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SUMMARY
Analysis of waiting time to deliver a message M from a
source S to a destination D is deeply related to connectivity analysis, which
is an important issue in fundamental studies of mobile multi-hop networks.
In [1], we compared the mean waiting times of two methods to deliver
M with the mean value of the minimum waiting time. The mean minimum waiting time was obtained by computer simulation because theoretical analysis of this mean is not easy, although another two methods were
analyzed theoretically. In this paper, we propose an approximate method to
theoretically analyze the mean minimum waiting time in a one-dimensional
street network, and show that this method gives a good approximation of
the mean minimum waiting time. Also, we consider shadowing and change
of directions of mobile nodes at intersections as negative factors arising in
two-dimensional street networks. We extend the above method to compute
the mean minimum waiting time considering these factors, and discuss how
the mean minimum waiting time is aﬀected by these factors.
key words: mobile multi-hop network, connectivity, mobility, epidemic
routing

1.

Introduction

In mobile multi-hop networks [2], [3], each node has capabilities of direct communication and relaying. These capabilities enable mobile nodes to construct a multi-hop path
between mobile nodes. Mobile nodes can exchange information if there is a multi-hop path between them; however,
mobile nodes sometimes encounter a situation where there
is no multi-hop path between them because positions of mobile nodes are generally random and the transmitting range
is finite. Therefore, connectivity analysis is important for
understanding behavior of mobile multi-hop networks [4].
As a measure of connectivity, the probability that there
is at least one path between a source S and a destination D
is often used. As another measure for mobile multi-hop networks, [1], [5] use the mean of the waiting time from the
time when a request for transmission of a message M destined for D arrives at S to the time when D receives M. Assume that M arrives at S at t = τ1 and that M is received by
D at τ2 . The waiting time τ2 −τ1 depends on how M is delivered from S to D. Also, from the viewpoint of applications,
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there are applications that accept a long waiting time, such
as data collection through a sensor network, where S, D, and
M correspond to a sensor node, a data center, and data observed by S, respectively. Here, we assume that sensors and
relay nodes in the sensor network can be mobile nodes. In
mobile multi-hop networks for such applications, the mean
waiting time can be an appropriate measure of connectivity,
and it depends on the method to send M to D. Then, in [1],
the following three methods were compared.
Method 1: If there is at least a multi-hop path between
S and D at τ1 , then S sends M to D immediately. Otherwise,
S keeps searching a multi-hop path to D by a certain routing
protocol until the routing protocol finds a multi-hop path between S and D expecting that a multi-hop path will appear
between S and D because mobility of relay nodes changes
topology with time. Finally, S sends M to D through this
multi-hop path. In [1], the routing protocol was assumed
to be an ideal one that can always notice appearance of a
connected multi-hop path between S and D. This method
reflects the basic behavior of ordinary ad-hoc routing protocols.
Method 2: Epidemic routing [6] delivers M to D by
making mobile nodes move M closer to D, and can be realized in various manners like the proposed algorithm in
[6]. In [1], we compared the simplest epidemic routing,
which does not use multi-hop transmission, with Method 1
to explore how mobility of nodes aﬀects the mean waiting
time. The simplest epidemic routing is called Method 2. In
Method 2, S directly sends M to all mobile nodes in its communication range. It is expected that some of these nodes
approach D as time passes and may finally enter the communication range of D. If this actually occurs, M can be
delivered to D directly from mobile nodes having M. In actual situations, we need some protocol to realize Method 2.
To do this, for example, S has to periodically broadcast M to
mobile nodes in its communication range, and mobile nodes
having M have to periodically check whether they are in the
communication range of D by exchanging control signals.
Although there may be various ways to realize Method 2,
here we assume an ideal situation where S can always notice that there are mobile nodes in its communication range
and mobile nodes having M can always notice that they enter the communication range of D. Method 2 does not use
multi-hop transmission and utilizes only capability of mobility to move M closer to D. Then, we can intuitively see
that the waiting time becomes long if Method 2 is used;
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however, Method 2 can sometimes deliver M to D faster than
Method 1 for a small density of nodes as shown in [1].
Method 3: This method is a combination of Methods
1 and 2. If there is at least a multi-hop path between S and D
at τ1 , then S sends M to D immediately like Method 1. Otherwise, S sends M to all mobile nodes that have multi-hop
paths from S, and mobile nodes that received M repeatedly
distribute M to other nodes in the same manner. For example, such distribution of M is done by flooding. Finally, M
is delivered to D. Here, we assume that scheduling of flooding is ideally executed and neglect delay caused by collision of packets for simplifying analysis and clarifying how
the change of topology with time aﬀects the waiting time.
Hence, Method 3 minimizes the waiting time in this case.
Let T w,1 , T w,2 and T w,3 be τ2 − τ1 for Methods 1, 2
and 3, respectively, and let E(·) be the mean value of ·. In
[1], E(T w,1 ), E(T w,2 ) and E(T w,3 ) were analyzed and characterized relatively in a one-dimensional mobile multi-hop
network consisting of a fixed source S, a fixed destination
D, and pedestrians walking at a constant velocity v along a
street. Note that S, D, and pedestrians correspond to a sensor node, a data center, and mobile relay nodes, respectively,
if the network is used as a sensor network. We analyzed
these mean waiting times assuming that positions of nodes
are randomly decided and using probabilistic properties of
relative positions of nodes.
As shown in [1], Methods 2 and 3 outperform Method 1
for a small density of nodes and Method 1 is no longer effective in such a situation because E(T w,1 ) rapidly increases
as the density of nodes decreases. Therefore, we pay attention to situations where the density of nodes is small and the
mean waiting time is large. Based on this policy, we neglect
short delays caused in a queue of packets or in transmissions
of packets through direct links or multi-hop paths for simplifying analysis. Also, as mentioned, we assume an ideal
situation where S, D, and mobile nodes can always notice
existence of nodes in their communication ranges and appearance of multi-hop paths. From these assumptions, T w,1 ,
T w,2 and T w,3 in [1] are considered as lower bounds of the
waiting times of Methods 1, 2 and 3 in actual situations, respectively.
Furthermore, comparison between E(T w,1 ), E(T w,2 ) and
E(T w,3 ) gives some insights to know how diﬀerently mobility of nodes aﬀects the mean waiting time as mentioned
in [1]. In Method 1, mobility helps nodes to construct a
connected multi-hop path by changing the topology of the
network. This capability of mobility is called Capability 1
in [1]. In Method 2, mobility helps nodes to move M
closer to D. This capability of mobility is called Capability 2 in [1]. Method 3 maximally utilizes these capabilities
of mobility to minimize the waiting time. We showed that
E(T w,2 ) > E(T w,1 ) ≈ E(T w,3 ) if the density of nodes is large,
and that E(T w,1 ) > E(T w,2 ) ≈ E(T w,3 ) if the density of nodes
is suﬃciently small. This means that Capability 1 works sufficiently well without any assistance from Capability 2 if the
density of nodes is large, and that the reverse is true if the
density of nodes is suﬃciently small. From these results,

we can well understand how E(T w,1 ), E(T w,2 ) and E(T w,3 )
behave diﬀerently due to diﬀerent eﬀects of mobility.
In [1], E(T w,1 ) and E(T w,2 ) were theoretically analyzed.
However, E(T w,3 ) was obtained by computer simulation although a theoretical lower bound was given because theoretical analysis is not easy, as mentioned in [1]. In [7],
an approximate method to analyze the mean waiting time
of Method 3 in a one-dimensional vehicle network was recently proposed.
Although a one-dimensional street network on a line
was assumed in [1], street networks usually include corners and intersections. As a result, shadowing occurs at
corners and mobile nodes can change their directions at intersections. If shadowing occurs at a corner between S and
D, Method 1 cannot construct any multi-hop paths between
them. If a mobile node having M does not move toward
D due to a change of direction at an intersection, Method
2 cannot deliver M to D. It is expected that these negative
factors also aﬀect Method 3 and increase the mean minimum waiting time; however, E(T w,3 ) was not theoretically
analyzed in these situations.
With this as background, in this paper, we propose an
approximate method to compute E(T w,3 ) theoretically. We
analyze E(T w,3 ) in three models, called Models 1, 2 and 3.
Model 1 is almost the same model as that used in [1]. In
Model 1, mobile nodes are pedestrians moving along a line.
In Model 2, we assume that there are some corners along a
street and shadowing occurs around the corners. In Model 3,
we assume that there are intersections along a street and
mobile nodes change their directions at intersections. We
show that the approximate methods well describe E(T w,3 ) in
these models and show how shadowing and the change of
direction aﬀect E(T w,3 ). Although Model 1 and the approximate method derived for Model 1 are similar to the network
model and the approximate method in [7], the equations for
Model 1 derived in this paper are diﬀerent from those in
[7], and [7] does not consider eﬀects of shadowing and the
change of direction of mobile nodes on the waiting time.
2.

Mean Waiting Time in Model 1

2.1 Definitions and Assumptions
First, we propose an approximate method to compute
E(T w,3 ) theoretically in Model 1. The following are definitions and assumptions made in Model 1. The assumptions
are essentially the same as those in [1] except for A1 .
A1: Suppose that all nodes including a source S and
a destination D are on a line. In [1], we considered transmission of a message M from S to D assuming that S and
D were fixed nodes. To simplify analysis, in this paper, we
assume that a request of transmission of M arrives at a mobile node moving toward D at t = τ1 . Denote this node by
S. Assume that D is fixed and that other nodes are mobile
nodes. As mentioned, we consider that S is a mobile sensor
node that moves with a pedestrian and D is a fixed data center. Let x(n, t) be the coordinate of a node n at time t on the
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(t) be the set of nodes that do not have M at time t.
Let N M
Then, S ∈ N M (τ1 ). Let nth be the node whose coordinate
is the largest in N M (t). Let nth,w be the node of Nw whose
coordinate is the largest in N M (t). Let X(t) and Xw (t) be the
coordinates of nth and nth,w at t, respectively.
A7: Suppose that u1 ∈ N M (τa ) and {u2 , u3 , ..., uk } ⊂

(τa ), where k ≥ 2, and that x(u1 , τa ) < x(u2 , τa ) <
NM
· · · < x(uk , τa ). Topology of the network changes with
time under the above assumption. Suppose that u1 becomes
connected to {u2 , u3 , ..., uk } due to the change of topology
at τb = τa + Δτ, where Δτ is a small constant, that is,
x(u2 , τb ) − x(u1 , τb ) ≤ r, x(u3 , τb ) − x(u2 , τb ) ≤ r, ...,
x(uk , τb ) − x(uk−1 , τb ) ≤ r. Assume that M is forwarded from
u1 to u2 , ..., uk simultaneously at τb without delay.
A8: If an interval has no node and the length of this
interval is greater than r, we call this interval a gap. If an
interval has no node of Nb and the length of this interval is
greater than r, we call this interval a gap of Nb . A gap of Nw
is defined in the same manner.

2.2 Related Work

Fig. 1

Models.

line. Let L be the distance from S to D at τ1 . Suppose that
x(S , τ1 ) = 0, and that x(D, t) = L for all t because D is stationary. Define again that τ2 is the moment when D receives
M.
A2: Assume that a mobile node is a pedestrian walking along the line at a constant velocity v independently of
other nodes without changing direction. As represented in
Fig. 1(a), mobile nodes moving left (in the direction from
D to S) are represented by black nodes and those moving
right (in the direction from S to D) are represented by white
nodes. As mentioned, we consider that these mobile nodes
comprise a mobile multi-hop path along which M is transmitted or move M closer to D.
A3: Let Nb and Nw be the sets of mobile nodes moving
left and those moving right, respectively. Denote a mobile
node of Nb by bi , where i is an integer such that x(bi , t) <
x(bi+1 , t) for all i and all t. Denote a mobile node of Nw by
w j , where j is an integer such that x(w j , t) < x(w j+1 , t) for
all j and all t. Note that the above definition of w j is slightly
diﬀerent from that in [1].
A4: Assume that the distributions of nodes of Nb and
Nw obey Poisson distributions of intensity λ2 at the initial
moment t = 0, respectively. Note that the same distributions are observed at time t > 0 because mobile nodes move
independently from other nodes [8].
A5: Assume that there exists a wireless link between
two nodes if the distance between them is not longer than r,
where r is a positive constant and r < L. Otherwise, there is
no link between them.
A6: Let N M (t) be the set of nodes having M at time t.

In [7], an approximate method to compute E(T w,3 ) in a vehicle network similar to Model 1 was recently proposed. This
method computes E(T w,3 ) by dividing the distance between
S and D by the average message transfer velocity. The av(i)
erage message transfer velocity was computed from tDT
N
and S m−hop , defined in [7]. As can be seen from the following subsections, this concept is similar to our analysis
(i)
in Model 1, and tDT
N and S m−hop correspond to T walk and
the mean of X f wd,w , which are defined in the following subsections, respectively. In [7], t(i)
DT N and S m−hop are derived
by dividing a street into vehicle slots with length l, which
is the length of each vehicle, and using the probability that
there exists at least one vehicle in a slot, and it is assumed
that t(i)
DT N obeys an exponential distribution. The validity of
this analysis is shown by comparing numerical results of this
analysis with simulation results. In [7], it is assumed that the
velocity of mobile node is a random variable. This assumption is more complicated than that in this paper; however,
only a line network was considered in [7] while this paper
considers eﬀects of shadowing and inflow and outflow of
mobiles at intersections in Models 2 and 3.
Although the outline of our approximate method to
compute E(T w,3 ) is similar to that of [7], we derive the mean
value of X f wd,w diﬀerently from [7] and derive the density
function of T walk from properties of clumps as explained
below while these properties are not used in [7]. As a result, in this paper, the density function of T walk is obtained
as a function diﬀerent from an exponential distribution, and
other probabilities and mean values not used in [7] are derived. Also, the final form of E(T w,3 ) is diﬀerent from that
in [7]. Furthermore, as can be understood later, our analysis
in Model 1 can be simply extended to those in Models 2 and
3 because the final form of E(T w,3 ) in Model 1 is suitable to
extension to analyses in Models 2 and 3.
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Fig. 2

Examples of forwarding.

2.3 Mean Progress of M in One Forwarding
In Model 1, we can move M closer to D by forwarding M
through a multi-hop path. Even if forwarding is impossible, M approaches D as mobile nodes of Nw having M walk
toward D. We call a time interval in which forwarding is
impossible a “walking period.” After a walking period, forwarding is done and the next walking period begins. We
consider how much M is made closer to D by one forwarding to compute E(T w,3 ). To do this, we consider the progress
of M assuming that the distance to D is very long. Although
this progress can be measured by X(t), we consider Xw (t) as
the progress of M for simplifying analysis. In the following,
we first explain the reason we consider Xw (t) as the progress
of M, and second explain how much M is made closer to D
by one forwarding.
Figure 2(a) shows a situation at t = τa in a walking
period where {w j−1 , bi−2 , w j , bi−1 } ⊂ N M (τa ) and {bi , ..., bi+3 ,

(τa ). Because there is a gap between
w j+1 , ..., w j+3 } ⊂ N M
bi−1 and w j+1 , M cannot be forwarded to any nodes of


(τa ). To forward M to nodes of N M
(τa ) after τa , we have
NM
to wait until the distance between w j and bi becomes equal
must
to r. In general, if a walking period ends at t, then nt−Δt
h
be in Nw and there must be a node of Nb at x(nt−Δt
,
t)
+
r at
h
t, where Δt is a small positive constant. Therefore, nodes of
Nb cannot be sources to forward M to mobile nodes which
do not have M.
Figure 2(b) shows a situation where the above walking period ends. Suppose that t = τb and that nτhb −Δt = w j .
Then, the distance between w j and bi is equal to r as mentioned. M is forwarded from w j to bi , w j+1 , bi+1 , w j+2 , bi+2
b
and bi+3 . Then, nτhb = bi+3 and nτh,w
= w j+2 . Because a node
of Nb cannot be a source of the next forwarding after τb as
mentioned, the source node of the next forwarding is w j+2 .
Consider X(t) − Xw (t), which is the distance between nth and
nth,w at t. Define that ΔX f wd is the mean of X(t) − Xw (t) given
that a walking period ends at t. After τb , X(t) − Xw (t) decreases and finally becomes equal to 0 because nth and nth,w
approach if nth ∈ Nb . Note again that nth ∈ Nb cannot forward

(τb ) until nth and nth,w come to the same poM to nodes N M
sition. Consequently, we can see that the nodes in the right
of nth,w cannot essentially contribute to the progress of M.

Therefore, we consider Xw (t) as the progress of M instead
of X(t) for simplifying analysis of E(T w,3 ).
Consider the situation in Fig. 2(b) again. Using the notations in Fig. 2(b), we consider the mean progress of M by
one forwarding. Let M1 be the number of nodes that are
on the right of bi and have at least a multi-hop path to bi
as shown in Fig. 2(b). Denote these M1 nodes by u1 , u2 , ...,
u M1 , such that x(u1 , τb ) < x(u2 , τb ) < · · · < x(u M1 , τb ). Let
u0 be bi . Suppose that u M1 −M2 +1 ∈ Nb , u M1 −M2 +2 ∈ Nb ,...,
u M1 −1 ∈ Nb and u M1 ∈ Nb . Let X f wd be the distance between
w j to u M1 . Let X f wd,w be the distance between w j to u M1 −M2
given that M1 > M2 , namely there is at least a node of Nw
in u1 , ..., u M1 . Then, we mainly pay attention to E(X f wd,w )
as the mean progress of M in one forwarding because it corresponds to the increase of Xw (t). As shown in Appendix
A,
eλr
r
− λr
.
λ
e −1
For reference, we have
E(X f wd,w ) =

(1)

ΔX f wd = E(X f wd |M1 > M2 ) − E(X f wd,w ) ≤ r

(2)

as shown in Appendix A. Namely, ΔX f wd is at most r, and
this property supports the above assumption from another
point of view that the progress of M realized by nodes of Nb
does not essentially contribute to the progress of M.
As mentioned, in the approximate method in [7],
S m−hop corresponds to E(X f wd,w ). As can be seen from the
above equations and the equations in [7], the derivation and
final form of E(X f wd,w ) are diﬀerent from those of S m−hop .
2.4 Density Function of the Length of a Walking Period
In this subsection, we consider the length of a walking period that begins at τc . Denote this length by T walk . As men(i)
tioned, T walk corresponds to tDT
N in [7]. There is a big diﬀerence between [7] and this paper in the derivation of the den(i)
sity function of T walk . In the analysis in [7], tDT
N is assumed
to obey an exponential distribution. As explained in the following, however, T walk depends on the distance between adjacent nodes of Nw and the lengths of connected components
consisting of nodes of Nb , which are called clumps in the
following. Due to this dependence, it is not easy to prove
that T walk obeys an exponential distribution. In the following, we derive the density function of T walk , which is not
expressed as an exponential distribution, although some approximations are used.
First, we explain the concept of a clump, which is
deeply related to T walk . Consider nodes on the right of a
node uk at t. Denote these nodes by uk+1 , uk+2 , ... and
suppose that x(uk , t) < x(uk+1 , t) < x(uk+2 , t) < ... . If
x(uk+1 , t) − x(uk , t) ≤ α, x(uk+2 , t) − x(uk+1 , t) ≤ α, ...,
x(uk+ , t) − x(uk+−1 , t) ≤ α and x(uk++1 , t) − x(uk+ , t) > α,
where α is a constant, then the interval [x(uk , t), x(uk+ , t)+α]
is called a clump, which begins from uk . For a clump consisting of nodes distributed according to a Poisson distribution of intensity β, the density function of the length of
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Z2 < y − r, ..., Z M3 −1 < y − r and Z M3 ≥ y − r. Then, the
density function of W sum , denoted by fWsum (w) is as follows:
fWsum (w)
∞

fWsum (w|M3 = m3 )P(M3 = m3 )
=
Fig. 3

m3 =1

Variables to define T walk .

= ΛW e−ΛW w

a clump has been given in [9] and the mean of the clump
αβ
length is e β−1 . Also, in [9], it has been mentioned that the
αβ

exponential distribution with the mean e β−1 can be used as
an approximation to the distribution of the length of a clump
for a large β. In the following, we compute the density of
T walk using these properties.
Let C be an event where there is a gap between
w j and w j+1 at τc . We show an example of the situation at τc in Fig. 3, and explain T walk using some variables as shown in this figure. Suppose that w j correc
. Let Y be a random variable identical to
sponds to nτh,w
the distance between w j and w j+1 . Suppose that Y = y
at τc , where y is a positive constant. Here, Y > r because of the gap as mentioned. Denote by gk kth gap
of Nb on the right of w j at τc , where k = 1, 2, ....
Let sk and ek be coordinates of black nodes at both ends
of gk , where sk < ek . Then, gk corresponds to an interval
(sk , ek ), and the black nodes at ek−1 and sk have a connected
path consisting of black nodes between them for all k. Let
Zk and Wk be sk+1 − ek + r and ek − sk − r, respectively, where
k = 1, 2, ... . Let Z0 be s1 − x(w j , τc ). Let Z sum and W sum be
m
m−1
k=1 Zk and k=1 Wk , respectively, if Z1 < y − r, Z2 < y − r,
..., Zm−1 < y − r and Zm ≥ y − r. Then, we have
T walk =

Z0 + Z sum + W sum
2v

(3)

because if Z1 < y − r, Z2 < y − r, ..., Zm−1 < y − r and
Zm ≥ y − r, then the black nodes between em and sm+1 can
connect w j and w j+1 when the distance between the black
node that is at em at time τc and w j becomes equal to r.
By letting α and β be r and λ2 , respectively, we can
see that Zk for k ≥ 1 corresponds to the length of a clump
consisting of nodes of Nb from the definitions of Zk and a
λr

clump, where α = r, β = λ2 , and the mean of Zk is e 2λ−1 .
2
For simplicity, we assume that Zk approximately obeys an
λr

exponential distribution with the mean e 2λ−1 as mentioned.
2
Based on this assumption, by letting α and β be y − r and
λ
Λ = λr2 , we can see that Z sum +y−r again means the length
e

2

−1

Λ(y−r)

of a clump with the mean e Λ −1 if Z1 < y − r, Z2 < y − r,
..., Zm−1 < y − r and Zm ≥ y − r. We can again assume that
Z sum + y − r obeys an exponential distribution of intensity
Λ
. Because we need the density of Z sum , for simplicity,
eΛ(y−r) −1
we roughly compute the density of Z sum as an exponential
Λ(y−r)
distribution of intensity ΛZ , where ΛZ = { e Λ −1 −(y−r)}−1 .
Also, W sum is the sum of exponential random variables.
Suppose that M3 is a random variable such that Z1 < y − r,

(4)
λw m3
2

λ
( )
where fWsum (w|M3 = m3 ) = (m3 −1)!w e− 2 w because Wk obeys
an exponential distribution of λ2 , P(M3 = m3 ) = (1 −
e−Λ(y−r) )m3 −1 e−Λ(y−r) and ΛW = λ2 e−Λ(y−r) .
Here, Z0 is identical to the X(τc ) − Xw (τc ), and the
mean of this length is identical to ΔX f wd and is at most r
as mentioned. For simplicity, therefore, we approximate Z0
as E(Z0 ) = ΔX f wd . Then, from this approximation and the
above equations, we have

fTwalk (t|Y = y)
 2vt−E(Z0 )
=
2v fZsum (2vt − E(Z0 ) − w) fWsum (w)dw
0

=

2vΛW ΛZ {e−ΛZ (2vt−E(Z0 )) − e−ΛW (2vt−E(Z0 )) }
ΛW − ΛZ

(5)

0)
if t ≥ E(Z
2v and is equal to 0 otherwise. Let fY (y) be the
density function of Y. Then,
 ∞
fTwalk (t) =
fTwalk (t|Y = y) fY (y|C)dy.
(6)

−∞

For unconditioning of Eq. (5), we use fY (y|C) given in Appendix B. Although unfortunately we cannot obtain the
closed form of fTwalk (t), we numerically compute fTwalk (t).
2.5 Velocity of Movement of M and Mean Waiting Time
To compute E(T w,3 ), we use V M , which is the mean progress
of M carried by nodes of Nw per unit time. Define that B
is an event where S cannot forward M to any nodes of Nw
before the distance from S to D becomes equal to r. Denote
V M by V M,B if B occurs, and by V M,B otherwise. If B occurs,
then S does not have multi-hop paths to any nodes of Nw at
τ1 and T walk is longer than L−r
v . Then

L − r
P(B) = P(C)P T walk >
,
(7)
v


can
where P(C) is given in Appendix B and P T walk > L−r
v
be computed from Eq. (6). If B occurs, then M is carried by
S without multi-hop transmission to nodes of Nw . Hence,
V M,B = v.

(8)

In general, M is moved closer to D by walking of nth,w and
forwarding from nth,w alternately. If B does not occur, we
pay attention to this property and compute V M,B as the ratio of the mean progress of M in one cycle of walking and
forwarding to the mean length of a walking period, and approximately compute V M,B as follows:

NAKANO et al.: ANALYSIS OF MEAN WAITING TIME FOR DELIVERY OF A MESSAGE IN MOBILE MULTI-HOP NETWORKS

2241

Fig. 4

V M,B

Numerical results of E(T w,3 ) in Model 1.



+ E(X f wd,w )
vE T walk |T walk ≤ L−r
v


=
E T walk |T walk ≤ L−r
v

Fig. 5

(9)

because T walk ≤ L−r
v if B does not occur. Using V M , we
roughly compute E(T w,3 ) as
E(T w,3 ) = P(B)

L−r
L−r
+ {1 − P(B)}
.
V M,B
V M,B

(10)

The reason we divide L − r by V M,B or V M,B is that D can
receive M if the distance between D and M is r. Note that
although [7] uses a concept similar to Eq. (10), [7] does not
consider two events B and B separately. This classification
will be utilized in the analyses of E(T w,3 ) in Models 2 and 3.
We show the numerical results of E(T w,3 ) obtained by
the above method in Fig. 4 together with the simulation results. To obtain the simulation results, we use the same
method as used in [1]. Here, r = 10 m and v = 1 m/sec. Although we use some approximations, the numerical results
agree well with the simulation results. From these results,
we can confirm the validity of the approximate method. We
can also confirm that E(T w,3 ) decreases as λ increases and
that E(T w,3 ) increases as L increases.
For reference, we also showed E(T w,2 ), which is the
mean of the maximum waiting time of epidemic routing
while E(T w,3 ) is the mean of the minimum waiting time of
epidemic routing. To compute E(T w,2 ), we assume that S
delivers M to D by itself. Then, E(T w,2 ) is L−r
v . We can
confirm that Method 3 can move M faster than Method 2.
Their diﬀerence becomes smaller as λ decreases, and finally
Method 3 is almost identical to Method 2 for a small λ. As
shown in this result, by comparing the mean waiting times
of Methods 2 and 3, we can understand how forwarding decreases the mean waiting time for a given λ. We can see
that the diﬀerence increases as L increases, and forwarding
demonstrates its ability for a large L.
3.

Mean Waiting Time in Model 2

The approximate method provided in the preceding section enables us to theoretically compute E(T w,3 ) in a onedimensional street network. As a next step, we consider the
same problem in two-dimensional street networks. First, we

Relation between w jk and w jk +1 in Model 2.

consider eﬀects of shadowing at corners along a street. Suppose that a street is surrounded by buildings and that there
are some corners on the street. Then, a mobile node may
not be able to communicate with a mobile node beyond the
corner. Here, we assume that mobile nodes having a corner
between them cannot directly communicate with each other
even if the distance between them is not longer than r. We
try to compute E(T w,3 ) with this assumption together with
the assumptions in Sect. 2. We call the model considered
here Model 2. Here, we consider nc + 1 corners. We assume that S is at a corner c1 at τ1 and D is at a corner cnc +1 .
Suppose that corners c2 , c3 , ..., cnc exist between S and D as
shown in Fig. 1(b). In this example, nodes u1 and u2 cannot
directly communicate with each other due to shadowing at
c2 . Denote that Ik be the interval between ck and ck+1 . Suppose that the length of each interval is a constant a, where
a ≥ r. Other than the above assumptions and definitions, we
use the assumptions and definitions made in Model 1. To
do this, we assume the street in Model 2 as a straight line in
which there are nc + 1 corners at a constant interval a and
shadowing occurs at each corner as shown in Fig. 1(c). From
this assumption, we can define Nb , Nw and the coordinates
of nodes in the same manner as in Model 1.
In Model 2, M cannot be forwarded from a node on Ik
to another node on Ik+1 because of shadowing. Then, M is
delivered to a new interval always by walking of a node of
Nw having M. We try to roughly compute E(T w,3 ) in Model 2
assuming that flow of M in Ik is almost identical to that in
Model 1, where L = a. Suppose that w jk is in Ik−1 and has M
and that w jk +1 is not in Ik−1 and does not have M as shown
in Fig. 5(a). In this figure, w jk +1 cannot receive M because
bi and bi+1 are not connected owing to shadowing at ck . Assume that w jk arrives at ck at τa as shown in Fig. 5(b). Let Yk
be the distance between w jk and w jk +1 . Let Ck be an event
where there is no path between w jk and w jk +1 at τa . For example, Ck occurs in Fig. 5(b). Note that Ck includes an event
where there is a corner between w jk and w jk +1 .
In Model 1, we implicitly suppose a situation where
cycles of walking and forwarding are repeated. In Model 2,
however, we sometimes meet a situation where a walking
period never ends. Such a situation occurs if Yk is longer
than a. Considering such a situation separately, we define
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that T walk,k is the length from τa to the end of a walking period that begins at τa given that Ck occurs, and Yk ≤ a. Define that Bk is an event where w jk cannot forward M to w jk +1
before w jk leaves Ik . Then, Bk is the union of the following
events:
• Yk > a,
• Yk ≤ a, Ck and T walk,k >

a−r
v .

Here, we make an assumption that is not needed in Model 1.
In Model 2, if Yk > a, then a walking period never ends
after M enters Ik as mentioned, and Bk , Bk+1 , ... must occur.
From this fact, we assume that P(Bk+1 |Bk ) = 1 to simplify
analysis. Then, for k = 2, 3, ..., nc − 1,
P(Bk ) = P(Bk−1 ) + P(Bk−1 ) P(Yk > a)

a − r
+P(Yk ≤ a)P(Ck |Yk ≤ a)P T walk,k >
.
v

(11)

P(B1 ) and P(Bnc ) are slightly diﬀerent from this equation
because S exists at c1 initially and there is no eﬀect of shadowing in Inc . Then,
P(B1 ) = P(Y1 > a) + P(Y1 ≤ a)P(C1 |Y1 ≤ a)

a − r
×P T walk,1 >
,
(12)
v
P(Bnc ) = P(Bnc −1 ) + P(Bnc −1 )P(Cnc )

a − r
×P T walk,nc >
.
(13)
v


To compute P(Yk > a) and P T walk,k > a−r
v , we give the
density functions of Yk and T walk,k in Appendix C. Also, we
give P(Ck |Yk ≤ a) in Appendix C. By using equations in
Appendix C, we can compute P(Bk ) for k = 1, 2, ..., nc.
Denote V M by V M,Bk if Bk occurs, and by V M,Bk otherwise. Then, we roughly compute V M,Bk and V M,Bk in the
same manner as in Model 1 as follows:
V M,Bk = v,
vE(T walk,k |T walk,k ≤ a−r
v ) + E(X f wd,w )
.
V M,Bk =
E(T walk,k |T walk,k ≤ a−r
v )

(14)
(15)

Here, we compute E(X f wd,w ) by Eq. (1) to simplify computation of V M,Bk . To compute V M,Bk , we use the density function
of T walk,k represented in Appendix C.
We define that T w,3,k is the length of an interval from
the time when M enters Ik to the time when M enters Ik+1
for k = 2, ..., nc − 1. We define that T w,3,1 is the length of
an interval from τ1 to the time when M enters I2 and that
T w,3,nc is the length of an interval from the time when M
enters Inc to the time when D receives M. We compute T w,3,k
as follows: For k = 1, ..., nc − 1,
⎫
⎧
⎪
⎬
⎨ a − E(Yk+1,1 ) E(Yk+1,1 ) ⎪
E(T w,3,k ) = P(Bk ) ⎪
+
⎪
⎩
V M,Bk
V M,Bk ⎭
a
.
(16)
+P(Bk )
V M,Bk

Fig. 6

Numerical results of E(T w,3 ) in Model 2 for nc = 1, 5 and 10.

E(T w,3,nc ) = P(Bnc )

a−r
a−r
+ P(Bnc )
.
V M,Bnc
V M,Bnc

(17)

For k = 1, ..., nc − 1, nth,w must walk in the last part of
Ik due to shadowing; therefore, we assume in Eq. (16) that
the mean length of this “walking” part is E(Yk+1,1 ), which is
given in Appendix C.
Finally, we can compute E(T w,3 ) as
E(T w,3 ) =

nc


E(T w,3,k ).

(18)

k=1

Numerical results of E(T w,3 ) in Model 2 for nc = 1,
5 and 10 are represented in Fig. 6 together with simulation results. We assume that L = 100 m and L = 200 m
in Figs. 6(a) and (b), respectively. Note that the results for
nc = 1 mean that those when shadowing never occurs. For
reference, we also showed E(T w,2 ), which is L−r
v .
From these results, we can confirm that the numerical results well describe characteristics of E(T w,3 ) although
there is a diﬀerence between the numerical and simulation
results in some cases because of approximations used in the
analysis. In the analysis, we assumed that P(Bk+1 |Bk ) = 1.
This approximation means that Bk+1 strongly depends on Bk .
We consider that the tendency of the numerical results of
E(T w,3 ) well describes that of the simulation results due to
this assumption of dependence; however, the exact value of
P(Bk+1 |Bk ) is not equal to 1. Therefore, the above approximation of P(Bk+1 |Bk ) is one factor that sometimes causes a
diﬀerence between the numerical results and the simulation
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results. The more accurate analysis of P(Bk+1 |Bk ) is considered as a future problem. These figures show that the mean
waiting time rapidly increases as shadowing occurs more
frequently, and it increases as λ decreases. We can see that
Method 3 can move M faster than Method 2 even if shadowing occurs. As explained in the analysis of E(T w,3 ) in Model
2, the velocity of M decreases and becomes equal to the velocity of walking if a large gap appears between nodes. Due
to such a negative eﬀect of shadowing, E(T w,3 ) approaches
E(T w,2 ) as λ decreases.
Although Method 1 cannot send M from S to D if shadowing occurs between S and D as mentioned, Method 3 can
deliver M to D even if shadowing occurs. This feature is
an advantage of Method 3 other than its quickness while
Method 3 is faster than Method 1 in nature.
4.

Mean Waiting Time in Model 3
Fig. 7

In Model 2, we considered eﬀects of shadowing at corners
on the message delivery. At corners of streets, there is another factor that may increase the mean waiting time. If
there is an intersection at a corner, a mobile node sometimes
changes its direction. The change of direction of a mobile
node with M may increase the waiting time if this node does
not move toward D. We consider such a situation, called
Model 3, and extend the analysis in Model 2 to consider
negative eﬀects of the change of direction at intersections
on the mean waiting time.
For Model 3, we consider the network depicted in
Fig. 1(d). In this network, there are intersections, each of
which is connected to three streets. We assume that shadowing occurs between each pair of streets. For example,
in Fig. 1(d), shadowing occurs between u1 and u2 , between
u2 and u3 , and between u3 and u1 . To simplify explanation, we transform the network in Fig. 1(d) to the network in
Fig. 1(e).
Consider the network in Fig. 1(e). Assume that a mobile node never turns back and turns each corner after selecting its direction from among the two directions. We assume
that flows of mobile nodes are as represented in Fig. 7 and
Table 1. We assume the density of nodes moving along a
turn )
, where 0 ≤ Pturn ≤ 1, as
route from γ1 to γ2 is λ(1−P
2
shown in this table. In the same manner, we show the density of nodes moving along other routes in Table 1. From
this assumption, the density of nodes moving from γ1 to γ4
is λ2 and that moving from γ4 to γ1 is also λ2 . Therefore, if
we observe the flow of mobile nodes moving along I1 , I2 ,
..., Inc , this flow is almost the same as that in Model 2 except for the fact that some nodes leave or enter I1 , I2 , ..., Inc
in Model 3. Hence, by comparing Models 2 and 3, we can
observe eﬀects of the change of direction of nodes. In the
following, we consider E(T w,3 ) in Model 3 using the same
definitions of variables by considering a sequence of I1 , I2 ,
..., Inc in Model 3 as the street in Model 2.
If Yk > a in Model 2, then V M = v because the topology
of the network consisting of nodes of Nw does not change.
On the other hand, in Model 3, a mobile node turns at

Table 1

Flows of mobiles in Model 3.
Density of nodes of each flow.

Direction

Density of nodes

γ1 → γ2

λ(1−Pturn )
2
λPturn
2
λ(1−Pturn )
2
λPturn
2
λPturn
2
λPturn
2

γ1 → γ3
γ2 → γ1
γ2 → γ3
γ3 → γ1
γ3 → γ2

each corner as mentioned. Then, topology of the network
changes with time more dynamically than those in Model 2.
Even if Yk > a in Model 3, Yk+1 can be smaller than or equal
to a. This is a diﬀerence between Models 2 and 3. Therefore, although we assume that P(Bk+1 |Bk ) = 1 in Model 2,
we eliminate this assumption in Model 3 and suppose that
P(Bk ) = P(Yk > a) + P(Yk ≤ a)

a − r
×P(Ck |Yk ≤ a)P T walk,k >
v
for k = 1, 2, ..., nc − 1, and

a − r
P(Bnc ) = P(Cnc )P T walk,nc >
.
v

(19)

(20)

We compute the probabilities in the right terms of these
equations in the same manner as in Model 2.
Also, a mobile node having M does not always move
toward the direction of D. In this case, M must be carried
along a redundant path. For example, in Fig. 7(b), u1 , which
has M and moves toward D, changes its direction at ck . In
this example, u2 receives M from u1 and moves toward D,
and u3 , which has M and follows u1 , also moves toward D.
Then, u2 and u3 can play the same role as u1 . However, the
length of an interval of time when u1 arrives at ck to the time
when u2 or u3 arrives at ck must be added to the waiting time
in this case. This detour of M is another diﬀerence between
Models 2 and 3.
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To take into account these eﬀects, we consider Fig. 7
again. Suppose that u1 , which has M, is at the corner ck
and that there is no node that has M in Ik , Ik+1 , . . . . Suppose
that u2 moves toward ck+1 through ck after passing u1 and
that u3 , which follows u1 , moves toward ck+1 through ck .
Then, u2 must receive M from u1 . For simplicity, we assume
that u3 also receives M before arriving at ck from nodes that
received M although u3 may not able to receive M. Then, u2
and u3 can move M in Ik by walking or forwarding instead
of u1 . Hence, we add the mean length of an interval from the
time when u1 arrives at ck to the time when u2 or u3 arrives
at ck to Eqs. (16) and (17) after substituting Eqs. (19) and
(20) into these equations, and use the result of this addition
as E(T w,3,k ) in Model 3. Let Zu2 and Zu3 be the distances
from u1 to u2 and u3 when u1 is at ck , respectively. Zu2 is
an exponential random variable with intensity λP2turn , and Zu3
turn )
is an exponential random variable with intensity λ(1−P
as
2
can be seen from Table 1. Then, we approximately compute
E(T w,3 ) in Model 3 as
E(T w,3 ) = E(T w,3,1 )
nc

E(min(Zu2 , Zu3 ))
,
+
E(T w,3,k ) + Pturn
v
k=2

(21)

where E(T w,3,k ) and E(T w,3,nc ) are computed by Eqs. (16) and
(17), respectively, after substituting P(Bk ) for Model 3 into
these equations and E(min(Zu2 , Zu3 )) = λ2 .
We show the numerical results of E(T w,3 ) in Model 3
for Pturn = 0, 0.25, 0.5, 0.75 and 1 in Fig. 8 together with
simulation results. We assume that L = 100 m and L =
200 m in Figs. 8(a) and (b), respectively, and that nc = 5.
From the results, we can see that the numerical results agree
with the simulation results. If we compare Fig. 6 and Fig. 8,
we can see that, in Model 3, the numerical results agree
with the simulation results better than in Model 2. One reason for this result is as follows: E(T w,3,k ) deeply depends
on E(T w,3,k−1 ) in Model 2 as explained to compute P(Bk )
in Model 2, and diﬃculty in analysis of this dependence
causes the diﬀerence between numerical results and simulation results in Model 2. On the other hand, in Model 3, the
distributions of nodes in Ik−1 and Ik are less dependent than
those in Model 2 because of inflow and outflow of nodes at
ck . As a result, a simple approximation analysis in Model 3
provides better results than in Model 2.
From Fig. 8, E(T w,3 ) increases as λ decreases. E(T w,3 )
increases as Pturn increases for the following reasons. Here,
a situation where Pturn = 0 means that every node moves
along a line from c1 to cnc +1 without changing its direction;
namely this situation is identical to Model 2. A situation
where Pturn = 1 means that there is no node moving along a
line from c1 to cnc +1 without changing its direction; namely
this situation causes detours of M at intersections most frequently. Then, we can observe the above characteristic.
In Fig. 8, we plot E(T w,2 ) given that S successfully delivers M to D by itself although Method 2 cannot always deliver M to D in Model 3 because S does not always arrive at
D because of change of direction. Namely, E(T w,2 ) = L−r
v .

Fig. 8 Numerical results of E(T w,3 ) in Model 3 for Pturn = 0, 0.25, 0.5,
0.75 and 1.0, where nc = 5.

In this case, the diﬀerence between E(T w,3 ) for Pturn > 0
and that for Pturn = 0 corresponds the increase of E(T w,3 )
caused by the detours of M. Due to the increase of E(T w,3 )
caused by the detours, E(T w,3 ) is sometimes greater than
L−r
v . As mentioned, however, Method 3 can deliver M to D
with the mean waiting time depicted in Fig. 8 as opposed to
Method 2, which cannot always deliver M to D. This property is also an advantage of Method 3.
5.

Discussions on Results in Models 2 and 3

In the analysis of E(T w,3 ) in Model 2, we assumed that Bk+1
strongly depends on Bk for k = 1, 2, ..., nc − 1. Furthermore, we approximately set P(Bk+1 |Bk ) to be 1 as an extreme approximation. However, the numerical results well
describe the tendency of E(T w,3 ). Hence, we can confirm
the validity of our analysis. Then, this result indicates that
in Model 2, forwarding rarely occurs in intervals Ik+1 , Ik+2 ,
... once forwarding does not occur in Ik because of the dependence between Bk and Bk+1 . Therefore, we can see that
the dependence between Bk and Bk+1 is an important factor that should be considered in the analysis of E(T w,3 ) in
Model 2.
In contrast, in Model 3, we eliminated the above assumption on the dependence between Bk and Bk+1 , and assumed that Bk+1 is independent from Bk for k = 1, 2, ..., nc −1
because it is expected that inflow and outflow of mobile
nodes weaken the dependence. In addition to this assump-
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E(min(Zu ,Zu ))

2
3
tion, in Model 3, we added Pturn
to E(T w,3,k ) for
v
k = 2, 3, ..., nc as a negative factor of inflow and outflow
of mobile nodes. From comparison between numerical results of the analysis and simulation results, we can see that
our analysis well approximates E(T w,3 ) in Model 3. This result indicates that we have two important factors in Model 3.
One is that we can consider that Bk and Bk+1 are independent
E(min(Zu2 ,Zu3 ))
for k = 1, 2, ..., nc − 1. The other is that Pturn
inv
creases the mean waiting time. Also, we can analyze E(T w,3 )
in Model 3 more simply than in Model 2 because we can
compute E(T w,3,k ) independently.
The above results give some insights to know what factors aﬀect E(T w,3 ) in Models 2 and 3. Furthermore, the
next step of this research will be understanding behavior
of E(T w,3 ) in more complicated networks like lattice street
networks. To analyze E(T w,3 ) in the complicated networks,
we need to consider more complicated problems; however,
it is expected that network structures in Models 2 and 3
will appear as parts of such complicated networks, and the
above facts that indicate what aﬀects E(T w,3 ) in Models 2
and 3 will play a fundamental role to understand behavior of
E(T w,3 ) in the complicated networks, and the equations derived in this paper will be applied to the analysis of E(T w,3 )
in the complicated networks.

6.

Conclusions

In this paper, we considered delivery of a message M from
a source S to a destination D, and analyzed the mean of the
minimum waiting time needed for delivery of M. First, we
analyzed the mean waiting time in a one-dimensional network consisting of mobile nodes moving along a line. We
proposed an approximate method to compute the mean minimum waiting time by using the velocity of flow of M along
the line, and showed that this method gave a good approximation to the mean of the minimum waiting time. Second,
we modified the approximate method to compute the mean
waiting time in a case where shadowing occurs at corners.
Using the modified method, we showed how much the mean
waiting time is increased by shadowing. Third, we considered another case where mobile nodes change their directions at the corners in addition to shadowing, and approximately analyzed the mean of the minimum waiting time in
this case. From the results of this analysis, we showed how
much the mean waiting time is increased by the change of
direction at the corners. Also, from the results of theoretical
analyses, we showed what factors aﬀect the mean waiting
time in the last two cases. Extensions of the approximate
methods to other models are considered as future works.
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Appendix A:

The mean of x(uk+1 , τb ) − x(uk , τb ) is equal to λ1 − eλrr−1 for
k = 0, 1, ... , M1 − 1, because x(uk+1 , τb ) − x(uk , τb ) is
exponentially distributed with intensity λ given that it is not
longer than r. Then
E(X f wd,w )
∞
∞


=
P(M1 = m1 , M2 = m2 |M1 > M2 )
m2 =0 m1 =m2 +1




1
r
−
× r + (m1 − m2 )
λ eλr − 1
r
eλr
− λr
,
(A· 1)
=
λ
e −1
where P(M1 = m1 , M2 = m2 |M1 > M2 ) can be computed
from
= m1 ) = (1 − e−λr )m1 e−λr ,
= m2 |M1 = m1 )
1
, (m2 ≤ m1 − 1),
2m2 +1
1
,
(m2 = m1 ),
2m1
P(M1 > M2 )
∞
∞


P(M1 = m1 , M2 = m2 )
=
P(M1
P(M2
⎧
⎪
⎪
⎪
⎪
⎪
⎨
=⎪
⎪
⎪
⎪
⎪
⎩

(A· 2)

(A· 3)

m2 =0 m1 =m2 +1
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X f wd

eλr − 1
.
eλr + 1
From the above equations,
=

ΔX f wd =

eλr − 1 − λr
.
λ(eλr + 1)

(A· 4)

(A· 5)
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An inequality ΔX f wd ≤ r can be rewritten as
h(λ) = λreλr + 2λr − eλr + 1 ≥ 0.

(A· 6)

= λr2 eλr +
This holds for λ ≥ 0 because h(0) = 0 and
2r ≥ 0 if λ ≥ 0. Therefore, ΔX f wd ≤ r for λ ≥ 0.
dh(λ)
dλ

Appendix B: Density Function of Y in Model 1
For y ≤ r, we have fY (y|C) = 0 obviously. From Bayes’
theorem [10],
fY (y|C) =  ∞
0

P(C|Y = y) fY (y)
P(C|Y = y) fY (y)dy

.

(A· 7)

λ

In Model 1, fY (y) = λ2 e− 2 y because Y is an exponential random variable with intensity λ2 . Also,
 λ 
(A· 8)
P(C|Y = y) = 1 − Pc y, , r ,
2


where Pc y, λ2 , r is the probability that w j and w j+1 are connected by a multi-hop path consisting of nodes of Nb given
that Y = y, and can be computed by Eq. (A·1) in [1]. From
these equations, we can compute fY (y|C) for y ≥ r. Also,
we can compute P(C) as
 ∞
P(C) =
P(C|Y = y) fY (y)dy.
(A· 9)
0

Appendix C: Density Function of Twalk,k

Fig. A· 1

Relation between w jk and w jk +1 in Model 2.

this figure, w jk is nth,w and has to walk until arriving at ck
because there is no node of Nw between w jk and ck . Then,
the distance between w jk and ck aﬀects Yk in Model 2. Let
Yk,1 and Yk,2 be the distance between w jk and ck and that
between ck and w jk +1 in the situation of the above figure,
respectively. Then, Yk is Yk,1 + Yk,2 . We assume that Yk,1
and Yk,2 are exponential random variables with intensity λ2 .
λ −λ
e 2y

Then, the density function of Yk,1 is fYk,1 (y) = 2 − λ a because
1−e 2
Yk,1 must be smaller than or equal to a because w jk is in Ik−1 .
λ
Also, the density function of Yk,2 is fYk,2 (y) = λ2 e− 2 y . Then,
λ

λ2 ye 2 (a−y)
 λ
.
4 e2a − 1

fYk (y) = fYk,1 +Yk,2 (y) =
Note that E(Yk,1 ) =

2
λ

For k = 1, 2, ..., nc − 1,
 ∞
fTwalk (t|Yk = y) fYk (y|Yk ≤ a, Ck )dy.
fTwalk,k (t) =

−

a

e

λa
2

−1

(A· 15)

for 2 ≤ k ≤ nc .

−∞


fTwalk,nc (t) =

(A· 10)
∞

−∞

fTwalk (t|Ync = y) fYnc (y|Cnc )dy.
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(A· 11)

For y ≤ r or y > a, we have fYk (y|Yk ≤ a, Ck ) = 0 obviously.
By Bayes’ theorem and some calculations,
fYk (y|Yk ≤ a, Ck )
P(Ck |Yk = y) fYk (y)
= a
P(Ck |Yk = y) fYk (y)dy
0

(A· 12)

for k = 1, 2, ..., nc − 1. As fYnc (y|Cnc ), we can use Eq. (A· 7).
Also, we can compute P(Ck |Yk = y) by Eq. (A· 8) for k =
1, 2, ..., nc. Also, for k = 1, 2, ..., nc − 1,
 a
P(Ck |Yk = y) fYk (y|Yk ≤ a)dy.
P(Ck |Yk ≤ a) =
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0


P(Cnc ) =
0

(A· 13)
∞

P(Cnc |Ync = y) fYnc (y)dy.

(A· 14)

fY1 (y) is identical to fY (y) for Model 1; however, fYk (y)
is slightly diﬀerent from fY (y) for k = 2, 3, ..., nc . Consider
Fig. A· 1, which shows a typical situation in Model 2. In
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