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Abstract. In the first paper of the same title, we introduced the concept of singular
inner functions of L!-type and obtained results for singular inner functions which are
reminiscent of the results for weak infinite powers of Blaschke products. In this paper,
we investigate singular inner functions for discrete measures. We give equivalent
conditions on a measure for which it is a Blaschke type. And we prove that two
discrete measures are mutually singular if and only if the associated common zero sets of
singular inner functions of /{°-type do not meet.

1. Introduction.

Let H* be the Banach algebra of bounded analytic functions on the open
unit disc 4. We denote by .# = M(H®) the maximal ideal space of H®, the
space of nonzero multiplicative linear functionals of H® with the weak*-
topology. We view 4 as 4 = .4, and 4 is an open subset of .#. By Carleson’s
corona theorem [2], 4 is dense in .#. Identifying a function in H® with its
Gelfand transform, we view H* as the closed subalgebra of C(.#), the space of
continuous functions on .#. We also identify a function in H*® with its
boundary function and view H® as an (essentially) supremum norm closed
subalgebra of L®, the usual Lebesgue space on the unit circle d4. Then we view
the maximal ideal space M(L®) of L as a subset of .# and M(L®) is the
Shilov boundary of H®. A function f in H* is called inner if |f|=1 on
M(L*®). For a function f in H®, we put

{Ifl <1} ={xe#\4;|f(x)| <1} and Z(f)={xe.#\4;f(x)=0}.

We note that these sets are considered in .#\4. For e eod, let M=
{x e M;z(x) = e?}, where z is the identity function on A. Then MN\A =
(U{#,i0;¢" € 04}. For a subset E of .4, we denote by E the weak*-closure of E
in /. See [4], [9], [10] for studies of the structure of H® and ./.
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For a sequence {z,}, in 4 satisfying 3" (1 — |za|) < o0, we have a Blaschke
product

We denote by 2(b) the set of sequences of positive integers p = (py, p,,...) such
that 3°%, p,(1 — |z4]) < 00 and p, — o as n — o0. For p = (py, p,,...) € ?(b)
we have an associated Blaschke product defined by

e = N
bp(z)zn(ml—fnz> ” zed.

n=1

In [13], the author called Blaschke products b7, p € #(b), weak infinite powers of
b and studied them.

In [14], we obtained results for singular inner functions which are reminiscent
of the results for Blaschke products in [13]. This paper is a continuation of these
papers and we use the same notations as in them. We denote by M (d4) the
Banach space of bounded Borel measures on 04 with the total variation norm.
Since M (04) is the dual space of C = C(04), the space of continuous functions
on 04, we can consider the weak*-topology on M(d4). Let M} be the set of
positive (nonzero) singular measures in M(04) with respect to the Lebesgue
measure on 04.

For each pe M/, let

ei@ +z i
Y, (z) = exp (—LA pr du(e )), ze .

Then ), is inner and called a singular inner function. We note that

10,2)] = cxp(-LA P.(e™) dﬂ(eff’)), zed,

where P, is the Poisson kernel. Hence if 0 <v < u,v,ue M}, then |, < ||
on /. Let

L () ={ve MS;0 <v<puv+#0}.

Then we have a family of singular inner functions {y,;ve LL(4)}. In [14], we
call these functions singular inner functions of L'-type for the measure u. Let

R(w) = U{{lw| < 1};v e Li(w)} and Zo(p) = U{Z(W);ve L (1)} In[14], we
study #2(u) and Zo(u), and obtain similar theorems as in [13].

In [13], the author proved that
() {16l < 1} = N{{I¥*| < 1}sp e 2(b)} = (V{Z(b7); p € 2(b)}
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for every Blaschke product b. In this paper, we investigate similar type
of theorems for singular inner functions. It is not difficult to show that
{l| <1}ve Ll (W)} = & for ue M} with u # cd,0, where &, is the unit
point mass at e and ¢ is a positive number. So to have similar theorems like
(), we need to consider subclasses of L1 (u).

In this paper, we concentrate on discrete measures. We denote by M, the
set of positive discrete measures in M. We call ¥, ue MS+ 4> discrete siﬁgular
functions. When ue M ;L 4 1s a sum of finitely many point measures, it is easy to
study properties of ,. So in this paper, we assume that 4 is a sum of infinitely
many point measures, and we can write

o0 o0
U= Zan(ie;g,,, Za,, < 0, a, >0 for every n, and e # "% for n # k.

n=1 n=1

Then
¥, (2)| = H [, (2)|*, ze€A.
n=1

As an analogy of 2(b), where b is a Blaschke product, we define 2(u) as the
set of sequences of positive numbers p = (p;, p,,...) such that > 7, p,a, <
o, p,=1, and p, — o0 as n — 0. For pe P(u), we put

00
uP = Z Dyu@nOpitn -
n=1

Measures y,,, p € #(u), are called weak infinite powers of yj,. Then u” € Ll (p)
and it is expected that the set {y,,; p € 2(u)} acts as {b?; p € 2(b)}.
In Section 2, we prove

Nl < yip e 2(w)} = (Q{l%g,ﬁ < 1}) U (N{ZWw)i p e 2(w)})

< {ly.l <1}
In Section 3, we give equivalent conditions on u € Msfd for which
(Wl <1} = N{lw| <1} pe 2(w)}.

For every Blaschke product b, («) holds. Hence, when the above condition is
satisfied, we say that y, is a discrete singular inner function of Blaschke type.

Since u € MS+ 4> We can consider another subclass of L. (x). Let I be the
set of sequences of bounded and positive numbers. For u= Y7 a,0,6, € Mj,d
and p = (py, ps,...) €I, we have Y .| p,a, < 00, so that we can define x? in
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the same way as before. And we have

{Wrl <1} = {Wul <1} and  Z() = Z(y)

for every p e I and g € #(u). We call Yy, p € [, discrete singular functions of

[P -type.
In Section 4, we study the sets (\{Z(Y,);pelP} and ({{|¥| <1};

pel?}. We prove that the both sets can be described only using {e}, and are

strictly smaller than (\{Z(Y,,);p€ 2(w)} and ({{lY,| < 1};pe 2(n)}, re-
spectively. And we prove that if ul4,u,4€ M, then

(Nt < 2121 0 (Nl < 1hig e I7}) =

2. Weak infinite powers of discrete singular functions.

Let = Y1 and,o. € M, such that a, >0 for every n and e # e for
n#k. Put

0
W, = ayd,s, for every n.
k=n
Then u; = u, 1, > ty,41, and ||u,|| — 0 as n — oo. Recall that 2(u) is the set of
sequences of positive numbers p = (p;,p,,...) such that > 2, p,a, < oo,
p, =1, and p,— o as n— oo. Then p < u? for every pe P(u). We note
that {|y;,| <1} = M0, and use this fact without mentioning it. In this section,

we prove the following two theorems.

THEOREM 2.1. Let p= Y andpon € M, such that a, >0 for every n and
el £ e for n#k. Put p, = s, @d,s for every n. Then

(ZW)i p e 2w} = (@12%,@”)) 0w, < 1) < TRI<T)

THEOREM 2.2. Let u= 3 2| and,im € M;Ld such that a, > 0 for every n and
en £ e for n# k. Put w,=Y j., a0, for every n. Then

@O N{{lwl<i};pe2(w}= <©l{|'l’5eie,,l<1}> U (ﬂ{Z(llf,,p);p € ?(ﬂ)})

- (@[{I%emnld}) U (i l<1} < TRITE

i) Nl <1hpe2W} =Nl <1}pe2(@} = {lyl <1}

To prove our theorem, we need some lemmas.
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LEMMA 2.1. Let p= ey andpion € M, such that a, >0 for every n and
e e for n#£k. Put p,=> ., ab,n. Then

w)oln)

(i) <1} = (@ Wil < 1}) U (Fjwﬂnl < 1}).

Proor. We have

HCS

(i) Z(W,) = (

n—1

u= Zakéeigk + W,.
k=1

Then

wﬂn H l//l; ) i0y,

Hence npﬂ( x) =0 if and only if either er(t//(; - ) for some n or er(lp ) for
every n. Also |y,(x)| <1 if and only if either W5, (x)| <1 for some n or
Y, (x)] < 1 for every n.

LeMMA 22. Let pu=Y,", ad,m € M}, such that a, >0 for every n and
eon £ e for n#k. Put p,=> 1, a0,e. Then

() [, | <, | on M for every n.

i) Wl < Wl <Y, | < W{;ewn[ on M for every pe P(u) and n.

@) (Vooy ¥ | <1} = (HZWws p € 2(1)}-

Proor. (i) and (i) follow from &,m < p, <,  <u<up’ for every pe
P(u) and n.

(iii) Let x e .#\4 satisfying

(2.1) ¥, (x)| <1 for every n,

and p = (p;,py,...) € P(n). Put p,=inf{p;;k>n}. Then p'= (p1,p5,-..) €
P(u) and

0

0

’

Puly < Zp,’,akée.-ak < Zpkakéeiok < uf.
k=n k=n

Hence

(2.2) Y| < |l/I"|P’,’ on ./ for every n.
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Let ny be the smallest positive integer such that x ¢ U;O:no{wé 5 | < 1}. Then we
have |y, (x)| = |W,4,,0 (x)| for n = ny. Since p, — o0 as n — oo, by (2.1) and (2.2)
we have y),,(x) = 0.

For fe H®, we put {f # 0} = {xe .#\4; f(x) # 0}.

Lemma 2.3. Let pu=3 7, ad,m € M, such that a, >0 for every n and
et £ e% for n# k. Then we have the following.

(i) For each qe P(u), there exists pe P(u) such that |Y,|=1 on
o # ONUZ (I, | < 1}-

(i) Let xe M\A. If x¢ Uil{|lﬁ(5ewn| <1} and p,.(x) #0 for some qe
P(u), then there exists p € P(u) such that x ¢ {|y,,| < 1}.

PROOF. (i) Let xe.#\4 such that y,(x) #0 and x¢ (J," {lv;, | <1}.
Since g € #(u), there exists a sequence of increasing positive numbers {z,}, such

that peP(u) and ¢, — o, where p=(p,py--.)=(q1/t1,92/t2,...).
Then

n—1 o0
il =ty Z Diak0,i0, + Z 1y P10, 0,
k=1 k=n

n—1

o
<t Epkakéeiak + Z qraxb,i,
k=1 k=n

n—1
<ty Y praxb,i, + pui.
k=1
Since |5 . (x)| = 1 for every n, by the above we have [,,(x)| < [¥),» (x)|". Since
Yue(x) #0 and t, — oo, we have [y, (x)| = 1.

(i) By our assumption, there exists an open subset V' of .#\4 such that

xeV and VN U{N/(Zm,,' e iiiss gy,

n=1

Let U= {ye V;|¥(¥)| > [¥(x)|/2}. Then U is an open subset of .#\4 and
x€ U. By (i), there exists p € #(u) such that |y,| =1 on U. This implies our
assertion.

Now we give the proofs of Theorems 2.1 and 2.2.

ProoF oF THEOREM 2.1. By Lemma 2.2(ii) and (iii), we have

(23) (@1 zwae.-o")) U (] < 1} = WZWha)ip € 20}
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To prove

0

(2.4) MHZW)ip € 2(w)} = ( _lz<w,se,.0,,)) U fjwu <1},

n

let x € #\4 such that

(25) x ¢ (@1 Z(‘//(seig,,)> U f_'ﬂl{|w,l,,| <1}

We shall prove the existence of

(2.6) v=uP, peP(u), such that ¥, (x) #O0.
By (2.5) and Lemma 2.1(i),

(2.7) Y, (x) #0

and by the corona theorem [2] there exists an open subset U of 4 such that

(2.8) xeU
and
(2.9) 7n f:ﬂl{|¢”n| <1}=g.

Here we show that
(2.10) Y| = 1 uniformly on U as n— oo.

To prove this, suppose not. Then there exist 0 <J < 1 and a sequence {z,}, in
U such that

(2.11) Y, (zx)] <6 for every n.

Since ||u,|| — 0, |¢, | — 1 uniformly on compact subsets of 4 as n — co. Hence
by (2.11), |z| — 1. By Lemma 2.2(i), |y, (zx)| <6 for every positive integer k
and n with k >n. Let ye {zt},\{zc},- Then ¢, (y)| <6 for every n. Since
y e U, this contradicts (2.9). Thus we get (2.10).

Let {e}, be a sequence of positive numbers such that

00

(2.12) g >0 and O0<g <.
k=1

For each k, by (2.10) there exists a positive integer n; such that
(2.13) |l//#nk| >¢g on U.
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Since ||u,|] — 0 as n — oo, taking a sufficiently large n, we may assume moreover
that

0
k=1

Put
o0

(2.14) a:Z,unk and v=u+o.
k=1

Then v = u? for some p e #(u). We have ¥,(x) = ¥, (x),(x). Hence to prove
(2.6), by (2.7) it is sufficient to prove

(2.15) ¥, (x) #0.
By (2.13) and (2.14), we have

00 o0
Wol =T, | = [Tex on U
k=1 k=1
Hence by (2.12),
W, (z)| = Hak >0 for every ze U.
k=1

Thus by (2.8) we have (2.15), so that (2.6) holds. Therefore (2.4) holds.
By (2.3) and (2.4),

NHZW)ip € P} = (@1 zwae,.(,n)) (AR

By Lemma 2.1(ii), we have

(@1 z(l//(,e,_,,n)) u (oj{ln//,,nl <1} = {ly,l <1}

This completes the proof.
Proor oF THEOREM 2.2. (i) By Lemma 2.2(ii),
(2.16) (] < 1} < Nl < i p e 2(n)}.
We shall prove that
@17) (Nl < 15 e 2@\ < 1} = ({ZW); p € 2(0)}-
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Let
xe (Nl < 132 € 2(})\Il < 1.

Then |y, (x)| =1 for every n and [,,(x)| < 1 for every p e #(x). By Lemma
2.3(i), we have xe (\{Z(Y»); p € P(w)}. Thus we get (2.17).
Now we have

Nl < ipe 2w} = gl < 1BV (({ZWw)ipe 2(W)}) by (217)
< N{lwl < 11ipe2()} by (216).

Hence by Lemma 2.1(ii) and Theorem 2.1, we have

Nl < 1} p e 21} = Il < 11U ({ZW) p € 2(1)})

- (@lww < 1}) 0 (el <1

(i) We have

I <17 = (Qw@.@,l < 1}) y (fj{w < 1}) by Lemma 2.1(ii)

= N{{l¥wl <1};pe2(w)} by (i)
= {{Wwl <1} pe2(w)}-
To prove

(2.18) Nl <1} pe 2w} < {lWl < 1},
let x¢{ly,|<1}. Then by Theorem 2.1, x¢ N{Z(Y,,);p € P(u)}. Hence
there exists ge 2(u) such that y,.(x) #0. Since x¢ U}Zl{|l//5ei9n| <1}, by

Lemma 2.3(ii), there exists pe 2(u) such that x¢ {|y,,| <1}. Therefore
x¢ ({{lYwl <1};peP(w)}, so that (2.18) holds. Thus (ii) holds. This

completes the proof.

3. Discrete singular functions of Blaschke type.

Recall that for a Blaschke product b,

{Ib] <1} = N{{Ip?| < 1};p e 2(b)} = ({Z(b"); p € 2(b)}.
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A measure pe M, satisfying {|y,| <1} = N{{lYw| <1};p e P(p)} is called a
Blaschke type. In this section, we study discrete singular measures of Blaschke
type. The following is our theorem.

THEOREM 3.1. Let pu=3.7", and,mn € M, such that a, >0 for every n and
el £ e for n#k. Put w,=Y po,ad,ie for every n. Then the following
conditions are equivalent.

(a) W <1 = (| < 10 € 2()}.

(b) W <1} = ({ZW)ip e Z(W).

© Wl<17 = (1l <13

@ el < 1359 € 20} = NZ ()i p € P},
© NVl < ip e 20} = (V| < 1)
() (WZWe)ip 2w} = (V) <1}

(® Oyl <1} < Fjl{m”l <1}

(h) Nyl < 1 p e P} is closed.

Hence if ue M;" 4 is of Blaschke type then each subset appeared in conditions
(@)—(f) coincides with the others.

To prove Theorem 3.1, we need some lemmas.

LemMA 3.1. Let p= Y12 anboon € M}, such that a, >0 and e # e for
n#k. Put p,=5 ab,e. Then we have the following.
(i) (a) holds if and only if

Oyl < 1}\(@1{lm| < 1}) < (1 <1
(1) (c) holds if and only if

Ol <13 < (Vi <13



Singular inner functions of L'-type II 295

(iii) (d) holds if and only if

U(ﬂm | < 1NZ(¥s,,)) < ﬂw | <1},

n=1

(iv) (e) holds if and only if

OtWal <13 = () <13

(v) (f) holds if and only if

o0

o0
U (Geion ) m I‘//,,|<1}
n=1 n=1
Proor. (i) follows Lemma 2.1(ii) and Theorem 2.2(i). (ii) follows Lemma
2.1(ii). (iii) follows Theorems 2.1 and 2.2. (iv) follows Theorem 2.2(i). (v)
follows Theorem 2.1.

Let QC=(H®*+C)N(H*® + C), where C is the space of continuous
functions on 04 and H® + C={f;f e H® + C}. For {e M(L®), let Q=
{Ee M(L®); f(&) = f(0) for every fe QC}. This set Q is called a QC-level
set. For x e ., there is a unique probability measure g, on M(L*®) such that
fM( =) fdu, = f(x) for every f e H®. We denote by supp x, the closed support
set of u,. It is known that for x € #\4 and a QC-level set Q, suppu, < Q or
suppu, NQ = . And there exists a unique QC-level set Q. such that
suppu, < Qx. See [11], [12], [15] for the study of QC-level sets.

LeMMA 3.2. Let ¢ be an inner function and x a point in M\A such that
lp(x)| < 1. Then we have the following.

(i) There exists y e M such that supppu, = supppu, and 0 < |p(y)| < 1.

(i) There exists (e M such that suppu, < suppu, and (e {|p| < 1}\

{lol < 1}

SKETCH OF PROOF. See (3] in detail. Let HG

bra on suppy,. Then Hl‘;’mp % is a closed subalgebra of C(suppp,). Let
M(HG,, . ) be the maximal ideal space of H Then we view M(Hg, )

as

be the restriction alge-

Isupp/t

M(Hg,p, ) = {n € M;supp u, < supp . }.

Since |p(x)| <1 and xe M(HZ

e ), ¢ is not invertible in H®
1 on suppu,, we have

leupp,” Since |¢| =

o(M(Hgpp,,)) = {lzl < 1}.
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By this fact, (i) is clear. By Shilov’s idempotent theorem, {ne M (Hlos?xpp/t b
lo(n)| < 1} is not closed in M(Hg,, ). Hence we get (ii).

For an inner funcition ¢, let

(3-1) N(®) = U{suppu; lo(x)] < 1}.

The properties of N (@) are studied in [11], [12]. The following two lemmas are
keys to prove Theorem 3.1.

LemMA 3.3. Let ¢ be an inner function. Then

0 N@) =U{CsxeZ(p)} = U{Qxxe{lp| <1}}.
(i) N@) =U{Qxxe{lol <T}}
(iii) N(@) = U{Qxxe{lol <1}\Z(9)}.
(iv) N@) =U{@xxe{lol <T\{lol < 1}}.
Proor. (i) is proved in [11].

(i) Let xe{|p| <1}. Then there is a net {x,}, in {|g| <1} such that
x, — x. Then u, — u, in the weak*-topology of the space of bounded Borel
measures on M(L®), see [4, p. 375]. By (3.1), suppu,, < N(p) and N(p) is a
closed subset of M(L®), so that we have suppu, = N(p). By (i), N(@) is a
union set of QC-level sets, so that we have Qx = N(¢). Thus we get (ii).

(iii) Let xe Z(p). Then by Lemma 3.2(i), there is ye ./ such that
supp 4, < supp i, and 0 < [¢(y)| < 1. Then @, = 0., so that by (i) we get (iii).

(iv) Let xe{|p| <1}. Then by Lemma 3.2(ii), there is y € .# such that
supp 4, < supp i, and y € {|¢| < 11\{l¢| < 1}. Then Q, = O, so that by (ii) we
get (iv).

The following lemma follows from [11, Corollary 4].

LEMMA 3.4. Let ¢ and \ be inner functions. Then {|¢| < 1} = {|p| <1} if
and only if N() = N(p).

Applying Lemmas 3.3 and 3.4, we have the following.

LEMMA 3.5. Let ¢ and s be inner functions. Then the following conditions
are equivalent.

@ Al <1} <={lol <1}.
(i) {lvl<1}<={lol <1}
(i) ZW) = {lol <1},
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() {l¥] <INZY) = {lo < 1}.
V) AWl < 13\{lyl <1} = {lgl < 1}.

ProoF. (i) = (ii) = (iii), (ii) = (iv), and (ii) = (v) are trivial.

(iii) = (i) By condition (i) and Lemma 3.3(i), we have N(y) = N(p).
Hence by Lemma 3.4, we get (i).

(iv) = (i) By condition (iv) and Lemma 3.3(ii) and (iii), we have N(§) =
N(p). Hence by Lemma 3.4, we get (i).

(v) = (i) By condition (v) and Lemma 3.3(ii) and (iv), N(y) = N(@). Also
by Lemma 3.4, we get (i).

LeMMA 3.6. Let u= >, as0,0 be a measure on 04 such that a, >0 for
every n and e # &% for n #k. Put w, =Y ;. ,akb,i0.. Then for each positive
integer k, the following conditions are equivalent.

@) s, | <1} e NZi{ly,l <1}
(i) (W, | <1} il <1}
(i) Z(bs,) = N (¥, | < 13
@) s, | < INZWs,) = Mo {lv, ] < 13-
) Wap I < NI, | <13 = N2, <1}

Proor. Put {=e. Then we have |y, | =y, | on 4 for n=k+1
Hence

(62 ()Wl < 130 = {1y, < )04

By Frostman’s theorem, see [9], there exists a Blaschke product b such that

(3.3) {lys| <1} ={lpl < 1}.

Then for p e #(b) we have

(3.4) {lbl <1} = Z(87),

see [9], [13]. Since |b?| =1 on U{M;;¢& # (,& €4}, by (3.3) and (3.4),
(3.5) Wsl<TNUMse £ = 2.

We have

(<1 = (fj{w < l}nMg> ! (éwﬂnl <N (UM # c}))
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and

W < 13 = (| < 13N ) U (| < 110 (Ui % 0Y)).
Hence by (3.2) and (3.5),

(Wa <1y = (VI <1 if and only if (] <1} = (I, | <1}

We also have

(I <11 = (41| < 101U @{w <130 (UM ¢ # «:}))

and

W] < 1} = Wy, [< TFNAU ({y,,, | < 110 (UiAei % 03)).
Let E be a subset of {|y;| <1}. Then by (3.2) and (3.5), we have

Ee ﬂ{[np | <1} if and only if E < {Jy, |<1}.

n=1

Thus we may replace ﬂn:1{|lﬂ,¢n| < 1} with {|y, | <1} in conditions (i) through
(v) above and apply Lemma 3.5 to obtain the result.

ProoF OF THEOREM 3.1. By Theorems 2.1 and 2.2,

é{llﬁﬂnl <1} = ({ZWw)ipe 2w} = Il <1}pe ()} = {lYl <1}

Hence we have (c) = (b) = (a). By Lemmas 3.1 and 3.6, we have that con-
ditions (c), (d), (e), (f), and (g) are equivalent.
(a) & (h) By Theorem 2.2(i), (h) holds if and only if

Uil < 1}\(@1%%1 < 1}) = (il <13

Hence by Lemma 3.1(i), we have (a) < (h).
(@) = (c) Suppose that (a) holds. By Lemma 3.1(i), we have

W T< MWy, | <11 € (VI <1} for every &

Then by Lemma 3.6,
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k('_jl{tw@,u <1pe (M, <1}

Hence by Lemma 3.1(ii), (c) holds. Thus we get our theorem.

In [14, Theorem 5.1], we gave equivalent conditions on € M;L 4 for which
the following condition is satisfied.

() There exists v e L} () such that {Wl < 1} = Z(y,).

We note that if ue M, satisfies (§1), then A also satisfies (#;) for every
Ae M:d with 1 « x4 and u«< A. In Theorem 3.1, we give equivalent conditions
on ue MS+ , for which the following condition is satisfied.

(t2) {ll <1} = ({Z(w); p € Z2(1)}-

Since u? € L} (p), we have (#) = (#1). In [14, Example 5.2], we show the
existence of a measure u satisfying condition (g) in Theorem 3.1, so that this u
satisfies (f2).

Here we have the following.

PropoSITION 3.1. Let A€ M;L 4 satisfying condition ({1). Then there exists
pe LY () such that p satisfies (f1) but does not satisfy (f2).

Proor. Since A satisfies (#;), by [14, Corollary 4.1 and Theorem 5.1], the
closed support set of 4, denoted S(4), does not have an isolated point. Hence A
is not a finite sum of point measures, so that we can write A as A =) e | @nG,ion,
where a, > 0 for every n and e # e for n# k. It is not difficult to find a
measure 7= Y v, ¢,0,0 € L} () such that ¢, >0 for every n>2 and

(3.6) s, =1 on Z(.).

Let c; =1 and u= 3,2 (cp/n)pin. Since A< u, u< 4, and 1 satisfies (f1), u
satisfies (). We let po = (1,2,...). Then py € #(u) and uP> =d,0, + 7. Then
Z(um) = Z (Y, )UZ(). Hence by (3.6), (s, < 1} Z(u"). But we
have {|¢52ml | <1} = {|y,| < 1}. Therefore u does not satisfy (f2).

4. Discrete singular functions of /{°-type.

Let pu= 3,2, an,mm € M, such that a, >0 for every n and e £ e for
n#k. Let P be the set of bounded sequences p = (py, py, - - .) such that p, >0
for every n. Then {|y,,| <1} = {|y,| < 1} for every pel? and

N{Wwl <1}pelf} = {{Wwl <1} pe2(w)}-
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In this section, we study the sets ({{|Y,| <1};pelP} and (\{Z(Y,);pelP}.
We prove the following.

THEOREM 4.1. Let p= Y 1" Gplyin € M;fd such that a, > 0 for every n and
e £ e for n #k. Then we have the following.

0 NZWair ey = 0 20,

(i m{wﬂp|<1};pezf}=<©1{|w¢,.0"1<1}> G Z(Wy, )

i) (Wl < 2o 2} = (T < Thip e 7} = Ul | < 1)

To prove this theorem, we need a lemma. In the same way as the proof of
Lemma 2.3, we have the following.

~ Lemma 4.1. Let pu=73 ", anb,m € M, such that a, >0 for every n and
eln £ e for n#k. Then we have the following.
(i) For each qelf, there exists pel? such that |y,,| =1 on {{,, #0}\

Unei{lvs,, | < 13-
(i) Letxe#\d. Ifx¢|J 1{1s,, | < 1} and p,q(x) # 0 for some q € I,

then there exists p € lY such that x ¢ {|y,,| < 1}.

Proor oF THEOREM 4.1. (i) Let E be a closed subset of 4 such that

[ee]

(41) U (w& x<9n) g

Let {e,}, be a sequence of positive numbers such that

(4.2) Hen >0 and 0<g, <1 for every n.
n=1

By (4.1), for each n we have
inf{|lﬁ(;ew" (z)l;ze E} > 0.
Then we can take a small positive number p, such that
inf{[ys (2)|*P";z € E} = &,
We may assume that p = (p, py,...) €I?. Hence by (4.2) we have
o
inf{[Y»(2);z€ E} = [J&n > 0.

n=1
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This implies that ENZ(y,,) = &. Therefore we have

Wzwrrety = U 20y,

The reverse inclusion is obvious. Thus we get Theorem 4.1(i).
(i) It is clear that

0 "0 e BT 5,
<U1{|w¢,.,,n| < 1}) 00 ZWsa) = Nl < i€ 7).
To prove the reverse inclusion, let x € .#\4 such that
x¢ (Ulﬂl//ae,-,,nl = 1}) U Ul Z(Ys, )

Then by Theorem 4.1(i) there exists g € [ such that y,,(x) # 0. By Lemma
4.1(i), there exists p e [ such that |y,,(x)| = 1. Thus we get Theorem 4.1(ii).
(iii) By Theorem 4.1(ii),

0iWal <1 =TT < T2 e} < (T < Thip e 7).

To prove the reverse inclusion, let

x¢ Uil <1}

Then

[e]

x¢ U ZWs,)
so that by (i) there exists g € [?° such that y,,(x) # 0. Hence by Lemma 4.1(ii),
x¢{|Y,| <1} for some pelf. Therefore x¢ (\{{lY,| <1};pely}. Thus
we get Theorem 4.1(iii).

In Section 3, we show that for some ue M, ({{lY| <1};peP(W)}is a
closed subset of .#. But we have the following.

PROPOSITION 4.1. Let p= 37 andyon € M, such that a, >0 for every n
and e # e"% for n #k. Then we have the following.
@) N{{lYwl <1};pelP} is not a closed subset of M.

@) N{{lwl <1hpelr}t # ({ZW)ipell}.
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Proor. By Theorem 4.1(ii), we have

(i1 < 1sp e = (gt < 2) 0 0 200,

By (3.5), we have

W TSN U Z05,) = Z05,,)
Hence

{5, | <1} & {Ww| <1} pel?},
so that (\{{|Y»| <1};p€lf} is not closed.

THEOREM 4.2. Let p= 32 and,in € M, such that a, >0 for every n and
eln # e for n#k. Then

(1) (KZWw);pell} s (HZWw);p e 2(W)}-
(i) Nl <1} pelf} & ({{lWw| < 1}pe 2(p)}
(i) Nl <1} pelr} e {{lw| <1} pe2(w)}

Let {z,}, be a sequence in 4 such that

Zn — Zk
1 —Zrz,

lim
k—o0 ey

Such a sequence and an associated Blaschke product are called sparse (or
thin). By [5], for every sequence {wy,}, in 4 with |w,| — 1 there exists a sparse
subsequence of {w,},. See, [7], [8] for the study of sparse Blaschke products.

ProoF OF THEOREM 4.2. We note that by our assumption, y is an infinite
sum of point measures. Let e be a cluster point of {e’}, in d4. Put

7= pu— pu({e®})d,s.

Then we have |y, | = |y,| on A, for sufficiently large n. Hence

<61{|¢,u,‘| < 1}> N Moy = {Il//‘[i < 1} 0 M iy

and

(W] < 13N My = {,] < 130 Moy = ({IWe] < 1} O M) U {55, | <1}
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Therefore by Theorems 2.1, 2.2, and 4.1, to show our assertions it is sufficient to
prove that

(43) ({1 < AN O | < 1} 2 2

Since e is a cluster point of {e®®}  there exists a point x € .#,s, such that

(44) s () =1 and g, (x) =0

For, take x, € M,u, such that y; (x») = 0, then take x € {x,}, N .#,q. This x
satisfies (4.4). Then by the corona theorem, there exists a sequence {z,}, in 4
such that [1115 " (z)] = 1,¥,(zs) — 0, and z, — e® as n— co. Moreover we
may assume ‘that {zn}, is sparse. Let b be the associated Blaschke product.
Then by [9, p. 205], Z(b) = {zn},\{zx},, and [nph |=1 and ¢, =0 on Z(b).
Since b is sparse, we have

(4.5) |w5w |=1 and yY,=0 on {b| <1},

see [1], [6], [8]. Then {|b| < l}ﬂ{lt//,; B | <1} =@&. Hence by [11], {|b] <1} N
{hp,,,g [<1} = . Since z, — e® as n — oo, also by (4.5) we have

(<10 Uiyl <11=@ and (<1} < (el < 1) Ay,

Hence we obtain (4.3), completing the proof.
The following is the last theorem in this paper.

THEOREM 4.3. Let ,u,/leM; 4 be sums of infinitely many point measures.
Then ulA if and only if

(Nl < 12 € 123) N (N{LW sl < 1hsq € 12Y) =
This theorem follows from Theorem 4.1 and the following proposition.

PROPOSITION 4.2. Let {e™}, and {e™}, be sequences in 04 such that
{e}, N{e™}, = &. Then

,Q Z(Y5,) N ('_31 Z(;,) = @

ProoF. We may assume that e® # e™ and e # e for n # k. For each
positive integer n, let

1 ; 1
(4.6) dn= {z; |z — §e”"| = 5}
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Then 04,Nd4 = {e"™}. Let {e,}, be a sequence of positive numbers such that

(4.7 & >0 and 0<eg, <1 for every n.

n=1
Since {e®}, N{e™}, = &, for positive integers k and j we have
(4.8) |1//59hk (2)] =1 as |zl —1 and z € 4;.
Hence there exists a; > 0 such that
k
|* > & on | 4.

Jj=1

(4.9) Vs

(33

Taking sufficiently small ax, we may assume that > ;7 ax < co. Put

[ee]

(4.10) =) ard,u.

k=1

Then for each positive integer n, by (4.9) we have

n—1 0 n—1 0
411)  |yl= (Hl%e,.%l“k) (Hllﬁae,-skl"k) > (HIW@iskl“k> [Tz on 4.
k=1 k=n k=1 k=n
By (4.6), Z(d,i) = 4,, so that by (4.8) and (4.11) we have
o0
[¥,| = Hak on Z(d,im)-
k=n
Hence by (4.7),
© R
Y| = Hsk >0 on {JZ(0m).
k=1 n=1
By (4.10),
W,l=0 on (JZ(Gm)

k=1

Therefore we obtain

8

1Z(l//¢sehk )N !1 Z(s,,) = -

k

This completes the proof.

We remark that there exist u, 1€ M;r 4 such that gz 1 4 and
412) (D20 e 2W}) N (ZWa)iae 2(0)}) # 2.
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For, let v=73_7", a.d,m € M, satisfying conditions of Theorem 3.1 and put
U= 0" 5an0,s. Then it is not difficult to see that x also satisfies conditions of
Theorem 3.1 and we have

@13)  Z(s, ) & Wl <1} ={] <1} = ({ZWw); p e 2(1)}-

Let A =0,0 + Y pey badin € M, such that {e}, N{e™}, = &. Since G0 L p,
pLA. Since g <A, Z(Ys,) < ({Z(Y;9);9 € 2(A)}. Hence by (4.13), we
have (4.12). ’ ,
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