presented and discussed in Sect. 5,
and Sect. 6 is a concluding section.

2. System Model

The PC/SS system is one of the multicode DS/SS sys-
tems. In a PC/SS system, a different kind of M or-
thogonal PN sequences is in advance assigned to ev-
ery user. R active PN sequences to be transmitted to
a specific user are specified among the pre-assigned PN
sequences. Every active PN sequence is modulated by
g-ary PSK, and R modulated signals travels in parallel
to a receiver. This parallelism is the major key to high-
speed transmission. At a receiver, the received signal
is demodulated by estimating the combination of active
PN sequences and by detecting the phase of every active
PN sequence, because the data consists of the R-out-of-
M combination of modulated PN sequences. Informa-
tion bit rate per PN sequence period is expressed by

m= R{logQ qJ + {log2 (J\};I)} (bits/baud), (1)
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Fig. 1 Information bit rate of multiphase parallel combinato-
rial spread spectrum (MPC/SS) systems.

where |z| stands for the largest integer smaller than or
equal to x, and q s the number of possible phases. The
first term depends on the phase of active PN sequences,
and the second term depends on the combination of ac-
tive PN sequences. The information bit rate per PN
period is shown in Fig. 1, where maximum bit rates in
conventional PSK counterparts are also drawn in dot-
ted lines. The maximum bit rate increases in accord-
ing with the increase in the muitiplicity in modulation
phase. The number of pre-assigned PN sequences con-
trols the possible parallelism, and mainly contributes to
the user capacity. Hence the MPC/SS systems are capa-
ble of making the data rate higher than that of DS/SS
systems with PSK modulation.

2.1 Transmitter Model

Figure 2 (a) shows the transmitter model of the MPC/SS
systems. To simplify the description, we show its base-
band model. An assigned set of M orthogonal PN se-
quences having length N and chip duration T, is ex-
pressed by an M-component vector.

a(t) = {a1(t), az2(t),as(t),...,an(t)} 2)
N-1
a;(t) = Z a; ; Pro(t — jTe), 3
j=0
a;; € {+1,—1}

where a; ; is the jth element of ith PN sequence,
and Pr.(t) represents the chip waveform. Assigned PN
sequences are mutually orthogonal. That is,

T T i1=32
/0 a;1(t)ai(t)dt = { 0 il+i2 “)

At the transmitter, an input data stream of bit dura-
tion Ty is converted to m parallel streams of bit duration
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Fig. 2 Multiphase parallel combinatorial spread spectrum
(MPC/SS) system model.

T, where by definition T' = mTy = NT,. To specify the
R active PN sequences, v;(t), among the assigned set
of M orthogonal PN sequences, (M, R)-CWC, constant
weight codes with length M and weight R [9], are used
in this system. The set of R active PN sequences is
written by

v(t) = {v1(t),v2(t),v3(t),...,vr(t)} (%)

Since an active PN sequence is modulated by g-ary
PSK, phase signals of active PN sequences are expressed
by

b= {bl)b27b37"'abR} (6)
.2n
bi:exp(]?w), n=0,1,2,...,q—1 )

All active PN sequences are assumed to have the
same signal power P. The phase of active PN sequences
and the active codes themselves are multiplied to form
a transmission signal

R
s(t) =Y VPbu,(t) (8

and this travels to a receiver.
2.2 Receiver Model

Figure 2 (b) shows the receiver model. Since the channel
is assumed to be an AWGN channel, the receiver input
signal consists of the transmission signal and AWGN.
The receiver input is expressed by

r(t) = s(t) + v(2), ©)
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where v(t) is the AWGN component with the power
spectral density of Ny/2.

The receiver input passes through M 1-Q correla-
tors, and they try to detect one of M assigned PN se-
quences. Of course, among those M outputs just R
outputs are significant. The jth correlator output is de-
scribed as

T
z, = /O r(t)ay (t)dt

R T T
= \/TD; /0 bivi(t)a;(t)dt + /o v(t)a;(t)dt
(10)

According to the descending order of the magni-
tude of Z;, dominant R elements are decoded to ‘1,
and the others are decoded to ‘0.” This procedure forms
an (M, R) CWC that gives an estimate of R active PN
sequences.

From the correlator outputs and the estimated
(M, R) CWC, signaling phase is reproduced by g-ary
PSK demodulators. Finally, the receiver output with
bit duration Ty is obtained through parallel-to-serial
conversion.

If coherent detection is employed, the proposed sys-
tem is referred to as a coherent MPC/SS system. If a
differential encoder is equipped for PSK modulation
and differential detection is used for PSK demodula-
tion, the proposed system is referred to as a differential
MPC/SS system.

3. Symbol Error Rate Analysis
3.1 Coherent MPC/SS Systems

To derive symbol error rate, we should investigate the
correct decision probability for the combination of ac-
tive PN sequences. Since active PN sequences are R dif-
ferent kinds of PN sequences among M kinds of PN se-
quences, correct detection is expected to come from tak-
ing R highest correlations among M correlator outputs
and neglecting the other M — R smallest correlations.
The probability such that an active PN sequence is cor-
rectly detected has been derived from the correct de-
cision probability of M-ary orthogonal signaling with
noncoherent detection[11]. It is expressed by

R
n M-R 1 __nT'E
Pa=3 (-1) ( n >n+1e LAy

n=1

where Eo /Ny stands for the signal-to-noise ratio (SNR)
per active PN sequence. Since m bits are transmitted
by using R PN sequences in a symbol duration, Eg/Ny
is related to the SNR per information bit E; /Ny as fol-
lows:

Eo_mEb
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Since all correlator outputs are mutually indepen-
dent, the probability of the correct estimation of all ac-
tive PN sequences is computed by simply taking the Rth
power of Eq.(11).

The other information that we need to know is the
conditional probability of detecting the phase of active
PN sequences. It is obtained by the correct decision
probability of a g-ary PSK system and its expression is
of the form [11],

P, =~ erf (\ / Eo sin ZT—) (Eo/No > 1) (13)
No g

When all active PN sequences are estimated cor-
rectly, the conditional probability of the correct detec-
tion of their phase is again computed by taking Rth
power of Eq.(13). SER is thus expressed by

Py=1-P%. P} (14)
3.2 Differential MPC/SS Systems

On differential MPC/SS systems, the probability of de-
tecting the combination of active PN sequences correctly
is derived in the same way as for the coherent MPC/SS
systems. However, it is necessary to compute the influ-
ence of the previous symbol occurrence. Let all active
PN sequences be correctly estimated after z faults in
detecting R active PN sequences have happened at the
previous symbol. The probability of such a case is ex-
pressed by (¥)PZF=(1 - P.)".

The conditional probability of the phase detection
such that the previous combination detection has been
false is equal to (1/¢). In contrast, the conditional prob-
ability of the phase detection such that the previous and
present combinations have been successfully detected is
expressed by [12]

_sin(n/q) /W/2 ¢~ W5 (1=cos(m/g) cos )

P,
y o _nj2 1 —cos(n/q)cost

dt. (15)

SER is thus calculated by

s () () v

.p2R-= (16)

4. Bit Error Rate Analysis
4.1 Coherent MPC/SS Systems

In the PC/SS system, BER depends on the combina-
tion and phase of active PN sequences. At first, we
are going to consider the BER controlled by the com-
bination of PN sequences. Since m bits are transmitted
for every symbol, the combination of R active PN se-
quences conveys the information of m — R|log, q| bits
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(see Eq.(1)). We assume that, when the combination
estimation is false, all but except the single true bit pat-
tern that is possible in m — R|log, ¢| bit sequence are
randomly decoded. BER in detecting the PN sequence
combination is thus obtained [11] as

2m—R|_log2 g]-1 R
Pbc=W(I—Pc1)- (17)
Next, suppose that x sequences among R active

PN sequences were incorrectly estimated. There are (f)

cases on this type of faults, and there are hence (f:ll
cases such that a particular PN sequence be falsely esti-
mated. Thus the error probability in estimating a spec-
ified active PN sequence is expressed by
(5-1)
-1 _
P, = J(CR) P *(1-Pa)"
T
= ZPI* - Pay (18)
The error probability in phase detection of an estimated
PN sequence is expressed by (¢ — 1)/q. Since there are
g/2 — 1 cases such that correct decision takes place re-
garding a particular bit, the BER with respect to the
false phase decoding is equal to one half.
BER in correct phase detection is given by [11]

lerfc —Eﬂ
2 \/ No
1 Eo ™
erfc — sin — > 2
log; g <\/ No q) !

From (18) and (19), BER in false phase detection
of = sequences among R active PN sequences is found
to be

g=2

Py = (19)

x R—z
Poso= |25+ —=—Pw| P (1 - P1)". (20
bsO [2R+ 7 bo] o1 ( 1) (20)
The total BER in phase detection of R active PN
sequences is obtained by averaging the above expression
over z;

1 r R-=z R—z ©
By, = EZ [ﬁ + TPbO] P %(1— Py)".
21

From (17) and (21), the comprehensive average
BER is derived as follows.

Peb — RLIOgQ qJ P
m

m

4.2 Differential MPC/SS Systems
In differential MPC/SS systems, Py, the BER with re-

spect to the combination of active PN sequences is the
same with that of coherent MPC/SS systems in Eq. (17).

1199

For computing the BER in the phase detection of ac-

tive PN sequences, we calculate the error probability in

estimating an active PN sequence of present and previ-

ous symbols corresponding to a particular g-ary PSK

demodulator. Calculation gives the following expres-
u 2

sion[10]
Pee(w) = Z{%*&R_—i)(l‘%)}
S PR

w=0

Just as same as for coherent MPC/SS systems, BER
with respect to false phase decoding is again one half.
BER with respect to correct phase decoding about one
active PN sequence is of the form [12]

e )
a-{ o)+ C)
2o(2)-r(3)] o=

2 (1—coscost)

— Py)vt} (23)

sing [T/? e~ e

F(y) = -

dt.  (25)

Ar J_nj2 1—cosycost

Thus, the BER with respect to phase decoding of R
active PN sequences is given by

Py, = RZ[

The overall average BER is of the same form to
Eq.(22), where P, be however substituted by Eq. (26).

+Pb{1_ ee( )}] (26)

5. Numerical Results
5.1 SER Performance
Suppose a particular situation in which the number of

SER 9=2

differential

1e+0

1e-1 |

1e-2

1e-3

1e-4

coherent
1e-5

1e_6 1 1 1 A 1 1 i 1 \I N 1 \l
6 8 10
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Fig. 3 SER of coherent and differential MPC/SS systems.
M =16,m = 18.
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Table 1 BER comparison in coherent MPC/SS systems (M =16, m =18, E,/No =7.0dB).
number of | number of active | information bit rate | average | BER in combination | BER in phase
phases PN sequences per PN sequence BER estimation estimation
q R m/R Pep Py Pys
2 6 3 4.54E-03 6.80E-03 3.14E-05
4 4 4.5 8.01E-05 1.42E-04 2.48E-06
8 3 6 1.68E-04 2.81E-06 3.33E-04

assigned PN sequences, M, and the information bit rate
per PN period, m, are constant. SER against Ey/Ny is
displayed in Fig.3, where M = 16 and m = 18. SNR
per bit that guarantees the 1073 SER when ¢ = 4 is
lower by 2dB than it is when g = 2.

In this case, Eq/Np, SNR per active PN sequence,
increases as g, because the number of active PN se-
quences decreases.

In both cases of ¢ = 2 and ¢ = 4, Ep/Np is as
large as 3 and 4.5 times of E,/Ny, respectively. The
error probability in phase detection for each active PN
sequences is much less than that in estimating the combi-
nation of PN sequences[13]. Thus SER characteristics
of 2-phase and 4-phase MPC/SS systems strongly de-
pend on the error probability in PN sequence combina-
tion estimation, and the SER can decrease by improving
the estimation of PN sequence combination.

When g = 8, however, F},/Ny required to maintain
the 103 SER is higher by 2.7dB than that in the bi-
phase system. In this case, Eo/Ny is as large as 6 times
of Ep/No. However, the error probability in estimat-
ing the phase of an active PN sequence is much greater
than that in estimating the combination. Especially this
observation is more likely to be found in differential
MPC/SS systems. This is because the g-ary PSK has an
extremely large SNR penalty as ¢ exceeds four[11],[12],
where large SER degradation is observed.

5.2 BER Performance

We are going to compare the coherent MPC/SS systems
at first and then their differential counter systems both
with conventional PSK systems. Figure 4 illustrates the
BER performance of coherent MPC/SS systems which
have different phases. The pre-assigned set comprises 16
PN sequences and the information bit rate is fixed at 18
bits/baud.

The performance of a conventional BPSK system is
also drawn in a dashed line in the same figure. One can
see that E,/Ny to maintain 10~ BER in the 2-phase
MPC/SS systems is lower by 0.3dB than that in the
BPSK system. In 4-phase MPC/SS systems, the gain in
E, /Ny over the BPSK system amounts to 2.3dB. For de-
veloping a discussion, additional comparison is listed
in Table 1, where several parameters including aver-
age BER, BER in combination estimation, and BER in
phase estimation are summarized in the order of phases.
In the 2-phase and 4-phase systems, P, is dominant on
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te-6 -
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1e-8

6 8 10 12

Ew/No (dB)

Fig. 4 BER of coherent MPC/SS systems versus E;/No.
M =16 and m = 18.
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Fig. 5 BER of differential MPC/SS systems versus Ej/No.
M =16 and m = 18.

overall BER, because it is much larger than Pp,. In ad-
dition, the 4-phase system has smaller P,. and P, than
the 2-phase system. As a consequence, large BER reduc-
tion is observed in the 4-phase system. Since m/R in-
creases according to Eq. (1) and Eq.(12), P, decreases
by increasing the number of phases.

In contrast, an octal phase system has larger P,
than a bi-phase system. This is because the penalty in
SNR due to PSK modulation exceeds the SNR gain pro-
vided by increasing m/R. Therefore P, is dominant on
overall BER if SNR becomes larger.

Figure 5 illustrates the BER performance of dif-
ferential MPC/SS systems where again M = 16 and
m = 18. Also, Table 2 lists the comparison in P, Py,
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Table 2 BER comparison in differential MPC/SS systems (M =16, m= 18, E,/No =7.0dB).

number of | number of active | information bit rate | average | BER in combination | BER in phase
phases PN sequences per PN sequence BER estimation estimation
q R m/R Py Py Py
2 6 3 4.66E-03 6.80E-03 3.75E-04
4 4 45 3.61E-04 1.42E-04 6.34E-04
8 3 6 1.66E-02 2.81E-06 3.32E-02
BER BER =
tet o 1e-1 g.psk  M=18
R=1
1e-2 1e-2
1e-3 - 1e-3 |
1e-4 1e-4 -
1e-5 - 1e-5
1e-6 | 1e-6
1e-7 | 1e-7 ¢
1e-8 N 1e-8 P R S S S S S ST L
6 8 12 14 0 2 4 6 8 10 12 14 16 18
° 2 Ew/No (dB) Eu/No (dB)

Fig. 6 BER comparison between coherent MPC/SS systems
and the QPSK system. ¢ =4 and m = 2M.

1e-1 -
1e-2
1e-3
1e-4 |
1e-5
1e-6

1e-7 +

1e-8 . L

1 14

8 8 2
En/No (dB)

Fig. 7 BER comparison between differential MPC/SS systems
and the DQPSK system. ¢ = 4 and m = 2M.

and Py,s. E,/Ny required to achieve 107¢ BER in the
2-phase and 4-phase differential MPC/SS systems are
lower by 0.6dB and 1.6dB than those in the differential
BPSK system, respectively. The 4-phase PC/SS system
has very smaller P,. and slightly larger P, than the 2-
phase system, leading to the improvement in P,;. Since
Py, goes to a very large value in the 8-phase differen-
tial system, a discouraging drop is found in the overall
BER.

The next topic to be discussed is the BER perfor-
mance with respect to the number of PN sequences and
the combination of active PN sequences. Under the
same information bit rate of m = 2M, BER perfor-
mances are shown in Figs.6 and 7 for 4-phase coher-

Fig. 8 BER comparison between MPC/SS systems and the
8-PSK system. ¢ = 8 and m = 3M.

ent and differential MPC/SS systems, respectively. If
the number of PN sequences is equal to the length of
the PN sequence, both MPC/SS systems and conven-
tional QPSK systems will have the same spectral effi-
ciency. MPC/SS systems are capable of guaranteeing
a quite lower level of BER at lower E;/Ny. The re-
duction in Ej/Np required to maintain the 107 BER
amounts to almost 1 dB in the coherent systems and is
2-3dB in the differential systems. For example, if the or-
thogonal PN sequence set comprises 16 PN sequences,
the Ey/Np is equal to 3.2 E;, /Ny, while Ey/Ny of the
conventional QPSK is 2E;/Ny [11]. Eg/Np in such an
MPC/SS system is as high as 1.6 times to that in QPSK.
Since BER in combination detection is dominant over
P.,, BER goes down at higher E,/Ny region as M in-
creases. This behavior is just like as that in the M-ary
orthogonal signaling[11].

If many more phases are involved with these two
types of MPC/SS systems, they show some different
characteristics in their BER performance. BER per-
formance of 8-phase coherent and differential MPC/SS
systems is displayed in Fig.8. One will observe slight
dipping variations in the BER curves around E; /Ny of
6—8 dB. The major reason for these BER dips is that
BER at higher E; /Ny regions is controlled by the error
in phase detection, and that the phase detection becomes
too difficult beyond some limit in E},/Ny.

P,. is dominant on P, if E,/Ny is low, but if
E, /Ny grows larger, P,, dominates over the total BER
because of the excessively large penalty in SNR by
8PSK. Thus the dipping in the BER curve seems to be
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Fig. 9 BER performance of coherent MPC/SS systems and the

16-PSK and 16-QAM systems. ¢ = 16 and m = 4M.

caused by the transitional behavior between two domi-
nant modes.

BER performances of 16-phase MPC/SS systems,
16PSK systems, and 16QAM systems are compared in
Fig.9. The information bit rate of the MPC/SS systems
is the same as that of 16QPSK and 16QAM systems.
BER dipping appears where E/Ng is around 6 dB. The
reason is quite the same for the 8-phase systems.

The reduction in E},/Ny required to keep the 107°
BER is 1.5 to 2.5dB against the 16PSK systems. This
advantage comes from the increase in Ey/Ny with in-
creasing m/R. However, comparing those many-phase
MPC/SS systems to the 16QAM systems, no BER im-
provement is observed because of the excessively large
SNR penalty by 16PSK.

6. Conclusions

The investigation of the symbol and average bit error
rates of PC/SS systems using g-ary coherent and differ-
ential PSK modulation shows that the g-ary PSK mod-
ulation scheme is useful to increase the information bit
rate per PN period. In coherent MPC/SS systems, both
SER and BER performances are improved by the 4-
ary PSK (QPSK) scheme. If one compares ‘differential’
and ‘coherent’ systems presented in this paper, differ-
ential MPC/SS systems, at least particularly those be-
ing 4-phase, give a greater BER improvement than that
gained in coherent MPC/SS systems.

Error rate performance analysis in fading channels
and multiple access performance evaluation are open
problems to be addressed.
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