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SUMMARY Exact bit error probabilities (BEP) are derived in closed-
form for binary pulsed direct sequence (DS-) and hybrid direct sequence
time hopping code division multiple access (DS/TH-CDMA) systems that
have potential applications in ultra-wideband (UWB) communications.
Flat Nakagami fading channel is considered and the characteristic func-
tion (CF) method is adopted. An exact expression of the CF is obtained
through a straightforward method, which is simple and good for any arbi-
trary pulse shape. The CF is then used to obtain the exact BEP that requires
less computational complexity than the method based on improved Gaus-
sian approximation (IGA). It is shown under identical operating conditions
that the shape of the CF, as well as, the BEP differs considerably for the
two systems. While both the systems perform comparably in heavily faded
channel, the hybrid system shows better BEP performance in lightly-faded
channel. The CF and BEP also strongly depend on chip length and chip-
duty that constitute the processing gain (PG). Different combinations of the
parameters may result into the same PG and the BEP of a particular sys-
tem for a constant PG, though remains nearly constant in a highly faded
channel, may vary substantially in lightly-faded channel. A comparison of
the results from the exact method with those from the standard Gaussian
approximation (SGA) reveals that the SGA, though accurate for both the
systems in highly-faded channel, becomes extremely optimistic for low-
duty systems in lightly-faded channel. The SGA also fails to track several
other system trade-offs.
key words: ultra-wideband, code division multiple access, error rate anal-
ysis, Nakagami fading

1. Introduction

Recently, multiple access communications using ultra-
wideband (UWB) signals have received considerable atten-
tion [1]. Several works have been presented on the topic [2]–
[13]. The UWB technology usually transmits signal with
low duty-cycle, whereas, conventional communication sys-
tems like direct sequence code division multiple access (DS-
CDMA) transmit signal continuously i.e. with full duty [4],
[12], [13]. Motivated by the emergence of UWB, new ideas
of pulsed DS- and hybrid DS time hopping code division
multiple access (DS/TH-CDMA) with low chip-duty have
evolved [4]–[7], [11]–[13]. Envisioning the potential appli-
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cation of such signals in UWB, those have received much in-
terest from the UWB community [4]–[7], [11]–[13]. While
these pulsed CDMA can be thought as the generalization of
conventional DS-CDMA with the scope for signal transmis-
sion with an arbitrary chip-duty, require considerably differ-
ent treatment for developing analytical framework for per-
formance evaluation [4], [12].

In [4] Chernoff bounds on bit error probabilities (BEP)
were given for an episodic DS-CDMA system. Later, [5]–
[11] presented approximate BEP for impulse radio systems
with pulse based polarity randomization. More recently,
[12] presented approximate BEP for pulsed DS- and hybrid
DS/TH-CDMA systems considering additive white Gaus-
sian noise (AWGN) channel. The standard, improved and
simplified improved Gaussian approximations: abbreviated
as SGA, IGA and SIGA respectively were considered in [5],
[6], [10]–[12]. It was shown that the simple method SGA
is not accurate for low-duty systems in general. The other
simple method SIGA that was previously accurately used
for conventional DS-CDMA systems [14], has restrictive re-
gion of validity for low-duty systems. However, the IGA
[15] provided accurate results at the expense of much higher
computational complexity. Presently, the method based on
IGA presents the only-available reliable closed-form BEP
expression for such systems.

Although there have been several studies [5]–[12] pre-
senting approximate BEP of low-duty CDMA systems in
AWGN channel, studies considering fading channel has not
yet received much attention. Since the Nakagami fading can
model a wide variety of fading scenarios, it can be used to
model various practical channel conditions. Hence, studies
of low-duty CDMA systems in Nakagami fading is of prac-
tical interest. In addition, most of the approximate models
discussed above are inaccurate in a wide region of practical
interest [12]. And since practical BEP requirement for sys-
tem evaluation is low, simulations become extremely time-
consuming. Hence, what we really need is a reliable model
for performance evaluation that can be obtained from an ex-
act analysis. Since exact analysis is usually limited by the
complexity, the search for a simple exact analysis is uni-
versal. To the best knowledge of the authors, the exact er-
ror analysis hasn’t been addressed for any low-duty system
in Nakagami fading channel, though [2], [3] presented exact
error analysis for several TH-UWB systems and a DS-UWB
system with chip-duty of unity in AWGN channel.

In looking back to works on conventional DS-CDMA,
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[16] presents the most well known exact error analysis in
AWGN channel. Since the complexity of exact analysis in-
creases in a fading channel, [17], [18] presented the exact
analysis and [19] presented a precise (but not exact) anal-
ysis for simply a binary phase shift keying (BPSK) link in
the presence of co-channel interference (CCI) without con-
sidering any spreading (hence not CDMA) for mathematical
tractability. At this moment, the exact BEP for conventional
binary DS-CDMA employing an arbitrary pulse shape in flat
Nakagami fading channel doesn’t either exist in literature
(see [14]–[25] and the references there in). Although an ex-
act error analysis for conventional DS-CDMA in flat Nak-
agami fading channel is given recently in [24] by extending
a previous work for Rayleigh channel [25], the analysis is
solely for a rectangular pulse shape. Additionally, the com-
putational complexity of the method is so high that even the
authors presented numerical examples in the paper using an
approximate model.

In this paper, we present exact error analysis for the
pulsed DS- and hybrid DS/TH-CDMA systems with arbi-
trary pulse shape and chip-duty. We consider a flat Nak-
agami fading channel that is a single path channel with no
delay spread. Since the analysis is performed for arbitrary
chip-duty, it is also applicable for conventional DS-CDMA.
The characteristic function (CF) method is adopted where
the exact expression for CF is obtained in closed-form fol-
lowing a simple and straightforward procedure. Finally,
standard methods are followed to obtain the exact expres-
sion of the BEP, the computational complexity of which is
even simpler than the IGA. Taking advantage of the simplic-
ity, the exact method is employed to investigate trade-offs
among several system parameters. The inability of the SGA
to track many such trade-offs is also pointed.

2. System Model

A typical representation of the signal of an arbitrary user k ∈
(1, 2, . . . ,K) in the binary pulsed DS- and hybrid DS/TH-
CDMA has the following form at the transmission side

sk(t) =

√
Ek

Ns

+∞∑
l=−∞

b(k)
�l/Ns�a

(k)
l ψ(t − lTc − c(k)

l Tp)

× cos(2π fct + θk) (1)

where t is time and ψ(t) is the unit-energy baseband commu-
nication pulse with duration Tp. Here, fc is the carrier fre-
quency and θk is the phase of transmission for user k, which
is uniform in [0, 2π]. The rest of the signal structure is de-
scribed as follows:

• Ek is the bit energy of user k.
• Ns is the number of chips or pulses per information bit.

Tc is the chip duration and hence the bit duration is
Tb = NsTc.
• {b(k)

i } is the i-th bit of user k, which is a random variable
(RV) uniform on {+1,−1}. Here, i = �l/Ns� and �.�
represents floor function.

• {a(k)
l } is the random polarity code for user k, which is

also an RV uniform on {+1,−1} and is periodic with
period Ns. Note that various other sequences including
m-sequences and orthogonal sequences are popular in
literature. However, we consider random sequences for
analytical tractability, especially in asynchronous envi-
ronment [11]–[25].
• For the DS system, Tp ≤ Tc and {c(k)

l } = 0. Hence, the
pulse width can be any fraction of the chip duration and
it is placed in the beginning of each chip. The chip-duty
is given by δ = Tp/Tc, 0 < δ ≤ 1.0.
• For the hybrid DS/TH system, the chip duration Tc is

divided into Nc(≥ 2) equally spaced slots of duration
Tp giving Tc = NcTp. {c(k)

l } is the TH code, which an
RV uniform on {0, 1, . . . ,Nc − 1} and is periodic with
period Ns. The chip-duty is given by δ = 1/Nc.
• The processing gain (PG) and the average pulse rep-

etition rate (PRR) for both the systems are given by
PG = Ns/δ and PRR = 1/Tc respectively.

3. Multiple Access Interference Modeling

Considering a time-invariant slow flat Nakagami faded
channel, the received signal can be given by

r(t) =
K∑

k=1

√
Ek

Ns

+∞∑
l=−∞

b(k)
�l/Ns�a

(k)
l βk

× ψ(t − lTc − c(k)
l Tp − τk) cos(2π fct + ϑk) + n(t) (2)

where τk is the delay of the k-th user signal with respect to
the signal of the desired user 1 (τ1 = 0) and n(t) is AWGN
noise with two-sided power spectral density of No/2. βk is
the fading amplitude having a Nakagami distributed proba-
bility density function (pdf) given by

fβk (ν) =
2mmk

k ν2mk−1

Ω
mk

k Γ(mk)
exp

(
−mkν

2

Ωk

)
, ν ≥ 0 (3)

where mk (0.5 ≤ mk ≤ ∞) is the Nakagami fading parame-
ter for user k, Γ(.) is gamma function and Ωk = E[β2

k], E[.]
representing mean value. ϑk is the phase of the k-th user’s
received signal that includes the effects of phase of transmis-
sion θk and phase alteration due to delay and fading effect,
and is uniformly distributed over [0, 2π]. Let τk = Δk+γkTc,
where γk is an RV uniform on {0, 1, . . . ,Ns−1} and 0 < Δk ≤
Tc.

A coherent correlation receiver is considered. The
received signal is correlated with a template of the form
s(1)

temp(t) =
∑(i+1)Ns−1

l=iNs
a(1)

l ψ(t − lTc − c(k)
l Tp) cos(2π fct + ϑ1).

Hence, the decision statistics, while detecting the the i-th bit
of the desired user 1, can be given by

y(1) =
√

E1Nsb
(1)
i β1 +

K∑
k=2

Ik + η. (4)

The right side of (4) has three parts, of which the first part is
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the desired signal component, the second part is the multiple
access interference (MAI) component and the third part η is
the AWGN component having variance of σ2

η = NoNs/2.
Here, Ik is the MAI from user k and is defined next indepen-
dently for the two systems.

3.1 Pulsed DS-CDMA

In the pulsed DS-CDMA system, transmitted pulses of du-
ration Tp are uniformly spaced in time repeating at every Tc

(Tp ≤ Tc) interval. Hence, Ik can be given by

Ik =

(i+1)Ns−1∑
l=iNs

√
Ek/Nsβk cosφkW (k)

l (5)

where φk = ϑk − ϑ1. W (k)
l is the MAI component in the l-th

chip of the desired user 1 from user k, given by

W (k)
l =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
L(k)

l R̂ψ(αk), 0 < Δk ≤ Tp

0, Tp < Δk ≤ Tc − Tp

M(k)
l Rψ(αk), Tc − Tp < Δk ≤ Tc

(6)

for 0 < δ ≤ 0.5, where W (k)
l assumes any of the three values

of right side with probability δ, 1 − 2δ and δ respectively
from top to bottom. For 0.5 < δ ≤ 1.0,

W (k)
l =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

L(k)
l R̂ψ(αk), 0 < Δk ≤ Tc − Tp

L(k)
l R̂ψ(αk)

+M(k)
l Rψ(αk), Tc − Tp < Δk ≤ Tp

M(k)
l Rψ(αk), Tp < Δk ≤ Tc

(7)

where W (k)
l assumes any of the three values of right side with

probability 1 − δ, 2δ − 1 and 1 − δ respectively from top to
bottom. Here, L(k)

l and M(k)
l are independent RVs uniform

on {+1,−1} and R̂ψ(αk), Rψ(αk) are the partial autocorre-
lation functions of the baseband pulse waveform given by
R̂ψ(αk) =

∫ Tp

αk
ψ(t)ψ(t − αk)dt and Rψ(αk) = R̂ψ(Tp − αk).

Note that αk in relation to R̂ψ(αk) and Rψ(αk) are given by
αk = Δk, 0 < Δk ≤ Tp and αk = Δk − (Tc − Tp), Tc − Tp <
Δk ≤ Tc respectively, while in both cases 0 < αk ≤ Tp [12].
Figure 1 shows a pictorial representation of MAI scenario in
asynchronous DS system. Note that for 0 < δ ≤ 0.5, if there
is a collision between the signals of user 1 and user k, then
only one of the two partial autocorrelations of the baseband
pulse contribute to the MAI at a time. Also, it is possible
that there is no collision and hence no MAI. However, for
0.5 < δ ≤ 1.0, collisions always occur, and depending on αk,
any one or both of R̂ψ(αk) and Rψ(αk) may come into play.
As a special case, while δ = 1, both R̂ψ(αk) and Rψ(αk) effect
together, which is the case of conventional DS-CDMA.

3.2 Pulsed Hybrid DS/TH-CDMA

In pulsed hybrid DS/TH-CDMA system, let us assume that
Δk = αk+λkTp, where λk is an RV uniform on {0, 1, . . . ,Nc−
1} and 0 < αk ≤ Tp. We further assume that there are n

Fig. 1 Example collision scenarios for asynchronous DS system: a) duty
< 0.5 b) duty > 0.5. Colliding parts are shown in shades.

Fig. 2 Example collision scenarios for asynchronous DS/TH system: a)
1 partial collision b) 2 partial collisions. Colliding parts are shown in
shades.

partial pulse collisions per bit while the signals of user 1
and user k collide. Due to random selection of the position
of the pulse in each chip of each user, note that n is an RV
uniform on {0, 1, . . . ,Ns}. Hence, we can write

Ik =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, n = 0√
Ek/Nsβk cosφk

∑1
n=1 W (k)

n , n = 1√
Ek/Nsβk cosφk

∑2
n=1 W (k)

n , n = 2
...

...√
Ek/Nsβk cosφk

∑Ns

n=1 W (k)
n , n = Ns

(8)

where φk = ϑk − ϑ1 as before. W (k)
n is the MAI component

from user k in the n-th colliding chip of the desired user 1,
given by W (k)

n = L(k)
l R̂ψ(αk) or M(k)

l Rψ(αk). Here W (k)
n as-

sumes any of the two values with equal probability of 0.5.
Note that n is nothing but a collision counter, however, the
actual collision(s) may occur in an arbitrary chip l, which
is an RV uniform on [iNs, iNs + 1, . . . , (i + 1)Ns − 1]. Fig-
ure 2 shows a pictorial representation of MAI scenario in
asynchronous DS/TH system for 1 and 2 partial pulse col-
lisions. In (8), Ik assumes any of the values of right side
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ΦIk |αk ,βk ,φk ,L
(k)
l ,M(k)

l
(ω) = (1 − 2δ) + δ exp

(
jω

√
Ek/Nsβk cosφkR̂ψ(αk)

∑(i+1)Ns−1
l=iNs

L(k)
l

)
+δ exp

(
jω

√
Ek/Nsβk cosφkRψ(αk)

∑(i+1)Ns−1
l=iNs

M(k)
l

)
, 0 < δ ≤ 0.5 (10)

ΦIk |αk ,βk ,φk ,L
(k)
l ,M(k)

l
(ω) = (1 − δ) exp

(
jω

√
Ek/Nsβk cosφkR̂ψ(αk)

∑(i+1)Ns−1
l=iNs

L(k)
l

)
+(2δ − 1) exp

(
jω

√
Ek/Nsβk cosφk

∑(i+1)Ns−1
l=iNs

(
L(k)

l R̂ψ(αk)(αk) + M(k)
l Rψ(αk)

))
+(1 − δ) exp

(
jω

√
Ek/Nsβk cosφkRψ(αk)

∑(i+1)Ns−1
l=iNs

M(k)
l

)
, 0.5 < δ ≤ 1.0 (11)

ΦIk |αk ,βk ,φk (ω) = (1 − 2δ)

+δ
[
cosNs

(
ω

√
Ek/Nsβk cosφkR̂ψ(αk)

)
+ cosNs

(
ω

√
Ek/Nsβk cosφkRψ(αk)

)]
, 0 < δ ≤ 0.5 (12)

ΦIk |αk ,βk ,φk (ω) = (1 − δ)
[
cosNs

(
ω

√
Ek/Nsβk cosφkR̂ψ(αk)

)
+ cosNs

(
ω

√
Ek/Nsβk cosφkRψ(αk)

)]
+(2δ − 1) cosNs

(
ω

√
Ek/Nsβk cos φkR̂ψ(αk)

)
cosNs

(
ω

√
Ek/Nsβk cosφkRψ(αk)

)
, 0.5 < δ ≤ 1.0. (13)

according to total number of partial pulse collisions per bit,
n. Let us assume that the probability that there will be a par-
tial pulse collision in any chip is p. Due to the TH nature of
the position of the pulse in each chip, the number of pulse
collisions per bit will be binomially distributed [11], [12].
Hence, the probability of occurrence of a situation with n

collisions per bit is

(
Ns

n

)
pn(1−p)Ns−n, where p = 2/Nc for

asynchronous case and p = 1/Nc for synchronous case [11],
[12]. Note that in asynchronous case, the interfering pulse
may be behind or ahead of the desired pulse. In each case,
the probability of partial overlap is Tp/Tc = 1/Nc. Hence
the total probability is 2/Nc.

4. The Exact CF of MAI for Pulsed DS-CDMA

4.1 Asynchronous System

For an asynchronous system, αk is uniformly distributed
over [0, Tp]. The conditional CF of MAI from an arbitrary
user k can be given by

ΦIk |αk ,βk ,φk ,L
(k)
l ,M(k)

l
(ω)

= E
[
exp ( jωIk) | αk, βk, φk, L

(k)
l , M(k)

l

]
(9)

where j =
√−1. Note that (9) presents the exact CF con-

ditioned on the independent RVs αk, βk, φk, L(k)
l and M(k)

l .
Putting the expression of Ik from (5) in (9) and taking help
from (6), (7), one can rewrite (9) as (10) for 0 < δ ≤ 0.5
and as (11) for 0.5 < δ ≤ 1.0 as shown at the top of
the page. Now we recall that both L(k)

l and M(k)
l are uni-

form on {+1,−1}. Hence, there are two possibilities: either
L(k)

l = M(k)
l or L(k)

l = −M(k)
l . Counting for all possible cases

and using the identity cos z = {exp( jz) + exp(− jz)}/2, we
obtain the following two expressions given in (12) and (13)
from (10) and (11) respectively.

Here note that developing of (12) and (13) from (10)
and (11), respectively, follows from the fact that random po-
larity sequences are considered in this paper. Hence, the
chip polarities for a particular user are selected indepen-
dently. This is a key observation taken into account in this
paper that facilitates obtaining simple expression for the ex-
act CF.

The expressions (12), (13) at a first sight may seem not
to be of convenient forms, since both involve cosines hav-
ing power Ns and (13) further includes a multiplication of
two cosines each having a power of Ns. However, this is not
the fact. As shown in the appendix (see Eqs. (A· 1)–(A· 4)),
the cosines having power Ns of (12), (13) and the multipli-
cation of two cosines each having a power Ns of (13) can
be expressed as sum of cosines having unity power. After
so doing, we take the following two actions in sequel. We
first integrate the expressions obtained from (12), (13) over
the density of φk, which is uniform over [0, 2π] and use the
identity

J0(z) =
1

2π

∫ 2π

0
cos(z cosφ)dφ (14)

to obtain ΦIk |αk ,βk (ω) in terms of J0, where J0 is the ze-
roth order Bessel function of the first kind. Next, we inte-
grate ΦIk |αk ,βk (ω) over the Nakagami density of βk to obtain
ΦIk |αk (ω). Again, by employing an identity given by

∫ ∞

0
J0(zν) fβk (ν)dν = 1F1

(
mk; 1;−Ωkz2

4mk

)
=̂ F (z2)

(15)

from [19, Eqs. (41), (42)], where fβk (ν) is the Nakagami
density of βk and 1F1(:; :; :) is the confluent hypergeomet-
ric function, ΦIk |αk (ω) can finally be given for 0 < δ ≤ 0.5
by (16) for Ns being even and by (17) for Ns being odd as
shown above. For 0.5 < δ ≤ 1.0, ΦIk |αk (ω) takes the form
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ΦIk |αk (ω) = (1 − 2δ) +
δ

2Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns
2 −1∑
q=0

(
Ns

q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}
+

(
Ns
Ns

2

)⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , Ns even
0 < δ ≤ 0.5

(16)

ΦIk |αk (ω) = (1 − 2δ) +
δ

2Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns−1

2∑
q=0

(
Ns

q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , Ns odd
0 < δ ≤ 0.5

(17)

ΦIk |αk (ω) =
2δ − 1
22Ns

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns
2 −1∑

q1=0

Ns
2 −1∑

q2=0

2

(
Ns

q1

) (
Ns

q2

) {
F

(
ω2[x̂(q1) + x(q2)]2

)
+ F

(
ω2[x̂(q1) − x(q2)]2

)}

+

(
Ns
Ns

2

) Ns
2 −1∑
q=0

2

(
Ns

q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}
+

(
Ns
Ns

2

)2
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1 − δ
2Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns
2 −1∑
q=0

(
Ns

q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}
+

(
Ns
Ns

2

)⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , Ns even
0.5 < δ ≤ 1.0

(18)

ΦIk |αk (ω) =
2δ − 1
22Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns−1

2∑
q1=0

Ns−1
2∑

q2=0

(
Ns

q1

) (
Ns

q2

) {
F

(
ω2[x̂(q1) + x(q2)]2

)
+ F

(
ω2[x̂(q1) − x(q2)]2

)}⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

1 − δ
2Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns−1

2∑
q=0

(
Ns

q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ , Ns odd
0.5 < δ ≤ 1.0

(19)

as (18) for Ns being even and as (19) for Ns being odd as
shown above. Note that in (18) and (19),

x̂(q) = (Ns − 2q)
√

Ek/NsR̂ψ(αk), (20)

x(q) = (Ns − 2q)
√

Ek/NsRψ(αk), (21)(
u
v

)
is the binomial coefficient and F (.) is defined in (15).

Finally, the unconditional exact CF is obtained by integrat-
ing (16)–(19) over the density of αk. Since αk is uniformly
distributed over [0, Tp], the exact CF of MAI from an arbi-
trary user k is given by

ΦIk (ω) =
1

Tp

∫ Tp

0
ΦIk |αk (ω)dαk. (22)

Note that in developing the exact CF according to our
method, we did’t actually need the density of collision statis-
tics of the spreading sequences, since the sequences are ran-
dom. This facilitates obtaining the simple expressions of
exact CF for a general pulse shape and chip-duty involving
confluent hypergeometric functions that are readily com-
puted by Matlab. Previously, [24] developed the exact CF
for conventional DS-CDMA considering a rectangular pulse
shape. The authors followed a method where the density of
collision statistics of the spreading sequences were required
that eventually led to a complex expression for the CF. In
evaluating the exact CF derived by us, which is also appli-

cable for conventional DS-CDMA as a special case, an in-
tegration over the chip duration is required. This is due to
the fact that a general pulse shape is considered here. Fi-
nally, assuming that the interference from different users are
independent, the exact CF of total MAI takes the form

ΦI(ω) =
K∏

k=2

ΦIk (ω). (23)

Figures 3 and 4 show the exact CFs of the MAI consid-
ering a 1) rectangular and a 2) Gaussian pulse shape respec-
tively. By defining the pulse shape as ψ(t) = v(t)/

√
(E), 1)

the rectangular pulse shape is represented by

v(t) =

⎧⎪⎪⎨⎪⎪⎩1, 0 < t ≤ Tp

0, otherwise
(24)

and 2) the Gaussian pulse shape is represented by

v

(
t +

Tp

2

)
= e−π( t

tm
)2

(25)

with tm = 0.4Tp. Here, E is the energy of v(t) defined by
E = ∫ +∞

−∞ v2(t)dt. The partial autocorrelations of the base-
band pulse ψ(t) are given by 1) R̂ψ(αk) = (Tp −αk)/E and 2)

R̂ψ(αk) = e−0.5π(
αk
tm

)2
respectively and Rψ(αk) = R̂ψ(Tp − αk)

in both cases. Both the Figs. are for K = 2, implying
one interfering user. The other parameters are Ns = 7 and
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Fig. 3 The exact characteristic function of MAI for K = 2 in pulsed DS-
CDMA considering rectangular pulse shape. Here, Eb/No = 20 dB.

Fig. 4 The exact characteristic function of MAI for K = 2 in pulsed DS-
CDMA considering Gaussian pulse shape. Here, Eb/No = 20 dB.

δ = 0.1, 0.3, 0.5 and 1.0. Figure 4 further shows the CF for
Ns = 7, δ = 0.7. Same Nakagami parameter (m = m1 =

m2 = 1, 5 ) and same bit energy (Eb = Ω1E1 = Ω2E2)
are considered for the two users and Eb/No = 20 dB is as-
sumed. Figures 3, 4 also show the CF for Ns = 35, δ = 0.5
with m = 1. As seen, the shape of the CF varies consider-
ably with the parameters pulse shape, chip length and chip-
duty. Interestingly, the shape of the CF is also different for
(Ns, δ) = (7, 0.1), (35, 0.5), despite the PG being the same
70 in the two cases.

4.2 Synchronous System

A synchronous system can either be bit synchronous (τk =

γk = Δk = 0) or chip synchronous (Δk = 0). In either
case αk = 0 that results in R̂ψ(αk) = 1 and Rψ(αk) = 0.
Hence, a simplified expression of ΦIk |αk ,βk ,φk (ω) is obtained
for 0 < δ ≤ 1.0 applicable for both the cases, given by

ΦIk |αk ,βk ,φk (ω) = cosNs
(
ω

√
Ek/Nsβk cosφk

)
. (26)

Here note that the right side of (26) is not a function of pulse
shape or chip-duty, nor it is a function of αk. Hence, we
can write ΦIk |αk ,βk ,φk (ω) = ΦIk |βk ,φk (ω). Using the first two
identities shown in the appendix and following the method
just presented for asynchronous system, ΦIk (ω) applicable
for both bit and chip synchronous systems can be given by

ΦIk (ω) =
1

2Ns

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns
2 −1∑
q=0

2

(
Ns

q

)

× F
(

Ek(Ns − 2q)2ω2

Ns

)
+

(
Ns
Ns

2

)]
(27)

for 0 < δ ≤ 1.0, Ns being even and by

ΦIk (ω) =
1

2Ns−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ns−1

2∑
q=0

(
Ns

q

)
F

(
Ek(Ns − 2q)2ω2

Ns

)⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(28)

for 0 < δ ≤ 1.0, Ns being odd. Note that since the uncon-
ditional exact CF of (27) and (28) are also independent of
pulse shape and chip-duty, so is the BEP expected.

5. The Exact CF of MAI for Pulsed Hybrid DS/TH-
CDMA

5.1 Asynchronous System

The conditional CF of MAI from an arbitrary user k in
pulsed hybrid DS/TH-CDMA can be given in a similar fash-
ion by (9). While putting the expression of Ik from (8) in
(9), we discover that ΦIk |αk ,βk ,φk ,L

(k)
l ,M(k)

l
(ω) takes specific form

Φ
(n)

Ik |αk ,βk ,φk ,L
(k)
l ,M(k)

l

(ω) for a specific number of partial pulse

collisions per bit, n. Finally, considering all possible col-
lisions 0 ≤ n ≤ Ns,

ΦIk |αk ,βk ,φk ,L
(k)
l ,M(k)

l
(ω) =

Ns∑
n=0

(
Ns

n

)

×pn(1 − p)Ns−nΦ
(n)

Ik |αk ,βk ,φk ,L
(k)
l ,M(k)

l

(ω) (29)

where the probability of a pulse collision p = 2/Nc for an
asynchronous system. Taking help from (8), it can now be
shown that for no pulse collision per bit (i.e. n = 0),

Φ
(0)

Ik |αk ,βk ,φk ,L
(k)
l ,M(k)

l

(ω) = 1. (30)

While there is only one partial collision per bit (i.e. n = 1),
it may contribute MAI in two ways: either through R̂ψ(αk)
or Rψ(αk). Hence, we can write

Φ
(1)

Ik |αk ,βk ,φk ,L
(k)
l ,M(k)

l

(ω)

=
[
exp

(
jω

√
Ek/Nsβk cosφkL(k)

l R̂ψ(αk)
)

+ exp
(

jω
√

Ek/Nsβk cosφk M(k)
l Rψ(αk)

)]
/2. (31)

Now recalling that both L(k)
l and M(k)

l are uniform on



3156
IEICE TRANS. FUNDAMENTALS, VOL.E91–A, NO.11 NOVEMBER 2008

ΦIk |αk ,βk ,φk (ω) =
Ns∑

n=0

(
Ns

n

)
pn(1 − p)Ns−n cosn

(
ω

√
Ek/Nsβk cosφk[R̂ψ(αk) + Rψ(αk)]/2

)
× cosn

(
ω

√
Ek/Nsβk cosφk[R̂ψ(αk) − Rψ(αk)]/2

)
. (34)

ΦIk |αk (ω) = (1 − p)Ns

+
∑

n=1:2:Nso

(
Ns

n

)
pn(1 − p)Ns−n

22n−1

×
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

n−1
2∑

q1=0

n−1
2∑

q2=0

(
n
q1

) (
n
q2

) {
F

(
ω2[x̂(q1) + x(q2)]2

)
+ F

(
ω2[x̂(q1) − x(q2)]2

)}⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

∑
n=2:2:Nse

(
Ns

n

)
pn(1 − p)Ns−n

22n

×
⎡⎢⎢⎢⎢⎢⎢⎢⎣

n
2−1∑

q1=0

n
2−1∑

q2=0

2

(
n
q1

) (
n
q2

) {
F

(
ω2[x̂(q1) + x(q2)]2

)
+ F

(
ω2[x̂(q1) − x(q2)]2

)}

+

(
n
n
2

) n
2−1∑
q=0

2

(
n
q

) {
F

(
ω2 x̂2(q)

)
+ F

(
ω2x2(q)

)}
+

(
n
n
2

)2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ (35)

{+1,−1} and using the identity cos z = {exp( jz) +
exp(− jz)}/2 as before, we obtain

Φ
(1)
Ik |αk ,βk ,φk

(ω)

=
[
cos

(
ω

√
Ek/Nsβk cosφkR̂ψ(αk)

)
+ cos

(
ω

√
Ek/Nsβk cosφkRψ(αk)

)]
/2. (32)

Note again that the assumption of independently selected
random polarity sequences helps develop (32) from (31).
While there are two pulse collisions (i.e. n = 2), those
may contribute MAI through any of the following 22 ar-
rangements of the partial autocorralations: R̂ψ(αk)R̂ψ(αk),
R̂ψ(αk)Rψ(αk), Rψ(αk)R̂ψ(αk) or Rψ(αk)Rψ(αk). For a gen-
eral case with 0 ≤ n ≤ Ns, the number of different collision
arrangements can be similarly shown to be 2n. Hence, it can
be shown easily that

Φ
(n)
Ik |αk ,βk ,φk

(ω)

=
[
cos

(
ω

√
Ek/Nsβk cosφkR̂ψ(αk)

)
+ cos

(
ω

√
Ek/Nsβk cosφkRψ(αk)

)]n
/2n. (33)

Now, performing simple trigonometric manipulations on the
expression of Φ(n)

Ik |αk ,βk ,φk
(ω) given in (33) and putting it in

(29), we obtain (34) as shown above. The expression (34)
again involves multiplication of two cosines each having a
power of n, 0 ≤ n ≤ Ns. As mentioned earlier and shown
in the appendix (see Eqs. (A· 3), (A· 4)), the multiplication
of two cosines each having the same integer power can be
expressed as sum of cosines having unity power. Applying
this in (34) and following the procedure shown in Sect. 4,

ΦIk |αk (ω) can be given by (35) as shown above, where, for
Ns being even, Nse = Ns, Nso = Ns − 1 and for Ns being
odd, Nso = Ns, Nse = Ns − 1. Note that the right side of (35)
has three parts of which the first part is due to the case of no
collisions, i.e. n = 0, and the second and third parts are due
to all odd and even number of collisions respectively. Also
in (35),

x̂(q) = (n − 2q)
√

Ek/Ns[R̂ψ(αk) + Rψ(αk)]/2, (36)

x(q) = (n − 2q)
√

Ek/Ns[R̂ψ(αk) − Rψ(αk)]/2 (37)

and F (.) is defined in (15). Note that in developing (35),
we employed the information of collision statistics of the
hybrid DS/TH spreading sequences in a smart way, which
facilitated obtaining the simple expression. Once ΦIk |αk (ω)
is obtained, the unconditional exact CF of MAI from user k
can be obtained using (22). Finally, using (23) we obtain the
unconditional exact CF of total MAI.

Figure 5 shows the exact CF of the MAI in a pulsed
hybrid DS/TH-CDMA system considering a Gaussian pulse
shape. We use K = 2 implying one interfering user. The
other parameters are (Ns,Nc) = (2, 15), (3, 10), (7, 2) and (7,
10). Same Nakagami parameter (m = m1 = m2 = 1, 5 )
and same bit energy (Eb = Ω1E1 = Ω2E2) are considered
for the two users, and Eb/No = 20 dB is assumed as before.
As seen, the shape of the CF vary considerably both with
chips per bit Ns and slots per chip Nc. The CF also assumes
different shape for (Ns,Nc) = (2, 15), (3, 10), despite the PG
being fixed at 30. To present a comparison of the shapes
of CF for pulsed DS and hybrid DS/TH systems, we com-
pare the shapes for (Ns, δ) = (7, 0.1), (7, 0.5) in Fig. 4 with
those for (Ns,Nc) = (7, 10), (7, 2) respectively in Fig. 5. De-
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ΦIk (ω) = (1 − p)Ns +
∑

n=1:2:Nso

(
Ns

n

)
pn(1 − p)Ns−n

22n−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
2n−1

2∑
q=0

(
2n
q

)
F

(
Ek(n − q)2ω2

Ns

)⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

∑
n=2:2:Nse

(
Ns

n

)
pn(1 − p)Ns−n

22n

⎡⎢⎢⎢⎢⎢⎢⎣
n−1∑
q=0

2

(
2n
q

)
F

(
Ek(n − q)2ω2

Ns

)
+

(
2n
n

)⎤⎥⎥⎥⎥⎥⎥⎦ (38)

Fig. 5 The exact characteristic function of MAI for K = 2 in pulsed
hybrid DS/TH-CDMA considering Gaussian pulse shape. Here, Eb/No =

20 dB.

spite the system parameters being identical, the shapes of
CF largely differ for the two systems.

5.2 Synchronous System

Since a synchronous system is independent of αk with
R̂ψ(αk) = 1 and Rψ(αk) = 0, ΦIk |βk ,φk (ω) = ΦIk |αk ,βk ,φk (ω) can
be obtained from (34) just by putting the two autocorrela-
tion values therein. The unconditional CF of MAI from user
k, applicable for both bit synchronous and chip synchronous
systems, is finally obtained as (38) shown above, where the
probability of pulse collision, p = 1/Nc. Note that though
similar to synchronous pulsed DS-CDMA, the CF of pulsed
hybrid DS/TH-CDMA is independent of pulse shape, unlike
the former, the latter is chip-duty dependent.

6. The Exact Error Probabilities

The conditional exact BEP conditioned on the fading ampli-
tude of the desired user 1, β1, can be given by

Pe|β1 =
1
2
− 1
π

∫ ∞

0

sin(
√

E1Nsβ1ω)
ω

ΦI(ω)Φη(ω)dω

(39)

where Φη(ω) = exp(−σ2
ηω

2/2) is the CF of AWGN. Inte-
grating (39) over the Nakagami density of β1, and using an
identity given in [26, Eqs. (3)–(23)] we obtain the uncondi-
tional exact BEP expression as

Pe =
1
2
− 1
π

Γ(m1 +
1
2 )

Γ(m1)

√
E1NsΩ1

m1

∫ ∞

0
ΦI(ω)

×Φη(ω)1F1

(
m1+

1
2

;
3
2

;−E1NsΩ1ω
2

4m1

)
dω. (40)

Here note that the exact BEP of (40) depends on the pulse
shape and chip-duty, only through ΦI(ω). Hence, the shape
of ΦI(ω) for specific pulse shape and chip-duty governs the
error rate accordingly. Also note that evaluating the exact
BEP requires evaluation of only two integrations. One of
those is the outer integration shown in (40) and the other is
the integration associated with the calculation of CF as given
in (22). However, evaluation of approximate BEP based on
the IGA [5], especially for an arbitrary pulse shape, requires
multiple in-folded integrations and is more complicated.

7. Error Probabilities Based on Gaussian Approxima-
tion

Under the SGA of MAI, the conditional BEP conditioned on
the fading amplitude of the desired user 1, β1, can be given
by

PS GA
e|β1
= 0.5 erfc

⎛⎜⎜⎜⎜⎜⎜⎝β1

√
0.5E1Ns

σ2
η + μI

⎞⎟⎟⎟⎟⎟⎟⎠ (41)

where erfc(.) is complimentary error function and μI is the
mean of total MAI variance. For asynchronous case, μI

assumes the same expression for both pulsed DS and hy-
brid DS/TH systems, given by μI =

∑K
k=2ΩkEkρψδ [12],

where ρψ = 1
Tp

∫ Tp

0
R̂2
ψ(αk)dαk =

1
Tp

∫ Tp

0
R2
ψ(αk)dαk. For syn-

chronous case, μI = λ
∑K

k=2ΩkEk/2, where λ = 1 for pulsed
DS system and λ = δ for pulsed hybrid DS/TH system [12].
Now integrating PS GA

e|β1
over the density of β1 and employing

the identity from [27, p.20, Eq. (45)], the unconditional BEP
under SGA can be given by

PS GA
e =

Λm1

2
√
π

Γ(m1 +
1
2 )

m1Γ(m1) 2F1

(
m1,

1
2

; m1 + 1;Λ

)
(42)

where Λ =
(
1 + E1NsΩ1

2m1(σ2
η+μI )

)−1
and 2F1 is Gauss hypergeo-

metric function.

8. Numerical Examples

In this section, specific numerical examples are presented



3158
IEICE TRANS. FUNDAMENTALS, VOL.E91–A, NO.11 NOVEMBER 2008

on error performance of the systems. Only asynchronous
systems are considered. The results in Fig. 6 are given for a
rectangular pulse shape (see (24)) and rest of the results are
given for a Gaussian pulse shape (see (25)). Theoretical re-
sults are confirmed by Monte Carlo simulations. Same Nak-
agami parameter and bit energy are consider for all users,
(m = mk, and Eb = ΩkEk, k = 1, 2, . . . ,K). Figures 6, 7
show the BEP versus Eb/No for total users, K = 2 for rectan-
gular and Gaussian pulse shape respectively. Figure 8 shows
the BEP versus K for Eb/No = 20 dB considering Gaussian
pulse shape. In all three Figs., Ns = 7, δ = 0.05, 0.5 with
m = 1 and 5 are considered. An absolute match between the
BEP from the exact method and simulations can be seen. As
seen from Figs. 6, 7 similar system behavior and compara-
ble performance can be noticed for both pulse shapes. In
Figs. 6, 7 as well as in most of the subsequent Figs. we con-
sider small number of users. This is because, for such range
of simultaneous users, the two systems show wide perfor-
mance difference. Also, in Figs. 6–8, we consider δ = 0.05,

Fig. 6 BEP versus Eb/No for K = 2 with Ns = 7, δ = 0.05, 0.5 and
m = 1, 5. Rectangular pulse.

Fig. 7 BEP versus Eb/No for K = 2 with Ns = 7, δ = 0.05, 0.5 and
m = 1, 5. Gaussian pulse.

0.5 with the view to investigate system performance in two
different cases, namely with low and high chip-duty. Two
important observations that can be made from the Figs. 7
and 8 are as follows:

• For a heavily faded channel with m = 1 (Rayleigh fad-
ing), both pulsed DS and hybrid DS/TH systems per-
form comparably irrespective of chip-duty, Eb/No and
number of simultaneous users. The SGA provides rea-
sonably accurate approximation in this case.
• For a lightly faded channel with m = 5, the two systems

show comparable performance only while the Eb/No is
low and/or the number of simultaneous users is large.
The hybrid system shows better performance for high
Eb/No values and small number of users. The perfor-
mance difference between the two systems increases
considerably with increasing Eb/No and lowering chip-
duty. In contrary, the SGA predicts the two systems to
perform identically as long as the system parameters
are identical. The SGA also becomes highly optimistic
at high Eb/No, especially for small number of users.

Figure 9 shows BEP versus PG = Ns/δ for m = 1 and 5
considering Gaussian pulse shape while one interfering user
is present. Eb/No = 16 dB is assumed. While the role of PG
has been extensively studied in the context of conventional
communication systems, such as DS-CDMA [14], [15], the
same in the context of low-duty systems is somewhat un-
explored. The PG in conventional DS-CDMA equals the
chip-length (Ns), whereas, is composed of two parameters
namely chip length and chip-duty (δ) in low-duty systems.
Hence, the PG can be increased either by increasing Ns or by
decreasing δ. Performance improvement is obvious while
the PG increases. As shown, the PG is increased by 1) in-
creasing Ns keeping δ fixed at 0.2 and 2) decreasing δ keep-
ing Ns fixed at 5. The effect of increasing PG either by in-
creasing Ns or by decreasing δ on the multiple access perfor-
mance looks similar from the view point of SGA. Although
this is true for m = 1, actual BEP performance for both

Fig. 8 BEP versus total users K for Ns = 7, δ = 0.05, 0.5 and m = 1, 5
with Eb/No = 20 dB. Gaussian pulse.
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Fig. 9 BEP versus PG = Ns/δ for various Ns and chip-duty with K = 2,
Eb/No = 16 dB and m = 1, 5. Gaussian pulse.

Fig. 10 BEP versus Nakagami parameter m for pulsed DS-CDMA with
K = 3. PG = 20: (Ns, δ) = (5, 0.25), (10, 0.5) and PG = 70: (Ns, δ) =
(7, 0.1), (35, 0.5). Eb/No = 16 dB. Gaussian pulse.

types of the systems improves with a steeper slope while the
PG is increased by increasing Ns for m = 5. This is inter-
esting to notice such similar behavior of the two systems,
though the hybrid system shows better performance for all
values of the PG while m = 5. This also reveals the fact that
unlike conventional DS-CDMA, the performance of pulsed
DS- and hybrid DS/TH-CDMA for a constant PG may not
be a constant, especially while the channel is lightly faded.

In Figs. 10 and 11 we present BEP versus Nakagami
parameter, m for pulsed DS and hybrid DS/TH system re-
spectively while K = 3 and Gaussian pulse shape is used
in both cases. Figure 10 shows performance of pulsed DS
system for PG = 20, with (Ns, δ) = (10, 0.5), (5, 0.25) and
PG = 70, with (Ns, δ) = (35, 0.5), (7, 0.1). Eb/No dB is
set to 16 dB. Figure 11 shows performance of pulsed hybrid
DS/TH system for PG = 50, with (Ns,Nc) = (1, 50), (2, 25),
(5, 10) and (10, 5). Eb/No dB is set to 20 dB. As seen, the
SGA approximates the BEP for a specific fading level to be

Fig. 11 BEP versus Nakagami parameter m for pulsed hybrid DS/TH-
CDMA with K = 3. PG = 50: (Ns,Nc) = (1, 50), (2, 25), (5, 10) and (10,
5). Eb/No = 20 dB. Gaussian pulse.

a constant as long as the PG is constant. This is true and
the SGA is also found accurate for 0.5 ≤ m ≤ 1.5 in both
cases. However, while the value of m increases beyond 1.5,
the SGA becomes optimistic and the actual system perfor-
mance is also found to vary for different combinations of
Ns and δ, despite the PG = Ns/δ being fixed. In such a
case, systems with longer chip length and higher chip-duty
tend to perform better, a trend that increases with increasing
m. In contrary, the contribution of Ns and δ in system per-
formance may be considered interchangeable for a highly
faded channel.

9. Conclusion

In this paper, we have developed an exact yet simple ana-
lytical framework for performance study of general pulsed
DS-CDMA systems with arbitrary chip-duty and chip wave-
form in flat Nakagami-m fading channel. The study has been
further extended for a hybrid DS/TH-CDMA system. Both
the systems are presently considered for UWB applications.
The exact method presented here can be a powerful tool to
investigate many system trade-offs in practical applications,
guaranteeing both credibility and simplicity. Though this
study has been performed considering a flat faded channel,
we believe that this may be the first but is very important
step toward developing a framework for performance study
in a frequency-selective channel, which a UWB channel is
more likely to be.
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Appendix

From [28, appendix G], we obtain the following two
trigonometric identities for integer n ≥ 1:

cos2n z =
1

22n

⎧⎪⎪⎪⎨⎪⎪⎪⎩
n−1∑
q=0

2

(
2n
q

)
cos[2(n − q)z] +

(
2n
n

)⎫⎪⎪⎪⎬⎪⎪⎪⎭
(A· 1)

cos2n−1 z =
1

22n−2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
n−1∑
q=0

(
2n − 1

q

)
cos[(2n − 2q − 1)z]

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
(A· 2)

Using these two identities and with simple mathematical
manipulation, we easily obtain the following two expres-
sions shown in (A· 3) and (A· 4) where ẑ1(q) = 2(n − q)z1

and ẑ2(q) = 2(n − q)z2.
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cos2n z1 cos2n z2 =
1
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{cos[ẑ1(q)] + cos[ẑ2(q)]} +
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1
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