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Generalized Spatial Correlation Equations for Antenna
Arrays in Wireless Diversity Reception:
Exact and Approximate Analyses

Jie ZHOU'®, Kenta ISHIZAWAT, Shigenobu SASAKI!, Shogo MURAMATSUT,
Hisakazu KIKUCHI', and Yoshikuni ONOZATO'!, Members

SUMMARY  Multiple antenna systems are promising archi-
tectures for overcoming the effects of multi-path interference and
increasing the spectrum efficiency. In order to be able to investi-
gate these systems, in this article, we derive generalized spatial
correlation equations of a circular antenna array for two typical
angular energy distributions: a Gaussian angle distribution and
uniform angular distribution. The generalized spatial correlation
equations are investigated carefully by exact and approximate
analyses.
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1. Introduction

It is well known that correlation in fading across mul-
tiple diversity results in a degradation of the diversity
gain obtained. Classic work on analysis of diversity
with correlated fading channels was done in Refs. [1]-
[6]. For simplicity, Refs.[3]-[5] investigated the spa-
tial correlation functions of a linear antenna array. Al-
though recently Ref. [6] has proposed the method to in-
vestigate the uniform circular array (UCA), the perfor-
mance of it has not extensively studied for a Gaussian
angle distribution. Also it becomes very complicated
in the calculation these correlation equations and also
indeed affects the calculation speed in investigating the
complex antenna arrays. Then, in this letter, in order
to investigate multiple antenna systems with flexible
architectures, we derive generalized spatial correlation
equations of a circular antenna array for two typical
angular energy distributions: a Gaussian angle distri-
bution and uniform angular distribution. The general-
ized spatial correlation equations are investigated care-
fully by exact and approximate analyses. These equa-
tions are parameterized by radius of circular R, angu-
lar spread A for uniform angular distribution and the
standard deviation o for Gaussian angle distribution.
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Approximate the exact analysis with approximation is
very good for angular spread about 5-10 degrees that
is dependent on the incident angle ¢. These numer-
ical results are useful to simulate and investigate the
performance of macrocell environments.

2. Array Geometry and Angular Energy Dis-
tribution

A. Array geometry

In antenna array system, an antenna array is used
at the base station to receive information from users
of wireless networking operating under the same or dif-
ferent multiple access schemes such as FDMA, TDMA
and CDMA. The antenna array may assume different
geometries. In a linear array, the locations of the an-
tennas form a straight line, whereas in a planar array
(such as circular array), the positions of the antenna el-
ements are specified by two variables representing polar
or Cartesian coordinates. While the propagation delay
T between antennas encountered as the signal travels
across a linear array is only a function of the elevation
angle, both elevation and azimuth angles of arrival de-
fine the propagation delay in the case of planar arrays.
For simplicity, only azimuth plane is considered in the
geometry models. Figure 1 shows the antenna array
geometry used in our investigation where we have esti-
mated a circular geometry with a radius R and different
antenna element M where the antenna element M lie
about at a radius of r = R for our circular antenna
array.

The multiple antennas may be omnidirectional or
have a nonuniform sensitivity to the angle and fre-
quency signature of the incident waveform. The an-
tennas may be equally or unequally spaced across the
array. In wireless communication environment, an-
tenna spacing plays an important role in developing
the proper processing method to resist the distortion
caused by users accessing the same communication
channel and by local and remote scattering of the signal
of interest.

B. Angular energy distribution
The first model for a spatial channel is a Gaussian
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Gaussian angle distribution

5 ; =Angle of i-th Element
0 =Angle of Arrival

R =Radius of Circular
T15=2RcosO / ¢
T37=2Rsinb / ¢

Fig.1 Signal angle determination in a circular antenna array
with 8 elements.

angle distribution which is commonly used [4], [5]. Thus
the angular distribution function can be represented as
_ R (0-9)*/207 (1)

p(9)=\/§0
for 6 €[+ ¢, 7+ ¢

where ¢ and o are the mean direction of arrival and
the standard deviation of the distribution. & is the
normalization factor, to make p(f) a physical density
function, i.e.
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where erf(z) = %fox e~t’dt is the error function.
Note when the angular spread is small, « is almost equal
to unity.

Another common assumption for angular energy
distribution is a uniform distribution. A uniform dis-
tribution of angular energy is defined as [6]

1
ox for 0€l6- A6+ 3)

where 2A is the range of angles about a central angle-
of-arrival ¢.

p(0) =

3. Spatial Correlated Functions

From the geometry of circular array shown in Fig. 1,
the antenna elements are arranged to form a circular
with the radius of R. Like the linear array, the array
response vector v;(0) can be written as where,

v (0) = e~92m 3 sin(8) cos(0=i)  where i =1,2,---, M

where R is the circular radius of antenna array shown in
Fig.1 and A is the wavelength. ¢ is the elevation angle
where £ = 90 degrees (only azimuth is considered). ¥;
is the angle of i — th element in azimuth plane.

The array spatial correlation between the m and n
antenna element is generally defined as [1]-[3]

p(m,n) = Elvy(0)on(0)"]
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- / O (8)0(0)"p(6)d6 (4)
where p(6) is the probability density function of inci-
dent signal.

We wish to show that spatial correlation function
for a circular antenna array when the arrival signals
are following a uniform angular energy distribution.
According to the definition of correlation function in
Eq. (4) and the uniform distribution function shown in
Eq. (3), we can obtain the correlation function formula
with exact analysis as

p(m, n) = / O (0)0,(6)"p(0)d0
1 o+A

- e—jQﬂ'%(cos(O—\I/m)—cos(O—\I/n))da
2A Jyon

(5)

If we define Z; = 2m&[cos(¥,,) — cos(¥,,)] and

Zy = 2w B[sin(V,,,) —sin(¥,,)]. So Zc = \/Z% + Z2 can
be defined. Let sin(y) = Z1/Z¢ and cos(y) = Z2/Z¢,
then Eq. (5) can be transformed as

1 o+A+y ) )
/(z) €7JZC sm(C)dé~ (6)

p(m,n) = -~
28 Jy-nty

where ¢ = v + 6. In this formula, e 7Zcsin(Q) —
cos(Ze sin(€)) — jsin(Zesin(()) can be expressed by
the modified Bessel functions as follows

cos(Zcsin(€)) = Jo(Z¢) + 2 Z Jak(Z ) cos(2kC)
k=1

sin(Ze sin(¢)) =2 Jari1(Zc) sin((2k + 1))

k=0
(7)

After substituting Eq. (7) into Eq. (6) and integrat-
ing it, the real and imaginary parts of the correlation
function p(m,n) of circular antenna arrays for a uni-
form distribution can be expressed as

Re[p(m,n)] = Jo(Zc)

+2 i Jok(Ze) cos(2k(d + v))sinc(2kA) (8)

k=1
Im[p(m,n)] =2 Z Jort1(Zc)
k=0
-sin((2k + 1)(¢ + v))sinc((2k + 1)A) (9)

Also, we wish to show that the generalized spa-
tial correlation function for the uniform angular dis-
tribution can be approximated according to Eq. (6) for
small A. We present Eq. (6) and modify it by using
z=(—(¢+9)as

Y
p(m,n) = o~ /_A eI Zosin(zto) gy
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ZLA / o Zc (sin(z) cos(¢-47) +cos(z) sin(6-+7)) g,
248 ) A

(10)

Now for small A, we can approximate sin(z) = z
and cos(z) &~ 1 that gives the approximate equation as

Q

Y ] .
p(m, n) = / e—IZc(z cos(¢+7)+sin(¢+7)) 4,
2A J_A

Q

1 iy A ,
ﬁeﬂZc sm(¢+v)/7A6*JZcz cos(0+7) dz  (11)

The integral could be carried out in a closed form
applying the mathematic derivation then simplifying
Eq. (6) results in

p(m,n) ~ e~IZesn(¢+7) gip c[ZcAcos(p+7)] (12

If the incident signal is not the uniform distribu-
tion and the incident signal follows the Gaussian angle
distribution by Eq. (1), we can derive correlation func-
tion of the circular antenna array for the Gaussian angle
distribution. Using the same definitions in Egs. (4) and
(1), the spatial correlation function with exact analysis
can be determined as

m+¢ _
; / e~ (Van)* emiZcsin(149) gg (13)
V aTmo —7+¢

If we let x = f/__—ﬁ, then the parameter 6 can be

p(m,n) =

transformed as 6 = /20y + ¢ and make a change of
variables, so x € [fﬁ, ﬁ] Therefore we obtain

p(m7n) = A /E e—XQe—ch sirl(7+9+\/§ox)dx
VT
p [ F |
= —/ e~ X cos(Zgsin(y + 0 + \/§UX>)dX
VT
20

Vs

+ / ’ e_ij sin(Ze sin(y + 6 + V20x))dx
VT -
20

(14)

Now, substituting Eq. (7) into Eq. (14), we can get

the real and imaginary parts of p(m,n) equation shown
as

Vas )
mew=%/ﬂfymw
V2o

+2 Z Jor(Zc) cos(2k(y + V20y + ¢)) | dy
k=1
(15)
Imlpm ) = 5= [ #FiJ (2)
mlp(m,n)] = — e 2k+1(ZC
VT v k=0 ’
-sin((2k + 1) (v + V20y + ¢)) | dy (16)
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We hope to show that the generalized spatial corre-
lation function for the Gaussian angle distribution can
be approximated according to Eq. (13) for small . We
present Eq. (13) and modify it by defining z = 9=9 as

o

=,
p(m,n) = \/;_ﬂ—o—/ 6776*]chm(7+¢+20)dz (17)

Now for small o, we can approximate sin(zo) ~ zo
and cos(zo) &~ 1 that gives the approximate equation
as

jus
o

R o—iZcsin(v+¢)

V2o
./? eiée,jzcozCos(’YerdZ (]‘8)

jus
o

p(m,n) ~

By applying the mathematic derivation then sim-
plifying Eq. (18) results in

o cos 2
p(m,n) ~ K‘/e_jZC Sin(’y+¢)6_w (19)

4. Numerical Results

To demonstrate the usefulness of these derivations and
to verify the coincidence of the exact and approximate
analysis, we consider a circular antenna array as shown
in Fig. 1 where these antenna elements are designed as
non-directional and arranged in uniform architecture.
Our derived formula can be also used in investigation
of non-uniform architecture for some peculiar applica-
tions in which the directional antenna element could be
introduced and the arrangement of these elements may
be non-uniform in the circular ring.

As a example, we evaluate the spatial correlation
between 1st element and 4th element, |p(1,4)| with the
different incident angle ¢. We plot the correlation as
the function of array radius R, and the angle spread A
and o. In Figs. 2 and 3, we plot the spatial correlations
versus R/A for different incident angle ¢ and several
value of A where the incident signal is with uniform
angular distribution. As expected, the correlation de-
creases as R increases. Further, as A increases, the cor-
relation decreases. In the investigation, the numerical
results are calculated by using Egs. (8) and (9) for the
exact analysis, and Eq. (12) for the approximate analy-
sis. We can see that for A up to 5 degrees the approxi-
mate analysis is a very good fit to the exact analysis as
¢ = 0 degree and R/\ < 2. Figure 3 presents the same
results for ¢ = 30 degrees. We can see that for A up
to 10 degrees the approximate analysis is a very good
fit to the exact analysis. Comparing Figs. 3 and 4, as ¢
increases, the fit is better for moderate value of A. One
see that with a angular spread A less than about 5-10
degrees, the approximate analysis exhibit good agree-
ment with the exact analysis that is dependent on the
incident angle ¢.
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Fig.2 Spatial correlation between the elements 1 (¥1=0 de-
gree) and 4 (U4=135 degrees) versus R/ with uniform distribu-

tion of angular energy (¢=0 degrees, £=90 degrees) for circular
array.

=0 degree
09

08

0.7 -

5 0.6
k|
e
05
2 [\=2 degrees
Ho04
03k
‘ \
‘ \Va
02 gt \
“, \f\d
01 \ 1y L
Appfox. Resufts| A
\ VAV NANYA
VIRV ANAVANEVA VAV VAR PN U SN
0 0.5 1 15 2 25 3 35 4 45 5
R/'N
Fig.3 Spatial correlation between the elements 1 (¥1=0 de-

gree) and 4 (W4=135 degrees) versus R/ with uniform distribu-

tion of angular energy (¢p=30 degrees, £=90 degrees) for circular
array.

Figures 4 and 5 show the exact and approximate
correlation results for Gaussian angular energy distri-
bution with various standard deviation ¢ for incident
angle ¢ = 0 and ¢ = 30 degrees. For Gaussian angu-
lar energy distribution, one can see that for ¢ up to 5
degrees the approximate analysis is a very good fit to
the exact analysis as ¢ = 0 degree and R/ < 1.5, and
up to 10 degrees as ¢ = 30 degrees. Comparing Figs. 4
and 5, as ¢ increases, the fit is better for moderate value
of 0. From these results, with a standard deviation o
less than about 5-10 degrees, we also can conclude the
approximate analysis exhibit good agreement with the
exact analysis. If we compare the Gaussian and uni-
form distributions for several value of ¢, as expected,
the Gaussian distribution decreases more slowly in the

207
11 =
N
0.9
0.8
— o0=0 degrees
07 o=2 degrees
— - o=5degrees
c o6l — — o=10 degrees
2 * 6=30 degrees
&
3
805
=
T
Soar ~
~
~
S
03 e
02 g
Approx. Results =~
Approx. Results T -
0.1 -
o I L I I I | I I ]
0 0.5 1 15 2 25 3 35 4 4.5 5
RIN
Fig.4 Spatial correlation between the elements 1 (¥1=0 de-

gree) and 4 (VU4=135 degrees) versus R/ with Gaussian distri-

bution of angular energy (¢=0 degrees, £=90 degrees) for circular
array.
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Fig.5 Spatial correlation between the elements 1 (¥1=0 de-
gree) and 4 (U4=135 degrees) versus R/ with Gaussian distribu-

tion of angular energy (¢p=30 degrees, £=90 degrees) for circular
array.

main lobe, but lacks the secondary correlation peaks.

5. Conclusions

In this letter, we derived generalized spatial correlation
functions for two typical distributions of angular en-
ergy for a circular antenna array. These equations are
investigated carefully by exact and approximate analy-
ses. The generalized formulas allow the correlation to
be found for any practical standard deviation and an-
tenna array geometry. We have shown that the approx-
imations are good for standard deviations of about 10
degrees or less based on the incident angle ¢. One also
can see the Gaussian distribution decreases more slowly
in the main lobe, but lacks the secondary correlation
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peaks contract with uniform distribution. These re-
sults also will be used and play the key role in designing
smart antenna systems use signal processing methods
in conjunction with multiple antennas to achieve signif-
icant improvements in capacity and coverage range for
mobile communication systems.
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