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The statistical behavior of the sea clutter in synthetic aperture radar (SAR) images is 

characterized by both the marginal distribution and spatial correlation. However, simultaneous 

modeling of the joint information remains a difficult job because of the non-Gaussian clutter 

nature. In this paper, a semiparametric approach is proposed for addressing this problem with the 

two-fold purpose. First, we investigate the applicability of the nonparametric kernel density 

estimator (KDE) for marginal distribution estimation of the SAR clutter and show that the KDE 

is most applicable in the log-intensity domain. Second, we propose to separately estimate the 

underlying correlation structure with a copula approach and show that the Gaussian copula is a 

sufficiently accurate model. Consequently, the KDE together with the Gaussian copula, offers a 

full characterization of the joint probability distribution, based on which a quadratic detector of 

null distribution is governed by the well-known chi-square law can be conveniently designed for 



constant false alarm rate (CFAR) detection. In the experiment, results with both simulated and 

real SAR data demonstrate that, compared with the single-point detector using only the marginal 

distribution, the proposed method, which incorporates spatial correlation, significantly improves 

the detection performance with regard to either the receiver operating characteristic (ROC) curve 

or detected target pixels. The tradeoff, however, lies in a loss of false alarm rate (FAR) control 

resulting from increased uncertainty in estimating higher dimensional distributions. 

Index Terms—Clutter estimation, copula, kernel density estimator (KDE), ship detection, 

synthetic aperture radar (SAR). 

I. INTRODUCTION 

In recently years, ship surveillance has gained a great attention owing to the increasing maritime 

concerns, for example on piracy and illegal fishing. In particular, ship detection via synthetic aperture 

radar (SAR) has become a popular choice, due its many advantages including the all-time/all-weather 

operational capability, high resolution, wide coverage, etc. Especially, with the launch of several 

state-of-the-art SAR systems, applications have been reported using such as TerraSAR-X [1], 

RADARSAT-2 [2], and ALOS-PALSAR [3]. 

Statistical modeling of the sea clutter plays a key role in ship detection because construction of the 

target detector often requires knowledge of the clutter distribution. In addition, it is also desired that a 

constant false alarm rate (CFAR) property is ensured so that the clutter must be locally estimated. In the 

context of ship detection in SAR images, in particular, local estimation of the sea clutter distribution is 

usually accomplished by a moving reference window which is divided into the test region, the guard 



region, and the clutter region as shown in Fig. 1. Suppose the samples within the test region are 

𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇. Our purpose is then to put 𝑿 under hypothesis testing which, as previously 

mentioned, requires the knowledge of its PDF ( �𝒙|H0) where H0 denotes the null hypothesis. In 

principle, this PDF can be estimated with the samples drawn from the clutter region of the reference 

window. For the simplest case when the test region consists of one pixel (𝑑 = 1), we only have to 

estimate a univariate marginal PDF 𝑝( �𝑥|H0). This is a well studied problem and there exist quite a 

number of available models [4]−[9]. However, if the test region encompasses multiple pixels 

(e.g. 𝑑 = 9 for a 3×3 test region), then we have to estimate the joint PDF 𝑝( �𝑥1,𝑥2, … , 𝑥𝑑|H0) which 

can be a much more difficult task. One reason is that the sea clutter in SAR images exhibits extremely 

non-Gaussian nature and many empirical models such as the K distribution do not have analytically 

tractable joint PDF forms. Moreover, from the clutter region we only have one realization of the random 

process with which directly estimating the higher dimensional (multivariate) PDF becomes less efficient 

and accurate. 

Nevertheless, despite of the difficulty involved in joint distribution estimation, it is expected that the 

detection performance will be improved because by specifying the joint distribution we have implicitly 

incorporated the correlation information among neighboring pixels. The purpose of this paper is thus to 

provide a reliable and tractable way for doing so. We propose to estimate the joint distribution by 

separately considering its marginal distribution and correlation structure. More specifically, in this paper 

a semiparametric approach is adopted. We use the nonparametric kernel density estimator (KDE) [10] 

for estimating the marginal PDF and for characterizing the spatial correlation we introduce a parametric 



(Gaussian) copula model [11]. The paper is organized as follows. In Section II, the problem of 

estimating the marginal PDF of the SAR clutter using KDE is studied and its applicability in different 

data domains is evaluated. In Section III, the copula approach to incorporate correlation structure is 

introduced and corresponding target detectors are constructed. In Section IV, experimental results with 

both simulated and real SAR data are given. Finally, Section V concludes the paper.  

II. MARGINAL DISTRIBUTION ESTIMATION USING KERNEL DENSITY ESTIMATOR 

In this section, we study the use of the KDE (cf. Appendix for a review) for estimating the marginal 

distribution of the sea clutter in SAR images. Two previous works are worth mentioning. Jiang et al [12] 

first used a probabilistic neural network (PNN) for modeling the clutter in the intensity data domain and 

it was later pointed out that the PNN is equivalent to the KDE [13]. Gao [14] also designed a ship 

detection algorithm based on the KDE but in the amplitude domain. In both applications, the Gaussian 

kernel function with a constant and empirically determined bandwidth is used. However, as will be 

shown in Section II-A, due to the multiplicative noise nature, an adaptive rather than a constant kernel 

bandwidth is generally needed for the intensity/amplitude data. Instead, in Section II-B we propose to 

use the KDE in the log-intensity domain and show that a constant kernel bandwidth is admitted therein. 

Performance comparison in Section II-D also shows that using the KDE in the log-intensity domain 

enjoys accuracy improvement over its intensity and amplitude counterparts.  

A. KDE in the Intensity Domain 

For intensity SAR images, it is well-known that the pixel value 𝐼(𝑥,𝑦) can be modeled by the 

following product process [15]: 



𝐼(𝑥,𝑦) = 𝜎(𝑥,𝑦)𝑛(𝑥,𝑦), (1)  

where 𝜎(𝑥,𝑦) is the underlying scattering coefficient, which is spatially but slowly varying; 𝑛(𝑥,𝑦) 

is a stationary random process. In the following, 𝜎(𝑥,𝑦) is considered locally constant due to its slow 

variation so that local stationarity can be assumed for 𝐼(𝑥, 𝑦). Then whenever unambiguous, we will 

drop the spatial index for conciseness. If using the KDE to fit the intensity data, the asymptotic optimal 

bandwidth associated with a Gaussian kernel function is given by (cf. Appendix): 

ℎopt = �
1

2√π𝑁∫ [𝑝𝑛′′ (𝑥)]2𝑑𝑥+∞
−∞

�
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𝜎, (2)  

where 𝑝𝑛(𝑥) is the marginal PDF of the product noise 𝑛 and 𝑁 is the number of samples available 

for distribution fitting. The above equation shows ℎopt is linearly proportional to the local scattering 

coefficient 𝜎. Thus a global bandwidth is generally not suitable for the entire image. One solution is to 

estimate an initial optimal bandwidth ℎopt0  with samples from a selected homogeneous region and to 

amend it with the local scattering coefficient estimate. Specifically, according to the proportional 

relationship of Equation (2) the local optimal bandwidth ℎopt can be written as: 

ℎopt = �
𝑁0
𝑁
�
1
5 𝜎�
𝜎�0
ℎopt0 , (3)  

where 𝜎�0 is the scattering coefficient estimate of the selected homogeneous region and 𝑁0 is the 

number of samples therein; 𝜎� is the local scattering coefficient estimate and N is the number of 

samples in the clutter region of the reference window. 

It should be noted that the above analysis is also applicable for the amplitude data because the 

product model given in Equation (1) still holds in the amplitude domain. Hence the procedures of 



applying the KDE in both the intensity and amplitude domains are essentially the same but the 

performances may be subject to change, which will be seen in Section II-D later. 

B. KDE in the Log-Intensity Domain 

Instead of directly applying the KDE in the intensity domain, we now reconsider its usage with the 

logarithmically transformed data, i.e., ln𝐼. In this log-intensity domain, the optimal kernel bandwidth is 

given by (cf. Appendix): 
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where 𝑝𝑛(𝑥) also denotes the marginal PDF of the product noise 𝑛. Note that in Equation (4) the 

optimal kernel bandwidth is independent of the local scattering coefficient so that a global kernel 

bandwidth is admitted. This fact frees us from locally changing the kernel bandwidth and all we need to 

do is to rescale the estimated kernel bandwidth from the selected homogenous region with respect to the 

change of sample numbers, i.e.,  

ℎopt = �
𝑁0
𝑁
�
1
5
ℎopt0 , (5)  

where 𝑁0 is the number of samples of the selected homogenous region from which ℎopt0  is estimated 

and 𝑁 is the number of sample in the clutter region of the reference window.  

It is worth mentioning that when we transform the fitted distribution in the log-intensity domain 

back to the intensity domain, the PDF becomes the sum of lognormal distributions: 

𝑓𝐼(𝑥) =
1
𝑁
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where 𝐼1, 𝐼2, … , 𝐼𝑁 are the clutter samples in the intensity domain. The corresponding CDF is given by: 

𝐹�𝐼(𝑥) =
1
𝑁
�Φ�

ln𝑥 − ln𝐼𝑖
ℎ

�
𝑁
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, (7)  

where Φ(𝑥) is the CDF of the standard normal distribution. Equation (6) and Equation (7) indicate that 

using the KDE in the log-intensity domain with the Gaussian kernel function is in fact to fit a simple 

lognormal mixture model (LMM) in the intensity domain. This may in turn inspire us to use a finite 

LMM in the intensity domain or to equivalently use a standard finite Gaussian mixture model (GMM) 

in the log-intensity domain with the expectation-maximization (EM) algorithm [16]. However, one 

major drawback of this approach is the significantly increased computational load. Local 

implementation for CFAR detection can be very slow because estimating the model parameters requires 

extensive iteration. On the other hand, the KDE in the log-intensity domain does not require any 

adaptive parameter estimation and the distribution can be readily fitted. 

C. Effects of Sample Dependency 

So far in Section II-A and Section II-B, the use of the KDE has been presented based on the 

implicit assumption that the samples drawn from the clutter region are independent with each other. 

Particularly, the optimal kernel bandwidths in Equation (2) and Equation (4) rely on the independency 

of samples. However, in more realistic cases, the pixels are spatially correlated due to oversampling of 

the data [15]. Thus estimating the marginal PDF by the KDE with correlated samples drawn from a 

stationary process deserves further justification. 

Following the reference of [10], we note that the asymptotically optimal kernel bandwidths in 



Equation (2) and Equation (4) still hold for correlated samples, as long as the process is short-range 

dependent. Short-range dependency says that the sum of the correlation function is bounded, i.e., 

��𝜌(𝑥,𝑦)
𝑦𝑥

< ∞, (8)  

where 𝜌(𝑥,𝑦) is the spatial correlation function of the stationary process. For the SAR data, this 

correlation function can be approximately modeled by [15]: 

𝜌(𝑥,𝑦) = sinc �
𝑥
𝑙𝑥
� sinc�

𝑦
𝑙𝑦
�, (9)  

where sinc(𝑥) = sin(π𝑥)
π𝑥

; 𝑙𝑥 and 𝑙𝑦 are the correlation length in both 𝑥 and 𝑦 directions. It can be 

verified that 𝜌(𝑥,𝑦) defined by Equation (9) satisfies the short-range dependent condition. This 

legitimates the use of Equations (2) and (4) as optimal kernel bandwidths even for correlated clutter 

samples. 

Nevertheless, the optimality of Equations (2) and (4) is only in an asymptotic sense. Correlation 

among samples does introduce discrepancy, especially for single-look SAR image data with high 

oversampling rate. In this case, we perform multilooking by averaging non-overlapping pixel blocks 

(e.g., 2×2) to alleviate the spatial dependency as suggested in [15]. For target detection purposes, in 

particular, it has an extra advantage to reduce the speckle level and improve the signal-to-noise ratio 

(SCR). However, it should be noted that by spatial multilooking, we do not aim to completely eliminate 

the pixel correlation. It only serves to improve the estimation accuracy of the marginal distribution. The 

remaining spatial dependency can be further accounted for as will be addressed in Section III.  



D. Fitting Performances 

In this part, fitting performances are evaluated with simulated samples generated from a K 

distribution [15] with the following parameter setting: 𝐿 = 3  (number of looks), 𝜈 = 6  (shape 

parameter), and 𝜇 = 1 (distribution mean). We access the KDE in the intensity domain, the amplitude 

domain, and the log-intensity domain. In addition, two more typical nonparametric methods, the 

SVM-based method [17] and the GMM with the EM algorithm [16] are also applied in the log-intensity 

domain for comparison. For the SVM-based method, the linear programming approach with a 

dictionary of four radial basis functions [17] is reproduced. For the GMM method, a three-component 

mixture Gaussian function is fitted. 

Three goodness-of-fit (GoF) measures are adopted which are the Kolmogrov-Smirnov (K-S) 

distance [18], the Anderson-Darling (A-D) distance [19], and the Kullback-Leibler (K-L) distance [14]. 

Respective formulae for the three distances are given in Table I where �̂�(𝑥) or 𝐹�(𝑥) denote the fitted 

PDF or CDF and 𝑝(𝑥) or 𝐹(𝑥) denotes the true PDF or CDF which is of the K distribution in our 

case. 

In Table II, the averaged GoF distances (as in 100 independent experiments) between the true K 

distribution and its fitted versions with 𝑁 = 100 independent samples are given. It reveals that using 

the GMM in the log-intensity domain achieves the highest fitting scores followed by using the KDE in 

the log-intensity domain. On the other hand, the KDE performs better in the log-intensity domain than 

in the other two domains (intensity and amplitude). This is especially evident from the A-D and K-L 

distances which place more weight on the distribution tail that is of particular interest in target detection 



purposes. The tail differences are also clear from Fig. 2 where the fitted CDFs are plotted. It can be seen 

that using the GMM and KDE in the log-intensity domain result in excellent heavy-tail capturing 

capabilities, whereas using the KDE in both the intensity and amplitude domains show varying degrees 

of premature behaviors with the amplitude domain suffering less due to the reduced dynamic range.  

Furthermore, the fitting performance is also evaluated with dependent samples. For simplicity, 

dependent samples are drawn from a one-dimensional correlated process with a K marginal distribution. 

Following the procedure proposed in [20], this correlated K process is generated by multiplying two 

correlated Gamma processes. Generation of each correlated Gamma process follows a standard 

multilooking concept. Specifically, a white complex Gaussian noise of zero mean is fed to a linear filter 

and the output becomes a correlated Gaussian process. Then square envelops of several such correlated 

Gaussian processes are averaged to produce the correlated Gamma process. The flowchart of generating 

the correlated K process is shown in Fig. 3 in which the symbols respectively denote: 

 𝜀𝑖[𝑛], 𝜁𝑖[𝑛]: complex white Gaussian noise with zero mean; 

 ℎ[𝑛]: impulse response of the linear system; 

 𝑥[𝑛], 𝑦[𝑛]: correlated Gamma process; 

 𝑧[𝑛]: correlated K process. 

Especially, 𝑧[𝑛] is controlled so that it has exactly the same marginal distribution to the previous 

independent case (𝐿 = 3, 𝜈 = 6, 𝜇 = 1) and the correlation function of 𝑧[𝑛] is shown in Fig. 4 from 

which we can see the introduced dependency. In Table III, the averaged GoF distances between the true 

marginal distribution and its fitted versions with 𝑁 = 100 dependent samples are given. Compared 



with the results in Table II, fitting accuracy has been generally decreased, not surprisingly. Such 

performance degradation is mainly due to the reduction in the equivalent number of independent 

samples which is intrinsic in using correlated samples. According to [21], the equivalent number of 

independent samples from a correlated process can be approximated by: 

𝑁𝑒 =
1 − 𝜌
1 + 𝜌

⋅ 𝑁, (10)  

where 𝜌 is the lag-1 correlation coefficient. Then using 𝑁 dependent samples is in fact equivalent to 

using 𝑁𝑒 (smaller than 𝑁) independent samples and so the accuracy is bound to diminish as observed 

in Table III by each and every method. 

One last comment is on the computational efficiency. Although using the GMM in the log-intensity 

domain has shown inspiring clutter estimation performances, it becomes less attractive for adaptive 

implementation because of the time-consuming parameter learning. The SVM-based method suffers 

even more severely because the fitting requires solving a large scale linear programming problem [17]. 

In view of both fitting efficiency and accuracy, using the KDE in the log-intensity turns out to offer the 

best trade-off among different nonparametric estimation approaches. 

III. CORRELATION STRUCTURE MODELING USING COPULA 

A. Definition 

In this section, it is assumed that the marginal distribution of the test samples 

𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇 within the test region of the reference window is known (estimated) and the focus 

now is to characterize the correlation structure embedded in them. Denote the marginal CDF by 𝐹(𝑥) 



and we do the following transformation: 

𝑈𝑖 = 𝐹(𝑋𝑖), 𝑖 = 1,2, … ,𝑑. (11)  

The basic reasoning on performing the above transformation is that by doing so 𝑈𝑖 will become a 

uniformly distributed random variable. As a result, the transformed random vector 

𝑼 = (𝑈1,𝑈2, … ,𝑈𝑑)𝑇 will be independent of any specific marginal distribution forms and its joint 

distribution only reflects the correlation structure of 𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇 . In statistics, such a 

relationship is usually called a copula [11]. Specifically, the copula of 𝑿 is defined as the joint CDF of 

𝑼, that is: 

𝐶(𝑢1,𝑢2, … ,𝑢𝑑) = 𝑃{𝑈1 ≤ 𝑢1,𝑈2 ≤ 𝑢2, … ,𝑈𝑑 ≤ 𝑢𝑑}. (12)  

The theory of copula states that the joint CDF of 𝑿 can be completely characterized by its marginal 

CDF and copula, thanks to Sklar’s theorem [11], i.e.,  

𝐹(𝑥1, 𝑥2, … , 𝑥𝑑) = 𝑃{𝑋1 ≤ 𝑥1,𝑋2 ≤ 𝑥2, … ,𝑋𝑑 ≤ 𝑥𝑑} = 𝐶�𝐹(𝑥1),𝐹(𝑥2), … ,𝐹(𝑥𝑑)�, (13)  

where 𝐹(𝑥1, 𝑥2, … , 𝑥𝑑) is the joint CDF of 𝑿 and 𝐹(𝑥) is the marginal CDF. Equation (13) indicates 

that in order to characterize the joint distribution of 𝑿, all we have to do is to find its underlying copula 

if the marginal CDF is known or can be estimated as in our case. One may refer to [11] for a more 

detailed description of the copula as well its application. 

B. Parameter Estimation 

Particularly in the subject matter of this paper, our purpose is to exploit the spatial correlation 

underlying the pixel block 𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇 in the test region of the reference window, which is 

nothing but to estimate the copula for 𝑿. More importantly, such a task is greatly facilitated by the fact 

that this underlying copula can be considered spatially invariant over the entire image if the SAR 



system PSF is considered mainly responsible for the pixel correlation. Thus we are exempt from having 

to perform the local estimation but instead, the same homogeneous clutter region may be used again 

from which the copula of interest can be reliably estimated. For example, in order to estimate the copula 

for a 3×3 pixel block (i.e., the dimension of the test region is 3×3), we can randomly select 𝑀 blocks 

from the homogeneous region and vectorize them to training vectors. 

The copula estimation can be implemented both parametrically and nonparametrically. The former 

is to give the copula a parametric form and copula estimation equally amounts to parameter estimation. 

The later is to use nonparametric tools such as the KDE to directly estimate the joint density (note that 

by definition the copula is a joint distribution as well). In this paper, we choose the parametric method, 

and in particular, the Gaussian copula to model the correlation structure. There are several reasons for 

this choice. The Gaussian copula offers an analytically tractable way for deriving the detection 

threshold, whereas the nonparametric copula is generally intractable because the distribution of the test 

statistic is hard to determine due to its complicated forms. In addition, the histogram in the log-intensity 

domain resembles a Gaussian shape which makes a Gaussian copula more suitable to other parametric 

copulas such as the Student-t copula. One more advantage of the Gaussian copula is that the parametric 

estimation is extremely easy. By definition, the Gaussian copula with a parameter matrix Σ can be 

written as [11]: 

𝐶(𝑢1,𝑢2, … ,𝑢𝑑) = ΦΣ(Φ−1(𝑢1),Φ−1(𝑢2), … ,Φ−1(𝑢𝑑)), (14)  

where Φ−1(𝑢) is the inverse function of the standard normal CDF and ΦΣ(𝑥1,𝑥2, … , 𝑥𝑑) is the joint 

normal CDF with zero mean vector and covariance matrix Σ . Equation (14) indicates if 𝑼 =

(𝑈1,𝑈2, … ,𝑈𝑑)𝑇  belongs to a Gaussian copula, then the transformed random vector 



𝒀 = �Φ−1(𝑈1),Φ−1(𝑈2), … ,Φ−1(𝑈𝑑)�
𝑇
 is jointly Gaussian distributed with zero mean and covariance 

matrix Σ. Consequently, for a random vector 𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇 subject to marginal distribution 

𝐹(𝑥) and Gaussian copula, it can be turned into a Gaussian vector 𝒀 by the following transformation: 

𝒀 = �

𝑌1
𝑌2
⋮
𝑌𝑑
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, (15)  

where the joint PDF of 𝒀 is multivariate Gaussian: 

𝑝(𝒚) =
1

(2𝜋)
𝑑
2|Σ|

1
2

exp �−
1
2
𝒚𝑇Σ−1𝒚�, (16)  

Then suppose for parameter estimation M training vectors 𝑿1,𝑿2, … ,𝑿𝑀  are available, we first 

transform them into 𝒀1,𝒀2, … ,𝒀𝑀  according to Equation (15) and the covariance matrix for the 

Gaussian copula can be straightforwardly estimated by: 

Σ� =
1
𝑀
� 𝒀𝑚𝒀𝑚𝑇
𝑀

𝑚=1

. (17)  

C. Validation of the Gaussian Copula Model 

In this sub-section, we provide numerical validation of using the Gaussian copula to model the 

underlying correlation structure for both simulated and real SAR clutter. The basic evaluation principle 

lies in the fact under the Gaussian copula assumption, the transformed vector 𝒀 given by Equation (15) 

will conform to the joint Gaussian distribution such that a test of multivariate normality can be applied. 

Particularly, if 𝒀 is indeed jointly Gaussian with zero mean and covariance matrix Σ, then the 

following test statistic will have a chi-squared distribution with d degrees of freedom: 

Λ = 𝒀TΣ−1𝒀. (18)  



Thus we can calculate the GoF of the chi-squired distribution for Λ to indicate the normality of 𝒀.  

Based on the above reasoning, we first evaluate using the Gaussian copula to characterize the 

underlying correlation structure for a 2-dimensional correlated K clutter. The marginal distribution is 

controlled such that  𝐿 = 3, 𝜈 = 6, 𝜇 = 1  and the correlation functions in both the vertical and 

horizontal directions are shown in Fig. 5. Particularly we investigate the joint distribution among 3×3 

pixel blocks. We randomly select 1000 such blocks from the correlated process and construct their 

corresponding sample vectors 𝑿𝑖(𝑖 = 1,2, … ,1000). Since our primary concern is the correlation 

structure, the exact marginal CDF of the K distribution [22] is used to transform 𝑿𝑖 to 𝒀𝑖 according to 

Equation (15). Then Equation (17) is used to estimate the covariance matrix and finally the test statistics 

Λ𝑖 are computed by Equation (18). In Fig. 6 we plot the empirical CDF of Λ𝑖 and its predicted 

theoretical distribution (i.e., chi-squared distribution with 𝑑 = 9 degrees of freedom). It can be seen 

that a well consistent result has been obtained. In addition, the p-value for hypothesizing Λ𝑖 to the 

chi-squared distribution by the K-S test is as high as 0.9743, which confirms the validity of correlation 

modeling with the Gaussian copula.  

Next we test Gaussian copula modeling for real SAR data. Fig. 7 shows a 150×150 homogenous 

sea clutter area selected from an ALOS-PALSAR image. Its correlation functions in both horizontal and 

vertical directions are displayed in Fig. 8. The evaluation procedure is basically the same to the 

simulated example except that now the marginal CDF is estimated by the KDE in the log-intensity 

domain with all the available clutter samples. In Fig. 9 we plot the empirical CDF of Λ𝑖 together with 

its predicted theoretical distribution. The K-S test also gives a p-value as high as 0.9158, which 



validates the usability of Gaussian copula for real SAR clutter as well. 

D. Test Statistic Construction 

As a consequence of applying the Gaussian copula, for any random vector 𝑿 = (𝑋1,𝑋2, … ,𝑋𝑑)𝑇 

under test, its transformed counterpart 𝒀 = (𝑌1,𝑌2, … ,𝑌𝑑)𝑇 by Equation (15) will be jointly Gaussian 

with the PDF given in Equation (16). Thus a simple likelihood test statistic becomes nothing but the 

quadratic detector, that is, Λ = 𝒀TΣ−1𝒀 > 𝛾. It is interesting to note that this detector is very similar to 

the spatial whitening filter (SWF) [23]. The difference is that the SWF is applicable in the complex 

SAR imagery whereas our method processes detected (real) SAR images. In addition, according to 

Section III-C, Λ = 𝒀TΣ−1𝒀 conforms to the chi-squared distribution with d degrees of freedom under 

the null hypothesis, from which the detection threshold 𝛾 corresponding to a given probability of false 

alarm (PFA) can be easily determined.  

Note, however, that the simple quadratic detector can be further improved by taking the target of 

interest into account. For ship detection in SAR images, what we are interested are “light” blobs or pixel 

blocks with large intensity values. Thus a modified version can be written as: 

ΛM = χ��𝑌𝑖

𝑑

𝑖=1

� ⋅ 𝒀TΣ−1𝒀 > 𝛾, (19)  

where the χ(𝑡)  denotes the step function with χ(𝑡) = 1  if 𝑡 > 0  and χ(𝑡) = 0  otherwise. By 

symmetry, the threshold 𝛾 in Equation (19) for a given PFA is the same to that in 𝒀TΣ−1𝒀 > 𝛾 for the 

PFA that is twice larger. 

In passing, we mention that the detector can be simply designed on a single-point basis without 



incorporating the correlation information, which corresponds to the test region consisting of only one 

pixel. In this case the marginal distribution is all that is needed and the test statistic becomes: 

ΛS = 𝐹(𝑋) > 𝛾, (20)  

where 𝑋 is the pixel value under test and 𝐹(𝑥) is the marginal CDF. Note that ΛS abbeys the 

uniform distribution on [0,1] so that the detection threshold can be straightforwardly set to be 

𝛾 = 1 − 𝑃0 where 𝑃0 is the required PFA. 

IV. CFAR SHIP DETECTION ALGORITHM 

In this section, we sum up the CFAR ship detection algorithm according to Section II and Section 

III for implementation convenience. The processing chain is as follows. 

 Step 1: System Setup 

1) Determine the appropriate configuration for the moving reference window including the size of 

the test region, the guard region as well as the clutter region. 

2) Set the PFA 𝑃0  and determine the detection threshold 𝛾  based on the null distribution 

(chi-squared) of the detector. 

 Step 2: Preprocessing 

1) If the SAR image is single-look, perform spatial multilook processing by combining 

(averaging) non-overlapping image blocks in the intensity domain; if the SAR image is already 

multilook processed, this step is optional. 

2) Transform the SAR intensity data into the log-intensity domain. 

 Step 3: Parameter Estimation 



1) Select a homogeneous region from the SAR image. 

2) Estimate the initial kernel bandwidth ℎopt0  from the selected homogeneous region by the 

plug-in method (e.g., [24]) and rescale the kernel bandwidth to ℎopt by Equation (5). 

3) Randomly select 𝑀 image blocks (of the same shape to the test region of the reference 

window) from the homogenous region and construct 𝑀 training vectors 𝑿1,𝑿2, … ,𝑿𝑀 ; then 

transform 𝑿1,𝑿2, … ,𝑿𝑀  into 𝒀1,𝒀2, … ,𝒀𝑀  by Equation (15) and subsequently estimate the 

covariance matrix Σ by Equation (17). 

 Step 4: Adaptive Detection 

1) Move the reference window over the image and at each position estimate the local marginal 

CDF 𝐹�(𝑥) by KDE with the samples from the clutter region; transform the central pixel value 𝑋 

to 𝑌 by 𝑌 = Φ−1 �𝐹�(𝑋)�. 

2) For each position in the transformed image, construct the test vector 𝒀 in the test region and 

calculate the test statistic according to Equation (19); label the central pixel as target if it is larger 

than the detection threshold 𝛾.  

V. EXPERIMENTS 

A. Simulation Analysis 

The basic simulation scenario is a 1000×1000 image contaminated by a correlated K clutter. The 

marginal distribution is also controlled at 𝐿 = 3, 𝜈 = 6, 𝜇 = 1 and the correlation functions in both the 

vertical and horizontal directions are the same to those in Fig. 5. The proposed modified quadratic 

detector (MQD) uses a 41×41 reference window with a 3×3 test region and 31×31 guard region. At 



each position, the test statistic is calculated by Equation (19) for the null hypothesis where only clutter 

samples are present. Then the test statistic is re-calculated for the alternative hypothesis where the pixels 

in the test region are replaced by random target samples of Gamma distribution [15] with 𝐿 = 3 and 

𝜇 = 2. In this way, a receiver operating characteristic (ROC) curve can be generated. In addition, the 

ROC curves of the single-point detector (SPD) with the marginal CDF estimated by different methods 

are also generated. Specifically, the marginal CDF is respectively estimated by the KDE in three 

domains (log-intensity, amplitude, intensity) and the GMM in the log-intensity domain. The SVM-based 

approach is not included in the comparison because it is too slow to be applicable in the adaptive 

scenario. All the ROC curves are drawn together in Fig. 10. Not surprisingly, the MQD significantly 

outperforms the other SPDs by jointly testing multiple pixels. In addition, note that the SPDs almost 

have the same ROC curves. Their distinction, however, resides in the different false alarm rate (FAR) 

control abilities which reveal the relationship between the false alarm occurrence (true PFA) and the 

predetermined PFA. Ideally, identity relation is expected but in practice deviation will happen due to the 

errors of the estimated distribution. As can be seen in Fig. 11, the most accurate result is achieved by the 

SPD using GMM and KDE in the log-intensity domain. Performance degradation is observed for the 

MQD. This should have been expected since the accuracy for fitting a higher dimensional distribution 

will be inevitably decreased due to the increased uncertainty. Still, it should be noted that such 

accumulated uncertainty mostly comes from estimating the marginal distribution with finite samples 

whereas we have shown the Gaussian copula can well characterize the correlation structure in Section 

III-C. Nevertheless, the MQD shows better FAR control ability than the SPDs using KDE in the 



amplitude and intensity domains. The latter two detectors all have more severe saturating effect 

attributed to their insufficiency to resolve heavy-tailed data as revealed by Fig. 2. 

The size of the guard region is another factor that affects the detection performance. If the guard 

region is smaller than the target dimension, target pixels will intrude into the clutter region, resulting in 

less accurate clutter modeling and subsequently performance degradation. For example, we consider 

detecting a 15×15 target embedded in the clutter. The target values are assumed to be Gamma 

distributed with 𝐿 = 3 and 𝜇 = 10. Adaptive detection is performed with a 41×41 reference window. 

In principle, the size of the guard region must be at least twice as large as the target of interest (29×29 

in this case). Table IV shows the changes of the detection rate of different detectors with varying guard 

regions. It should be noted that the values in Table IV does not denote the absolute detection rate but a 

normalized percentage with regard to the detection rate with a 29×29 guard region. It can be seen that 

using a smaller guard region leads to reduced detected target pixels for all the detectors but the MQD 

appears to exhibit a stronger robustness than the SPDs against performance degradation. If we consider 

the error tolerance as the point where the detection rate is halved, then the MQD allows using a guard 

region designed for a 10×10 target in this case.  

Last, we compare the computing time of different detectors using MATLAB codes and the results 

are given Table V. The KDE-based SPDs are the quickest. The MQD takes a slightly longer time. The 

GMM-based SPD, however, is much slower which can be a major disadvantage for its application in 

adaptive detection systems.  



B. Experimental Results with Real SAR Data 

The test SAR image acquired by RADARSAT-2 over the Port of Tianjin (China) is used for 

validation. The format of the original scene is single look complex (SLC). Spatial multilooking is 

performed by combining 2×2 (azimuth×range) pixels in the intensity domain. The multilook processed 

test image is then displayed in Fig. 12(a). Ship detection is conducted with the five aforementioned 

methods: the MQD, the four SPDs with the marginal CDF respectively estimated by KDE in the three 

domains (log-intensity, amplitude, intensity) and GMM in the log-intensity domain. It should be noted 

that for the KDE in the intensity and amplitude domains, adaptive kernel bandwidth is used according to 

the reasoning in Section II-A. The size of the reference window is 41×41 with a 31×31 guard region. 

For the MQD, the test region is 3×3 and for the SPD the test region is 1×1. For all detectors the 

prescribed PFA is set to be 𝑃0 = 10−8 which is required for the Maritime Satellite Surveillance Radar 

(MSSR) mode of the Canadian RADARSAT program [25]. The detection results are shown in Fig. 

12(b)-(f) from which it can be seen that the MQD produces the best outcome in terms of detected target 

pixels. In addition, particular attention should be paid to the detection result made by the SPD with 

KDE in the intensity domain. This detector produces a significant number of false alarms even the 

prescribed PFA is extremely low. Such observation demonstrates again the inability of KDE in the 

intensity domain to capture heavy-tailed data. 

VI. CONCLUSION 

In this paper, a semiparametric clutter estimation method for SAR images is proposed. The main 

contribution of the work consists in two points. First, we systematically evaluated the applicability of 



the nonparametric KDE for estimating the marginal distribution of the SAR clutter data and showed that 

the KDE is mostly appropriate to be applied in the log-intensity domain. Secondly, we proposed to use a 

parametric copula to characterize the pixel correlation and gave corresponding target detector together 

with its null distribution for CFAR detection. 

In addition, although in this paper a semiparametric approach is adopted, it is also possible to 

replace the KDE with any known parametric marginal distributions whenever applicable. Separate 

modeling of the marginal distribution and the correlation structure can thus be considered a general 

scheme for applications in which estimation of the joint distribution is needed. While in this paper we 

have particularly applied the Gaussian copula for modeling the joint distribution of spatially correlated 

clutter in single-channel SAR imagery, interested readers may refer to some other works such as [27] 

where copulas can be also used for dependency characterization between polarimetric channels. 

APPENDIX 

In this appendix, we review some key formulae and results of the KDE. Suppose 𝑋1,𝑋2, … ,𝑋𝑁 are 

identically and independently distributed random samples from an unknown probability density 

function (PDF). The kernel density estimator (KDE) is defined as: 

�̂�(𝑥) =
1
𝑁ℎ

�𝐾�
𝑥 − 𝑋𝑖
ℎ

�
𝑁

𝑖=1

, (A1)  

where 𝐾(𝑥) is called the kernel function. Throughout this paper the Gaussian kernel given in (A2) is 

used because of its simplicity and infinite derivability. 



𝐾(𝑥) =
1

√2𝜋
exp�−

𝑥2

2
�. (A2)  

The kernel bandwidth ℎ  controls the smoothness of the estimated PDF. Under the criteria of 

asymptotic mean integrated squared error (AMISE), the optimal bandwidth is [24, 26]: 

ℎopt = �
𝐶1

𝐶22𝐴𝑁
�

1
5

, (A3)  

where 𝑁 is the number of samples; 𝐶1, 𝐶2, and 𝐴 are constants that are respectively given by: 

𝐶1 = � [𝐾(𝑥)]2𝑑𝑥
+∞

−∞
, (A4)  

𝐶2 = � 𝑥2𝐾(𝑥)𝑑𝑥
+∞

−∞
, (A5)  

𝐴 = � [𝑝′′(𝑥)]2𝑑𝑥
+∞

−∞
. (A6)  

If the Gaussian kernel in Equation (A2) is used, we have 𝐶1 = 1 (2√π)⁄ , 𝐶2 = 1. On the other hand 

the constant 𝐴 depends on the PDF 𝑝(𝑥). This means when the KDE is applied to different domains of 

the SAR data, different kernel bandwidths should be used. Specifically, in the intensity domain, the 

pixel value 𝐼 can be expressed by the product form as in Equation (1). Suppose the PDF of the 

multiplicative noise is 𝑝𝑛(𝑥), then the PDF of 𝐼 becomes: 

𝑝𝐼(𝑥) =
1
𝜎
𝑝𝑛 �

𝑥
𝜎
�. (A7)  

Substituting (A7) into (A3), the optimal kernel bandwidth for the intensity domain is thus given by 

Equation (2) in Section II-A. 

In the log-intensity domain, the noise model becomes additive, i.e., ln 𝐼 = ln𝜎 + ln𝑛. By change 

of variable, the PDF of 𝛧 = ln𝐼 is: 



𝑝𝑍(𝑥) = 𝑝𝑛�𝑒𝑥−ln𝜎�𝑒𝑥−ln𝜎. (A8)  

Substituting (A8) into (A3), the optimal kernel bandwidth in the log-intensity domain is thus given by 

Equation (4) in Section II-B.  
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Figure Captions: 

Fig. 1 Moving reference window divided into test region (central area), guard region (middle ring) 

and clutter region (outer ring).  

Fig. 2 Plot of fitted cumulative distribution functions for K distributed samples. 

Fig. 3 Flowchart of correlated K process generation (simulation). 

Fig. 4 Correlation function of 1-D correlated K process. 

Fig. 5 Correlation functions of 2-D correlated K process in (a) horizontal and (b) vertical directions. 

Fig. 6 Plot of empirical CDF of Λ corresponding to 3×3 pixel blocks drawn from 2-D correlated K 

clutter and theoretical CDF of chi-squared distribution with 𝑑 = 9 degrees of freedom. 

Fig. 7 Intensity display of selected homogeneous sea clutter from ALOS-PALSAR image. 

Fig. 8 Correlation functions of Fig. 7 in (a) horizontal and (b) vertical directions. 

Fig. 9 Plot of empirical CDF of Λ corresponding to 3×3 pixel blocks drawn from Fig.7 and 

theoretical CDF of chi-squared distribution with 𝑑 = 9 degrees of freedom. 

Fig. 10 Plot of receiver operating characteristic (ROC) curves. 

Fig. 11 Plot of false alarm rate (FAR) control performances.  

Fig. 12 (a) Intensity display of test RADARSAT-2 image and detection results by (b) modified 

quadratic detector (MQD), (c) single-point detector (SPD) using KDE in the log-intensity 

domain, (d) SPD using KDE in the amplitude domain, (e) SPD using KDE in the intensity 

domain, and (f) SPD using GMM in the log-intensity domain. The PFA is all set to be 10-8.  



Table Captions: 

TABLE I Formulae of Kolmogrov-Smirnov (K-S), Anderson-Darling (A-D), and Kullback-Leibler 

(K-L) distances. 

TABLE II Average goodness of fit measures of the fitted distributions with independent samples. 

TABLE III Average goodness of fit measures of the fitted distributions with dependent samples. 

TABLE IV Detection rate changes with varying guard regions. The detection rates are normalized by 

the detection rate with a 29×29 guard region. 

TABLE V Time consumptions of different detectors using MATLAB codes. The image dimension is 

1000×1000 and a 41×41 reference window with a 31×31 guard region is used. 

  



Illustrations: 
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Tables: 

TABLE I 

FORMULAE OF KOLMOGROV-SMIRNOV (K-S), ANDERSON-DARLING (A-D), AND KULLBACK-LEIBLER 

(K-L) DISTANCES 

Distances Formulae 

K-S 𝐷KS = sup
𝑥
�𝐹(𝑥) − 𝐹�(𝑥)� 

A-D 𝐷AD = 𝑁�
�𝐹�(𝑥) − 𝐹(𝑥)�

2

𝐹(𝑥)[1 − 𝐹(𝑥)]𝑓(𝑥)𝑑𝑥
+∞

−∞
 

K-L 𝐷KL = � 𝑓(𝑥)ln
𝑓(𝑥)
𝑓(𝑥)

𝑑𝑥
+∞

−∞
 

 

TABLE II 

AVERAGE GOODNESS OF FIT MEASURES OF THE FITTED DISTRIBUTIONS WITH INDEPENDENT SAMPLES 

Distances KDE (LOG1) KDE (AMP2) KDE (INT3) GMM (LOG1) SVM (LOG1) 

K-S 0.0478 0.0479 0.0558 0.0489 0.0757 

A-D 7.37×10-5 7.68×10-5 7.98×10-5 6.40×10-5 1.19×10-4 

K-L 0.0534 0.0689 0.5904 0.0466 0.1970 

1 log-intensity domain 
2 amplitude domain 
3 intensity domain 
 
 
 
 
 
 



TABLE III 

AVERAGE GOODNESS OF FIT MEASURES OF THE FITTED DISTRIBUTIONS WITH DEPENDENT SAMPLES 

Distances KDE (LOG1) KDE (AMP2) KDE (INT3) GMM (LOG1) SVM (LOG1) 

K-S 0.0507 0.0512 0.0589 0.0520 0.0879 

A-D 8.43×10-5 8.94×10-5 9.54×10-5 7.96×10-5 1.66×10-4 

K-L 0.0536 0.0728 0.6479 0.0500 0.2128 

1 log-intensity domain 
2 amplitude domain 
3 intensity domain 

 

TABLE IV 

DETECTION RATE CHANGES WITH VARYING GUARD REGIONS. THE DETECTION RATES ARE 

NORMALIZED BY THE DETECTION RATE WITH A 29×29 GUARD REGION. 

Size MQD1 SPD  (LOG2) SPD (AMP3) SPD (INT4) SPD (GMM5) 

29×29 100% 100% 100% 100% 100% 

27×27 99.56% 77.52% 76.97% 77.71% 81.55% 

25×25 82.22% 60.12% 60.12% 62.28% 61.31% 

23×23 62.67% 44.95% 44.95% 46.85% 41.66% 

21×21 46.67% 31.46% 32.02% 32.57% 25.59% 

1 modified quadratic detector 
2 single-point detector using KDE in the log-intensity domain 
3 single-point detector using KDE in the amplitude domain 
4 single-point detector using KDE in the intensity domain 
5 single-point detector using GMM in the log-intensity domain 



TABLE V 

TIME CONSUMPTIONS (IN SECONDS) OF DIFFERENT DETECTORS USING MATLAB CODES. THE IMAGE 

DIMENSION IS 1000×1000 AND A 41×41 REFERENCE WINDOW WITH A 31×31 GUARD REGION IS USED. 

MQD1 SPD  (LOG2) SPD (AMP3) SPD (INT4) SPD (GMM5) 

162 (s) 127 (s) 140 (s) 141 (s) 1856 (s) 

1 modified quadratic detector 
2 single-point detector using KDE in the log-intensity domain 
3 single-point detector using KDE in the amplitude domain 
4 single-point detector using KDE in the intensity domain 
5 single-point detector using GMM in the log-intensity domain 
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